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Preface
As seen from the cover, this thesis presents investigations on graphene in high
magnetic fields. Measurements, comprehension and writing were performed at
the High Field Magnet Laboratory (HFML), with invaluable help and support
of all people working there. I am grateful to all my HFML-colleagues. Some of
them I would like to mention specially.
I thank my colleagues who made my experiments technically possible. Among
them, those who are (were) making the magnet installation running stable:
Harrie, Jos R., Jos P., Hung, Stef, Frits and Arjan. Any cryogenic measurements would not be possible without Lijnis and Jos R., who, in addition, always
friendly welcomed me in their mechanical workshop making and fixing my inserts and sample holders. Hung, was always happy to install software on my
computer, accompanying the process with his jokes. Peters A. woke me up at
7:00 from the long overnight measurements. Our secretary, Ine, and manager,
Martin, were extremely helpful in everyday matters.
I acknowledge my junior-staff colleagues from HFML: Iris, Jos G., Jeroen,
Erik K., Victor, Janneke, Arend, Erik van E., Alix, Andres, Veerendra, Peter van R., Steffen, Ramon, Bhawana, Francesca, Szymon, Andreas, Laurens,
Alan, Jonas, Suruchi, Papori and Masoumeh. They made our seminars, labouts, coffee- and lunch breaks unforgettable. A huge thank to Jos G. for his
patience introducing me to magnetotransport measurements on graphene. With
Steffen, among other good things, we had a very efficient collaboration in fixing
the dilution fridge, which we have managed to explode both having quite some
experience in cryogenic measurements. I thank Alix, first of all, for her contribution in the measurements and personal support, and, secondly, for correcting
the English. Especially, I would like to thank Erik van E. for long measurement
nights, for high quality samples and his never-ending support inside and outside
the lab.
A special thank to my collaborators outside the HFML: the group of Andre
Geim in Manchester, the group of Bart van Wees in Groningen and the group of
Misha Katsnelson in Nijmegen. I am grateful to Kostya, from Manchester, who,
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in addition to regular supply of high quality graphene samples, could always
find time in his busy schedule to read our papers and give useful comments
within a few days. I thank Alina, from Groningen, for learning us making
graphene samples. Timur and Misha, from Nijmegen, I thank for our fruitful
discussions.
Finally, I would like to thank my family and friends. They made me to
believe in the best. Ik wil Erik nog een keer bedanken omdat hij er altijd is.
Îñîáåííî ÿ áëàãîäàðíà ìîåìó ïàïå, Âèêòîðó Íèêîëàåâè÷ó, ìîåé ìàìå, Ëþáîâè Àíäðååâíîé, è ìîåé ñåñòðå, Îêñàíå Âèêòîðîâíîé, çà èõ ëþáîâü è âåðó

1

â ìåíÿ.

Genia
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Translated from Russian: Especially, I am grateful to my papa, Viktor Nicolaevich, to my
mama, Lubov Andreevna, and to my sister, Oksana Viktorovna, for their love and confidence
in me.

8

Contents
Preface

7

1 Introduction
11
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2 Introduction to magnetotransport in graphene
2.1 Graphene . . . . . . . . . . . . . . . . . . . . . .
2.1.1 Single layer graphene . . . . . . . . . . . .
2.1.2 Bilayer graphene . . . . . . . . . . . . . .
2.2 Magnetotransport measurements . . . . . . . . .
2.2.1 Device fabrication and measurements . .
2.2.2 Landau levels . . . . . . . . . . . . . . . .
2.2.3 Quantum Hall effect . . . . . . . . . . . .
References . . . . . . . . . . . . . . . . . . . . . . . . .

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

3 Quantum Hall activation gaps in bilayer graphene
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3.2 Experimental details . . . . . . . . . . . . . . . . . . . . . . . . .
3.3 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . .
3.3.1 Temperature dependence of the Shubnikov-de Haas minima
3.3.2 Arrhenius vs. Fermi-Dirac activation . . . . . . . . . . . .
3.3.3 Broadened Landau levels . . . . . . . . . . . . . . . . . .
3.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4 Temperature effect on
magnetotransport
4.1 Introduction . . . . .
4.2 Experimental details
4.3 Classical regime . . .

15
16
16
18
19
19
22
26
29
33
34
34
34
34
37
37
40
41

the coexistence of electron and hole
45
. . . . . . . . . . . . . . . . . . . . . . . . . 46
. . . . . . . . . . . . . . . . . . . . . . . . . 47
. . . . . . . . . . . . . . . . . . . . . . . . . 47
9

Contents
4.4

Quantised regime . . . . . .
4.4.1 Experimental results
4.4.2 Model calculations .
4.5 Conclusion . . . . . . . . .
References . . . . . . . . . . . . .

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

5 Spin splitting studied by means of tilted magnetic field experiments
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.2 Experimental details . . . . . . . . . . . . . . . . . . . . . . . . .
5.3 Shubnikov-de Haas oscillations in tilted magnetic fields . . . . . .
5.4 Modified Lifshitz-Kosevich formula . . . . . . . . . . . . . . . . .
5.5 Determination of the effective g-factor . . . . . . . . . . . . . . .
5.6 Exchange enhancement of the effective g-factor . . . . . . . . . .
5.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

53
53
57
61
62

65
66
66
67
67
72
74
75
76

A Arrhenius vs. Fermi-Dirac distribution
79
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
B Supplementary materials to Chapter 5

10

83

Summary

87

Samenvatting

89

List of Publications

91

Curriculum Vitae

95

Chapter 1

Introduction
Today it is difficult to imagine everyday life without high-technology electronic
devices. Making the electronic devices is impossible without using knowledge
of solid state physics. This field of science, widely demanded by the electronic
industry, owes its success to the experimental discoveries and inventions made
in the last century, such as, for example, giant magnetoresistance [1] and the
silicon metal-oxide-semiconductor field-effect transistor1 , on which computer
hardware is based.
The demand for new materials and new technologies is growing with increasing requirements for devices. A huge leap towards smaller, faster and cheaper
electronics was made in 2004 [2], when a graphene-based field-effect transistor
was introduced to the physical society.
Graphene, being a single atom thick carbon layer, is a truly two-dimensional
crystal. It is the thinnest and the strongest material, which has, moreover, a
tuneable conduction [2] and a high optical transmission [3]. These properties
make it a very suitable material for a wide range of applications [4]. The
recent achievements in growing large-area graphene sheets by means of chemical
vapour deposition [5] resulted in a graphene gold-rush in the electronic industry,
where it is expected soon as a cover for touch- [6] and LCD-screens [7] and
ultimately as a possible replacement for silicon transistors [8, 9].
The date of its discovery, i.e. isolating a single layer of carbon atoms, and
the name of the first discoverer is a hot topic of political discussions [10]. They
arose after the Nobel Prize was awarded for graphene in 2010, to Andre Geim
and Kostya Novoselov for their groundbreaking experiments. In this sense we
underline that it was not the discovery of graphene but these experiments and
1

For the details see, for example,
http://www.computerhistory.org/semiconductor/timeline/1960-MOS.html
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their deep comprehension, first published in 2004 [2], that attracted the attention of society to graphene’s extraordinary properties, and made it suddenly a
new hope of electronics and a rising star of solid state physics.
In addition to the full set of application-compatible properties, graphene
has a very unique electronic structure, which inspires fundamental research on
this material. A central point of focus is its relativistic dispersion, formed by
touching valence and electron bands, which make electrons behave as massles
[11, 12] and massive [13] Dirac fermions in single-layer and bilayer graphene,
respectively. The relativistic dispersion of graphene was experimentally verified
by measuring electron transport in magnetic fields [11]. High magnetic fields,
as a well-defined, non-destructive tool for investigation of an electron gas, are
crucial for unveiling the beauty of graphene physics. Namely, Dirac fermions can
be tracked in high magnetic field measurements, where they reveal themselves
in the special quantisation of quantum Hall plateaus [11–13].
Being a part of the community fascinated by graphene, we made our contribution to graphene physics by investigating its transport properties in high
magnetic fields. The results of our investigations are presented in this thesis for
two systems: single-layer graphene and bilayer graphene, which have as much
in common as they are different.
The thesis is organised as follows. The second chapter gives a brief introduction to the electronic structure of graphene, and to the magnetotransport
techniques which we used for our investigations. Chapter 3 presents an experimental study of unconventional Landau levels in bilayer graphene, by means of
quantum Hall activation gap measurements. The results of these measurements
underline the non-parabolicity of bilayer graphene dispersion at high energies,
and provide information about the level broadening. In Chapter 4 we focus on
the charge neutrality point, where electrons and holes can be simultaneously
present. Performing temperature dependent magnetotransport measurements,
we investigate the coexistence of electrons and holes in high magnetic fields in
the classical and the quantised regime. In Chapter 5, using the results of tilted
field experiments, we show that spin-splitting in graphene is enhanced due to
the electron-electron exchange interactions.
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Chapter 2

Introduction to
magnetotransport in graphene
Abstract
Due to the unique electronic structure, charge carriers in graphene
behave as relativistic particles. They can be considered as massles
Dirac fermions in single-layer graphene and massive Dirac fermions
in bilayer graphene.
In this chapter, we introduce the electronic structure and present
the Dirac-type-Hamiltonian description for single-layer and bilayer
graphene. We give a general background on magnetotransport, and
show how Dirac fermions reveal themselves in the magnetotransport measurement compared to classical fermions. In addition, we
describe the techniques and devices used in our measurements.
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2.1

Graphene

After the triumph of graphene in 2004 [1], a huge number of scientists almost immediately got involved into the play, making the gain of knowledge on
this system incredibly fast [2, 3]. As a result, the number of publications on
graphene is rapidly growing, which makes it nearly impossible to make a full, up
to date literature overview without a risk of it being too long. Instead, in this
chapter we give a brief overview, which only contains the information straightforwardly related to our original results, as described in this thesis. The results
of magnetrtransport investigations are presented for two systems: single-layer
graphene (SLG) and bilayer layer graphene (BLG). We start our description by
introducing these systems.

2.1.1

Single layer graphene

Graphene is a 2D crystal formed of carbon atoms arranged in a honeycomb
lattice. The crystal structure can be presented as a Bravais lattice with a 2
atom basis AB or as a two combined triangular sublattices A and B (Fig.2.1
(a)), which can be characterised by the lattice vectors in real space [4–6]:
a1 = a2 (3,

√

√
3), a2 = a2 (3, − 3)

and by the reciprocal vectors in the k-space:
b1 =

2π
3a (1,

√

3), b2 =

√

2π
3a (1, −

3)

where a = 1.42 Å is the carbon-carbon distance. The first Brillouin zone with
its high symmetry points is shown in Fig.2.1(b).
Band structure calculations within the minimal tight-binding approach,
where the wave function is built as a superposition of the wave functions of
states on A and B sublattices and only interactions between the nearest neighbours are taken into account, gives the following dispersion [4]:
v
u
u
√
E(kx , ky ) = ±γ0 t3 + 2 cos 3ky a + 4 cos

√

!


3
3
ky a cos
kx a
2
2

where γ0 = 3.2 eV is the hopping energy between nearest neighbours (Fig. 2.1(a)).
The energy spectrum consists of a conduction band and a valence band. These
two bands touch each other at six corners of the Brillouin zone (Fig. 2.2), three
K points and three K 0 points, corresponding to the A and B sublattices of a
16
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(a)

ky

(b)

K
M

G

Kʹ
A

kx

B

Figure 2.1: A honeycomb lattice of graphene, consisting of A and B sublattices, (a) and the first Brullouin zone (b).

honeycomb lattice. The positions of these points are given by the vectors in
the k-space:




2π 2π
2π
2π
0
K=
, √
, K =
,− √
.
3a 3 3a
3a 3 3a
Around the K and K 0 points, also called Dirac points, the energy spectrum can
be approximated by two cones, called Dirac cones (zoomed part of Fig. 2.2):
E = ±~c(k − K) = ±cp

(2.1)

where c = 3γ20 a ≈ 106 m/s is the Fermi velocity and p is the momentum.
The dispersion (2.1) is that of relativistic particles. Therefore, electrons in
graphene can be formally described by the Dirac-type Hamiltonian [7, 8]:

Ĥ = cσ p̂ = c

0
p̂x − ip̂y
p̂x + ip̂y 0


(2.2)

where x, y are the space coordinates, σ = (σx , σy ) is a tensor made of Pauli matrices, p̂ = (p̂x , p̂y ) is the momentum operator and its projections respectively.


ψA
The Hamiltonian (2.2) acts on the two component spinor
, comψB
posed from the wave functions of states on the A and B sublattices. The tensor
σ in this Hamiltonian is referred to as pseudospin. Analogously to the spin
operator, it provides an additional degree of freedom represented by the lattice
index. In non-relativistic solid state physics electrons and holes are described
17
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Figure 2.2: Electronic dispersion in the honeycomb lattice of graphene, calculated in the tight binding approach. A zoom shows conical energy bands,
so called Dirac cones, touching each other at zero Fermi energy.

by separate Schrödinger equations. In contrast, in graphene, due to the twocomponent wave function description, they appear to be interconnected having
positive and negative chirality [7]. The latter is formally introduced as a projection of the pseudospin on the direction of motion [8].

2.1.2

Bilayer graphene

Bilayer graphene can be described as two SLG layers coupled in an A1-B2
stacking, where the carbon atom from sublattice B of the first layer is placed
above the carbon atom from the sublattice A of the second layer [6,9] (Fig. 2.3,
left panel). In this case, the minimal tight-binding Hamiltonian, compared
to SLG, includes an additional term, responsible for the interlayer hopping
γ1 = 0.4 eV [10, 11] (Fig. 2.3, left panel). This leads to a hyperbolic dispersion
around the K(K 0 ) points [4, 9]:
q
E = ±(1/2)γ1 ± (1/4)γ12 + (pc)2
(2.3)
This dispersion consists of four bands (Fig.2.3, right panel), two of which
(solid lines in the figure) touch each other at zero energy and the other two
(dashed lines in the figure) are shifted by the interlayer coupling energy γ1 .
18
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For low energy, equation (2.3) is reduced to a two-band parabolic dispersion
E = ±p2 /2m, where m = γ1 /(2c2 ) = 0.036 me can be considered as a quasiparticle effective mass in BLG. In this simple approximation, the states in BLG
are described by the effective Hamiltonian [9]:


c2
0
(p̂x − ip̂y )2
Ĥ = −
(2.4)
(p̂x + ip̂y )2 0
γ1
which acts on the two component spinors.
2
1

A1

E / γ1

B1

g1

0
-1

B2

-2
A2

-0.04 -0.02 0.00

0.02

0.04

-1

k (A )

Figure 2.3: Two honeycomb lattices coupled in an A1-B2 stacking, forming
BLG (left) and the hyperbolic dispersion of BLG around the K point (right).

2.2

Magnetotransport measurements

In this section, we give an overview of electron transport in high magnetic fields.
Before describing the effect of a magnetic field on the electronic properties of
graphene, we first present the measurement techniques and devices used in our
investigations.

2.2.1

Device fabrication and measurements

In Chapters 3-5, we present the investigations of transport properties of fieldeffect transistors formed by a graphene flake on the Si/SiO2 substrate (Fig. 2.4(a)).
To fabricate such a device, single layer and bilayer graphene flakes are
micromechanically exfoliated from bulk graphite crystals using the standard
19
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(a)
(b)

16

-2

n (10 m )
-5

0

5

2

(c)

σxx (e /h)

60

Vxx
1

2

3

7

1μm 8

w

l

4
6

5

30

EF

EF

EF

Vxy
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-50

0
Vg (V)

50

I
Figure 2.4: (a): A sketch of a graphene field-effect transistor, shown in a
cross section. (b): The longitudinal conductivity σxx of BLG device at zero
magnetic field as a function of gate voltage Vg and corresponding charge carrier
concentration n. The insets represent schematically the filling of the valence
and conduction bands for different charge carrier concentrations. (c): An
optical microscope image of a BLG device, shaped into a Hall bar with an
illustration of the resistance measurements in a 4-probe configuration.

scotch-tape technique [1, 12] and deposited on top of a Si/SiO2 substrate on
the side of the oxide layer. Graphene flakes on this substrate can be identified
with an optical microscope [13] due to the optical contrast originating from
the increased optical path and the opacity of graphene. An example of optical
microscope image of BLG is shown in Fig.2.4(c). After identifying the flakes
are shaped with electron beam lithography, and Ti/Au contacts are evaporated
on top of them.
The resulting device represents a parallel-plate capacitor, where the dielectic
SiO2 layer is sandwiched between the conducting graphene flake and the Si
substrate (Fig. 2.4(a)). The voltage Vg applied to the Si substrate, which works
as the gate of a field-effect transistor, induces the charges in graphene, as on
an opposite plate of the capacitor. The induced charge carrier concentration,
n = ne − nh , is defined by individual concentrations of electrons ne and holes
nh . It can be calculated using the plate capacitor model [1]: n = αVg , where α
is the capacitor constant, determined by the oxide layer thickness and dielectric
20
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constant.
By changing the charge carrier concentration we can sweep the Fermi energy
through the energy spectrum. In pristine graphene the Fermi energy lies at
the touching point of the valence and conduction band, which corresponds to
the charge neutrality point and zero gate voltage. Intriguingly, at the charge
neutrality point (Fig. 2.4(b)), although the density of states is approaching
zero, the minimal conductivity remains finite and has the universal value of
4e2 /h [12]. The origin of this universal value is still under discussion as a
fundamental property of Dirac fermions [14].
When a positive (negative) gate voltage is applied (Fig. 2.4(b)) the Fermi
energy is situated above (below) the charge neutrality point and the conduction (valence) band is partially occupied (empty), which leads to a nearly linear
increase of electron (hole) conductivity with increasing charge carrier concentration, according to the simple Drude model [15–17]:
σxx = µen

(2.5)

where µ is the mobility of the charge carriers. This determines the conductivity
of a system at a given concentration. For this reason, mobility is used as a reference of sample quality. Following Eq. (2.5), mobility is commonly determined
for graphene as a slope of linear parts of the σxx (n) dependence, e.g. regions
n > 1.5 × 1016 and n < −1.5 × 1016 in Fig. 2.4(b).
In real samples, the Fermi level often lies below the charge neutrality point
due to impurity doping. Experimentally, it is detected as a shift of the charge
neutrality point to a positive gate voltage. For that reason the position of the
charge neutrality point can be used as an indication of sample doping. In open
air, graphene samples are usually hole doped by the water molecules adsorbed
on the surface of the flake and underneath it. The impurities increase the
scattering and reduce the mobility µ of the charge carriers. Prior to transport
measurements, impurities can be normally removed by vacuum annealing at
temperature 400-450 K.
In our experiments we measured resistance in a 4-probe configuration, which
excludes any contribution from the measurement wires. An example of the
measurement configuration is schematically shown in Fig. 2.4(c) for the BLG
sample shaped into a Hall bar. In this configuration, the excitation current I is
applied along the sample between contacts 4 and 5 while a voltage is detected
from the other pair of contacts. The longitudinal resistance Rxx of the sample
is deduced from the voltage drop Vxx along the current direction, for example,
between contacts 1 and 2: Rxx = Vxx /I. In a magnetic field the transverse
voltage Vxy is induced by the Hall effect [18] perpendicularly to the current
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direction. It can be measured, for example, between contacts 3 and 8. The
transverse or Hall resistance Rxy is formally determined from it as Rxy = Vxy /I.
For two-dimensional samples, the longitudinal and transverse resistivities
are determined from the corresponding resistance as:
w
, ρxy = Rxy
l
where w is the width of the sample and l is the distance between the voltage
probes (Fig. 2.4(c)).
The resistivities are related to the conductivities via the standard matrix
relations (see e.g. [19]):
ρxx = Rxx

σxx =

ρxy
ρxx
, σxy = − 2
ρ2xx + ρ2xy
ρxx + ρ2xy

(2.6)

ρxx =

σxy
σxx
, ρxy = − 2
.
2 + σ2
2
σxx
σ
xy
xx + σxy

(2.7)

and vice versa:

Equations (2.6) are commonly exploited to convert the measured longitudinal resistivity and transverse resistivity to the longitudinal conductivity and
transverse conductivity.

2.2.2

Landau levels

Now we turn our attention to the energy spectrum of an electron gas in high
magnetic fields. We first consider a free electron gas.
When placed in a magnetic field, free charged particles start moving in
circles perpendicular to the magnetic field lines. This movement brings drastic
changes in the energy spectrum. The Hamiltonian of a particle in magnetic field
can be obtained from the Hamiltonian of a free particle by the substitution:
p̂ → p̂ − eA

(2.8)

where p̂ is the momentum operator and A is the magnetic vector potential.
Taking into account the spin magnetic moment M̂, we can write the Hamiltonian of free particles of mass m with spin in the magnetic field B as [20]:
1
(p̂ − eA)2 − M̂B
(2.9)
2m
For electrons in a crystal this Hamiltonian needs to be modified. This is
achieved by introducing the effective cyclotron mass (often referred to just as
the cyclotron mass) for a general dispersion [21]:
Ĥ =
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m∗ =

~2 dS(E)
2π dE

(2.10)
E=EF

where the cross section of the Landau orbits (which are clarified in the following) S(E) is determined by the Fermi surface and therefore depends on the
dispersion. The cyclotron mass is a generalisation of the rest mass m for the
electrons in the crystal subjected to a magnetic field.
For electrons with a parabolic dispersion, this mass coincides with the effective mass:
−1
∂2E
mef f = ~
(2.11)
∂k 2
which is a generalisation of the rest mass m for the electron in a crystal potential
at zero magnetic field.1
In contrast, for relativistic electrons the cyclotron mass differs from the
effective mass, so that massless electrons in SLG do have a finite cyclotron
mass in magnetic field. For the spherical Fermi surface in graphene, the cross
section of the Landau orbits is S(E) = πk 2 and Eq. (2.10) yields the cyclotron mass with a square root dependence on the charge carrier concentration:
√
m∗ (n) = (~/c) πn [12]. Measurements of this mass in graphene became a first
experimental proof of its linear dispersion [12].
It was first shown by L.D. Landau that with the gauge A = (0, xB, 0),
later called the Landau gauge, the Hamiltonian (2.9) is reduced to the case of a
harmonic oscillator [22], and therefore has a quantised spectrum of eigenvalues.
The quantised energy levels of the charged particles moving in magnetic field
are called Landau levels. In a two-dimensional electron system movements of
the electrons are restricted within the plane of the system, therefore only the
component Bn of magnetic field perpendicular to the system is responsible for
the formation of Landau levels. In this case the circular electron movement can
be fully quantised in high fields. For electrons with spin s = 1/2 in conventional
two-dimensional systems [20, 22]:
2



1 ~eBn
EN = (N + ) ∗ + Es
2 m

(2.12)

~eB
where Es = ± 21 g ∗ 2m
is the spin-splitting term, the effective g-factor g ∗ is a
e
generalisation of the gyromagnetic ratio, g ∗ = 2 for free electrons, me is the
free electron mass and m∗ is the effective cyclotron mass.
1

This formula can be found in textbooks on solid state physics, where the effective mass
is usually marked with a star. Here we mark it as mef f to distinguish it from the effective
cyclotron mass m∗ .
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Figure 2.5: Landau levels in a conventional system, SLG and BLG in the
approximation of negligibly small spin-splitting. The arrows show the filling
factors ν for the completely occupied Landau levels, where a factor g takes
into account spin and valley degeneracy. The positive (negative) filling factors
correspond to electron (hole) population of the Landau levels.

The levels given by Eq. (2.12) are schematically represented in Fig. 2.5(a),
where we neglect the spin-splitting term for simplicity. The energy spectrum
of a conventional electron gas consists of equidistant Landau levels, starting
n
at finite energy E0 = 12 ~eB
m∗ ; each Landau level has an intrinsic degeneracy
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nL = eBn /h. Scattering of the electrons leads to a finite broadening of the
Landau levels. The population of the Landau levels is characterised by the
filling factor ν = n/nL . The filling factors for the completely occupied Landau
levels are shown by arrows in Fig. 2.5, where we take into account spin and valley
degeneracy by a factor g. The positive (negative) filling factors correspond to
electron (hole) occupation of the Landau levels.
Similarly to the conventional electron gas, the Hamiltonian of relativistic
electrons in magnetic fields can be written by using the substitution (2.8) with
the Landau gauge in Dirac-type Hamiltonians (2.2) and (2.4). This reads for
SLG:


0
p̂x − ip̂y + ixeB
Ĥ = c
(2.13)
p̂x + ip̂y − ixeB 0
and for BLG:
c2
Ĥ = −
γ1



0
(p̂x − ip̂y + ixB)2
(p̂x + ip̂y − ixB)2 0


(2.14)

Solving the Dirac equation with Hamiltonians (2.13) and (2.14) yields the
following energy spectrum respectively for SLG [23]:
p
SLG
EN
= sgn(N ) 2~c2 eB |N |

(2.15)

and for BLG [9]:
BLG
EN
= sgn(N )

~eB p
|N | (|N | + 1)
γ1 /2c2

(2.16)

where N is a level index, positive for electrons and negative for holes.
The sequences of the relativistic Landau levels, given by the Eq. (2.15) and
(2.16) are shown in Fig. 2.5 (b) and (c) in comparison with the conventional
Landau levels (a). Unlike the levels in a conventional 2D electron gas, the Landau levels in SLG and BLG are not equidistant and the N = 0 level is situated
at zero energy independently of magnetic field. This zero energy Landau level
is equally populated by electrons and holes. The coexistence of electrons and
holes at the zeroth Landau level in graphene will be considered in detail in
Chapter 4. In addition to the Landau level degeneracy nL each level is four
times degenerate due to spin and valley, corresponding to g = 4. The zeroth
Landau level in BLG has extra double degeneracy due to the different layers,
yielding the total degeneracy of 8.
We note that Eq. (2.16) for the Landau levels in BLG is obtained in the
low energy approximation, therefore it describes well the energy levels for low
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fields B and low Landau level indices N . For higher energies all four bands
should be taken into account in the Dirac-type Hamiltonian, which leads to
more complicated dependences of Landau level energies on B and N [24]. In
Chapter 3 we probe experimentally the structure of the Landau levels in BLG
by activation gap measurements, and show that a four-band representation is
more realistic in describing the activation energies.
Equations (2.15) and (2.16) commonly used in literature neglect the spinsplitting energy. It can be included in these equations as an additional term Es ,
similarly to the classical case (2.12). In the simple case, when the magnetic field
is perpendicular to the graphene surface, the Landau level splitting exceeds the
spin-splitting and this term, indeed, can be omitted. In tilted magnetic fields
the situation is different. In Chapter 5 we consider this situation in detail and
present measurements in tilted magnetic fields for high tilting angles. In this
case, the spin-splitting is comparable to the Landau level splitting and the spin
degeneracy is partially lifted.

2.2.3

Quantum Hall effect

The non-relativistic Landau level ladder (2.12) can be experimentally observed
in the integer Quantum Hall effect. It was discovered in 1980 [25] for the twodimensional conducting channel of a silicon MOSFET 2 , and later observed
for other two-dimensional systems. The relativistic Landau levels (2.15) and
(2.16) transform the integer quantum Hall effect into the half-integer quantum
Hall effect (left side of Fig. 2.6) in SLG [12, 26], and the unconventional integer
quantum Hall effect (right side of Fig. 2.6) in BLG [27].
An example of the Quantum Hall effect is shown for SLG and BLG in
Fig. 2.6, where we present the Hall conductivity and the Shubnikov-de Haas
oscillations [28–30] of the longitudinal resistivity as a function of the charge carrier concentration. By sweeping the charge carrier concentration we can vary
the filling factor and therefore move the Fermi energy through the energy spectrum (Fig 2.5). When a following Landau level is fully occupied and the Fermi
level lies in the gap between two adjacent levels, the Hall conductivity shows
a plateau (Fig. 2.6(a,c)), which is accompanied by a zero resistance minimum
in the longitudinal resistivity (Fig. 2.6(b,d)). When the Fermi level lies in the
middle of a Landau level, the Hall conductivity changes from one plateau to
another while the longitudinal resistivity reaches an oscillation maximum.
The plateaus appear at the filling factors:
ν = ig
2
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Figure 2.6: The half-integer QHE in SLG (a) and the unconventional QHE
in BLG (c), accompanied by Shubnikov-de Haas oscillations (b) and (d) respectively. All traces were measured at a magnetic field B = 15 T and a
temperature T = 4.2 K.

and have values determined by the sequence:
σxy = i(g

e2
)
h

(2.18)

where g is a factor taking into account spin and valley degeneracy, i is a number,
which reflects the type of quantum Hall effect, as follows.
For conventional two-dimensional systems i is an integer, i = 0, ±1, ±2, . . . ,
corresponding to the integer quantum Hall effect. For example, in silicon MOSFET structures, where g = 4, the quantum plateaus appear at the filling factors
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ν = 0, ±4, ±8, . . . and show the values of σxy = 0, ±4e2 /h, ±8e2 /h, . . . [19].
In the case of SLG, i is a half-integer, i = ± 21 , ± 23 , . . . , corresponding
to the half-integer quantum Hall effect, shown in the left side of Fig. 2.6.
When the charge carrier concentration is swept, the plateaus in the transverse conductivity (Fig. 2.6(a)) and zero minima in longitudinal resistivity
(Fig. 2.6(b)) appear at ν = ±2, ±6, . . . . The plateaus have the quantised values:
σxy = ±2e2 /h, ±6e2 /h, . . . .
In the case of BLG, i belongs to the set of real numbers excluding zero,
i = ±1, ±2, . . . , corresponding to the unconventional quantum Hall effect, with
the quantum Hall plateaus (Fig. 2.6(c)) and zero minima in the longitudinal
resistivity (Fig. 2.6(c)) appearing at the filling factors ν = ±4, ±8, . . . . The
plateau’s values are respectively: σxy = ±4e2 /h, ±8e2 /h, . . . .
Therefore, the quantum Hall effect in SLG and BLG unequivocally identifies
the massless and massive Dirac fermions in these systems. In our investigations,
presented in the following, we exploit the quantum Hall effect to probe the
energy spectrum of the relativistic Landau levels.
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Chapter 3

Quantum Hall activation gaps
in bilayer graphene
Abstract
In this chapter we present an investigation of the energy spectrum
in BLG at high magnetic fields. We have measured the quantum
Hall activation gaps in bilayer graphene at filling factors ν = ±4
and ν = ±8 in high magnetic fields up to 30 T. We find that the
energy levels can be described by a 4-band relativistic hyperbolic
dispersion. The Landau level width is found to contain a field independent background due to an intrinsic level broadening and a
component which increases linearly with magnetic field.

This work has been published in:
E. V. Kurganova et al., Quantum Hall activation gaps in bilayer graphene, Solid State
Communications, 150, 1209 (2010).
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3.1

Introduction

Bilayer graphene (BLG), as it was already introduced in Chapter 2, is a system
of two coupled one atom thick carbon layers arranged in a honeycomb lattice.
BLG attracted the attention of researchers in transistor electronics due to
its tunable gap induced by an electric field [1–3] or by doping [4]. At the same
time its hyperbolic dispersion of massive chiral Dirac fermoins [5–9] makes it
an intriguing object for more fundamental physics as a connecting link between
the 2D single layer graphene with relativistic massless charge carriers and the
3D classical Fermi gas in graphite.
In particular, placing BLG in a magnetic field leads to an unconventional
integer quantum Hall effect [5, 6] distinctly different from the relativistic halfinteger quantum Hall effect in single layer graphene [10, 11] and the integer
quantum Hall effect in the conventional 2D electron systems [12, 13].
In this chapter we probe the hyperbolic dispersion of BLG by measuring
the activation gaps between neighboring Landau levels. We will show that the
activation energies are described by the Landau level spectrum for a 4-band
relativistic hyperbolic dispersion with a Landau level width composed of two
components, namely a field independent intrinsic broadening and a linearly field
dependent broadening.

3.2

Experimental details

We have measured the resistivity of a 1 µm wide Hall bar of bilayer graphene
as a function of magnetic field up to 30 T. The sample was fabricated by
micromechanical exfoliation of a flake from natural graphite, deposited on a
300 nm SIMOX wafer and identified using an optical microscope [14]. The
carrier concentration in such samples can be changed by applying voltage to
the underlying conducting silicon, which acts as a back gate (see Section 2.2.1
of Chapter 2 for the details). To remove surface impurities we have annealed
the sample at 390 K in vacuum prior to measurements, increasing the mobility
from µ = 1000 cm2 /(Vs) to µ = 3000 cm2 /(Vs).

3.3
3.3.1

Results and discussion
Temperature dependence of the Shubnikov-de Haas minima

Figure 3.1 shows typical traces of the Hall resistivity ρxy and the longitudinal
resistivity ρxx for a hole-doped sample (charge carrier concentration n = −3.1×
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Figure 3.1: Hall resistivity ρxy and longitudinal resistivity ρxx of BLG as a
function of magnetic field at T = 24 K for a hole-doped device (n = −3.1×1016
m−2 ).

1016 m−2 ) as a function of magnetic field at a temperature of 24 K. The Hall
resistivity exhibits plateaus at filling factors ν = −4i where i = 1, 2, 3, . . . and
the “−” sign indicates holes. These plateaus are accompanied by minima in
the longitudinal resistivity.
As it was explained in Chapter 2, the appearance of such quantum Hall
plateaus at ν = ±4i can be understood from the Landau level spectrum of
BLG. The density of states is shown in Fig. 3.2(a). The Landau level at the
charge neutrality point is 8-fold degenerate, consisting of 4 electron and 4 hole
levels. The other Landau levels are each 4-fold degenerate and have a hole (“−”
sign) or electron (“+” sign) character. The density of states of each Landau
level consists of a region of extended states, which carry current, near the center,
while states in the upper or lower tails are localised. Minima of ρxx occur when
the Fermi energy (which can be varied by sweeping gate voltage or field) lies in
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Figure 3.2: Density of states modelled with extended (black areas) and localised (dashed areas) states (a). Longitudinal resistivity ρxx as a function
of charge carrier concentration at B = 15 T and various temperatures (b).
Temperature dependences of ρxx at various fields at ν = 4 (c) and ν = 8 (d).
The solid lines represent a fit, using the Fermi-Dirac distribution function.
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the middle between two Landau levels. The minima, corresponding to ν = ±4
and ν = ±8, are shown in Fig. 3.2(b) by straight arrows.
To determine activation gaps, we measured the longitudinal resistivity ρxx
as a function of charge carrier concentration n at various temperatures T =
0.5 K−220 K Fig. 3.2(b). At the highest field used, Shubnikov-de Haas oscillations remain visible up to 220 K. The resistivity at the minima remains
zero up to 24 K. This temperature is extremely low compared with single layer
graphene, where the quantum Hall effect can even be observed up to room
temperature [15].
With increasing temperature, electrons can be thermally activated from
localised states to the extended states of the neighboring Landau levels (arrows
in the Fig. 3.2(a)) increasing ρxx at a minimum. The temperature dependences
of ρxx for ν = 4 and ν = 8 are shown in Fig. 3.2(c) and (d) (at ν = −4 and
ν = −8 similar results are obtained). For low temperatures, the dependence of
ρxx on temperature flattens off significantly, which is commonly attributed to
non-activated transport mechanisms such as variable range hopping [16]. The
gray lines in Fig. 3.2(c), (d) show a fit of the experimental ρxx (T ) dependences
by the Fermi-Dirac function 1/(1 + exp(∆a /2kB T )) to describe the activated
transport. The activation gaps ∆a are used as a fit parameter.

3.3.2

Arrhenius vs. Fermi-Dirac activation

We will show below that the activation gaps measured do not considerably
exceed the thermal energy. Therefore we use the Fermi-Dirac function to extract the gaps, rather than the commonly used low temperature exponential
approximation (Arrhenius plot). We assume that the conductivity is determined by thermal activation to a single energy between localised and extended
states, namely the conductivity edge EC of the Landau levels (Fig. 3.2(a)).
The thermal activation deeper inside the Landau levels is neglected. We have
verified the validity of this assumption by modelling the longitudinal resistivity
ρxx inside a gap ∆a between two broadened Landau levels, using the standard
Kubo-Greenwood formalism [17, 18]. Indeed, for ∆a > 2kB T , the gaps given
by this model agree within 2% with those extracted from the Fermi-Dirac fit.
These calculations are presented in Appendix A.

3.3.3

Broadened Landau levels

The experimental gaps, extracted from the Fermi-Dirac fit are presented in
Fig. 3.3. Due to the flattening of the experimental ρxx (T ) curves at low temperatures (T < 70 K for ν = ±4 and T < 50 K for ν = ±8) we limited
37

3 Quantum Hall activation gaps in bilayer graphene
our fitting range to higher temperatures but included a small, non-activated,
constant background. Extending the fitting to lower temperature yields systematically different gaps. We indicated this effect by the size of the error bars
in Fig. 3.3.
The activation gap determined in this way corresponds to twice the energy
from the Fermi energy to the nearest extended state, and is therefore given by
∆a = ∆E − Γ, with a Landau level broadening Γ, and energy between centers
of levels ∆E. The measured energy is thus lower than the bare gap of infinitely
sharp Landau levels and even vanishes when Γ = ∆E.
Theoretically, the low band Landau levels in BLG are given by [19, 20]:
EN

=

sgn(N ) h
√
(2|N | + 1)2eBc2 ~ + γ12
2
q
i1/2
− γ14 + 4(2|N | + 1)eBc2 ~γ12 + (2eBc2 ~)2

(3.1)

with N = 0, ±1, ±2 . . . , the “±” sign corresponds to electrons or holes. In this
equation, γ1 = 0.4 eV [21, 22] is the interlayer coupling constant and c = 106
ms−1 [10] is the velocity in single layer graphene. For low magnetic field, as it
was already presented in Chapter 2, Eq. (3.1) reduces to [5]:
EN = sgn(N )

~eB p
|N |(|N | + 1)
m∗

(3.2)

where the effective mass arises from the interlayer coupling γ1 as m∗ = γ1 /(2c2 ).
The low field expression Eq. (3.2) predicts a linear field dependence, arising from
a parabolic dispersion, with different slopes depending on N . The full Eq. (3.1)
also displays a non-parabolicity for high fields and/or energies.
In Fig. 3.3 we compare our experimental data with the calculated energy
splitting for ν = ±4 and ν = ±8 using Eqs. (3.1) and (3.2). From the figure, it can be seen that for the same magnetic field the experimental gaps for
ν = ±8 (N = 1 → 2) are always smaller than for ν = ±4 (N = 0 → 1),
as theoretically predicted. Furthermore, the activation gaps seem to have a
sublinear field dependence which is more pronounced for ν = ±8, and which
is partially attributed to the predicted non-parabolicity (Eq. (3.1)). The experimental gaps vanish at a finite field below 10 T, which we attribute to the
vanishing of the activation gaps when broadened Landau levels start to overlap,
i. e. when Γ = ∆E. For that reason, the measured activation gaps follow the
bare gaps with increasing field with an offset that is determined by Γ. This
Γ appears to be almost constant Γ0 for the ν = ±4 transition (dashed line in
Fig. 3.3(a)), whereas it shows a field dependence Γ = Γ0 + αB for the ν = ±8
transition (dashed-doted and dashed lines in Fig. 3.3(b)). This field-dependent
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Figure 3.3: The activation gaps ∆a extracted from the fit (Fig. 3.2(c), (d))
as a function of magnetic field at ν = ±4 (a) and ν = ±8 (b). Filled (empty)
circles correspond to electrons (holes). The black solid lines show the distances
between centers of corresponding Landau levels as given by the hyperbolic dispersion Eq. (3.1), the gray solid lines represent the parabolic approximation
Eq.(3.2). The dashed lines represent the expected field dependence for a constant level broadening, the dash-dotted line includes a field-dependent level
width (see the main text for details).

broadening for the higher Landau levels (N 6= 0) could be caused by the rippled nature of graphene, which modifies the perpendicular component of the
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magnetic field throughout the sample, and therefore leads to an inhomogeneous
field-linear broadening. This field-dependent mechanism was also observed for
non-zero energy Landau levels in single layer graphene [23]. The lowest Landau
level (N = 0) is not field dependent and thus the N = 0 → 1 transition is much
less affected by this mechanism.
It is interesting to see that, for BLG, our measurements show a broadened
zeroth Landau level up to 30 T, without any indication of the narrowing that
is seen in single layer graphene [23]. It is possible that we need samples of
higher mobility or higher magnetic fields to observe this narrowing in bilayer
graphene. It might also be an indication of a different broadening mechanism
of the lowest Landau level in the single and bilayer graphene, and therefore
different conditions for the coexistence of holes and electrons at the charge
neutrality point.

3.4

Conclusions

To conclude, we have investigated the gaps between Landau levels at filling
factors ν = ±4 and ν = ±8 in bilayer graphene by means of activated transport
measurements. Experimental field dependences follow Landau level quantization for a 4-band hyperbolic relativistic dispersion, with field-dependent offsets
caused by a field-dependent level width.
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Chapter 4

Temperature effect on the
coexistence of electron and
hole magnetotransport
Abstract
We have measured the longitudinal and Hall resistivity around the
charge neutrality point (CNP) for a wide range of fields and temperatures. For all fields and temperatures, the Hall resistivity smoothly
changes its sign while crossing the CNP, indicating that electrons
and holes are simultaneously present around this point. Using the
two-carrier model in the classical regime, we determine separately
the number of electrons and holes. In this regime the number of
charge carriers, as well as the longitudinal conductivity, is increasing with increasing temperature due to thermal activation.
In the quantum Hall regime, unlike in the classical regime, we observe a decrease of the longitudinal conductivity corresponding to
a metallic behaviour, with conduction determined by temperaturedependent scattering. Surprisingly, for high temperatures the Hall
resistivity overshoots the highest plateau values. Using model calculations, we show that such an experimental behaviour is expected
for a system with coexisting electrons and holes when the energy
spectrum is quantised.
This chapter is continuation of the work published in:
S. Wiedmann, H. J. van Elferen, E. V. Kurganova et al, “Coexistence of electron and
hole transport in graphene”, Phys.Rev. B 84, 115314 (2011).
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4.1

Introduction

In the band structure representation, ideal graphene is a zero gap semiconductor, where the conduction and valence bands are touching each other at the
charge neutrality point (CNP). At zero temperature, the charge carrier density
at the CNP is approaching zero, but the experimentally measured conductivity
reveals the universal value of 4e2 /h [1]. The finite conductivity remains under discussion as a property of chiral Dirac fermions [2]. At finite temperature
both electrons and holes are present at the CNP, as thermal excitations activate
electrons to energies above the CNP, creating holes below it.
Unlike an ideal zero-gap semiconductor, in real graphene samples electrons
and holes can coexist around the CNP. Such a situation is caused by, among
other things, random potential fluctuations along the graphene flake, creating
spatially inhomogeneous conducting electron-hole puddles [3–6].
In this chapter we investigate the coexistence of electrons and holes in detail,
by analysing the temperature-dependent magnetotransport around the CNP.
For all magnetic fields and temperatures, the Hall resistivity smoothly crosses
zero when the total charge carrier concentration is swept through the CNP.
We use magnetic field to go from the classical regime with a continuous energy
spectrum to a quantised regime.
In Section 4.3 we present and discuss experimental results in the classical
regime, when the energy spectrum is continuous. In this regime, the slope of
the Hall resistivity and the value of longitudinal resistivity at the CNP are
decreasing with increasing temperature, indicating an increase of the charge
carrier concentration. Using the two-carrier model for the Hall resistivity we
extract the number of charge carriers. From the temperature dependences at
the CNP we determine the strength of the potential fluctuations originating
from electron-hole puddles.
In section 4.4 we present experimental data in the quantum Hall regime.
Opposite to the classical regime, in this regime the longitudinal resistivity and
the slope of the Hall resistivity at the CNP are increasing with increasing temperature. For high temperatures, the measured Hall resistivity overshoots the
highest plateau values. The increased slope of the Hall resistivity could be
naively attributed to a decreasing of charge carrier concentration, which appears to be counter-intuitive as it occurs with increasing temperature. By
performing model calculations, we show that such temperature dependences of
transverse and longitudinal resistivity are expected for a system with coexisting
electrons and holes in the quantised regime.
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4.2

Experimental details

We have measured transport properties of two field effect transistors (see Section 2.2.1 of Chapter 2 for the details) fabricated from single layer (SLG) and
bilayer (BLG) graphene with mobility µ = 1 m−2 s−1 and µ = 0.3 m−2 s−1 ,
respectively. Both flakes were micromechanically exfoliated from bulk natural
graphite crystals.
As was already described in Section 2.2.1 of Chapter 2, the total charge
carrier concentration, n = ne − nh , (where indices e and h correspond to electrons and holes) is controlled by applying a gate voltage Vg on the conducting
Si substrate [7]:
n = ne − nh = αVg
(4.1)
where α = 7.2×1014 m−2 /V is a constant determined by the SiO2 layer thickness
and density.
To investigate the temperature activation of coexisting electrons and holes,
we have measured the transverse resistivity ρxy and the longitudinal resistivity
ρxx as a function of the total charge carrier concentration n = ne − nh at
different temperatures.

4.3

Classical regime

We first describe the experimental data in the regime where the energy spectrum is not yet quantised. Due to its high mobility, the SLG sample reveals a
quantum Hall effect at very low fields, while the BLG sample remains longer in
the classical regime. In this section we present a detailed analysis of experimental data for the BLG device, for which we performed a systematic experimental
investigation of the effect of temperature on magnetotransport in the classical
regime. For the SLG device, only low temperature traces were measured in this
regime. The experimental results for SLG, which we described in detail in [8],
are similar to those presented here for BLG, and consistent with the physical
description we propose in this section.
Figure 4.1(a) shows an example of ρxy (n) for BLG at a magnetic field B =
0.8 T, at different temperatures. Down to the lowest temperatures, the Hall
resistivity does not exhibit quantised plateaus at this magnetic field, indicating
a continuous energy spectrum. For high charge carrier concentration n the
Hall resistivity follows a 1/n law, corresponding to the one-carrier system, with
electrons for n → ∞ and holes for n → −∞. For all temperatures measured,
the Hall resistance smoothly crosses zero at the CNP, where n = 0. The smooth
crossing indicates that electrons and holes are present at both sides.
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Figure 4.1: The Hall resistivity of the BLG sample as a function of the
total charge carrier concentration n = ne − nh at magnetic field B = 0.8 T
and various temperatures (a). Extracted carrier concentrations of electrons ne
and holes nh for the same field and temperatures (for details see the text) (b).
Solid lines show the calculated number of electrons and holes using the effective
density of states (4.4) which takes into account the potential fluctuations. The
inset is a zoom around the CNP.

In such a coexistence regime, the simultaneous contribution to the Hall
effect of electrons and holes with equal mobility can be described by [9, 10]:

ρxy =
48

(ne − nh )(1 + (µB)2 )
B
e (ne + nh )2 + ((ne − nh )µB)2

(4.2)

4.3 Classical regime
where e is the absolute value of the electron charge.
By solving the system of Eq. (4.1) and Eq. (4.2) with respect to the variables
ne and nh for each point of the experimental ρxy (Vg ) dependence, we determined
independently the number of electrons ne (n) and holes nh (n) for a wide range of
the total charge carrier concentration n. Panel (b) of Fig. 4.1 represents these
experimental ne,h (n) dependences. At the lowest temperature, the experimentally determined electron (hole) concentration crosses the CNP at a finite value
and decreases gradually on the hole (electron) side. At the CNP, both types of
charge carriers are simultaneously present with equal concentration. Even far
from the charge neutrality point the system remains two-component, but the
number of majority carriers gradually increases, while the number of minority
carriers decreases. As can be seen from Fig. 4.1(b), within the measured range
the minority charge carrier concentration does not drop to zero but saturates
at a small finite value, barely depending on temperature. This saturation is
just an artefact occurring in the concentration determined from Hall resistivity.
This artefact is related to a small background admixture of the longitudinal
resistivity in the Hall resistivity due to the small asymmetry of the contact
alignment (see, for example, Fig. 2.4(c) of Chapter 2).
With increasing temperature, the slope of the Hall resistivity at the CNP
(Fig. 4.1(a)) decreases and the charge carrier concentration extracted from it
(Fig. 4.1(b)) increases at the CNP. The inverse dependence between the slope
and the number of charge carriers is expected from Eq. (4.2). Indeed, assuming
ne = nh = n0 at the CNP and taking into account that ne − nh = n, we can
determine the slope of the Hall resistivity, by differentiating Eq. (4.2):
d ρxy
dn

=
n=0

B 1 + (µB)2
e
4n20

(4.3)

which predicts an inverse proportionality between the slope and the square of
the individual charge carrier concentration at the CNP.
Figure 4.2(a) represents the temperature dependence of the extracted individual charge carrier concentrations at the CNP for different magnetic fields,
normalised by the Landau level degeneracy nL = eB/h. At a magnetic field
B = 0.8 T the system is still far from the quantised regime, because at the
lowest measured temperature the charge carrier concentration is found to be
about 9nL , which is much larger than the expected 2nL for a half-filled lowest
Landau level in BLG, and increases with temperature due to thermal activation
of charge carriers. For magnetic fields 4 and 6 T (Fig. 4.2(a)) the concentration
shows a smaller increase with temperature and approaches 2nL at the lowest
temperature, indicating the appearance of quantised Landau levels. The temperature dependences of the concentrations extracted at low magnetic fields,
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Figure 4.2: (a): The electron and hole concentrations of the BLG sample
at the CNP as a function of temperature for various fields. The solid lines
represent the fit by Eq. (4.6) with s = 19 ± 2 meV. (b): A sketch of potential
fluctuation along the graphene sample as a function of a spatial coordinate x.
(c): The effective density of states, taking into account the random potential
fluctuations with a strength s.

represented in Fig. 4.1(b) and Fig. 4.2(a), suggest that at the CNP the system
behaves as a metallic semiconductor with two equivalent types of charge carriers, where the number of charge carriers increases with temperature due to
thermal activation.
We can explain this observation by a quite simple consideration. Around
the CNP, the dispersion of BLG can be approximated by a parabola, and homogeneous BLG has a constant density of states D0 . Using this constant density
of states yields at the CNP the classical linear dependence of the charge carrier concentration on temperature: ne = D0 ln (2)kB T . It predicts, therefore,
zero charge carrier concentration at zero temperature. In our measurement,
however, we observe a finite number of charge carriers down to the lowest temperatures. The finite number of both charge carriers at the CNP, at the lowest
temperatures, is originating from spatial potential fluctuations along the flake
(Fig. 4.2(b)). The potential fluctuations, corresponding to electron-hole puddles, can be taken into account in the effective density of states by including a
random distribution function [11]:
√
D(E) = D0 erfc(−E/ 2s)/2
50

(4.4)

4.3 Classical regime
√
where s is the strength of potential fluctuations and erfc(−E/ 2s) is the error function, which is an integral of the Gaussian distribution of the random
potential.
The density of states (4.4) is shown in Fig. 4.2(c) with (s > 0) and without
(s = 0) potential fluctuations. Using this density of states, the number of
charge carriers can be calculated in a standard way. For electrons, for example,
this reads:
Z

∞

D(E)f (E)dE

ne =

(4.5)

−∞

where f (E) is the Fermi function.
The calculated dependences with s = 19 meV (shown as solid lines in Fig.
4.1(b)) reproduce the behaviour of experimentally determined individual charge
carrier concentrations around the CNP.
Precisely at the CNP, the temperature dependence of the charge carrier
concentration can be deduced from the integral (4.5) as a low temperature
(kB T /s < 1) approximation [11]:
"

π2
ne (T ) = nh (T ) = n0 (T ) = n0 (0) 1 +
6



kB T
s

2 #
(4.6)

We use this expression to fit the experimental temperature dependence of
the charge carrier concentration at B = 0.8 T and B = 4 T (solid lines in
Fig. 4.2(a)) with s as a fit parameter. The fit yields the value s = 19 ± 2 meV.
To get an alternative access to the transport of coexisting electrons and
holes in the classical regime, we have also measured the longitudinal resistivity
of the system around the CNP. Figure 4.3(a) presents the longitudinal resistivity ρxx as a function of total charge carrier concentration n, for various temperatures at B = 0. Similarly to the temperature behaviour of the extracted
concentrations (Fig. 4.1(b) and Fig. 4.2(a)), the directly measured longitudinal
resistivity exhibits semiconductor behaviour as a function of temperature at
the CNP, and barely depends on temperature far from the CNP (Fig. 4.3(a)).
Figure 4.3(b) shows the temperature dependence of the longitudinal conductivity σxx , converted from the measured resistivity as 1/ρxx at the CNP. At
the lowest temperature it approaches the universal value of 4e2 /h and increases
with increasing temperature due to thermal activation of charge carriers.
The temperature dependence of the longitudinal conductivity at the CNP
for a BLG system with electron-hole puddles can be described by [11]:
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Figure 4.3: The longitudinal resistivity as a function of total charge carrier
concentration n = ne − nh at zero magnetic field and various temperatures (a)
and the longitudinal conductivity converted from it at the CNP as a function of
temperature (b). The solid line in the panel (b) represents the fit by Eq. (4.7)
with s = 23 ± 2 meV.

"
σxx (T ) = σxx (0) 1 +

r

2 kB T
π2
+
π s
6



kB T
s

2 #
(4.7)

The fit of the experimental temperature dependence of the conductivity by
Eq. (4.7) (solid line in the Fig. 4.3(b)) gives a value s = 23 ± 2 meV, which,
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within the error margin, agrees with the value obtained from the temperature
dependence of the charge carrier concentration.
In the topographical representation of potential landscape along the 2D
flake of graphene, s would correspond to a standard deviation of Fermi energy
fluctuations due to potential “hills”. In other words, it represents the average
height of these “hills” (Fig. 4.2(b)). Although it remains smaller than the
interlayer coupling γ1 = 0.4 eV [12, 13], it is comparable to the thermal energy
at room temperature. This fact suggests that the puddles are crucial in the
transport not only at low temperatures, but up to room temperature, which
can be a hint towards an explanation of the room temperature quantum Hall
effect observed in graphene [14].

4.4
4.4.1

Quantised regime
Experimental results

Now we turn our attention to the experimental dependencies in the quantum
Hall regime for both the SLG and the BLG samples. As was introduced in
Chapter 2, at high magnetic fields the energy spectrum is quantised, consisting
of Landau levels. As a result, the Hall resistivity shows quantised plateaus
accompanied by zero resistance minima in the Shubnikov-de Haas oscillations.
Figure 4.4 represents the Hall effect as a function of the total charge carrier
concentration n at a magnetic field B = 10 T for SLG (panel (a)) and B = 30 T
for BLG (panel (b)). At magnetic fields B ≥ 5 T for SLG and B ≥ 15 T for
BLG the systems considered are in the quantised regime: the Hall resistances
show clear plateaus at ν = ±2, ±6, ±10, . . . for SLG and ν = ±4, ±8, ±12, . . .
for BLG. For the SLG sample at magnetic fields B > 15 T the zeroth Landau
level becomes very narrow [15] and the spin-related gap starts opening at the
CNP, which leads to a diverging longitudinal resistance [16]. Due to the finite
size and geometrical asymmetry of the contacts, the voltage measured between
the Hall contacts always includes a small longitudinal component. For the
diverging longitudinal resistance this component considerably affects the Hall
resistance measured at high fields. To exclude this effect on the measured Hall
resistances from our analysis, we consider SLG at magnetic fields 5 T ≤ B ≤
15 T. For the BLG sample presented in Fig. 4.4(b), at the lowest measured
temperature a plateau starts developing for ν = −3. This plateau brings some
asymmetry to the ρxy curve at low temperature, however at T > 74 K this
state is thermally activated and the plateau smoothes out, therefore we do
not consider the symmetry breaking of the zeroth Landau level in the present
investigation.
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At the lowest temperature measured, T = 0.5 K, the Hall resistance on
the electron (hole) side reaches its maximum (minimum) value at the plateau
and goes smoothly to the hole (electron) side. Similarly to the classical regime,
this behaviour can be qualitatively explained by the two carrier model. A
surprising behaviour appears at high temperatures. Namely, with increasing
temperature an interesting feature develops in the Hall resistivity traces. The
Hall resistivity overshoots the plateau ν = ±2 for SLG and ν = ±4 for BLG,
i.e. at the beginning of the plateau it reaches values higher than 2eh2 and 4eh2
respectively (Fig. 4.4). The overshoots increase with temperature. Besides
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Figure 4.4: The Hall resistivity at B = 10 T for the SLG sample (a) and
B = 30 T for the BLG sample (b) as a function of the total charge carrier
concentration n = ne − nh for various temperatures.
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Figure 4.5: The slope of the Hall resistivity at the CNP for the SLG sample
(a) and the BLG sample (b) as a function of temperature for various magnetic
fields. Lines are guides for the eye.

the samples presented in this chapter, we and other researchers [17] measured
similar overshoots for other samples.
In addition to the overshoots, the slope of the Hall resistivity at the CNP is
increases with increasing temperature (Fig. 4.5). This temperature dependence
is opposite to the classical regime, which can be seen from the comparison
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Figure 4.6: The longitudinal resistivity at B = 30 T for BLG as a function of the total charge carrier concentration for various temperatures (a) and
the longitudinal conductivity converted from it at the CNP as a function of
temperature for various magnetic fields (b).

between traces at B = 15 − 30 T (quantised regime) and B = 0.8 T (classical
regime), plotted together in Fig. 4.5(b). At B = 5 T for SLG, the slope of
the Hall resistance does not show any monotonic dependence on temperature,
and the ν = ±2 plateaus at this field are only visible at the lowest temperature
(not shown), indicating that the system is approaching the classical regime with
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increasing temperature. At B ≥ 10 T for SLG and B ≥ 15 T for BLG the slope
is increasing for T > 50 K, while the plateaus are visible at these fields in the
whole temperature range measured.
According to Eq. (4.3), an increase of the slope would correspond to a
decrease of the charge carrier concentration. At a first glance, this appears
to be counter-intuitive, as it occurs with increasing temperature. However,
the plateaus remain visible up to the highest temperature measured, i.e. the
systems remain quantised and the number of electrons and holes within one
Landau level is fixed and determined by the Landau level degeneracy. In the
quantised regime, the Hall resistivity slope depends not only on the number
of charge carriers at the CNP, but mainly on the width of the plateaus closest
to the CNP, i.e. at ν = ±2 for SLG and ν = ±4 for BLG. For this reason
the classical relation between the number of charge carriers and the slope of
Eq. (4.3) fails to describe the experimental slope behaviour with temperature,
and estimates concentration values several times larger than the expected value
for the half-filled zeroth Landau level. However, we note that even the simple
classical Eq. (4.2) anticipates the overshoots, as it predicts 1/n behaviour for
µB → ∞.
For completeness of representation, we have also measured the longitudinal
resistivity in the quantised regime for different temperatures. Figure 4.6(a) represents the longitudinal resistivity of BLG in quantised regime as a function of
the total charge carrier concentration for various temperatures. The temperature dependence of the longitudinal conductivity converted from it at the CNP
is plotted in Fig. 4.6(b).1 SLG shows a similar temperature dependence. In
contrast to the classical regime, the longitudinal conductivity exhibits a metallike decrease with temperature. A similar behaviour is observed for SLG in
Ref. [18], where it is attributed to a scattering between edge channels. Alternatively, the explanation of transport properties in a quantised regime can be
approached from the point of view of localised and extended states. Within this
simple density of states model the temperature dependence of the resistivity is
described by redistribution of charge carriers due to the thermal activation.

4.4.2

Model calculations

As a first step towards understanding, we made an attempt to reproduce the
experimental results in the simple density of states model. Below we present
the calculations for BLG; calculations for SLG give analogous results.
1

This can be done using the standard matrix relations, Eq. (2.6) from Chapter 2. As
ρxy = 0 at the CNP, this conversion reduces to σxx = 1/ρxx .
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The model density of states of BLG in a quantising magnetic field consists
of separated Gaussian-shaped Landau levels (Fig. 4.7(a)). States in the middle
of each Landau level are extended (solid areas in the figure), and states are
localised in the tails (dashed areas in the figure). Landau levels above (below)
the CNP, populated by electrons (holes), have a degeneracy of 4eB/h. The
zeroth Landau level with a degeneracy of 8eB/h is populated by electrons and
holes, such that conduction electrons and holes can be found both above and
below the CNP, within the extended states of the level.
We calculated the longitudinal conductivity, using the Kubo-Greenwood
formalism [19, 20], assuming an energy independent scattering time:

σxx =

e
σxx

+

h
σxx

∞



e ∂f (E)
h ∂(1 − f (E))
∝
Dext
+ Dext
dE
∂E
∂E
−∞
Z

(4.8)

where Dext is the density of the extended states, f (E) is the Fermi distribution function and the upper indices e, h correspond to electrons and holes,
respectively. The Kubo-Greenwood formula is obtained from the transport
Boltzmann equation. It relates conductivity of a system with the density of
states at an arbitrary temperature. For a free electron gas it reduces to the
simple Drude model (Eq. (2.5) of Chapter 2). The Kubo-Greenwood formula
predicts the oscillating longitudinal conductivity for a system with quantised
energy spectrum. This formula, indeed, reproduces qualitatively the behaviour
of the experimental conductivity in graphene, but does not give an universal
value of minimal conductivity [21]. Therefore, we normalised the integral in
the Eq. (4.8) such that, at zero temperature, σxx at the CNP has the universal
value of 4e2 /h in accordance with the experimentally observed value.
The quantisation of the Hall conductivity at multiples of e2 /h can be described by the edge states model [22–24]. Within this model, the Hall conductivity at the lowest temperature can be calculated by summing up occupied
Landau levels N e,h [22] with the opposite signs for electrons and holes:
e
h
σxy = σxy
+ σxy
=

e2 h
(N − N e )
h

(4.9)

To simulate the effect of temperature on the carrier energy distribution
we combine the edge states model with a simple density of states model, and
calculate the number of occupied Landau levels as follows:
Z

∞

σxy ∝
−∞

58

h

i
h
e
Dext
(1 − f (E)) − Dext
f (E) dE

(4.10)
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Figure 4.7: Model calculations of the quantised electron-hole magnetotransport in BLG, compared to the experimental data summarised from figures 4.3-4.6. (a): The density of states. (b),(c): σxx and σxy calculated using
Eq. (4.8) and Eq. (4.10) respectively for B = 30 T and various temperatures.
(d),(e): ρxx and ρxy converted from the calculated conductivity. (f),(g): Experimental ρxx and ρxy measured at B = 30 T and various temperatures.
The insets to panels (b) and (f) represent, respectively, the calculated and the
experimental longitudinal conductivity at the CNP as a function of temperature. The insets to panels (e) and (g) represent, respectively, the calculated
and experimental slope of the Hall resistivity at the CNP as a function of
temperature.
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Introducing a localised density of states in the calculations of σxy leads to
the fact that the calculated conductivity shows plateaus which are not at the
multiples of 4e2 /h [25], because in this case the number of extended states
within a Landau level is less than the total number of states. To calculate the
correct number of occupied Landau levels in Eq. (4.10), the extended density
of states for each Landau level is normalised for the total number of extended
states within this level, so that the calculated conductivity shows plateaus at
multiples of 4e2 /h, as is observed in the experiment.
The calculated conductivities σxx and σxy are presented as a function of the
total charge carrier concentration in Fig. 4.7(b,c) for different temperatures.
At zero temperature, the longitudinal conductivity shows zero minima between
adjacent Landau levels, accompanied by plateaus of the Hall conductivity. With
increasing temperature, values of the minima in the longitudinal conductivity
increase and plateaus are smoothed out, indicating charge carrier activation in
the gap.
The longitudinal resistivity ρxx and transverse resistivity ρxy are converted
from conductivities using the standard matrix relations (Eq. (2.7) of Chapter 2).
They are shown in Fig. 4.7(d,e).
The calculated curves reproduce qualitatively the experimental results, and
show similar behaviour with temperature. Namely, the longitudinal resistivity (compare Fig. 4.7(d) with Fig. 4.7(f)) and the slope of the Hall resistivity
(compare insets of panels (e) and (g)) at the CNP increase with increasing
temperature up to 200 K. Moreover, as is also seen in the experiment, overshoots develop at the beginning of the plateaus at high temperatures (compare
Fig. 4.7(e) with Fig. 4.7(g)). Starting from about 500 K, the thermal energy
is comparable to the activation energy and the system smoothly goes to the
classical regime: the longitudinal conductivity (inset to Fig. 4.7(b)) increases
with increasing temperature and the slope of the Hall resistivity (the inset to
Fig. 4.7(e)) decreases at the CNP, as was seen experimentally in the classical
regime in the previous section.
These calculations prove that the temperature dependence of the transport
properties at the CNP for the two-carrier system with a quantised energy spectrum is opposite to the classical two-carrier system with a continuous density
of states. Such a difference can be understood intuitively from the following
comparison. In a classical system, thermal excitations generate electrons above
the CNP and holes below it, which leads to an increase of the charge carrier
concentration. In a system with a quantised density of states, the number of
charge carriers populating each level remains unchanged until the distance to
adjacent levels exceeds the thermal energy. In this case, thermal excitations do
not generate charge carriers but redistribute them to populate higher energy
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states.

4.5

Conclusion

We have investigated the effect of temperature on the coexistence of electron
and hole magnetotransport in graphene by measuring the longitudinal and the
transverse resistivity as a function of the total charge carrier concentration in
the classical and quantum Hall regimes, for a wide range of temperatures. At
all temperatures and fields, the Hall resistivity goes smoothly through zero at
the CNP.
In the classical regime, the slope of the Hall resistivity and the value of the
longitudinal resistivity at the CNP decreases with increasing temperature, indicating the thermal activation of charge carriers. Using the two-carrier model,
we extracted electron and hole concentrations from the Hall resistivity. The
extracted charge carrier concentrations at the CNP remain finite down to the
lowest temperature measured, which we attribute to electron-hole puddles.
In the quantum Hall regime, increasing the temperature has the opposite
effect on the behaviour of the transport properties at the CNP, compared to the
classical regime: the slope of the Hall resistivity and the longitudinal resistivity
increase with increasing temperature, which appears to be counter-intuitive at
first glance. However, using model calculations we have shown that such behaviour is expected for a two-carrier system with a quantised energy spectrum.
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Chapter 5

Spin splitting studied by
means of tilted magnetic field
experiments
Abstract
We have measured the spin splitting in single-layer and bilayer
graphene by means of tilted magnetic field experiments. Applying the Lifshitz-Kosevich formula for the spin-induced decrease of
the Shubnikov de Haas amplitudes with increasing tilt angle, we directly determine the product of the carrier cyclotron mass m∗ and
the effective g-factor g ∗ as a function of the charge carrier concentration. Using the cyclotron mass for single-layer and bilayer graphene
we find an enhanced g-factor g ∗ = 2.7 ± 0.2 for both systems.

This work has been published in:
E. V. Kurganova et al., “Spin splitting in graphene studied by means of tilted magneticfield experiments”, Phys.Rev. B 84, 121407(R) (2011).
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5.1

Introduction

The half-integer quantum Hall effect in single-layer graphene (SLG) [1, 2] and
the unconventional quantum Hall effect in bilayer graphene (BLG) [3] reveal
spin- and valley-degenerate relativistic Landau levels, as we have already described in Chapter 2. Due to the extremely large Landau-level splitting [4, 5],
completely resolved levels can be observed up to room temperature [6]. However, even at very high perpendicular magnetic fields, the Zeeman splitting
within one Landau-level is considerably smaller than the Landau-level splitting and, more importantly, the Landau-level width generally exceeds the spinsplitting. Exceptionally, the zeroth Landau level in SLG becomes extremely
narrow at magnetic fields B > 20 T [4], which allows experimental observation
of a spin-related gap opening at magnetic fields B > 20 T [7]. Another observation of lifted spin degeneracy, with an effective g-factor g ∗ = 2, was reported
for ν = ±4, in SLG for magnetic fields B > 30 T, combined with lifting of the
valley degeneracy at ν = ±1 [8].
In this chapter we determine the spin splitting of broadened Landau levels for SLG and BLG by measuring Shubnikov-de Haas oscillations in tilted
magnetic fields. This technique allows us to adjust the ratio between the spin
splitting and the Landau level splitting, by controlling the ratio between the
total magnetic field and the component perpendicular to a two-dimensional
graphene flake. Using the well-established Lifshitz-Kosevich formula [9, 10], we
determine the product of the effective g-factor and the cyclotron mass, m∗ g ∗ ,
from the angular dependence of the Shubnikov-de Haas amplitudes, and we find
that g ∗ is enhanced compared to the free electron value.

5.2

Experimental details

We have fabricated field-effect transistors from SLG and BLG by micromechanically exfoliating graphene flakes from graphite. The flakes were deposited on
top of a Si/SiO2 wafer, structured into a Hall-bar, and Ti/Au contacts were
evaporated on top of them. [11]. Charge carriers are introduced by applying a
gate voltage on the conducting Si substrate (see Section 2.2.1 of Chapter 2 for
the details).
We present a detailed analysis of the spin splitting in a SLG sample made
from Kish graphite, with a mobility µ = 0.8 Vm−2 s−1 , and BLG sample originating from natural graphite, with a mobility µ = 0.3 Vm−2 s−1 .1 Two other
1

For these measurements there appeared to be no principal difference between the samples
of the different graphite sources.
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devices, one SLG and one BLG sample, show qualitatively similar results, which
are presented in Appendix B.

5.3

Shubnikov-de Haas oscillations in tilted magnetic
fields

To determine the spin-splitting, we have measured the longitudinal resistance
Rxx as a function of charge carrier concentration n at a constant perpendicular
magnetic field. We adjusted the total magnetic field Btot for each tilt angle such
that the normal component Bn is the same (inset to Fig.5.1). The value of Bn
was verified by measuring the Hall resistance of the devices in the non-quantized
regime.
In Fig. 5.1 we show the experimental Rxx (n) dependencies for SLG at Bn =
6 T (a) and for BLG at Bn = 8 T (b). Rxx shows Shubnikov-de Haas oscillations
with maxima whenever the Fermi energy is situated in the middle of a spinand valley-degenerate Landau level EN , N = 0, 1, 2, ... being the Landau-level
index. For higher Landau levels (N ≥ 2) the longitudinal resistance does not
exhibit zero minima, indicating that the level broadening is comparable to the
cyclotron energy at these perpendicular magnetic fields.

5.4

Modified Lifshitz-Kosevich formula

When increasing Btot at a constant Bn , the oscillation amplitudes for both BLG
and SLG are reduced. From this reduction we determined the spin-splitting.
We use the Lifshitz-Kosevich formula for systems with a general dispersion and
we specifically include spin-splitting [9, 10] with an effective g-factor g ∗ [12, 13]
and tilted magnetic fields [14]. The oscillatory contribution to the longitudinal
resistance can be described as [2]:


~
R̃xx = A cos
S(E)|E=EF + π + ϕB
(5.1)
eBn
where S(E)|E=EF is a extremal cross section of the Landau orbits in k-space, A
is the oscillation amplitude, and ϕB is the Berry phase (ϕB = π for SLG [1, 2],
ϕB = 2π for BLG [3]). The amplitude A contains a monotonic n-dependent
part, a temperature dependence, a Bn -dependent contribution, and a damping factor due to spin splitting, which depends on the total field Btot . At a
constant temperature and perpendicular magnetic field this Btot -dependence of
the Shubnikov-de Haas oscillations amplitude for charge carriers with cyclotron
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Figure 5.1: Shubnikov de Haas oscillations in SLG (a) at T = 1.3 K and in
BLG (b) at T = 0.4 K as a function of the carrier concentration for different
total fields Btot or tilt angles θ, respectively. When varying θ the total field Btot
is adjusted such that the perpendicular field Bn remains constant, i.e. Btot =
Bn / cos θ. The oscillation maxima are marked with the corresponding Landau
level numbers N . The inset schematically shows this tilting configuration.
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mass m∗ and effective g-factor g ∗ is given by [12, 14]:

A = A0 (N ) cos

π g ∗ m∗ Btot
2 m e Bn


(5.2)

with cyclotron mass [1]:
m∗ =

~2 dS(E)
2π dE

(5.3)
E=EF

and A0 (N ) is constant for a given N .
For the spherical Fermi surface in SLG and BLG, with a Fermi wave-vector
√
kF = πn, the extremal cross section of the Landau orbits is S(E)|E=EF =
πkF2 = nπ 2 and Eq. (5.1) yields the concentration-dependent resistance oscillations we observe in our experiments:

R̃xx = A cos

~π 2
n + π + ϕB
eBn


= A cos

π
2


ν + π + ϕB ,

(5.4)
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where ν = (hn)/(eBn ) is the filling factor. As expected, the oscillation period,
(2eBn )/(~π), is independent of the band structure of the 2D material and only
depends on the filling factor.
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Figure 5.3: Normalized oscillation amplitudes as a function of total field
Btot at a constant perpendicular field Bn in SLG (a) and BLG (b). Error bars
represent standard least squares fitting errors in the determination of A. Solid
lines are fits to Eq. 5.2 with m∗ g ∗ as a fit parameter.

In the temperature range used for the experiments, T = 0.4 − 1.3 K, the
Shubnikov-de Haas amplitudes are fully saturated, i.e. their values are not sensitive to the temperature changes. We prove this experimentally by measuring
Shubnikov-de Haas oscillations at a constant perpendicular magnetic field and
various temperatures in the given range. The traces for BLG are presented in
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Fig. 5.2 at Bn = Btot = 8 T for T = 0.4 K and T = 1.3 K. These curves are
nearly identical. Comparing Fig. 5.2 with Fig. 5.1, one can see that the temperature induced changes (if any) in the oscillation amplitudes are considerably
smaller than those due to the tilting of the magnetic field. Therefore, any effects of the temperature fluctuations on the amplitudes during the rotation of
the sample in the magnetic field can be excluded from our analysis.
To accurately determine the experimental oscillation amplitudes, we have
fitted our experimental data Rxx (n) to Eq. (5.4) in two steps. First, we determined the oscillation period and a smooth background using all oscillations
measured for a wide range of the carrier concentrations. Second, we fitted the
oscillation amplitudes A for each individual oscillation using the above determined period and background as fixed parameters. In Fig. 5.3 we show the
final results of this fitting procedure for the Shubnikov-de Haas oscillation amplitudes, as a function of the total magnetic field, for different Landau levels
N . For clarity all amplitudes are normalized to A0 .
The experimentally observed reduction of the Shubnikov-de Haas oscillation
amplitudes can be qualitatively visualized in a simple density of states (DOS)
picture of a Landau level, as depicted in Fig. 5.4(a). In a purely perpendicular
magnetic field, the Landau level width exceeds the spin splitting and the DOS
of the spin-down state (horizontally dashed in Fig. 5.4(a)) overlaps with that
of the spin-up states (vertically dashed) to give one broad Landau level. When
increasing Btot , while leaving Bn constant, these two states move apart yielding
an additional broadening of the Landau level with a reduced DOS in the center
(solid areas in Fig. 5.4(a)). Eventually, when the spin splitting exceeds the
level width, a minimum between two distinct levels starts to develop in the
DOS. This scenario is indeed observed experimentally in SLG (Fig. 5.4(b)).
The Shubnikov-de Haas maxima corresponding to the N = 9 and N = 10
Landau levels at Btot = Bn =5 T do not show any splitting. Increasing of the
total field at a constant perpendicular component leads to a reduction of the
oscillation amplitude and eventually appearance of spin-resolved peaks at the
highest field of 28 T. However, this splitting is not yet enough to determine the
energy difference by e.g. activation measurements.
A quantitative analysis of this decrease of the Shubnikov-de Haas oscillation
amplitudes with increasing total magnetic field is performed by fitting the data
to Eq. (5.2), with m∗ g ∗ as a fitting parameter (solid lines in Fig. 5.3). The values
for m∗ g ∗ obtained are plotted as a function of the charge carrier concentration
in Fig. 5.5 for SLG (a) and BLG (b).
For both SLG and BLG, the product m∗ g ∗ increases with concentration,
which can be mainly attributed to the concentration-dependent cyclotron mass
m∗ of particles with a linear [1] or hyperbolic dispersion [16] as predicted by
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Figure 5.4: Schematic representation of the density of states for a Landau
level with an increasing total magnetic field Btot (from the bottom to the top)
at a constant perpendicular component Bn (a). Panel (b) shows this scenario
as measured experimentally for the N = 9, 10 maximum in SLG at a constant
perpendicular magnetic field Bn = 5 T.

Eq. (5.3).
The dashed lines in Fig. 5.5(a) show the calculated dependence of m∗ g ∗
√
for g ∗ = 2 and g ∗ = 2.7 using m∗ (n) = (~/c) πn [1]. The shadowed areas
represent a 10% uncertainty in this calculation, mainly due to the experimental
errors and some uncertainty in the Fermi velocity [17].

5.5

Determination of the effective g-factor

For SLG (Fig. 5.5(a)), the increase of m∗ g ∗ with n is symmetric for electrons
and holes (i.e. negative and positive n in the figure). A best fit using m∗ (n) for
SLG yields g ∗ = 2.7 ± 0.2 (the error is the standard deviation). This finding
is shown directly in the inset of Fig. 5.5(a), where we plot the value of g ∗
determined in the middle of each Landau level N for different perpendicular
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Figure 5.5: Experimentally deduced m∗ g ∗ (open symbols), normalized to
the free electron mass me , as a function of charge carrier concentration for
SLG (a) and BLG (b). The individual data points were extracted from the
total-field dependence of the Shubnikov-de Haas amplitudes corresponding
to different Landau levels N = 2, ..., 10, and represent measurements at a
constant magnetic field Bn = 5 T, 6 T and 7 T for SLG and Bn = 8 T for
BLG. The error bars represent the standard least squares fitting errors, taking
into account the error bars of A (Fig. 5.3). The dashed lines in (a) represent the
calculated behavior of m∗ g ∗ for different values of g ∗ taking into account a 10%
experimental uncertainty (shadowed areas). The crosses in (b) compare our
data to the experimental cyclotron mass for BLG [15] multiplied by g ∗ = 2.5.
The inset shows the effective g-factor, extracted from the product m∗ g ∗ in the
main panel and the known cyclotron mass m∗ in SLG, as a function of Landau
level index N .
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fields Bn . Within an experimental error, g ∗ does not show any dependence on
N or Bn .
For BLG (Fig. 5.5(b)) the experimental situation is more complex, as the
observed increase of m∗ g ∗ with n is not symmetric for holes and electrons. Such
a behaviour is caused by an asymmetry of m∗ resulting from an asymmetric
band structure of biased BLG, which was already observed experimentally in
transport experiments [15], cyclotron resonance [18] and activation-gap measurements [5]. Applying the experimental cyclotron mass from [15] (depicted
as crosses in Fig. 5.5) allows us to estimate g ∗ to be about 2.5 for both electrons
and holes, which is, within experimental accuracy, reasonably consistent with
the g-factor enhancement observed in SLG.

5.6

Exchange enhancement of the effective g-factor

The observed enhancement of the effective spin-splitting compared to its freeelectron value can be explained by electron-electron interactions [19], yielding
an interaction-enhanced splitting between two spin levels within one Landau
level [20, 21]:
0
g ∗ µB Btot = gµB Btot + Eex
(n↓ − n↑ ).
0
Eex

(5.5)

is an exchange parameter, and n↑
Here g = 2 is a free-electron g-factor,
and n↓ are the relative occupations of the two spin states of a given Landau
level.
For Gaussian shaped Landau levels with broadening Γ > g ∗ µB Btot , i.e. where
the spin splitting is not yet resolved, this relative occupation difference can be
approximated using the Taylor expansion of the Gauss error function
erf(g ∗ µB Btot /Γ):
r
1 g ∗ µB Btot
n↓ − n↑ ≈
(5.6)
2π
Γ
and Eq. (5.5) yields:
!−1
r
0
g∗
1 Eex
= 1−
.
(5.7)
g
2π Γ
√
0
0 ∝
interaction, Eex
Bn [21], and Γ ∝
√ Eex is of the order of Coulomb
0 /Γ remains constant and the g-factor enBn [22]. Therefore, the ratio Eex
hancement is indeed predicted to be constant, as we observe experimentally.
0 = 130 K at
Using the experimentally found g ∗ = 2.7 in Eq. (5.7) yields Eex
10 T, when assuming Γ = 200 K [4, 5]. For a completely spin polarized system,
i.e. n↓ − n↑ = 1, one might then speculate that the exchange enhancement in
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Eq. (5.5) would be an order of magnitude larger than a single particle Zeeman
energy at this particular field.
Finally, we note, that the experimentally found enhanced values of g ∗ in
graphene are close to those observed in transport experiments in graphite [23].
This may suggest that an exchange induced enhancement of g ∗ is quite common
for graphitic materials. In contrast, no interaction-induced g-factor enhancement is observed using electron-spin resonance in graphene [24] and graphite [25],
as these measurements are not sensitive to many-body corrections [26]. Interestingly, measurement of the Zeeman splitting of single-electron states in quantum
dots, where no exchange enhancement of the g-factor is expected, also yields
g ≈ 2 [27], albeit with a considerable experimental uncertainty.

5.7

Conclusions

To conclude, we have experimentally measured and analyzed spin-splitting in
SLG and BLG. We have shown that the product of the cyclotron mass m∗
and the effective g-factor g ∗ increases with charge carrier concentration, as expected for a linear dispersion in SLG and a hyperbolic dispersion in BLG. Using
the known concentration dependence of m∗ , we found that g ∗ in graphene is
enhanced compared to the free-electron value, and we attribute this to electronelectron interaction effects.
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Appendix A

Arrhenius vs. Fermi-Dirac
distribution
In Chapter 3 we investigate the relativistic Landau levels in bilayer graphene
(BLG) by means of quantum Hall activation gap measurements. Increasing the
temperature activates the charge carriers in the gap to populate higher Landau
levels, which leads to an increased value of the Shubnikov-de Haas minimum
corresponding to the gap. For low temperatures, when the gap value exceeds
the thermal excitation, thermally activated conductivity at the Shubnikov-de
Haas minima follows the exponential Arrhenius law. The latter is commonly
exploited to determine the activation gaps ∆a . We found that, in our case,
the gaps determined in this way are comparable to the thermal energy, so that
using the simple exponential approximation does not give accurate results. To
extract the activation gaps more accurately, we use the Fermi-Dirac distribution
as a fitting function instead of the commonly exploited Arrhenius law.
Here we present the calculations that prove the validity of using the FermiDirac distribution. First of all we mention that the Arrhenius law, a(∆a ) =
e−∆a /2kB T , is a low temperature approximation of the Fermi-Dirac distribution,
f (∆a ) = (1 + e∆a /2kB T )−1 . They almost coincide at low temperatures when
kB T << ∆a , and differ remarkably at high temperatures when kB T is comparable with ∆a (Fig. A.1(a)). For high temperatures, therefore, the Arrhenius
fit does not yield correct values of the gaps.
To visualise the consequences of this difference to the experimental determination of the gap we modelled the longitudinal conductivity σxx in the gap
for various temperatures using the Kubo-Greenwood formalism [1, 2] (see also
Eq. (4.8) of Chapter 4). For the simplicity and clarity of representation the
modelled density of states consists of rectangular-shaped, broadened Landau
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Figure A.1: A comparison of the Arrhenius and Fermi-Dirac distributions
(a). Simulated σxx (b) and its temperature dependence in the minimum (c).

levels, with a given gap ∆a = 20 K. Figure A.1(b) shows σxx simulated for
BLG as a function of energy. At zero temperature, the conductivity just reproduces the Density of states, depicted as a bold dashed line in Fig. A.1(b).
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Increasing the temperature leads to an increase of the conductivity at the minimum. The value of σxx in the minimum, determined from these curves, is
plotted in Fig. A.1(c) as a function of inverse temperature. A fit of this dependence by the Fermi-Dirac distribution (solid line in Fig. A.1(c)) yields a gap
∆a = 19.6 ± 0.2 K, which agrees within 2% with the gap given by the model.
The error occurs due to the fact that in our simulation we use broadened levels,
while the Fermi distribution describes excitations to a single energy. A linear
fit of the high temperature part by the Arrhenius exponent (dashed line in
Fig. A.1(c)) yields a gap ∆a = 13.8 ± 0.4 K, which is 30% different from the
gap given by the model.
In Chapter 3, we analyse the longitudinal resistivity directly measured in
the experiments. At the Shubnikov-de Haas minima, the longitudinal conductivity is considerably smaller than the Hall conductivity, σxx << σxy ,
and the Hall conductivity remains constant, as it corresponds to a plateau.
Therefore the temperature dependence of the longitudinal resistivity ρxx at the
minima follows the temperature dependence of the longitudinal conductivity:
2 (T ) + σ 2 (T )) ∝ σ (T ).
ρxx (T ) = σxx (T )/(σxx
xx
xy
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Appendix B

Supplementary materials to
Chapter 5
In Chapter 5 we determine the spin-splitting of broadened Landau levels for
single-layer graphene (SLG) and bilayer graphene (BLG) by measuring the
Shubnikov-de Haas oscillations in tilted magnetic fields. We present a detailed
analysis for two samples.
A few measurements were performed on two other devices, one SLG and one
BLG, both originating from natural graphite with mobility µ = 0.9 Vm−2 s−1
and µ = 0.3 Vm−2 s−1 respectively. Here we present the measurements of the
Shubnikov-de Haas oscillations for these additional samples in tilted magnetic
fields and make estimations of the effective g-factor for these samples.
Figure B.1 shows the experimental Rxx (n) dependencies for SLG at Bn =
7 T (a) and for BLG at Bn = 6.5 T (b). Similar to the samples described
in Chapter 5, increasing the total magnetic field leads to a decrease of the
oscillation amplitudes due to the increasing spin-splitting. The absence of a
complete measurement set does not allow us to make a systematic analysis, as
done in Chapter 5. We can, however, make an estimation of the effective g-factor
based on the ratio A(θ2 )/A(θ1 ) of the oscillation amplitudes, corresponding to
the different tilting angles θi .
We consider, for example, the oscillations corresponding to the Landau level
index N = −7 (Fig. B.1). The amplitude ratio is about 0.9 for SLG (Fig. B.1(a))
and 0.5 for BLG (Fig. B.1(b)). Using Eq. (5.2) of Chapter 5, we can write for
this ratio:


π g ∗ m∗
cos
2 me cos θ2
A(θ2 )


=
(B.1)
π g ∗ m∗
A(θ1 )
cos
2 me cos θ1
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Figure B.1: Shubnikov-de Haas oscillations at T = 0.4 K in SLG (a) and
BLG (b) as a function of the carrier concentration for different total fields
Btot or tilt angles θ, respectively. The oscillation maxima are marked with the
corresponding Landau level numbers N . The inset schematically shows this
tilting configuration.

Solving1 Eq. (B.1) with respect to the variable m∗ g ∗ yields the values
≈ 0.11me for SLG and m∗ g ∗ ≈ 0.15me for BLG. Comparing these products with the corresponding cyclotron masses, as was done in Chapter 5, we
estimate the values g ∗ ≈ 2.4 and g ∗ ≈ 2.5 respectively. Both of these values are
consistent with those given in Chapter 5.
Due to the lack of the experimental data, the estimations of the effective
m∗ g ∗

1

The equation can be solved using the Taylor expansion for cos x in the second order of
approximation or graphically, yielding close values for m∗ g ∗ in the both cases.
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g-factor presented in this appendix cannot be conclusive on their own, however
they reproduce the results obtained in Chapter 5 for two other samples and,
therefore, support the conclusions of the chapter.
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Summary
This thesis is devoted to magnetotransport investigations of single-layer and bilayer graphene deposited on Si/SiO2 at high magnetic fields. The experimental
data achieved are explained within the frame of the commonly accepted bandstructure of a system with relativistic massless (in single layer) and massive (in
bilayer) Dirac fermions.
The description of our original research begins with Chapter 3. In this
chapter we have illustrated the energy spectrum of unconventional Landau levels in bilayer graphene probed by means of temperature-activated transport
measurements. We have shown that, at high magnetic fields, the experimental
field dependences of the activation energies are more realistically reproduced
by Landau level quantisation for a four-band hyperbolic dispersion, rather than
by a linear dependence expected from the simple two-band parabolic model.
In Chapter 4 we have investigated the coexistence of electrons and holes in
single-layer and bilayer graphene using temperature-dependent magnetotransport experiments around the charge neutrality point (CNP). For all magnetic
fields and temperatures, the Hall resistivity ρxy smoothly crosses zero when
the total carrier density n is swept through zero. This observation indicates
the simultaneous presence of electrons and holes at the CNP. Within the chapter, we have considered the system in the classical and quantised regimes. In
the classical regime, when the density of states is continuous, we have used a
two-carrier model for the Hall resistivity in order to separately determine the
number of electrons and holes at the CNP. We have shown that the system
behaves as a semiconductor, where thermal activation leads to an increasing
number of charge carriers with increasing temperature, yielding a decrease of
the slope in the ρxy (n) dependence and a decrease of the longitudinal resistivity
ρxx at the CNP. In contrast, in the quantised regime, ρxx and the slope of the
Hall resistivity at the CNP increase with increasing temperature. Even more
surprisingly, the value of the Hall resistivity significantly overshoots its plateau
value when approaching the first quantum Hall plateau from the CNP. Using
a realistic density of states model, we have shown that such a counter-intuitive
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temperature dependences in transport properties around the CNP can be explained for a system with coexisting electrons and holes subjected to a quantised
energy spectrum.
Finally, Chapter 5 presents measurements of spin-splitting, which, in graphene,
is generally smaller than the Landau level width and is therefore not straightforward to access. By investigating Shubnikov-de Haas oscillations in tilted
magnetic fields, we were nevertheless able to measure this subtle effect. An increase of the spin splitting with increasing total field first leads to a decrease of
the Shubnikov-de Haas oscillation amplitudes and, eventually, to an appearance
of two spin-resolved peaks. The effective g-factor extracted from these experiments yields, for both single- and bilayer graphene, a value of g ∗ = 2.7 ± 0.2,
which is enhanced compared to the free electron value g = 2. We have explained
this enhancement by the electron-electron exchange interaction with a strength
that is common to other graphitic materials.
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Samenvatting
In dit proefschrift wordt onderzoek gepresenteerd van de magnetotransport eigenschappen van enkel- en dubbellaags grafeen op Si/SiO2 in hoge magneetvelden. De experimenteel verkregen data is verklaard met de algemeen geaccepteerde bandstructuur van relativistisch massaloze (in enkellaags) en massieve
(in bilaags) Dirac fermionen.
In Hoofdstuk 3 begint de beschrijving van het onderzoek dat is uitgevoerd
voor dit proefschrift. In dit hoofdstuk hebben we het energiespectrum van
onconventionele Landau levels in dubbellaags grafeen door temperatuur geactiveerde transportmetingen bepaald. We hebben in hoge magneetvelden de experimentele veld afhankelijkheden van de activatie energies bepaald. Deze worden
realistischer beschreven door een Landau level kwantisatie van een vier-banden
hyperbolische dispersie dan door een lineaire afhankelijkheid verwacht voor een
twee-banden parabolisch model.
In Hoofdstuk 4 hebben we de co-existentie van elektronen en gaten in enkelen dubbellaags grafeen door de temperatuur afhankelijkheid van de magnetotransport experimenten rondom het charge neutrality point (CNP) onderzocht. Voor alle magneetvelden en temperaturen doorkruist de soortelijke Hallweerstand ρxy geleidelijk de nul-waarde waar de ladingsdichtheid n nul is. Deze
observatie wijst op het gelijktijdig bestaan van zowel elektronen als gaten. In
dit hoofdstuk hebben we het systeem zowel in het klassieke als het gekwantiseerde regime beschreven. In het klassieke regime hebben we een twee-deeltjes
model voor de soortelijke Hall-weerstand gebruikt om onafhankelijk het aantal elektronen en het aantal gaten te bepalen. We hebben aangetoond dat het
systeem zich gedraagt als een halfgeleider waar de thermische activering leidt
tot een toenemende hoeveelheid ladingsdragers voor toenemende temperatuur,
zichtbaar bij de afname van de helling van de ρxy (n) afhankelijkheid en een
afname van de longitudinale weerstand ρxx op het CNP. In het gekwantiseerde
regime nemen zowel ρxx en de helling van de soortelijke Hall-weerstand ρxy op
het CNP toe voor toenemende temperatuur. Verrassender nog is de duidelijke
overschrijding van de plateauwaarde als we het eerste quantum Hall plateau
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naderen vanaf het CNP. Met gebruik van een realistisch density of states model
hebben we aangetoond dat zo’n contra-intuitieve temperatuur afhankelijkheid
van de geleidingseigenschappen rond het CNP kunnen worden verklaard door
een systeem met co-existerende elektronen en gaten, leidend tot een gekwantiseerd energie spectrum.
Tot slot, Hoofdstuk 5 beschrijft de metingen van spin-splitting, een energie
die in grafeen over het algemeen veel kleiner is dan de Landau level breedte en
daardoor niet simpel toegankelijk. Door bestudering van de Shubnikov-de Haas
oscillaties in gedraaide magneetvelden, waren we echter in staat om dit subtiele
effect te meten. Een toename van de spin splitting voor toenemend totaal veld
leidt tot een afname van de Shubnikov-de Haas oscillatie amplitudes en zelfs tot
de observatie van twee gescheiden pieken. De geëxtraheerde effectieve g-factor
uit deze experimenten heeft voor zowel enkel- als dubbellaags grafeen de waarde
g ∗ = 2.7 ± 0.2, dit is vergroot ten opzichte van de vrije elektron waarde g ≈ 2.
Deze vergroting hebben we door de elektron-elektron uitwisselingsinteractie met
een karakteristieke waarde voor alle grafietachtige materialen uitgelegd.
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