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APPENDIX B

ZERO SEQUENCES IN p-ADIC COMPACTOIDS

W.H. Schikhof

ABSTRACT. We prove the following theorem, solving Problem 6 of [3]. Let E,F be
Banach spaces over a nonarchimedean valued field K, let A be an absolutely convez
closed compactoid in E and T € L(E,F). Then, if y1,y2,... 18 @ sequence in TA

tending to O then there i3 a sequence xy,2,... in some scalar multiple of A tending
to 0 such that Tz, =y, for each n. (See Theorem 2.7).

INTRODUCTION. For a proof we decompose 1.

A AR T A

T\ /1
A/ANKerT

Here, the topology of T'A is inherited from the norm on F' and on A/ANKer T we take
the quotient topology induced by the quotient map w. Then : (which is the unique
map making the diagram commute) is continuous. The object A/A N KerT is in a

natural way a topological module over {A € K : |A| € 1} whose topology is induced
by the metric (7(z), 7(y)) — ||=(z) — 7(y)| where

|7(2)|| = dist(z, ANKerT) (z € A)
This “norm” || || on A/A N Ker T satisfies the strong triangle inequality and
(*) IAr(2)|] < [Afi=(2)]| (2 € 4,2 € K, [A[ < 1)
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228 Schikhof

but one does not always have equality in (). Thus, we shall study a class of tolopogical
modules over the valuation ring which properly contains the class of absolutely convex
subsets of locally convex spaces. This study involves a careful modification of the
theory given in [4] for absolutely convex sets. We then will be able to conclude that
although ¢ (see diagram) is not always a homeomorphism it does have the property
that i(¢,) — 0 implies ||At,]| — 0 for each A € K, |A| < 1; the statement announced
in the Abstract follows easily.

TERMINOLOGY. (For unexplained terms we refer to [2])

1. Throughout K is a nonarchimedean nontrivially valued field, that is complete under

the metric induced by the valuation | |. We set

Brg:={A e K:|A| £1}
ri={AE K :|A| <1}

2. Let A be a module over the ring By, let B be a submodule of A, let A\, u € K. We

set

\B {A\b: b€ B} if (Al €1
T l{zeA: X'z e B} if|A\>1

(observe that this causes no ambiguity if |A| = 1). We have the following obvious

consequences.,

(i) AB is a submodule of A, 1-B = B.
(i) If |A| < |p| then AB C uB. In particular, |A\| = |u| implies AB = uB.
(i) If either |A|, (x| € 1 or |Al,|p| = 1 then (Ap)B = A(uB) = u(AB).

We shall say that B absorbs a subset X of Aif X C |J AB. The module generated
AeK
by X C A is denoted co X.

3. A locally convez topology on a Bi-module A is a topology 7 on A such that
(1) (A,7) is a topological Bg-module (of course, the topology on B is the valuation

topology),
(i) there is a neighbourhood base of 0 consisting of (7-open) Bg-submodules of A.

Then we call A = (A, ) a locally convezr module.
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Clearly, absolutely convex subsets of locally convex spaces over K are examples of
locally convex modules. Any submodule of a locally convex module is, with the re-
striction topology, a locally convex module. If B is a (closed) submodule of a locally
convex module A the quotient topology on A/B is (Hausdorff) and locally convex.

Let A be alocally convex module. The closure of a subset X of A is denoted X. Instead
of coX we write coX. Let X, X,,... be subsets of A. We shall write nl_l_l;l;o Xp=0if

for each neighbourhood U of 0 in A we have X, C U for large n. The following is not
hard to see. If X1, X5,... are submodules, lim X, = 0 then '

nN-=+00

(YB+X,) =B

n=1}1

for every submodule B of A.

Let 1 + z; be a net in a locally convex module converging to 0. Then, for any net

1 =+ A\; in B, the net 1 — A\;z; converges to 0. This is a direct consequence of local

convexity.

THROUGHOUT §1 AND §2 WE ASSUME THAT THE VALUATION OF K IS DENSE.

§1. LOCALLY CONVEX Bg-MODULES
In this section A is a locally convex module over By.

LEMMA 1.1. Let B be a closed submodule of A leta € A, let A € By, If
L = 33 = b; + ¢;a (b;EB,Cie.BK)

is a net in B +co{a} converging to 0 then lime; = 0 or Az; € B eventually, where the
4

latter case occurs if B absorbs {a}.

Proof. Set C := {¢{ € Bg : £éa € B}. Then C is absolutely convex; let r be its

diameter. Suppose lim|c;| > r. Then there exists a 4 € K and a cofinal J C I such
2

that

lcil 2 [ul>r (1 €J)
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Then ucg'l € By so that
/.Lcﬁ-_lbj + pa = pc; "z — 0

We see that pua = —lim pc}'lbj € B = B so that u € C conflicting |u¢| > r. Thus,
J

we have proved that lim|c;| < r. If r = 0 then limc; = 0. If r > 0 then, eventually,
| Aci| < r,1e. Ae; €C it.e. Ac;a € B ie. Az = )ub,‘:-!- Acia € A\B + B C B.

To prove the second assertion, let B absorb {a} and let limc; = 0. We have ua € B
for some nonzero u € Bg. Then, eventually, |¢;] < |y ;yielding c;a € B implying
r; € B.

For a submodule B of A we define
B :=({AB:X€ K, |\ > 1}

The following elementary facts are easily verified. B® 1s a submodule, B C B¢, B®® =
Bt,B*={x€A:  x € B forall A€ Br}. B¢ C B°. Further, we have: B® is closed
<= B C B® <= ABC B for each A € Bp.

LEMMA 1.2. Let B be a closed submodule of A, let a € A. Then (B+co{a})® 13

closed.

Proof. Let i — z; = bj+c;a (b; € B,c; € Bg) be a net in B + co{a} converging
to some z € A. Let A € B; we shall prove that Az € B + co{a}. In fact, the net

(¢,7) ¥ x; — z; converges to 0. So by Lemma 1.1 we have either 11}1}1(0{“0)’) = 0

(then lim¢; = ¢ for some ¢ € By and it follows easily that even ¢ € B + co{a}) or
AMai~z;) € B for, say, all ,7 > s. Then Az; € Az, + B (i 2 8) so Az = lim Az; €

Azs+ B = Azy+ B € A\(B+co{a})+ B C B+ cof{a}.

LEMMA 1.3. Let B be a closed submodule of A, let a4,...,anp € A. Then
(B 4+ co{ai,...,an})® 13 closed.

Proof. Lemma, 1.2 covers the case n=1. Suppose, for some m,

Z = (B +co{ay,...,am—1})¢ is closed. Then, again by Lemma 1.2,

B +co{ay,...,am} C Z +co{an} C (Z + co{am})® = (B + co{as,...,am})?, so
(B + co{ai,...,am})¢ is closed.




Appendix B: Zero sequences in p-adic compactoids 231

LEMMA 1.4. Let B be a closed submodule of A, let ay,...,a, € A, and suppose that

B absorbs {ai,...,an}. Ifi > z; is a net in B +co{ay,...,an} converging to 0 then
Az; € B eventually, for each \ € By.

n
Proof. Choose p,...,un € By such that | [] pi|* > |A|. We have
1=1

z; € (B+co{ay,...,an~1})+ co{a,}. By Lemma 1.1 we have, eventually,

pmz; € B +cofay,...,a,1} C(B+co{ay,...,0p-1})¢ (Lemma 1.3),

so that, eventually,
uiz; € B+cofay,...,an_1}

Inductively we find
pi.plz; € B eventually

implying Ax; € B eventually.

§2. COMPACTOID MODULES

DEFINITION 2.1. A locally convex module A is a compactoid module if for each
A € By and each neighbourhood U of 0 in A there exists a finite set /' C A such that

M CU+coF

Remark. An absolutely convex subset of a locally convex space over K is a com-
pactoid module if and only if it is a compactoid in the usual sense, So Definition
2.1 generalizes the notion of compactoid to a larger class of objects, and we will see
that it suits the purpose of the paper. (Yet we must warn the reader that, in general,
compactoid modules are no longer ‘compact-like’: For any Banach space E the module
{z € E:|z|| £1}/{x € E : ||z]| < 1} has the discrete topology but is a compactoid

module.)

We need the following algebraic lemma.

LEMMA 2.2. Let B,U be submodules of a Bg-module A, let zy,...,z, € A and

SUPPOSE

B CU+CO{$1,...,$n}.
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Then, for each A\ € By there exist by,...,b, € B such that

AB C U+CO{b1,...,bn}.

Proof. The proofs of Lemmas 1.1 and 1.2 of [1] apply in this more general situation.

PROPOSITION 2.3. Every submodule of ¢ compactoid module s compactoid.

Proof. Let B be a submodule of a compactoid module A, let V be a zero neighbourhood

in B, let A € By. Choose p € By with |A| < |u|?, choose an open submodule U of 4
with U N B C V. There is a finite set F; C A such that

}J,B CﬂAC U'JrCOFl
By Lemma 2.2 there exists a finite set Fy, C B such that

/.tzB C U + co Fy

It follows that
MBCu*BCUNB+coF; CV +coF,y

which proves that B is a compactoid module.

PROPOSITION 2.4. Let A be a metrizable compactoid module, let A € B;,. Then there

exisls ¢ sequence r1,Z9,... with im z, =0 such that
fi—+00

mCE‘G{wl,mg,...} CA

Proof. Choose Aj, A2,... € By such that [IIA;| > [A|. By metrizability and local

convexity there exist open submodules
A=U;DU;D---

of A forming a neighbourhood base at 0. By compactoidity there is a finite set Fy C Uy
such that

/\1U1 C U2 + COFl.

By Proposition 2.3 U, is a compactoid so

AUz C Us + co Fy
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for some finite set F; C U, etc. Inductively we find finite sets Fy, F3,... such that

(1) Fn C U, for each n. Hence lim F,, = 0 (see TERMINOLOGY, 3)
(11) AU, C Upyy + co Fy, for each n.
Repeated application of (ii) yields for n € N

A C AAz... AgAC Al A (M Th) C Az. .. A (U2 + co Fy)
CAy..AfUs+coFy CA3... 0 U3 +coFy+coFy C---
CUpy1+co(FHUFRU...UF,).

We see that for each n

M CUpyi +co{FLUFU...}

so that
HCE{F} UFZU...}

By enumerating Fi, Fy,... successively we obtain a sequence zj,23,... In 4 tending
to 0 (as lim F,, = 0) such that

Tine-pleiel

A4 C 65{321,3}'2,...}.

THEOREM 2.5. Let E, F be locally convez By -modules, let A be a complete metrizable

compactoid submodule of E.

(i) If F i3 Hausdorff and T : E — F is a continuous module homomorphism then
(T'A)® 13 closed.

(i1) If B C E is a closed submodule of E then (A + B)® 13 closed.

Proof. We show that for a closed submodule B of F' the set (T'A 4+ B)® is closed (then
(i) follows by taking B = {0}, (ii) is the case E = F, T is the identity). Thus, let
A € By; we prove that MTA+ B)C TA+ B.

Let Ay, u1, pt2,... € By such that |Aq [T pn| 2 |A.

By Proposition 2.4 there exist z1,z2,... € A such that

(%) limz, =0 and M A C%o{zy,z,...} CA

Write X, := ©{z,} and A, := ) X;. Then 1in;°Xn = 0, llm A, = 0 and
t2n n— oo

lim TA, = 0. First observe that by (%)

n—+00

M(TA+B)CTA; +B
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Also we have by Lemma 1.2

ui(TA; + B) = uy(TX, + TA2 + B)C TX, + T4, + B
pgﬁrAz +M”B-)- = }Lz(TXz + TAz + B) CTXy+TA; + B, etc.

Let € M\(TA+ B). Then z € ([] tin)M(TA + B) C TX1 + ([T pn)(TAz + B).
n>2
There is a y; € X7 such that

r—Ty, € I)] Un(TAy + BY CTX, + ([ pn)(TAs + B).
n22 n>3

So there 1s a yp € X3 such that

z— Ty — Tys € (][] pn)(TAs + B), etc.

n>3

Inductively we find 3; € X, y2 € X5,... such that for each n

33:T(U1+"'+yn)+zn+l

—— e ® @)
when 2,41 € TAp4+1 + B. Now lim y, = 0, so, by completeness of A, y := > yn,

Y3 b OO n=1
exists, and lies in A. Then z : lim 2,4, also must exist and it lies in ( (T4, + B)
n—+oo n
which 1s B since lim TA, =0. Weseethat t =Ty + 2 € TA + B.

n—:0o0

As a corollary we obtain

THEOREM 2.6. Let Ay, Ay be locally convez modules, let A, be meirizable, complete

and compactoid and let T : Ay — A, be a conlinuous injective module homomorphism.
Let 1+ a; be a net in Ay such that Ta; — 0. Then, for each A € By, Aa; — 0.

Proof. Let U be an open submodule of A;, let A € By. Choose u € B, |ul® = |l
There exists a finite set F' C A; such that yuA C U + co F'. Hence

pTACTU 4+ coTF C(TU)® +coTF.

The net ¢ — pTa; lies in (TU)® + coTF and converges to 0. Further, (TU)® is
closed (Proposition 2.3 and Theorem 2.5) and it absorbs T'F'. Thus, by Lemma 1.4 we
have, eventually: u?Ta; € (TU)® which implies u3Ta; € TU. As || < |p|* we have
T'(Aa;) € TU. By injectivity of T', Aa; € U. If follows that Aa; — 0.
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Now we can prove the result announced in the Abstract.

THEOREM 2.7. Let E, F be K-Banach spaces, let T € L(E,F) and let A C E be an
absolutely conver and closed compactoid. If yi,ya,... 15 a sequence in T A tending to

0 then for each X € K, |A| > 1 there is a sequence z1,2q,... in AA tending to O such
that Tz, = yn for each n.

Proof. Decompose T (see the Introduction):
A = TA

T\, /1
A/ANKerT

Let z, := i"!(y,) for each n, let A € K, |A\| > 1. By Theorem 2.6 nlj_{xgo Atz =0
in the quotient topology of A/A N KerT. By metrizability there exist aj,az,... € A
such that lim a, = 0 and n(a,) = A~12, for each n. Set ¢, := Aa, (n € N). Then

n—00

, € AA, lim z, =0 and Tz,, = y, for each n.

n—roo

The following is a more general version of Theorem 2.7.

THEOREM 2.8. Let Ay, Ay be locally convez modules, let A, be metrizable, complete
and compactosd and let T : Ay — Ag be a continuous surjective module homomor-
phism. If U C A; i3 an open submodule then for every A € K, |A] > 1 the module
T(AU) i3 open in A,.

Proof. We may assume that T is bijective (decompose T in the spirit of above). If 0
is not in the interior of T'(AU) then there exists a net ¢ — z; in A, converging to 0
but z; ¢ T(\U) for each i. Let z; := T~!(2;). By Theorem 2.6 we have A~!z; — 0 so

eventually A\™1z; € U i.e. z; € AU i.e. z; € T(AU), a contradiction.

§3. THE CASE OF A DISCRETE VALUATION

We extend the definition of a compactoid module to arbitrary ground fields K as
follows. For r € [0,1] and a Bx-module A set

rd = m{/\A:/\ € K,|A| 2 r}
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A locally convex module A is a compactoid if for each r € [0,1) and each neighbourhood
U of 0 in A there exists a finite set F' C A such that rA C U 4 co F'. If the valuation

of K is dense, this definition is equivalent to 2.1 whereas for discretely valued K one
obtains Definition 2.1 but where “A € B,.” is replaced by “A = 1".

It is not hard to see that all lemmas, propositions and theorems of §1, §2 remain true

for discretely valued K even when we take A := 1 everywhere and replace Z¢ by Z for

every occurring module Z.

Problem. Is this last conclusion also true if K 1s spherically complete?
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