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1. Introduction

The family of Jordan—-Moore-Gibson—Thompson (JMGT) equations [1] arises in nonlinear acoustics when
the classical Fourier heat flux law is replaced by the Maxwell-Cattaneo law [2] within the system of governing
equations of sound propagation. The latter introduces thermal relaxation with the parameter 7 > 0 thereby
avoiding the so-called paradox of infinite speed of propagation. The resulting acoustic equations are then
third-order in time:

Tuges + a(u, ug)ug — b(u, up) Au — 762 Au — § Aug + N (ug, Vu, Vug) = 0. (JMGT)

The function u stands for either the acoustic pressure or acoustic velocity potential. The functions a, b,
and N dictate the type of nonlinearity present in the equation; we will discuss them in depth together with
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modeling in Section 2. The JMGT equations and their linearizations (known as Moore-Gibson—Thompson
(MGT) equation) have been extensively studied in the recent mathematical literature; we refer to, e.g., [3—
7] for a selection of the results on their well-posedness, regularity of solutions, and long-term behavior.
Also the stability of (J)MGT equations with additional memory terms has been extensively researched; see,
e.g., [8-11] and the references provided therein.

Recently nonlocal generalizations of these equations of higher order have been put forward in [12] based on
using the Compte—Metzler fractional interpolations [13] of the Fourier and Maxwell-Cattaneo flux laws valid
in media with anomalous diffusion, such as biological tissues. This type of modeling has significantly gained
in importance with the rise of ultrasound imaging applications [14]. Motivated by such sound propagation,
we consider here the following family of nonlocal generalizations of the (JMGT) equation, given by

Taﬁl * Uppr + AUpe — C2BAU — TaCQ.Ql * Aut — (SRQ * Autt +N = 07 (11)

where % denotes the Laplace convolution in time. The power a is dependent on the kernel K and included
to ensure dimensional homogeneity. When &; is the Dirac delta distribution §p (with ¢ = 1) and R = 1,
(1.1) formally reduces to the (JMGT) equation, up to modifying the right-hand side. However, the presence
of the two kernels allows us to treat a much richer family of equations here than the (JMGT) equation.
For example, (1.1) with suitable Abel kernels covers the time-fractional equations introduced and analyzed
in [12] under the name fractional Jordan-Moore-Gibson-Thompson (fJMGT) equations that correspond to
the four fractional flux laws of Compte and Metzler [13]; we refer to upcoming Section 2 for details.

As the relaxation parameter 7 > 0 is typically small, it is of high interest to determine the behavior of
solutions to (1.1) as it vanishes. This is the main goal of the present work. Such analysis will, first of all,
result in sufficient conditions for stability of solutions with respect to 7, which might be needed, for example,
in numerical simulations. Secondly, it will provide an additional (mathematical) justification of these models
as it will relate them to their limiting (established) counterparts. While we verify the conditions needed in
our analysis for the kernels from [13], since this work has strongly motivated our studies, we also point to
the wide range of possibilities opened up by the general framework (1.1). In particular, our mathematical
analysis can serve as a theoretical foundation for developing — by a proper choice of K1, 82 — models with
desirable properties such as finite speed of propagation.

By formally setting the relaxation parameter to zero, one arrives at equations with the leading term of
second order:

Aty — b Au — 88 * Auyy + N = 0.

Our singular limit analysis is based on proving well-posedness of (1.1), which we consider with homogeneous
Dirichlet data on bounded domains and three initial conditions, uniformly in 7. As one might expect, whether
one can obtain the uniform bounds on the solutions is heavily influenced by the properties of the two kernels
and their interplay with the nonlinearities present in the equations (that is, the properties of the functions
a, b, and N). This will necessarily lead to delicate case distinctions. More precisely, we will consider two
sets of assumptions on the kernels and then develop the corresponding theories; the details can be found in
Sections 3 and 4, respectively. The first set of assumptions will allow for a more standard testing strategy,
using (—A)"uy with v € {0,1,2} as test functions; the second set of assumptions will involve £ * (—A)"uyy
as a test function.
The analysis will cover the following fractional JMGT equations introduced in [12] as special cases:

7D ugy + augs — c2b(u, up) Au — 7c2D§ Au — 6D%_aAut +N =0, (ftIMGT I)
Ty + augy — 2bAu — 7¢? Au — 5Dt1_o‘Aut +N =0, (tJMGT III)
TD%ugy + augy — c2bAu — 74D Au — § Aug + N = 0, (fIMGT)
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Table 1

Main results of this work for the nonlinear JMGT and fJMGT equations.
Equation T-uniform well-posedness or existence 7 weak limits
(JMGT) Theorems 3.1 and 3.3 Theorems 3.2 and 3.4
(fIMGT 1) with o < 1/2, uy|t—0 = 0, Theorem 4.1 with a > 1/2, a = 1, uy|r=0 = 0, Theorem 4.3

Theorem 4.2 (existence, Westervelt—Blackstock nonlinearities)

(fIMGT III) with @ > 1/2, Theorems 3.1 and 3.3 Theorems 3.2 and 3.4
(fIMGT) with @ > 1/2, a =1, uy|t=0 = 0, Theorem 4.2 (existence, Theorem 4.3

Westervelt—Blackstock nonlinearities)

under various (different) restrictions in terms of the order of differentiation o and the involved nonlinearities
(where we distinguish the so-called Westervelt-Blackstock and Kuznetsov—Blackstock type). Here numbers
I and IIT indicate that the equations stem from the Compte—Metzler fractional flux laws introduced under
the same numbers in [13]; the last one is unnumbered in [13].

In terms of closely related works, we point out the singular limit analysis of third-order Eqs. (JMGT) on
bounded domains in [15-17]. In particular, our analysis follows in the spirit of [16] by employing an energy
method on a linearized problem in combination with a fixed-point strategy. We also point out two works
which consider (1.1) in simplified settings that allow for optimizing the theory. The first one is [18] with a
tailored treatment of (1.1) in the case 8 = 1 (leading to the (fJMGT) equation) which allows for a different
testing strategy compared to ours here and less restrictive assumptions on £;. The second is [19] which
investigates linear versions of (1.1) allowing for a broader family of kernels and the treatment of equations
based on the second Compte—Metzler law, among others.

We organize the rest of the exposition as follows. Section 2 first gives the necessary background details
on the modeling. We then split the analysis into two parts, corresponding to two sets of assumptions on
the kernels. Section 3 considers kernels and equations amenable to testing with (—A)"uy with v € {1,2};
this is, for example, the fJMGT III equation. Section 4 considers kernels and equations amenable to testing
with ug but also — ARy * uyy; this will be the case for the fJIMGT I equation, for instance. We summarize in
Table 1 the uniform well-posedness and existence results of this work for the fractional JMGT equations as
particular cases.

2. Acoustic equations based on nonlocal flux laws

In this section, we discuss acoustic modeling to motivate the wave equations considered in this work in
the context of nonlinear sound propagation in tissue-like media. For a deeper insight into nonlinear acoustic
modeling, we refer the interested readers to [20-23] and the references contained therein.

2.1. A generalized nonlocal heat flux law of the Mazwell-Cattaneo type

Classical acoustic equations that describe nonlinear sound motion in thermoviscous fluids are derived as
approximations of the Navier—Stokes—Fourier system based on the following Fourier heat flux law:

q = —kV; (2.1)

see, for example [21,22,24]. Here g is the heat flux, 6 the absolute temperature, and x > 0 denotes the
thermal conductivity.

The acoustic equations studied in this work are based on employing a nonlocal generalization of (2.1) of
the Maxwell-Cattaneo type which incorporates thermal relaxation as follows:

q(t) + Ta/o Ri(t —s)q.(s)ds = —Tg/f/o Ra(t — 5)VO(s) ds. (2.2)

3
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Table 2

Kernels for the Compte—Metzler fractional laws.
Flux law £ Ro a b
GFE 1 Jdi-a Ja e 11—«
GFE III S0 9o 1 11—«
GFE g1i—a 1 « -

Here 7 > 0 stands for the thermal relaxation time and the constant 7y as well as the powers a and b are
there to ensure the dimensional homogeneity of the equation. The introduced memory kernels £; and 85
are assumed to be independent of 7.

This relation generalizes many flux laws in the literature. Fourier law (2.1) follows by setting 7 = 0,
f2 = 1, and 7} = 1, where we assume that g(0) = 0 and V#(0) = 0. The well-known Maxwell-Cattaneo
law [2]:

q+7q, =—kVH

follows by setting a = 1, 8; = Jp (the Dirac delta distribution), Tg = 1, and Ky = 1. Importantly, (2.2)
unifies (and generalizes) the Compte—Metzler fractional laws [13]:

(GFE 1) (14 7°D)q(t) = —w7; “D; V0,
(GFE 1) (1+7°D)q(t) = —kr5 ' DE'V0;
(GFE III) (14 70)q(t) = —k7) *D; >V,
(GFE) (1+7°D)q(t) = —kV6.

Although in [13] the fractional derivative is understood in the Riemann-Liouville sense, in this work D}
denotes the Caputo—Djrbashian fractional derivative:

1 t
] / (t— s)*"Dtmw(s) ds, —-1l<n<l;
0

Djw(t) = Ta—n

see, for example, [25, §1] and [26, §2.4.1] for the definition. Here [n] is the integer obtained by rounding
up 7 and Dtm is the zeroth or first derivative operator. We may do this exchange at this point since it is
assumed that g(0) = 0 and V6#(0) = 0.

Looking at the Compte-Metzler laws, we can see that GFE II has a different form compared to others
since D‘t)‘_1 is an integral operator rather than a derivative for a € (0, 1). It thus does not fit properly into
the framework of (2.2) and we do not consider it going forward. We refer to [19] for the treatment of acoustic
waves based on this law in a linear setting.

Before proceeding we collect in Table 2 the kernels £; and Ky for the three Compte—Metzler laws relevant
for this work (and the powers a and b) which allow writing them in form of (2.2). Here we use the short-hand
notation for the Abel kernel:

Ja(t) == ﬁto‘_l.

Note that the GFE laws have possible non-physical shortcomings, which are discussed in detail in [13]. The
fractional heat equations resulting from the Compte—Metzler laws have been numerically compared in [27].
It was determined that they can all lead to negative absolute temperatures, however the heat equation based

on using law GFE I avoids this non-physical behavior in numerical experiments for « € (1/2,1) close enough
to 1/2.

Remark 1 (On the Gurtin—Pipkin Approach). An alternative approach of generalizing the heat flux laws is
given by the Gurtin—Pipkin flux law [28]:

q(t) = —ﬁ/o K. (t — 5)V6(s) ds.

4
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The resulting acoustic equations are then second order in time with damping of fractional type but the kernel
K, may depend on 7; we refer to [29,30] for their derivation and limiting analysis.

2.2. Acoustic modeling with the generalized heat flux law

By closely following the steps of the derivation in [12] only now with generalized heat flux law instead of
the fractional ones, the following nonlinear acoustic wave equation can be derived:

Taﬁl * wttt + Cl(wt)’(/)tt — CZb(Z/Jt)Aw — TaCZAﬁl * '(/)t — 5(5.@2 * A¢tt

(2.3)
+N(V'¢J, th) - 0,
where either ) ) )
a=1, b)) =1-2k, N(Vi,Vih)=L9,(|Vy|)* =20V - Vi (2.4)
or
a(vy) = 1+2key, b=1, N(Ve, Vi) = L0,(|V])* = 20V - V). (2.5)

In (2.3), ¢ = ¥(x,t) denotes the acoustic velocity potential. It is connected to the acoustic pressure p via
the relation

P = oYy, (2.6)

where g is the medium mass density. The damping coefficient ¢ is usually referred to as sound diffusivity [31].
In (2.4), k and ¢ are nonlinearity coefficients, which are assumed to be real numbers. Eq. (2.3) can be
understood as a generalization of the time-fractional models considered in [12], with kernels £; and £
generalizing those in Table 2.

In the limiting case 7 = § = 0, having nonlinearities (2.4) corresponds to the classical Blackstock
equation [24] in nonlinear acoustics:

e — (1 = 2kapy) A + 20V - Vipy = 0,
and (2.5) to the Kuznetsov equation [32]:
(14 kb )by — € Aap + 20V - Wiy = 0.
For the Kuznetsov equation above, it is usual to employ the approximation
V[ ~ e,

when cumulative nonlinear effects dominate the local ones, and in this manner simplify it by the Westervelt
equation [33]. Using this approximation in (2.3) results in

TORy * o 4+ a(W) Ve — 2b(hy) Ap — TRy * Athy — TE6 Ry % Apyy = 0 (2.7)

where now either
a=1, b)) =1-2kyy, N=0
or
a(wt) :1+2kwt7 b= 13 NEO
with k =k + ¢~2(.
It is also common to express the Westervelt equation in terms of the acoustic pressure p. Formally taking

the time derivative of (2.7) and employing the pressure-potential relation (2.6) as well as the approximation
Ay = ¢~ 21y, justified by Blackstock’s scheme [20,31] that allows to use a lower order approximation within

5
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a higher order term (here it is a first linear approximation used in a quadratic term) leads to the pressure
form
TRy * (pu — ¢ Ap)i + a(%)ptt - Czb(%)AP - 7'55»@2 * Aptt“"%(a/(%) - b’(%))pf (2.8)

with the right-hand side
f(t) = —Taﬁl (t)ptt (0) + TaC2ﬁ1 (t) AP(O) + Té)(s.ﬁg (t) Apt (0)

To be able to treat all these different acoustic equations, we unify them into one model.

Equations considered in this work. We assume throughout that 2 C R? with d € {1,2,3} is a bounded and
sufficiently smooth domain. 7' > 0 denotes the final propagation time. Motivated by the modeling discussed
above, we study the following general equation:

TORY * Uy + Ay — b AU — TR * Auy — 08 * Augy + N = f, (2.9)

coupled with initial data
(u, ug, uge)|t=0 = (uo,u1,uz2), (2.10)

and homogeneous Dirichlet boundary conditions
ulgn = 0. (2.11)
We distinguish the following two cases that require different regularity assumptions on the initial data:

e Equations of Westervelt—Blackstock-type with
a=a(u) =1+42ku, b=1-2kwu, N =N(u)=2ksu?;
e Equations of Kuznetsov—Blackstock type with
a=a(us) =1+ 2kjug, b="0b(u) =1 — 2kouy, N =N (Vu, Vuy) = 2ksVu - Vuy,

where we assume k; 23 € R. Note that to relax the notation we have merged the constant Té’é into the
coefficient § > 0 in (2.9), which therefore no longer has the usual dimension of sound diffusivity. To be able
to take limits as 7 \, 0 we will rely on the damping term containing K and therefore assume § > 0 to be
fixed. As we are interested in the vanishing behavior 7\, 0, we assume throughout that 7 € (0, 7] for some
fixed 7 > 0.

The Westervelt—Blackstock-type equation incorporates the nonlinearities that arise in pressure form
(2.8). We point out that this pressure form is more general than the equation considered in [12,18] where
b = 1 and which was termed of Westervelt-type. Here we also allow for b = b(u) and thus call it of
Westervelt—Blackstock type.

The Kuznetsov-Blackstock-type equation encompasses (2.4), (2.5), and (2.7). It involves u; instead of u
in the nonlinearities tied to the leading and second terms in the limiting equation (7 = 0) and also contains
a quadratic gradient term. For this reason, it requires stronger regularity assumptions on the data in the
well-posedness analysis compared to the Westervelt—Blackstock case.

2.8. General strategy in the singular limit analysis

Our strategy in the singular limit analysis is based on first deriving 7-uniform bounds for a linearization
of (2.9) with a source term, given by

TRy * gy + a(w, uge — 2b(x, 1) Au — 72 Ry % Aug — 68y * Augy = f(x,t), (2.12)
6
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and later using a suitable fixed-point theorem on the mapping
T:u" —u

to transfer the result to the nonlinear problem. To this end, the two types of nonlinearities will necessitate
different assumptions on the smoothness of data and coefficients a and b (and in some cases prevent certain
arguments):

o Westervelt—Blackstock type with
a=1+2ku*, b=1-2ku", f=—2ks(u})?;
e Kuznetsov—Blackstock-type with
a=1+2ku;, b=1-2kwu;, [f=-2ksVu"-Vu;,

The fixed-point of the mapping u* = u will give us the solution of the nonlinear problem. The key component
of this analysis are the uniform bounds for the solutions of (2.12) with respect to 7. To obtain them, we will
employ the following two testing strategies:

e Section 3: Testing with —Auy and AZug;
e Section 4: Testing with uy and — ARy * uy,

which can be rigorously justified through a Faedo—Galerkin procedure; cf. Appendix A. To make the testing
procedure work we will introduce two sets of regularity and coercivity assumptions on the kernels in the
corresponding sections. As a consequence, among the equations obtained from the Compte—Metzler laws,
the first testing strategy will work for the (fJMGT III) equation. The second testing strategy will turn out
to work for proving uniform solvability of the (fJMGT) and (EJMGT I) equations but if o > 1/2, we will
have the restriction of Westervelt—Blackstock type on the allowed nonlinearities.

2.4. Notation

Below we often use the notation x < y for x < C'y with a constant C' > 0 that does not depend on the
thermal relaxation time 7. We use <t to emphasize that C = C(T') tends to co as T — oo.

We use (-,-)2 to denote the scalar product on L?(£2) and ~ to denote equivalence of norms. We often
omit the spatial and temporal domain when writing norms; for example, || - ||Lr(zq) denotes the norm on the
Bochner space L?(0,T; L(£2)). We use || - ||tho(Lq) to denote the norm on LP(0,¢; L(§2)) for ¢t € (0,T).

2.5. Regularity of the kernels

As already mentioned above, several coercivity assumptions will have to be made on the kernels below.
However, concerning their regularity, throughout this paper we will only assume that

R, Re € {60} ULY0,T). (2.13)

In fact, the analysis below would also apply to measures K%, Rax € M(0,¢) = Cp(]0,T])*, however, at the
cost of somewhat increased technicality. We will be reminded of this possibility when using the following
norm below:

[R1llrme0,1) = {1 if = 0o,
’ [l if &€ L0, T).

7



B. Kaltenbacher and V. Nikolié Nonlinear Analysis: Real World Applications 76 (2024) 103991

2.6. Augziliary theoretical results

We recall from [19] a result that will allow us to extract appropriately converging subsequences later on
in the existence proofs; see, for example, Proposition 3.1.

Lemma 2.1 (Sequential Compactness with the Caputo —~Djrbashian Derivative, See [] 9. Let1l < p < oo,
and let & € LY(0,T) be such that there exists & € v (0,T) for which & & = 1 with p' = f Consider the
space

XE={ueL?(0,T) | R*xu, € L?(0,T)}, (2.14)

with the norm )
1/p
I lxe = (lull 7o + (R % ue)7p) "7,

and the usual modification for p = co. The following statements hold true:

e The space X{, is reflexive for 1 < p < oo and separable for 1 < p < co.

e The unit ball B of X% is weakly sequentially compact for 1 < p < oo, and B is weak-* sequentially
compact.

e The space X% continuously embeds into C[0,T].

We also state and prove a result which will be helpful in verifying a coercivity assumption on the two
kernels in Section 3.

Lemma 2.2. Givent >0, lety € Wh1(0,t) with y' € H=*/2(0,t) for o € (0,1). Then

/2
ly = 9Oz S 1y = 9O -2 ~ 1Y 12000 ~ 16 ir-or20.0-

Proof. We introduce the time-flip operator as
w'(s) = w(t — s).

By [25, Theorem 2.2, Corollary 2.1], we have

(177)"

1 020y ~ 10721 20,0

where ) .
Inyt:—/ t—s)T1y(s)ds, n > 0.
) = i [ =9

Additionally employing the identity (@, ) 2.9+ = (a * b)(t) = (b * a)(t), leads to

7t .
, [y, w) £2(0,0)| [(y",0") 20,1
lly ”H—Q/Q(O,t) = sup — = sup =
weCEe(0,t) ||w||Ha/2(o t) weCEe(0,t) [[w HHa/2(o,t)
—t ta/2 -
" @) 20,0 (' * Gayo * ) (1)
~ sup — = sup =
WECH(0,t) ||wHL2(O,t) BECH(0,t) ||w||Ha/2(0’t)
(12%Y, @) 20,0
sup OO = 112y 20,0
WECH(0,t) ||wHL2(O,t)
where we have set @ = (I%/?)~1%¢ and used ||ﬁtHL2(O_’t) = [|@|| £2(9,¢)- Now due to Sobolev’s embedding and

1-3 > %, as well as [25, Theorems 2.4, 2.5, p. 22|, we have

a/2
ly = 9Oz S 1y = 9O 10200 ~ 125 12000 ~ 18 ir-0/20.0y

as claimed. O
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3. Testing with canonical test functions

In this section, we perform the analysis of Eqgs. (2.9) amenable to testing with (—A)”u where v > 0.
These are the canonical test functions for the third-order (Jordan—)Moore-Gibson-Thompson equations
and thus make an obvious choice for an attempt at a uniform analysis here. Unsurprisingly, among the
equations based on the Compte—Metzler laws, this testing will suffice for the acoustic Eq. (fJMGT III) with
the integer-order leading term, obtained using the third Compte—Metzler law.

Assumptions on the two kernels in this section. Recall that throughout the paper, we assume the regularity of
the two kernels given in (2.13). In this section we make the following additional assumption on the resolvent
of the leading kernel:

there exists £ € L?*(0,T), such that 8 * £ =1 (Ay)

In case of the Abel kernel, this is equivalent to asking that the fractional order of differentiation « is larger
than 1/2. We next need the coercivity assumptions; one on the leading kernel and one on the two kernels
combined. We assume that there exist constants C, ¢, C > 0, independent of 7, such that

/0 (B2 y)) () dt > —ClyO), e X2 (0,1, (As)

and for all 7 >0
t/
/ (1" Ry xy +0Ra x ') (Y () dt > |yl e (0.ry — Cly(0), y € WH(0,8); (A3)
0

recall that the space X2 (0,t') is defined in (2.14) with p = 2.

These assumptions are suited to the analysis of Eq. (1.1) that relies on an energy method based on testing
with (—A)Yuy for v > 0. In this case, the leading term 7%R; * uyy will invoke assumption (As ), whereas the
combination of the other two nonlocal terms, —7%c28; * Au; — 682 * Auy will invoke (Aj3). Note that we
assume (\A3) to hold also for 7 = 0, thereby having the coercivity of the kernel K alone as well.

How to verify the coercivity assumptions

Assumption (As) clearly holds for & = dy. For kernels in L?(0, T'), sufficient conditions under which (.As)
holds for y € W11(0,#') can be found, for example, in Lemma 5.1 in [29]; see also [34, Lemma B.1] and [35,
Lemma 3.1]. These are as follows:

f1€ LYN0,T), (Ve>0) £ € Whi(e,T),

3.1
£ 20 on (O,T), R/1|[5,T] <0 a.e. ( )

By a density argument, (As) then also holds for any y € X%l (0,¢") under assumptions (3.1).
Assumption (As) is fulfilled for 8 = dp and K, = 1; that is, for the third-order (JMGT) equation.
For other kernels, one can verify (A3) by applying the Fourier analysis technique from [36, Lemma 2.3]
to the combined kernel
K :=71%%1 % Ry + 68s,

see Table 3, where F denotes the Fourier transform, R the real part, and ?t the extension of a function f
by zero outside R\ (0, ).

Among the fractional Compte-Metzler laws, the combined uniform lower bound (.A3) only holds for the
kernels in the GFE III law. Indeed, in case of the equation obtained using the third Compte—Metzler law:

Tuses + augs — oAU — T2 Aup — 589 % Aue + N =0
9
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Table 3

Real part of Fourier transforms of the Compte—Metzler laws.

Flux law (RF(T%c?1 % Ry + 682) ) (2w)

GFE I 792 cos((2 — a)w/2)w*"2 4+ § cos(am/2)w ™
GFE III §cos(am/2)w™™

GFE T79¢? cos((2 — a)m/2)w*™?

we have £; = §p and a = 1. Then for ¢ > 0, condition (As3) holds (uniformly with respect to o € [0,1]) due
to the estimate

’

t
1
| oy g i) oy () dt = 50 (e~ y(O) + Scostam /DIy By oo,
0

> (SCOS(OﬂT/Q)||y/||?q—a/2(0,t/)
and Lemma 2.2, which provides a lower bound for ”y/”il*“/z(o t)’

3.1. Well-posedness of a linearized Westervelt—Blackstock problem

Under assumptions (2.13) and (A;)—(.A3) on the two kernels, we next discuss the well-posedness of (2.9)
with Westervelt—Blackstock nonlinearities, uniformly in 7. Recall that this means we consider equation

Ta.ﬁl * Uppr + AU — CQbAU — TaC2ﬁ1 * Aut — (S.ﬁg * A’U,tt = f7 (29)
where we have in mind
o a=1+2ku, b=1-2kou, and f = —2kzu?

and that, among the discussed equations, the assumptions on the kernels in this section are verified by the
third-order (JMGT) and (fIMGT III) equations.
As announced, we first analyze a linearization where a = a(x,t) and b = b(z,t). We assume that these

coeflicients are sufficiently regular in the following sense:
a€ {aeC([0,T;L®(2)) : Va e L>(0,T; L* (1))}, (52)
b € WH(0,T;L>(2)) = C([0,T]; L=(£2)). '

Furthermore, the coefficient a should not degenerate: we assume that there exist a, @ > 0, independent of 7,
such that
a<a(z,t)<a ae in 2x(0,7). (3.3)

To state the well-posedness result, we introduce the solution space
AWE = Ly e L0, T; H*(2) N H(2)) :us € L°(0,T; H*(2) N HY(2)),
ug € L2(0,T; Hy (2))}-
Note that if u € XWE, we have the following (weak) continuity in time
ue XVE — uwe C(0,T); H*(2) N HY(2)), us € Cu(0,T; H*(2) N HF (2));
see [37, Ch. 2, Lemma 3.3].

Proposition 3.1. Let T > 0 and 7 € (0,7]. Let assumptions (2.13), (A1)—(A3) on the kernels hold. Let
the coefficients a and b satisfy reqularity assumption (3.2). Assume that a does not degenerate so that (3.3)
holds. Let f € WH1(0,T; L*(2)) and

(u, ug, ust)|t=0 = (uo, u1,u2) € (HQ(Q) N H&(Q)) X (HQ(Q) n Hé(())) x H} ().

10
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Then there exists m > 0, independent of T, such that if
[VallLoo(ray < m,

then there is a solution
uwe XWVB 18wy, € L2(0,T; H-1(2))
of the initial boundary-value problem
TRy * Ugee + a(x, )ug — 2b(x, 1) Au — 7Ry * Auy
—0Rg * Auy = f(z,t) in 2 x(0,7T),
ulpn =0,
(w, ug, ugt)|t=0 = (ug, u1, uz).

The solution satisfies the following estimate:

lullZws S lluollze + llullfe + 7 luallfpn + 1£ 1510 12

(3.4)

where the hidden constant does not depend on 7. If additionally b € WH1(0,T; WHA(02)), the solution is

unique.

Proof. We conduct the proof by using a standard Faedo—Galerkin procedure where we first construct an
approximate solution u(™ € W% (0, T;V;,) with V,, being a finite-dimensional subspace of H?(2) N H (2);

the details can be found in Appendix A.

The next step in the proof is to obtain a bound that is uniform in n (and also 7, having in mind the later

singular limit analysis). By testing the semi-discrete problem with —Augf) and using the assumptions we

have made on the kernels, we find that

t
| IVATu s+l A0

+ [ Aui |3
Integrating by parts in time in the ¢? and f terms on the right-hand side yields

t
| IVATu I s+l Au

t

t
S — / (uﬁ?)Va, Vugl))Lz ds + 2 (—bAu(”)(s), Augn)(s))
0

L2 1o

t
+/ {cz(bAugn) + by Au™), Augn))Lz + (fe. Auﬁ"))Lg} ds
0

+ 7 Vg2, + (| Aul |12

From here using Holder’s inequality and the embedding H'(£2) — L*(2), we have

t
o [ IV 4 2
n 2 n n
SVl oo IVai? 132 g2y + 8 1 AU o 2y + ll A 1 o 12,
+ (16O ool A0 |22 + [ Au |20 + [ F111 12y

+ 8] Auf 12 12y + 1831 ooy AU 2o 12y + 72Vl |22
11

t
S [ {0, Vul?)sa - A (odu, Ay + (1.~ 2ul) 0} ds 70 VeV
0

+ (£(5), = Auy™ (9)) 12|
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We can further bound || Au(™ | Loo(£2y by using the estimate
146 o (12) < VT Aug™ 122 + 180G -
If C is the hidden constant in (3.5), then provided we take a small enough so that

1
—C
B a,

and also choose € > 0 small enough, we have via Gronwall’s inequality

[Vallpoo(ray <

t
/0 IVl 125 ds + | Auf™ |2 e 2y + 1862 0 o)
Sl Aud? 2 + [ Au{ 12 + 71 Vus 2 + 1 B g2
where the hidden constant has the form
C = Crexp (CoT(1+ [0al21 e
Additionally, from the PDE and Young’s convolution inequality, we have
TRy w2y
Salluly | 22y + 01l Au™ || 122y + 701K | Auf™ || 1212 (3.7)
+ 1B | IVl 22y + 1 |21y

which, taken together with (3.6), provides us with a uniform bound on 7%||f; * uglt) | L2(m -1y as well. Since
we have assumed that &; € L?(0,T), then from the bound on
TR * uglt) = f(n)

in L2(0,T; H1(£2)), we also obtain a uniform bound on

7wl | oo -1y = 7N uS” + &1 % FO oo -1y

e P Y PR ARl PRy .
From the above analysis, we conclude that there is a subsequence (not relabeled), such that
u™ —u  weakly-x in L®(0,T; H>(2) N HL (1)),
™ s, weakly-x in L(0,T; H(2) N HL(2)), (3.9)
ugl) —uy  weakly in L?(0,T; H3(12)),
as n — oo. From (3.9), by [38, Theorem 3.1.1], there is a subsequence (again not relabeled), such that
u™ —s u  strongly in L2(0,T; H (2)), (3.10)

u,E"’ —u;  strongly in L2(0,T; HL(2)).
Furthermore, by Young’s convolution inequality
80 5 A" | oo 12y < IR aal| Ay | oo 2y,
e % Aug? 21y < I Rellaall Augg” 2 a1y,
so we conclude that (up to a subsequence)
R * Augn) — &y x Auy weakly-x in L>(0,T; L*(12)),

Ry # Al — Ry« Auy weakly in L2(0,T; H'(R2)).
12
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By (3.7) and Lemma 2.1, we also have
7O/ kull) — 7O/ xuy  weakly in L2(0, T; H1(02)). (3.11)

These weak convergence results allow us to pass to the limit in the semi-discrete equation. From (3.10),
and uniqueness of limits, we conclude that (u,u;)|t=0 = (uo, u1). It remains to interpret how us is attained.
Following [39, Ch. 7], let v € C1([0,T]; H}(2)) with v(T) = v(T) = 0. We have

-7 / /ﬁl*uttvt dzds — 7 / (Ryuge(0),v) 2 ds
T
—|—/ (auy — c2bAu — 7Ry * Aug,v) 12 ds—l—/ 0(Ra * Vuy, V) 2 ds-/ (f,v)ds
0 0

For the Galerkin approximation, we similarly have

T T
- Ta/ / Ry * ugy)vt dzds — 7 / (Rlug?) (0),v)2ds
0o Jao 0

T T
+ / (auﬁ?) — b Au™ — 792 R « Augn), v)2ds + / 5(Rg VUE?), Vo) 2ds (3.12)
0 0

/OT(f,v)ds

Note that with L*° regularity in time for ugb) obtained in (3.8), 7%(8&; * u( ))(O) = 0. We also infer that
T%(Ry * ug)(0) = 0 since due to (3.11) and (3.8)

T el poo (1) < 7 lzlg{gf”UE?)HLoo(Hfl) <C.

The uniform bound on ui?) taken together with (3.9)—(3.11), allows us to pass to the limit (in possibly a

subsequence) in (3.12). Comparing the resulting identities gives

T T
T¢ / (Ruge(0),v)2ds =714 / (Ryug,v) 2 ds,
0 0

from which we conclude (since £; # 0) that us(0) = us.

Uniqueness. Uniqueness of solutions in XWB follows by proving that the only solution of the homogeneous
problem with f = 0 and zero data is u = 0. Since —Auy; is not a valid test function in this setting, we can
test this homogeneous problem with u;; € L2(0,T; H(£2)) instead. Similarly to before, we have

t
| Wz s+ Ve,

IN

t
/ {=(bVu, Vuy) g2 — (uVb, Vuy) 2} ds
0
A(b(t)Vu(t), Vug(t)) 2 — A (u(t)Vb(t), Vur(t)) 12
t
— / {—02(tiu + qut, Vut)Lz — CQ(UtVB + UVbt, VUt)LQ} ds.
0

(3.13)

We can further bound the right-hand side using Holder’s inequality and the additional smoothness assump-

|—c*( u(t), Vug(t)) g2 = ¢ (u(t)Vo(t), Vur (1)) 12|
S bIIVU( )IILz + @) Lal[VO(@) || L4 [ Ver ()] 2
13

tion on b:
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a.e. in time. Similarly,

t
‘—/ {=c*(b;Vu+ bVuy, Vuy) 2 — (Vb + uVby, Vug) 2} ds
0

_ 3.14
S0l L1 ooy [Vl oo (22 Vel oo 12y + Bl Ve[ 2 12 (3.14)

+ IVl 2oy lluell L2y Vel oo 2y + [IVOell L1 oy lull poo (pay VUt ]| Loo 1.2y

Employing these bounds together with Young’s inequality and the embedding H'(£2) « L*(£2) in (3.13)
leads at first to

t
/ ||\/autt||iz ds +g||VutH%too(L2)
0
SIVu®)l7e + el Vo) 12l Ve ()72 + [VullFoo 12
+5||th%1(Loo)||vutHi?O(L2)
HIVullza 2y + VO o) VeurllZoo 12)
+5||Vbt||%l(L4)||vut||i?O(L2)

for any € > 0. Note that
IVu®)ll 2 < VT Vull 2 2).

Therefore from (3.14), for small enough £, by using Gronwall’s inequality and assumed smoothness of a and
b, we obtain

t
[ e ds + [Vl ey <0,
0

from which (combined with the zero initial data) it follows that w = 0. This concludes the proof. O

3.2. Uniform well-posedness with Westervelt—Blackstock nonlinearities

To treat Egs. (2.9) with Westervelt—Blackstock nonlinearities under assumptions (2.13) and (A;)—(As3)
on the two kernels, we next set up a fixed-point mapping 7 : BVB 5 u* ~ u, where u solves (3.4) with

a(u*) = 14+ 2ku*, bu*) =1—2keu*, f= —N(uj)=—2ks(u})?
and u* is taken from the ball
BYE = {“* e xWh HU*HXWB <R, (' uy,ug)li=o = (u07ulvu2)}~

The radius R > 0 is independent of 7 and will be determined by the upcoming proof.

Theorem 3.1. LetT >0 and 7 € (0,7]. Let § > 0 and k12,3 € R. Let assumptions (2.13), (A;)—(As) on
the kernels hold. There exists a size of data v = r(T) > 0, independent of T, such that if

luollZrz + lluslFre + 7 luzll7n < 72,
then there is a unique solution u € BVE of

TRy * ugee + (14 2k1u)ugs — (1 — 2kou) Au — 792 Ry % Auy — 689 * Augy (3.15)
+ 2ksu? = 0, )
with initial (2.10) and boundary (2.11) conditions. The solution satisfies the following estimate:

lullZws S lluollfe + llullfz + 7 lluzl7,

where the hidden constant does not depend on 7.

14
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Proof. We check that the conditions of the Banach fixed-point theorem are satisfied for the introduced

BWB

mapping 7. We note that the set is non-empty, as the solution of the linear problem with k1 = ko =

k3 = 0 belongs to it for small enough (with respect to R) initial data.

To show that T (BVE) ¢ BVE take u* € BWVE C XWB. Then the smoothness assumptions on a and
b in Proposition 3.1 are fulfilled and the smallness assumption on a is fulfilled by reducing R > 0. The
non-degeneracy condition on a is fulfilled for small enough R. To see this, note that due to the embedding
H?(2) — L>(£2), we have

20| oo ey < CL2 Tl e 2y < C(2,T) | R.
Thus R > 0 should be chosen so that
1-C(2,T)|k|R>a>0.
Furthermore, we have
IV @) llw 2y STupllzecpay + lugllpo (o lugelipr ey < C(2,T)R?,
where we have relied on the embedding H'(£2) — L*(£2). By employing Proposition 3.1, we have
ullyws < Crexp (CoT(1+ ol goe))) (luolyz + llua |z + 7 Vs 22
IV @) 1))

Since
164l L1 (oey SHuillprpoey S Tllugllpoo g2y S TR,
we conclude that

ull yws < Chexp (CoT(1+ T?R?)) (r* + CR*).

Therefore, u € BWB for sufficiently small radius R and data size r.
To prove strict contractivity, let 7u* = w and Tv* = v. Denote ¢ = u — v and ¢* = u* — v*. Then ¢
solves

TRy * dur + a(u) by — Pb(uT) Ap — TP Ry * Ady — 68 * Ady
= — 2k10" vy — 2kad™ Av — 2k3 ¢y (uf + v)) = f.
Note that we cannot prove contractivity with respect to the || - || ,ws norm by exploiting the linear bound
in Proposition 3.1, as the right-hand side of this equation does not belong to W1(0,T; L?({2)) due to the
first term on the right-hand side in the last line (we do not have control over the time derivative of vy).

Similarly to the proof of uniqueness for the linear problem (see (3.13)), we can test this equation with ¢y
to obtain

t
| ol ds+ 196002 1o
S22y + [0 ) V(1) Vor(t)) L2 + 2kac? (@) V™, Veu(t)) 2]
t
+ ‘/ {2k2c? (uf Ve + b(u*) Ve, Vo) 2 + 2kac® (u Vu* + ¢Vuj, V) 2} ds|.
0
The terms on the right-hand side not containing f can be further estimated as in the proof of uniqueness

for the linear problem. We additionally have

||fHL2(L2) S ||¢*HL°°(L4)||Utt||L2(L4) + H¢*||L°<>(L4)||AUHLOO(L2)
107l L2 payllus + 07l Lo (r4)-
15
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Since v € BYP, we have |[vitllr2(p1(2)) S [vllxws S R. We can reason similarly for the Av and uj + v}
terms above. Altogether, it follows that

t t
/0H<z>tt||izds+||V¢||3V1,oo(L2)5R2 (/O ||¢;;||§2ds+||v¢*||§v1,oo(L2)).

Therefore, we can obtain strict contractivity of the mapping 7 with respect to the norm of W (0,T};
H}(02)) N H?(0,T; L*(£2)) by reducing R. The closedness of BB with respect to this norm can be argued
similarly to, e.g., [40, Theorem 4.1] to conclude the proof. [

We note that this uniform well-posedness result generalizes [16, Theorem 4.1], where the (fJMGT III)
equation with Westervelt nonlinearities is considered, to Eq. (3.15) with Westervelt—Blackstock nonlinearities
and general kernels satisfying the assumptions of this section.

3.3. Weak singular limit with Westervelt—Blackstock nonlinearities

Equipped with the previous uniform analysis, we are now ready to discuss the limiting behavior of these
equations as 7 N\, 0. Let 7 € (0,7]. Under the assumptions of Theorem 3.1 with the uniform smallness

condition

Y2 + T ug |3 < 3

2
l[ugllgr2 + llugll
let u™ be the solution of
TRy xuly, +a(u)up, — 2b(uT)AuT — TRy * Auf
—0Ry x Aul, + N(u]) =0 in 2 x (0,T),
) tt (uf) (0,7) (3.16)
u |3Q - 07
(uTv uzv uZt)‘t:O = (u67 u‘{’ u72-)
Based on the previous analysis and the obtained uniform bounds with respect to the thermal relaxation time
T, there exists a subsequence, not relabeled, such that

u —u weakly-x in L>(0,T; H*(2) N H}(2)),
uj —u;  weakly-x in L>°(0,T; H*(2) N Hy(2)), (3.17)
uj, — uy  weakly in L*(0,T; Hg(12))
as 7\, 0. By the Aubin-Lions-Simon lemma (see [41, Corollary 4]), this further implies that
u” —su  strongly in C([0,T]; H}(2)),

. . (3.18)
u; — ug  strongly in C([0,T]; Hy(12)).
Therefore, we know that
ul = u"(0) — u(0) :=up  strongly in Hj(£2), (3.19)
ul = u](0) — u(0) :== u;  strongly in H3(£2). .
On top of this, by (3.17), we have
Ry * Vuj, — Ry * Vuy,  weakly in L*(0,T; L*(12)). (3.20)

We next prove that u satisfies the limiting problem. Let v € C§°(]0,T]; C§°(£2)). We have with & = u — u":

T T T
/ / a(u)uyv deds — 2 / / b(u)Auv dads + 6/ / Ry * Vuy - Vodads
0o Jo 0o Jo o Jo

T
+ / / N (ut)vdeds = rhs
o Je

16
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with the right-hand side

rhs ::/T/ a(u)iiyv deds — c2 / / u) Auv dzds + 6/ /ﬁg*Vutt Vv dzds
/ / TRy * ujyvdads + 7% / / Ry * Aujvdads
/ [ (atur) = su)agudads + ¢ / ] (6a7) = b)) dumodnds
- /0 /Q N (u]) = N (ug))o dads.

We wish to prove that rhs tends to zero as 7 ™\, 0. To this end, we rely on the established weak convergence.
We first discuss the terms involving the kernels. Note that

T
/ / TR * uj,vdeds
0o Jo
T T
:—Ta/ /ﬁl*uztvtdxds—Ta/ /ﬁl(s)ugvdxds—>0 as 7\, 0.
o Je 0o Je

Above we have relied on the uniform bound on

T
/ / R * uj vy dads
0o Jo

T
02/ /ﬁl*AutTvdxds—H) as 7 N\, 0.
o Jo

By the limit in (3.20), it also follows that

< [[Rillmllugell 2 o2y lvell L2cr2)-

Similarly, we have

T
5/ /ﬁg*Vﬂtt-Vvd:rds%O as 7\, 0.
0o Jo

By relying on (3.17) and the equivalence of the norms |la(u)v|z2, ||v|lL2, and ||6(u)v];2 (under the
assumptions of Theorem 3.1), we can conclude that

a(u)ul, — a(u)uy  weakly in L?(0,T; L*(2)),
b(u)Au™ — b(u)Au  weakly in L(0,T; L*(12)),

T T
/ / a(u)uyv deds — 02/ / b(u)Auvdrds — 0 as 7\, 0.
0o Jo o Jo

Additionally, we have

/ / —a(u))upvdeds + ¢ / / u)) Au"v dzds
= - 2/ / ki(u™ — w)ufvdads — 202k2/ / (u” — u)AuTv dzds,
o Ja 0o Jo

which tends to zero as well thanks to (3.17) and (3.18). Finally,

/OT/Q(N(utT)N(ut))vdmds 2k3 /()T/Qut(u[Jrut)vdxds,

which also tends to zero on account of again (3.17) and the uniform bounds in (3.17).

and thus

17
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We have thus proven that there is a subsequence of {u”},¢ 0,7 that converges to a solution u € X WB of
the following problem:

(14 2kyu)ugs — (1 — 2kou) Au — 689 * Augy + 2ksu? = 0,
ulpg =0, (3.21)
(uvut)|t:0 = (uo,ul).

The initial conditions (ug,u;) are obtained in the limit of (uf,u]) as 7 N\, 0 in the sense of (3.19). The
uniqueness of this solution in XWB can be shown by noting that the difference & = u™ — u® of two
solutions would have to satisfy

(14 2k uM) gy — A(1 — 2kouM) Al — 68y % Aty
= — 2k1ﬂug) — 2kyPulu — 2k3ﬂt(u§1) + u§2))

with zero initial data and then testing this problem by u:, similarly to the proof of contractivity in
Theorem 3.1. Thus by a subsequence-subsequence argument, the whole sequence {u” }-¢(o,7 converges to u.
Altogether, we arrive at the following result.

Theorem 3.2. Let the assumptions of Theorem 3.1 hold for (3.16). Then the family {u" },c (0,7 of solutions
to (3.16) converges as T \, 0 in the sense of (3.17), (3.18) to the solution u € XWVB of (3.21).

Note that as a by-product of this analysis, we obtain the unique solvability of the limiting problem given
in (3.21) for small data in (H?(£2) N H{(2)) x (H2(2) N H{(2)).

3.4. Well-posedness of a linearized Kuznetsov—Blackstock problem

We next show how the previous arguments can be adapted to the equations with Kuznetsov-Blackstock
nonlinearities. That is, we consider again the equation

Taﬁl * Uppr + AUgy — C2bA7.L — Ta02ﬁ1 * Aut — (5.@2 * Autt = f, (212)

but now we have in mind that

e a=1+42kus,, b=1-—2kou, and f = —2k3Vu - Vuy.
As mentioned before, we need more regularity of the variable coefficients and data in this setting. In
particular, we need

ac O(0,T; H*(2)N Hy(2)), be HY0,T;H*(2)N Hy(2)). (3.22)

We still assume that a does not degenerate so that there exist a, @ > 0, independent of 7, such that
(3.3) holds. Furthermore, we need smallness in the following sense: there exists as small enough m > 0,
independent of 7, such that

[Aall foo(r2)y < m. (3.23)

Let also f € WH1(0,T; H'(£2)). Now the T-independent solution space is
XEB = Ly e Wh(0,T; H(2)) : uw € L*(0,T; H*(2) N Hy(2))}

with
Hg(.Q) = {u S Hg(.Q) U = Au‘ag = O}

18
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The analysis of this linearized problem can be conducted as before through a Faedo—Galerkin procedure
based on the smooth eigenfunctions of the Dirichlet—Laplace operator; cf. Appendix A. In this way, we can
rely on Au(® = Augn) = Augf) = on 3{2. In what follows, we only discuss the testing procedure as the other
details follow analogously to the Westervelt—Blackstock case. For ease of notation, we drop the superscript
(n). By testing the (semi-discretized) problem with A2?u;; and employing coercivity assumptions (As) and
(A3) on the kernels, we obtain

t
/0 IVaAun 2 + eV Aug 2 2,

t _
< — c2(V[bAu],VAut)L2 . + C’HVAulH%Z + C’T“HAUgHng

: (3.24)
+ / (_(utt Aa + QVUtt . Vﬂ, AUtt)LQ + 02(V[5Au]t, VA’U,t)LQ) ds
0
t
+ [0 ) s,
0
where we have used the identity aAuy — Alauy] = —ug Aa — 2V - Va, and integrated by parts to obtain

t t t
/ (bAu, A%uy) 2 ds = / (V[bAu], VAu) 2 ds — (V[0 Au], VAuy) 12 .
0 0
The terms on the right hand side of (3.24) can be further estimated as follows. First, using the embeddings
HY' () — L*(2) and H?(2) — L*>(12), we have
—(V[b(t) Au(®)], VAu(t)) L2 < ([VOAU| poo 2y + |6V Aul| oo (12)) IV Ayl foo (12
S (186 oo 22 + 1) IV A0l oo (22) IV Aty o 12,

where we have also used the fact that b — 1 vanishes on the boundary and that A(b — 1) = Ab. We can
employ

IV Au| poor2) < \/THVAUtHL?(LQ) +[|[VAug || 2
to further bound the v term. We also have

t
/ _(utt Aa + VUtt . VCL Autt)LQ ds < Hutt Aa + Vutt . vaHLQ(LQ)HAuttHLQ(LQ)
0
S HAa||L°°(L2)”Autt”%Z(LZ) S m||Autt||2Lz(L2)~
Furthermore,
t
/ (V[bﬂu]t, VAUt)L2 ds
0
SAb | p2(p2) IV Aul| oo 12y IV Aue]| 22y + (||A[’||Loo(L2) + 1) HVAUt||2Lz(L2)
SAb| 22y (VTIIV A 122y + |V Aol 2) |V A 122
+ (1400 e r2) + 1) IV Aurl 22 2.

We can estimate the term containing f using integration by parts as follows:

t t t
[0 2u) e ds = 2o~ [ (e 22)
0

0

= — (Vf,VAu) 2

t ¢ t
+/ fVAut-ndF‘ —/ (Vfe, VAu) 2 ds
0 a0 0 0

t
+/ fiVAu, -ndl’ ds
0o Jon

N ||f|\%vl,1(H1) + 6||Aut||ioo(H1) + [ Au [
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for any € > 0. Employing the above bounds to further estimate the right-hand side terms in (3.24) and
assuming that € and [|Aal| o072 are small enough (independently of 7) thus leads to

¢
[ 1Al + 19 B0y S 19 Aol + s + 7N Al + 1 s
0
We can further use
IV Au|| oo 2y < TV Au|| oo 2y + |V Augl| 12

and

[Aull oo 2y ST [Ausel p2(n2y + [Auollp2 + | Aurll 2
to obtain a bound on |jul| yks:

[ullxxs Srlluoll s + lluillFs + 7 lluzllze + 1 F 510 gy (3.25)

where the hidden constant has the form

C = Cexp ((1 + 11484l 22 + HAbHLoo(La))C’QT) .

This bound for the linearized problem forms the foundation for the well-posedness and limiting analysis in
the Kuznetsov—Blackstock case.

3.5. Uniform well-posedness with Kuznetsov—Blackstock-type nonlinearities

The next step is as before to set up a fixed-point mapping 7 : BXB

equation in (3.4) with
a(uy) = 14 2kiu, buj) =1—2kou;, f= —-N(Vu',uf) = —2ksVu* - Vuj,

5 u* — u, where u solves the linear

and u* is taken from the ball

BXB = {u* e XKB . lu*|lvxs < R, (u*,uy,uf)|i=o0 = (uo,u1,uz2)}. (3.26)

Theorem 3.3. Let T > 0 and 7 € (0,7]. Let assumptions (2.13) and (A;)—(As) on the kernels R and R
hold. Let
(uo,u1,u2) € HY(2) x HE(2) x (H*(2) N Hy(2)) .
There exists r = r(T) > 0, independent of T, such that if
ol s + llurl7rs + 7% luzll}e < 72

then there is a unique solution u € BXB, such that 781 * uy, € L*(0,T; L*(12)), of

TRy * wger + (1 4+ 2kug)uge — (1 — 2kouy) Au — 7O Ry * Aug — 0Ro * Augy (3.27)

+2k3Vu - Vuy = 0 )

with initial (2.10) and boundary (2.11) data. The solution satisfies
[ullZxe ST luollzs + lluslfs + 7lluzlle,

where the hidden constant does not depend on 7.

Proof. The proof follows by employing the Banach fixed-point theorem on 7, analogously to the proof of
Theorem 3.1. We provide the details in Appendix B. O

This uniform well-posedness result generalizes [16, Theorem 6.1], where the (fJMGT III) equation with
Kuznetsov nonlinearities is considered, to Eq. (3.27) with Kuznetsov—Blackstock nonlinearities and kernels
satisfying the assumptions of this section.
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3.6. Weak singular limit with Kuznetsov—Blackstock type nonlinearities

We next discuss the limiting behavior of the equations with Kuznetsov—Blackstock nonlinearities. Let
€ (0,7]. Under the assumptions of Theorem 3.3, with

g1 Zrs + llufl7s + 7 lu3 172 < 72,

consider ) )
TR *ufy + (14 2k1u )uj, — (1 — 2kouy ) Au™ — 79¢* Ry * Auy
— 089 * Aul, + 2k3Vu”™ - Vu, =0,
e ' (3.28)
u" o =0,
(uT’ uy U;)|t:0 = (ugv ui, u;)
From the previous analysis we knowc that a unique solution of this problem exists in BXB. Therefore, there
exists a subsequence, not relabeled, such that
um —u weakly-x in L>(0,T; H3 (£2)),
uj — uy  weakly—* in L>(0,T; H3 (1)), (3.29)
ul, — ugy  weakly in L2(0,T; H*(2) N HY(2)).

Similarly to before, using the Aubin—Lions—Simon lemma, this further implies

u” —u  strongly in C([0,T); H*(2) N H}(2)),

, X (3.30)
u; — uy  strongly in C([0,T]; H*(2) N Hy(12)),
and therefore,
ul = u7(0) — u(0) :==ug  strongly in H?(£2) N HJ(12), (3.31)
u] = ul (0) — us(0) :==uy strongly in H?(£2) N Hi(£2). .

It remains to prove that u solves the limiting problem. Let v € C§°([0,T]; C5°(42)). We have

/ / a(ug)ugv deds — ¢ / / (ug) Auv dzds + 5/ / Ra * Vuy - Vodads

+ / / N (Vu, Vug)vdzds = rhs,
0o Jao

where, with © = v — u7, the right-hand side is

T T T
rhs ::/ / a(ug)tgv deds — c2 / / b(u:) Auv deds + (5/ / Ro * Vg - Vodads
/ / TRy * ufvdads + 7 / / Ry * Aujvdads
/ / a(uy) — a(ug))ugvdeds + ¢ / / (uj) — b(uy)) Au"v dads—
0 0

—/0 /Q(N(VuT,VutT)—N(Vu,Vut))vdxds.

We should prove that rhs tends to zero as 7 N\, 0. We only comment here on how to tackle the a, b and
N terms; the other terms can be treated as in Section 3.3. By relying on the equivalence of the norms
[la(us)vl| 2, |v]l L2, and ||6(u)v]| 2 (under the assumptions of Theorem 3.3), we can conclude that

T T
/ / a(ug) v deds + 62/ / b(uy)Auvdxds — 0 as 7 \0.
0o Jo 0o Jo
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We also have

_ /OT/Q(CL(UZ) — a(u))ulvdzds + ¢ /OT/Q([’(U{) ~ b(us)) Auv dzds

T T
= — 2k:1/ / Utz v deds — 2k202/ / uy Au" v dxds,
0o Ja 0o Jo

which tends to zero as well thanks to (3.29) and (3.30). Finally,
T T
/ / N(Vu",uy) — N(Vu, Vug))vdeds = 2k;3/ / (Vu - Vui + Vu - Vig)vdads,
0o Jo 0o Jo

which tends to zero on account of again (3.30) and the uniform bounds obtained in Theorem 3.3. Uniqueness
of solutions for the limiting problem follows by testing the equation solved by the difference u of two solutions
by w4, similarly to the proof of contractivity in Theorem 3.3 given in Appendix B. This allows us to employ
a subsequence-subsequence argument on {uT}TG(Oﬂ. Altogether, we arrive at the following result.

Theorem 3.4. Let the assumptions of Theorem 3.3 hold for problem (3.28). Then the family {u” },c (0,7 of
solutions to (3.28) converges in the sense of (3.29), (3.31) as 7 \, 0 to the solution u € XWB of

(1 + 2k up)ug — 02(1 — 2koquy) Au — dRo * Auyy
+ 2k3Vu-Vuy =0 in 2 x (0,7),
’ ' ©.1) (3.32)
uloo =0,
(U7ut)|t:0 = (u07u1)-

As a by-product of the previous analysis, we obtain unique solvability of (3.32) for small data in

4. Testing with u; and — AR * uyg

We have seen in Section 3 that among the Compte-Metzler laws, testing with (—A)Yuy leads to a 7-
uniform bound only in the (fJMGT III) case. Therefore in this section, we will investigate an alternative
way of testing by somewhat weakening the time derivative in the multiplier: instead of —Au;; we will use
—R1 * Auyy. Complementary to this, we will also test with wg.

This testing strategy turns out to be applicable to all three Compte—Metzler laws of interest, with caveats.
The price to pay is that we have to restrict ourselves to Westervelt—Blackstock nonlinearities, unless dealing
with the (fJMGT I) equation with o < 1/2 (Case I below). In this case we can prove existence of solutions
but not uniqueness.

Besides, when £; € L1(0,T), for the analysis in this section to go through we need to rewrite the leading
term in (1.1) and consider

Ta(ﬁl * utt)t + AUt — CQEJAU - Tacgﬁl * A’U/t - (5.@2 * Autt + N = Taﬁl (t)utt(O),
which will force us to assume ug = 0 (and thus have that the right-hand side above is zero).

Assumptions on the two kernels in this section. In this section, we assume that
there exists 8; € L'(0,T), such that & * & = 1. (H1)

Note that unlike in Section 3, here the resolvent is only required to be L! regular. Furthermore, we need the
following coercivity property of the kernel in the leading term:

/0 (1% 9)(5)y(s) ds > —C [y(O)% € X2, (0,1), (#2)
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for some (possibly large, but possibly also vanishing) constant Cg,. We also assume that

/0 (81 % y)(s)y(s)ds > P[y](1), y € L*(0,1), (Ha)

for some functional ¥. More precisely, we will assume the energy contribution due to ¥ to be quantified by
an estimate in some Sobolev norm

t
/0 WIVus)(5) ds ~ [IVU)Z 0 00120 (Hs ¥)

for some o € [0,2] and p € [2,00]; see Table 4 for the Compte-Metzler laws.

Furthermore, we impose a coercivity condition on Kso:

Amﬂw@mwmzayeﬁuw ()

How the two kernels behave relative to each other will also be important. More precisely, besides the
above assumptions, the key coercivity property that we assume in this section is the following:

t
| a6 5 p)(9)ds = alul(0). v € L20.0) ()
0
where @ is a nonnegative functional satisfying

Sl(lé) ) Dlyl(t') > ¢y max{Hﬁl * 1 x yH%ﬂ(O,t}’ 1151 % y||2L2(07t)}7 y € L*(0,1) (4.1)
t'e(0,t

for some (possibly small) ¢, > 0. Later on, we will assume the energy contribution due to @ to be quantified
by an estimate in some Sobolev norm

sup  B[Aug] (') ~ || Aully e (o2 (Hs @)
t'e(0,t)

for some s € [0,2] and r € [2,00]; see Table 4. Concerning the further behavior of @, we distinguish between

two cases.

Case I : “Kernel Ko is more singular than R ”
This condition constitutes the following: We assume that there exist constants c; > 0 and a sufficiently
large C'3, such that

2up e 2 max{es % x93 Calllx Leslan }s v € L20.0). (H5 1)
/e7

Case II : “Kernel Ro is less singular than K ”
This condition should be understood as follows: We assume that

sup Bly)()
t'€(0,t) (Hs H)
> Cymax{ 1+ yl3o0., 1115 (00 805 1 yl3iys o v € L20,1)

for some p € [1,00] and C3 > 0 sufficiently large. Further,

Va=0, a,=0, b, eLi0,T;L®(0)), (Hs 11 a, b)
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Table 4

Kernels 81 (t) = ga,(t) and Rz = g,, for different examples of generalized flux laws; values of
relevant quantities in the assumptions on kernels; here Z, £ > 0 can be arbitrarily small; in
particular, they can be chosen such that ¢ = p’ and thus ¢ = 1 in all cases.

Flux law a; g D p’ q g s r o P

GFE 1 1—a a < oo 141 17 1 2 2 Ha 2

GFE III 0 a oo 1 1 1 2-2 2 2 2

= @ 3+

GFE 11—« 1 = = -7 1 1+ ¢ 2 Hao 2

where D
. ~ /
either Ky = dg and § =p' = ]
p—
’ Hs 1T Ry
pq pq ( )

or £ € Lq(O7T)a q< p/a q=

Pa+a—p  2p4—q—p

with p as in (Hs 1I).

Assumptions on the variable coefficients. We will need the following smoothness and non-degeneracy
assumptions:

1
0, — b € L¥(0,T5L(2),  la = aollz=(ze) < (4.2)

for some constants ay > 0 and ¢4, where the latter will be assumed to be small enough (independently of
7); cf. (4.7) for Case I. In Case II we will even need a — ag = 0.

4.1. How to verify assumptions on the kernels

As noted before, assumption (#5) is satisfied for all Compte—Metzler laws considered due to [29, Lemma
5.1]. Conditions (#3) and (#4) hold for the three laws considered in this work due to [36, Lemma 2.3] with

the choice
o] — 1

1
Rl = Gay = F(Ozl)t , [y = cos(a17r/2)||yHH,a1/2(07t), R = Gay

with oy, as € [0,1]. Also assumption (Hs5) which relates the two kernels is satisfied for all three
Compte-Metzler laws of interest. More precisely, we have

Ply] = &(ar, az) cos((az — a)m/2) |yl y-(as+arrrz o 1)

Condition (H5 I) means that the damping by £s is at least as strong (in the sense of higher order of
differentiation) as the one by &;. However, among the Compte—Metzler laws it is only satisfied for the GFE
I kernel with o < %

Condition (#5 II) is satisfied for the GFE I kernel with o > 1, as well as for the GFE III and GFE
kernels. Largeness of the constant C3 in assumptions (Hs5 I) and (#s5 II) can be achieved by using Holder’s
inequality and making T small enough.

Assumption (H5 I £;) holds for the GFE III kernel and, with any ¢ € [1, 1) for the GFE I and GFE
kernels.

The three Compte—Metzler laws and relevant further information are summarized in Table 4, where we

have also listed s, r, o, and p, such that (H5 &) holds.

4.2. Well-posedness of the linearized problem

Again, we first present the main ideas of establishing well-posedness of the linearized equation

TRy * Ugt )t + AUy — AbAu — TP Ry * Auy — 689 * Auy = f, (4.3)
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in particular, the energy estimates that will be needed for this purpose in each of the above-mentioned Cases
T and II.

Testing with u;. We start with the low-order energy estimate that is the same for both cases, obtained by
testing with . To this end, we interpret Eq. (4.3) as

Ta(ﬁl * utt)t —+ aus — 5.ﬁ2 * A’U,tt =r

with the right-hand side
F=f+cbAu+ 7Ry * Auy

and test it with us. By assumptions (H2) and (H,), we obtain

[ Wauliaas < e el + nlu

L2(L?)

The r term can be estimated as follows:

HF”L?(LZ)
Lo (L)

1 < H 1
7 < |l—=
L2(L2?) Va

with
HF“Lf(LQ) < ||f||L§(L2) + C2HbHL°°(L°°)”AUHL%(LQ) + 7P| Ry AUtHL%(L?)

< fllzzz2) + L0l ooy (82| Au(0) | 2 + 72| Aue (0)] 2)
+ P2 [ o | Aue (0 2 + (bl oo 1) + 7/ /5 /P Auad],
where we have relied on (4.1). Altogether,
||Utt||L2(L2) S22y + DlAu] + Cy [luee (0)[172 + t]] Au(0)]17 2 (4.4)
+ 1% Aur (0)] 22

We keep track of Cg, here because it comes with high-order initial data but is nonzero only in the exceptional
case R; = dp. Later on we will see that for a different reason we will anyway have to assume u(0) = 0. The
hidden constant in (4.4) is independent of both 7" and .

Testing with —R; * Auy. The higher-order estimate is obtained by rearranging Eq. (4.3) as
Ta(ﬁl * Utt)t + agUr — TaCZ.Ql * Aut - 5.@2 * Autt =r

for ag > 0 with now
= f — (CI — Cl())’utt + CQBAU

=3I

and testing it with
*.ﬁl * Autt = 7(.@1 * Aut)t + .ﬁl . Aut(())

Using assumption (H3) with y = Vuy(x) as well as (H;) with y = — Ay () yields

1 t ¢
57’“ |:HR1 * VUttH%Q + CQH.Rl * Aut”ig} 0 + Cl()/ W[Vutt](s) ds + 5¢[Autt](t)
. 0 (4.5)
<rhs + 792 / / £1 Aug(0) 8y * Auy dzds,
0o Jo
where
rhs = / / (a —ag)ug + ¢ bAu)(—ﬁl * Auygy) dads. (4.6)
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We can estimate the second term on the right in (4.5) using

t
‘ / / ﬁl Aut(O) ﬁl * A’U/t dxds S HﬁIHM(O,t)HAut(O)HLQ Hﬁl * AUtHLtoo(LQ).
0 2

We distinguish between two cases in the further treatment of the right-hand side.

Case I: Due to (H; I), assumptions (4.2) on the variable coefficients, and Young’s inequality, as well as the
elementary estimate

1R * Aug| oo 2y < [[(Rr + Aug)(0)] 22 + VE|(Ry * Aug)ill p2(z2),

all terms containing u on the right-hand side of (4.5) can be estimated by means of ®(Auy) and the already
obtained L2(0,t; L?(§2)) estimate of us. Indeed,

t
rhs + 722 / / R1 Auy(0) Ry * Auy dxds
0o Ja

1 1
<el[f1* Autt”ig@z) + g||f||i§(L2) + g||ﬂ - aO”%fo(Loo)Hutt”i?(LZ)

Loajpp2 2 2 L 244 2 2
+ IOl L0 ooy AUl T 2y + poll R1 % Al o0 12) + w e [l (0,0) | A (072

4115112
e+2tp blI700(ro0 12 1 2 2
< ( Cs + Cs )¢(Autt) + E"fHL%(L?) + EHC‘ - a0||Lgo(Lo<>)||Utt||L§(Lz)
1 a
+ 20| (81 % Aue) (0)]172 + @TQ IR [ (0,0 [| Aue (0) 72
for any u, € > 0. By first choosing € and p sufficiently small and then assuming C3 to be sufficiently large
(which might necessitate a decrease of T', see the comment on largeness of C'3 in Section 4.1), we can achieve
€+ 2 H[b]|7 00 (o0 <9
C3 663 -2

and therefore end up with

2
<O (122 + 1o = GolFe (zooy uae 222, + (K1 + Aur) O)]132
72 Boggo. | A (0) 122 )

where C'(t) > 0 might depend on ¢ but not on 7. Combining this bound with estimate (4.4) where C' > 0 is
the hidden constant and assuming

1 t !
57180 % Vull3a + 180+ Augl2] + ao/ [V (s) ds + 68 Ay (1)
0

d

CO(t)|la— a0||2Lg°(Loo) <3 (4.7)

we arrive at the 7-uniform estimate

t t
T¢ [||ﬁ1 * vUtt”iQ + 62||ﬁ1 * AutH%Q . + H“tt”if(w) —|—/ U[Vug)(s)ds
0

+ sup D[Auyl(t
t’e((l)),t) [Auy](t) (4.8)

St ||f||2Lz(L2) + ([ (81 Aug)(0)[|72 + TzaHﬁl||3\4(0,t)|\AUt(0)H%2 + Ci, [Juse ()|
+ ([ Au(0)]|7 + [ Aug(0)]17 2
Recall that we assume § to be fixed while 7 € (0, 7] might be arbitrarily small.

Case II: Here the a —ag term in (4.6) cannot be estimated by means of $[Au:] any more due to the factor
R * Auge. We therefore have to assume a — ag to vanish, that is, a to be constant; cf. (H5 II a,b).

26



B. Kaltenbacher and V. Nikolié Nonlinear Analysis: Real World Applications 76 (2024) 103991

The further estimate of

t
rhs = / / (f + PbAu)(—Ry * Auy) dds
0 Je

becomes somewhat complicated since now @[Auy] cannot dominate the L2?(0,t; L?(£2)) norm of the
multiplier &1 * Aug. We estimate h := f 4 c2bAu using the integration by parts and transposition identities
involving kernels

T T
/O ye(T — thw(t) dt = /0 y(T — tywy(t) dt — w(T)y(0) + w(0)y(T), y,w € W(0,T)

T T (4.9)
[ @en@—nuar= [ (& cw)0u@ -0, ywe 10.)
0 0
as well as the timeflip operator defined by Et(s) = h(t — s), and the identity
(@, 0) 120, = (axb)(t) = (b*a)(t).
In this manner, we obtain the following identities:
t
/ / h(s) (R1 * Aug)(s) dzds
0o Jo
t
- / / Rt — 5) (R * Due)i(s) — R (5) Aug(0)) drds
0oJe
—t —t t by
- (Aut &1 # (R )t)(t) + [h (t — s) (A1 * Aut)(s)} = | (= 9) Ru(s) ug (0) dads
e} 5= 0
and thus .
/ / h(s) (R * Auge)(s) dads
0o Je
t
= / / Auy(s) (R * (ﬁt)t)(t — s)dads
0 Joe
t
+ / (h(t)(ﬁl w Aug)(t) — h(0)(81 * Aug)(0) — Auy (0) / R1(s)h(s) ds) de.
0 0
From here we have
t
| / h(s) (81 * Auge)(s) dads
0Je
—t
< ”Aut“Lf(LQ)Hﬁl *(h )tHLi?/(LQ) + ||h||Lg°(L2)||ﬁ1 * AUtHLgO(m)
+ [[R(0) [ 2| (81 * Aug)(0)[[ L2 + [| Aue (O) || L2l Rll oo 22y Rl a0,
for p € [1,00] as in (H5 I1) and p’ = p%' Further, by Young’s convolution inequality
—;
I8 5 B30Vl
<IR1llzaonlloedu +bAu 1)) (4.10)

<|[[&1llza(o.) <||thLg(Loo)HAU||L;>°(L2) + ||b||L;>°(L<>°)||Aut||Lg(L2)) ;

ﬁ so that 1+ 1% = % + % and ¢ < p’ as in (H3). Note that estimate (4.10) is the general
kernel substitute for the Kato—Ponce inequality used in [12] to analyze the {IMGT equations. In case & = g,

where § =

(4.10) remains valid with [[R1|za(0,+) replaced by one and ¢ = p'.
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Estimating further by means of assumption (#5 II) (which again might require a decrease of T' to achieve
C3 to be large enough) yields the 7-uniform estimate:

t t
7 180 5 Vuaela + 181 AurlFa] + luarla +/ U [Vaug)(s) ds
0

+ sup B[Auyl(t) (4.11)
t'€(0,t)

SO a2y + el ) + [ A (O)]32 + [ 4u(O)]32 + Cny usa(0) 32,
again assuming § to be fixed while 7 € (0,7] might be arbitrarily small. As a consequence, the natural
solution space here is

AT ={ueW*(0,T; H*(2) N H}(2)) NnWP(0,T; Hy (2)) :

) ) ) (4.12)
uy € L7(0,T; L*(£2)), uy, Au € Xg (0,75 L7(82)) }

and the 7-uniform solution space is

X ={uec W (0,T; H*(2) N Hy(2)) N W, (0, T; Hy(2)) :
Ut S L2(03TaL2(“Q))}a

where the space X g (0,¢') is defined in (2.14).

As previously mentioned, since we have used (81 * uy): in place of 1 * uyy in the derivation of both
energy estimates (4.8) and (4.11) above, we have to add £;(s) - u:(0) to the right-hand side. Consequently
we would have to assume £ € L?(0,T) in Case I and even £; € L>(0,T7) N W14(0,T) in Case II. To avoid
this, we impose the condition uy = 0 in the upcoming analysis.

Proposition 4.1. Let T > 0 and 7 € (0,7] for some fized T > 0. Let assumptions (2.13) and (H1)—(Hs D)
on the kernels hold, as well as
Ug, Ul EHZ(.Q)OH&(.Q), us =0

and the additional following assumptions on the kernels, coefficients a, b, and the right-hand side:
(I) (Hs 1), (4.7), f € L*(0,T; L*(2)), or
(II) (H5 11), (Hs5 11 a,b), (Hs 11 8y), f € L°(0,T; L?(2)) n WH4(0,T; L*(2))
with ¢ as in (Hs 11 Ry). Then there exists a unique solution u € X™ C X of the initial boundary-value problem
TRy * ug)e + a(z, ugy — 2b(x, t) Au — 72 Ry * Auy — 682 * Auy, = f(x,t),
ulop =0, (4.13)
(uautautt)|t=0 = (u07u1,U2)-

The solution satisfies the following T-uniform estimate:

i, <p { V) + 1AW + 14w, + 72715 o | 4w O (1)
Xf\/
112 e gy + 162 00g2, + 14u(0) 25 + | Aus (0)]2, (1),

Proof. The proof follows by a Faedo—Galerkin procedure, where Appendix A can be used to establish
well-posedness of the ODEs resulting from Galerkin semidiscretization. The testing strategies shown above
and resulting in (4.8), (4.11) are then applied to the Galerkin solutions in place of w.

Stating the energy estimates in terms of Sobolev norms |luyl|, ||Vu|ws.r @, and |[Au|we.rpos) (cf.
(Hs @)), we can rely on weak—sx* lower continuity of these norms when taking weak limits. Moreover, we use
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Lemma 2.1 with p = oo to also take limits in the 7% terms of (4.8) and (4.11). This is useful for enabling
the use of Au; as a multiplier in the uniqueness proof.

Uniqueness. Since u € X7, with X7 defined in (4.12), we can test the time integrated homogeneous PDE
with vanishing f and initial data (not only its Galerkin semidiscretization) in the way described above (that
is, testing with the time integrated versions —8; * Auy, uy of —Rg * Auyy, ugy) and analogously obtain from
(4.8), (4.11) that its solution needs to vanish. O

4.8. Uniform well-posedeness with Kuznetsov—Blackstock and Westervelt—Blackstock nonlinearities in Case
I

To relate the previous analysis to the nonlinear equation, we again consider the fixed-point mapping
T : B> u* + u, on the ball

B={u"eX: u'llx <R, (u",ui,ufp)li=o0 = (uo,u1,0)}.

Here u = Tu* solves (4.3) with

a(u* ) = 1+ 2ku* (WB), b(u* ) = 1—2kou* (WB), (4.14)
T 1+ 2ku;  (KB), ’ 1—2ku; (KB), '

and
—2ks (uf)? (WB),
—2ksVu* - Vuy (KB),

where (WB) stands for the Westervelt-Blackstock and (KB) for Kuznetsov-Blackstock nonlinearities.

flz,t) = =N (uj, Vu*,Vu;) = { (4.15)

Theorem 4.1. LetT > 0 and 7 € (0,7]. Let assumptions (2.13) and (H1)—~(Hs @), (Hs 1) on the kernels
R1 and Ry hold with s, r, o, and p so that the following continuous embedding holds:
W (0,7 H?*(£2) N Hg (£2)) N W70, T3 H'(£2))
L>°(0,T; L*°(2)) N Wh4(0,T; LA(2)) N L2(0,T; H*(2) N H(2)) (WB), (4.16)
Whee(0,T; L(2)) N HY(0, T; WhA(02)) N L2(0,T; H2(2) N HY(2))  (KB).
There exists a data size v = r(T) > 0, independent of T, such that if

[ Au(0)[I72 + | Aue (0)|[72 + 72|81l iqo. 1 | Aue (0)] 72 < 72, (4.17)

then there is a unique solution u € B of the nonlinear initial boundary-value problem

TRy * Uy + a(u, ug)uy — 2b(u, u)) Au — 7 Ry * Auy — 0Ro * Auygy
= —N(us, Vu, Vuy),

(4.18)
ulag =0,

(u7 Ut utt)'t:() = (u07 Uy, O)

Proof. The proof goes analogously to the one of Theorem 3.3, using the fact that uw = Tu* solves (4.13)
with a, b, and f as in (4.14) and (4.15) to establish self-mapping and the fact that ¢ = u—v = T (u*) =T (v*)
solves (4.13) with

1+ 2kiu*  (WB),

o ) 1—2ku* (WB),
U, Uy ) =
k 1+ 2ku;  (KB),

4.19
1—2ku; (KB), (4.19)

b(u*,uf)z{
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and, with ¢* = u* — v*,

_ {—2¢*(k1vtt + ke Av) — 2ks bl (uf + v}) (WB),

4.20
72(,25:(]431’0” + kgA’U) - 2k3V¢>* . VUI - 2k3Vv* . ngj; (I(B)7 ( )

for establishing contractivity. Indeed, the continuous embedding assumption (4.16) together with smallness
of data size r as well as R ensures the required bounds. [

The fact that a Kuznetsov-type nonlinearity is enabled here under only H? regularity of the initial data
(cf. [42]) is due to the relative strength of the damping term with factor ¢ in Case I, where kernel £ is more
singular than &;.

4.4. Uniform existence with Westervelt—Blackstock nonlinearities in Case II

To treat Case II, we restrict our considerations to the Westervelt—Blackstock nonlinearities with k1 = 0;
that is, we analyze the following equation:

TORY * Ugr + Ugt — 02(1 — 2kou) Au — 7O R * Aup — Ro * Augs + 2k3uf =0.

Theorem 4.2. Let T >0 and T € (0,7]. Let assumptions (2.13) and (H1)—(Hs @), (H5 I1), (Hs 1T &) on
the kernels £1 and Ko hold and let

Ug, U1 € HQ(Q) ﬂH&(.Q), Uy = 0,

and

WS=(0,T; H*(2) N Hy (2)) N WP (0, T; H*(2)) < L>(0,T; L>(£2)). (4.21)
There exists a data size v = r(T) > 0, independent of T, such that if (4.17) holds, then there is a solution
u € B of the nonlinear initial boundary-value problem (4.18) in case (WB) with k; = 0 in (4.14).

Proof. Establishing a self-mapping property of 7 on a sufficiently small ball works as in the proof of
Theorems 3.3 and 4.1, based on assumption of having the continuous embedding in (4.21), which implies
continuity of the embedding

WH=(0,T; H*(2) N Hy (2)) N WP (0,T; H*(£2))
s L°°(0,T; L= (02)) n WH4(0, T; L= (2)) nWhe°(0,T; L*(2)) N aE= (0,T; L*°(£2)).

However, a corresponding assumption leading to contractivity based on (4.19), (4.20) would be unrealistically
strong; see Remark 2. We therefore (similarly to [16,43]) only prove existence of solutions based on a general
version of Schauder’s fixed-point theorem in locally convex topological spaces (see [44]) and for this purpose
establish weak—x continuity of 7 as follows.

For any sequence (u)),en C B that weakly—+ converges to u* € B in X, we also have

(T (up))nen € B.

Thus, by compactness of the embedding X — W1°(0, T’; L>°(£2)), there exists a subsequence (u;‘w)geN such
that 14 kyjouy,,, converges to 1 £k jpuy strongly in L°(0,7 L>°(£2)) and T (uy,,) converges weakly™ in X
to some u € B, which by definition of B satisfies the initial and homogeneous Dirichlet boundary conditions.
It is readily checked that u also solves the PDE defining 7 (u*), which, by uniqueness in Proposition 4.1,
implies v = T (u*). A subsequence-subsequence argument yields weak—s convergence in X of the whole
sequence (7 (u}))nen to T(u*). O
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As can be read off from Table 4, embedding (4.21) is satisfied for all Compte—Metzler laws. To establish
embedding (4.16) for GFE I, we use interpolation

1+e 1—e
lwll 5 a0-o sz Slwll 3 [wll %10
HEY T (0 TH T (2) H2(0.T:H2(QNHL(2)  H 2 (0,T;H(2))

with @ > 0 and € € (0,1).

Remark 2 (Uniqueness of Solutions Of (4.18) in Case II). To prove contractivity of 7 in Case II with
Westervelt-Blackstock nonlinearity when k; # 0 (that is, with a = 1 + 2ku), we would need

20% (k1vgr 4 ko Av) — 2(ky + ko) (uf +v))pf € L=(0,T; L*(02)) nWH4(0,T; L*(12)),

thus requiring an estimate on vy (and thus 1y in the existence proof). This is clearly beyond the scope of
the available energy estimates. Time differentiation of the PDE and further testing might enable this at the
cost of stronger conditions on the initial data.

Likewise, Kuznetsov-type nonlinearities (a = 1 + 2kju;) in Case II would require uy; € L(0,T; L°°(12))
(as needed for b, € L(0,T; L°°(§2)) in estimate (4.10)), which seems to be out of reach for most Compte—
Metzler laws. The (fJMGT) equation based on the GFE law, where 82 = 1, allows for an alternative testing
strategy that makes it possible to incorporate also Kuznetsov-type nonlinearities under stronger assumptions
on the regularity of data; we refer to [18] for details and the corresponding analysis.

Note that the results obtained for the (fJMGT III) equation here are weaker than in the previous
Section 3.

4.5. Weak singular limits

We next discuss the weak limiting behavior of these nonlocal equations in both cases. Let 7 € (0, 7].
Under the assumptions of Theorems 4.1 and 4.2 with uniformly bounded data

[ AuT ()72 + [ Aug (0)[172 + 72 K1 |3 0.1y | A (0)[[72 < 72
and r independent of 7 as in Theorems 4.1 and 4.2, consider
TRy * uly, + a(u”,ul)ul, — 2b(u”, ul ) AuT — TRy * Aul
— 08y * Auj, + N(ug, Vu, Vug) =0 in 2 x (0,7,
u"lon =0,
(u”, uf, ugp)li=o = (ug, ug, 0).

According to Theorems 4.1, 4.2 a solution of this problem exists in B (although it might not be unique in
Case II). Therefore, we have the following uniform bounds with respect to the relaxation time:

{uT is bounded in W**(0,T; H*(2) N H} (2)) nW*(0,T; H'(2)), (422)

uj, is bounded in L*(0,T; L*(R2)).

hence existence of a subsequence, not relabeled, such that

uT —u  weakly-x in W (0, T; H*(2) N Hi(2)) N Wr(0,T; H'(2)), (423)
ul, — uy  weakly in L2(0,T; L*(12)). .

Assuming compactness of the embedding

X —— C([0,T]; H(2)) nCH([0,T); H(2)), fo, f1 >0 (4.24)
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we have additionally
u” — u  strongly in C([0,T]; H?(12)),

ul — u;  strongly in C([0,T]; H1(2)).
We should prove that u solves the limiting problem. Let v € C5°([0,T]; C§°(£2)). We have with @ = u —u":

T T T
/ / a(u, ug)ugv deds — 2 / / b(u,us) Auv dads + 5/ / Ro * Vg - Vodads
o Jo 0o Jo o Jo
T
+/ / N (ut, Vu, Vug)v dzds
2
TO T T
:/ / a(u, ut)ugv deds — 02/ / b(u, u) Auv deds + 6/ / R * Vg - Vudads
0o Ja 0o Jo o Jo
T
- / / TRy * (ul,, — ¢ Aul)vdads
o Jo

_/OT/Q(C‘(UT,UZ) — a(u, ug))uj,v dzds + ¢ /OT/Q(b(uT,uZ) b(u, uy)) Au"v dads

T
— / / (N (uj,Vu™,Vul) — N(ug, Vu, Vug))v dzds.
0o Jo

(4.25)

We wish to prove that the right-hand side tends to zero as 7 ™\, 0. To this end, we rely on the established
weak and strong convergence in (4.23) and (4.25), respectively. We first discuss the terms involving the
kernels and treat them by means of transposition and integration by parts (see (4.9)), which as compared
to the proof of Theorem 3.2 is required due to the limited regularity of wy:

T
/ /(ﬁg x V) (s) - Vo(s) dads = / / (Ra * ug)( s (T — s)dads
/ /utt ﬁg*Av YT —s)deds — 0 as7N\,0,

and for w™ = u], — 2 Au”

/ / (Ry *xwj)(s)v(s)dads = 7¢ / / (Ry * wl)(s)v? (T — 5) dads
= T“/ / w] (5)(Ry * 77 )(T — s) dads

=7 / / YRy *TD) (T — 5) deds — / w™(0)(Ry *T7)¢(T) dx) =0 as7\,/0.
2
Here we have used the fact that due to v € C§°([0,T]; C§°(£2)) we have
(81 #T)a(t) = (1 +T7)(E) + 8 (1) /ﬁl $)ur(T - 5) ds

which vanishes for t = 0, even in case K1 = dp.
By relying on the equivalence of the norms ||a(u, u)v| 12, |v||12, and ||b(w, us)v] 12, we can conclude that

T T
/ / a(u, ug)ugv deds + 02/ / b(u,ur) Auvdads = 0 as 7\, 0.
0o Jo o Jo
We have
T T
- / / (a(u,u;) — a(u, ug))ujv dads + 02/ / (b(u,up) — b(u,us))Au"v dads
0o Ja o Jo

T
= - 2/ / w(kiuy, + ke Au")vdads
0o Jo
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with w = @ (WB) or w = u; (KB), which tends to zero as well thanks to (4.22) and (4.25). Finally, with the
Westervelt-Blackstock type nonlinearity (cf. (4.19), (4.20)):

/OT/Q(/\/’(utT) — N(ug))vdzds = 2k3 /OT/Qut(ut +u] )vdrds
T
= —2ks /0 /Q a((ug + ul )v), dads

and with the Kuznetsov-Blackstock nonlinearity:

T T
/ / (N (Vu™ ul) — N (Vau, Vug) o deds = 2k:3/ / (va VUl + Vu- Vﬂt)vdmds.
0 2 0 2
We have
Vi — 0 in L*(0,T; L*(£2)), [vVuill 22y < lvllpeepoe) VUi 222

and
ﬂt —0 Weakly in LQ(O,T, LQ(Q)), ||V . (UVU)HLQ(LQ) < ||’UHLoo(Loo)||Au||L2(L2)

+ [Vl oo (L) [ VUl 24y

In both cases these terms tend to zero on account of again (4.22), (4.23), and (4.25). The attainment of initial
conditions (u1,us) follows by (4.25), analogously to (3.19). With a subsequence-subsequence argument and
using uniqueness for the limiting equation, similarly to Theorem 3.2, this leads to the following result.

Theorem 4.3. Let the assumptions of Theorems 4.1 or 4.2 with
1AuT(0)[172 + | Auf (0)[I72 + 7 1Rul g0,y | Auf (0)]|72 < 72,

for 7 € (0,7], as well as embedding (4.24) hold. Then any family {u”}rc( 0,7 of solutions to (4.18) converges
weakly in the sense of (4.23) to the solution u € X of

au, ug)ugs — c2b(u, ug) Au — §Ro * Aug + N (ug, Vu, Vug) = 0

uloo =0,

(u, ue)le=0 = (o, u1)

with a and b as in (4.14) and N as in (4.15) (and restricted to the Westervelt—Blackstock case with k1 = 0
under the conditions of Theorem 4.2).

Remark 3 (Weak Limits for Solutions of The fJMGT Equations). The condition on the compactness of the
embedding (4.24) that is left to be verified, for equations based on the Compte—Metzler fractional laws holds
by interpolation
H(0,T; H'(2)) N H*(0,T; H*(2)) € HoT=0%)5(0,T; H*7%(12))
= C'((0, T H?(92)), i €{0,1}

for 6; > % This yields 8y € (0,2) and 3 € (0,2 — %), more precisely, 51 € (0,2) for the laws
GFE I, GFE III and 5 € (0,1 + «) for GFE.
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Appendix A. Analysis of the semi-discrete problems

We present in this appendix the proof of the unique solvability of the semi-discrete problem considered
in Propositions 3.1 and 4.1. Let {¢;}i>1 be a basis of V. = H?(§2) N Hj(£2) consisting of the eigenfunctions
of the Dirichlet-Laplace operator. Let V,, = span{¢1,...,¢,} C V and set

W™ () =Y 6N (0
i=1

We choose the approximate initial data as

n n n

n o,n n 1,n n 2,n

i=1 i=1 i=1

(with uén) = 0 in Proposition 4.1) such that
u(()n) — up in H2(2) N H(2), ugn) — wuy in H*(2)N Hy(£2), and uén) — ug in HY(2), n — oo.

For each n € N, the system of Galerkin equations is given by

TCLZ £ *51 ttt ¢za¢g 2+ Z&l tt d)lad)] 2 +c Zg(n Agbzagbj)
=1

i=1 i=1
n

+Tac2z ! *5 V¢Z’V¢J L? +6Z R *fz Jtt )(t )(V(bivvﬁbj)L?
i=1
= (f( )ad)j)L?

for a.e. t € (0,T) and all j € {1,...,n}. With & = [fi") . f,(Ln)]T, we can write this system in matrix form

{TaMﬁl # €opp + Mabyy + Ko + T°CK R %€+ KR x €y = f,
(gagtagtt”t:o = (50751,52)a

where (€9, &,,&5) = (€0 0T gt @) (BT Above, M and K are the
standard mass and stiffness matrices, respectively. M, and K} are matrices with the following weighted
entries:

Maij = (a¢i, ¢j) 2, Koy = —(bAd;, ¢5) 12
Let pu = £ * €44, be the new unknown. Then with & defined by (A;) we have

& = ﬁl*ﬂ‘*‘ﬁz»

Et:1*§1*u+€2t+€1,
N t2
£= 1*1*ﬁ1*ﬂ+525+51t+50-

The system can then be equivalently rewritten as a system of Volterra equations:

T M T Mo (Ry s+ &) + M Kb(l*l*ﬁl*u—i-éz +€1t+§0)
+70PM T IKR (L Ry s+ Ext + &) + M~ 1Kﬁ2*(ﬁ1*u+£2):M*1f
or equivalently
T+ M IM R xp+ M K I x 15 Ry s p+7°CM KR %1% 8y« p

+ M KRy xRy xp=f
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with the right-hand side

~ 12
F=MTf = M7 Mo&y — MKy (€5 + &xt + &) — 7'M T K R+ (€at + &y)
— M KRy % €y
e L>(0,T).
By [45, Ch. 2, Theorem 3.5], the system has a unique solution g € L*°(0,7T). We then consider the problem

{ﬁl * Eppp = Mo
(&€t &t)li=0 = (€061, €2)
by rewriting it equivalently as ~
€ =R xp+&€ L7(0,7),
{(ﬁ,ét)t—o = (£0,€1);

which has a unique solution & € W?2°°(0,7). In this way we obtain existence of a unique approximate
solution u(™ € W2>(0,T; V,,).

Appendix B. Proof of Theorem 3.3
We present here the proof of the T-uniform well-posedness stated in Theorem 3.3.

Proof. Let u* € BXB with BXB defined in (3.26). Since this implies that v* € X®B, the smoothness
assumptions on a and b in (3.22) are fulfilled and the smallness assumption on a given in (3.23) follows by
reducing R > 0 (independently of 7). The non-degeneracy condition on a is fulfilled for small enough R as
well. Furthermore, we have

[N (Vu®, Vug) w2

SIVUTlpoo VUil i zay + VUil oy lIVugll oo (pay + IV poo () [[VUg | 21 24

<C(2,T)R?,
where in the last line we have relied on the embedding H'(§2) < L*(£2). By employing bound (3.25) for the
linear problem, we obtain

Jull e < Crexp (CoT (141861l 71(22)) ) (Iluollys + lunlys + 7 us e
N (VU V) B 12, )
Since
1 A6l g2y S il 22y + lluiell L2mey ST R,

we have

|ul| yxe < Chexp (CoT(1+TR)) (r* + CRY).
Therefore, u € BXB for sufficiently small data size r and radius R.
Let Tu* =w and Tv* =v. Set ¢ = u — v and ¢* = u* — v*. Then the difference ¢ solves
TRy * dupe + a(ul) e — b(u))Ad — TRy * Ady — 68y x Adyy
= — 2k1¢; vy — 2ka] Av — 2k3V o™ - Vu; — 2ksVo™ - Voy = f
with homogeneous boundary and initial data. Note that as before we cannot prove contractivity with respect
to the ||-|| ykB norm by exploiting the linear bound in XXE (see (3.25)), as the right-hand side of this equation
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does not belong to W(0,T; H(£2)). Instead, we test this equation with ¢ and prove contractivity with
respect to a lower-order norm. To this end, we rely on the following identity:

t
02/0 /Qb(u,f)A(bqbttdxds

t
=c? /0(1 — 2kpu (1) Ap(t) e (t) da — 02/0 /9(1 — 2kou}) Agypy daxds

t
+2k202/0 /QuftAqﬁ(btdxds,

from which we have

/ / b(u}) Apdy duds

— /(1—2k’2ut())V¢() Vr(t) da + 2kac® /Vut Vo(t)di(t) dx
+02/0 /Q(lkazgu;‘)VqSquSt d$d872k202/0 /QVuf~V¢t¢t dzds

t t
— 2kyc? / / uf, Vo - ¢y drds — 2kac? / / Vuy, - Voo dads.
0/ 0 Jo

Similarly to the proof of uniqueness for the linear problem in Section 3, we then have

t
/O IVa(up)dull2s ds + [ Vill2 oo 12,

S22y + (14 gl Lo (oo V0]l oo (22) IV il oo (12)
+ VUi oo ooy VAl oo (£2) |0t oo (£2)
+ ||Uf|\Loo(Loo)||V¢tH2L2(L2) + VUil Lo (£oo) IVt 212y |t 212
+ HuthLQ(LOO)||v¢||L2(L2)||¢t||L°°(L2) + ”vu:t”LQ(L‘*)||V¢||L°°(L2)||¢t||L2(L4)~
We note that

||fHL2(L2) S ||¢:||LOO(L4)||Utt||L2(L4) + H¢:||L°0(L2)||AU||L°°(L°°)
+ V™| oo 2y IVUz [ L2 ooy + VU™ || Loo(2o0) IV | L2(12)-

Therefore, from (B.1) by employing Young’s and Gronwall’s inequalities, and the fact that u*, v*, v € BXB,
we conclude that

t
/ ||¢tt||L2 dS + ||v¢tHLoo(L2) <R2 </0' ||¢tt||i2 dS + ||v¢t||ioo(L2)> .

Thus, one can guarantee strict contractivity of the mapping 7 in the norm of the space W (0, T; H}(£2))N
HY(0,T; L*(2)) by reducing the radius R. O
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