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Relaxation fundamentally determines the operation speed and energy efficiency of spintronic and
spinorbitronic devices. We develop a theory of the longitudinal contribution to the relaxation of domain
walls in ferromagnetic films of any thickness with the Dzyaloshinskii-Moriya interaction, which allows
quantitative comparison with experiments. We show that the longitudinal contribution increases with a
decrease of the transversal relaxation (e.g., the Gilbert constant). We predict a substantial enhancement
of the contribution of the longitudinal relaxation to the damping of magnetic solitons with a decrease of
the film thickness. We demonstrate that for ultrathin ferromagnetic films, the contribution of the longitu-
dinal relaxation to the damping of domain walls is comparable to or stronger than any other traditional
transversal mechanisms, including spin pumping. Although in this work we focus on the analysis of lon-
gitudinal relaxation for domain walls, in ultrathin samples it should be taken into account also for other
magnetic solitons including skyrmions. This work adds to the fundamental understanding of the design
and optimization of spintronic and spinorbitronic devices based on moving solitons in ultrathin films.
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The phenomenological theory of magnetization dynam-
ics was formulated in 1935 [1]. The famous Landau-
Lifshitz equation in the original form or with Gilbert damp-
ing term conserves the magnetization length, allowing
only its transversal evolution. Since then, the transver-
sal picture of magnetization relaxation has become
overwhelmingly successful when describing linear mag-
netic excitations (spin waves) and motion of topologically
protected magnetic excitations (magnetic solitons) includ-
ing domain walls (DWs), bubbles, droplets, and recently
skyrmions.

Still, in any magnetic system, a change of the magne-
tization length is allowed [2–7]. The prominent example
of longitudinal evolution is laser-induced ultrafast magne-
tization dynamics [4–7]. The transversal and longitudinal
evolution of magnetization are fundamentally different
[3,7]. In particular, they have different relaxation times.
Furthermore, while the longitudinal evolution of magne-
tization can be only dissipative, the transversal one can be
also nondissipative.

For solitons, the change of the magnetization length,
M , occurs due to anisotropic magnetic interactions [2,3].
Arriving at a given location, solitons spend energy to
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create a deviation (dip) of the magnetization length by
the longitudinal (with respect to the magnetization) com-
ponent of the effective field (Fig. 1). The magnetization
length at this location is restored as soon as the soliton
moves away. The process of changing the magnetiza-
tion length is irreversible and leads to the dissipation of
energy. This is a generic mechanism of energy dissipation,
which is valid when describing dynamics of solitons in
any ordered medium. It is known to be dominant for the
dynamics of vortices in superfluid helium [8] and type II
superconductors [9]. Investigations performed for bulk fer-
romagnets with the Landau-Lifshitz-Bar’yakhtar (LLBar)
[3,10–13] and the Landau-Lifshitz-Bloch (LLB) [14] equa-
tions for solitons without structural suppression of M (e.g.
DWs) sufficiently far from the Curie temperature have not
identified any significant contribution from longitudinal
relaxation. In bulk materials, up to now only two examples
are known where the transversal relaxation picture fails to
describe the dynamics of magnetic solitons properly. The
longitudinal relaxation dominates the dynamics of solitons
at temperatures close to the Curie temperature [2,15–17].
The motion of Bloch points (with strong structural sup-
pression of M ) is another example where the longitudinal
dynamics is important for bulk ferromagnets even far from
the Curie temperature [18].

It is established that in magnetic films with thicknesses
of the order of 1 nm, which are in contact with efficient
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FIG. 1. Longitudinal relaxation is related to the appearance of
the dip in the magnetization length, |M|, at the location of a DW.
This dip is in the range of χ‖HK , where χ‖ is the longitudinal
magnetic susceptibility and HK is the anisotropy field. The dip
follows the moving DW. Black arrows indicate the evolution of
|M| for a moving DW. In ultrathin films, χ‖ is enhanced.

spin sinks, the transversal damping constant is dominated
by the spin pumping mechanism [19–21]. However, the
damping constant extracted from DW mobility experi-
ments, where the moving dip of M exists, for a prototypical
system of Pt/Co/oxide with Co thickness in the range of 1
nm [22,23] is about five times larger than from the spin
pumping mechanism [24,25]. This discrepancy cannot be
explained in the framework of the transversal relaxation
mechanism and calls for an exploration of the longitu-
dinal dynamics. In contrast to bulk magnets, there is no
theory available for the description of the longitudinal
magnetization dynamics of nonlinear magnetic excitations
like DWs and skyrmions in ultrathin films. This theory is
highly demanded for the communities working in spin-
tronic and spinorbitronics given the primary relevance of
moving magnetic solitons for prospective memory and
logic devices.

Here, we develop a theory of the longitudinal contri-
bution to the relaxation of DWs in ferromagnets, which
allows quantitative comparison with experiments. We
describe how the longitudinal relaxation changes with the
crossover from bulk (3D) to ultrathin films (2D limit). In
this respect, our theory can be used for the analysis of thin
films of any thickness. We demonstrate that in ultrathin
films, the longitudinal magnetic susceptibility, and conse-
quently the longitudinal relaxation, is enhanced. We show
that for ultrathin Co films at a broad range of tempera-
tures the longitudinal relaxation for magnetic solitons is
much stronger than the standard transversal Gilbert or non-
local contributions and is comparable to or even stronger
than the spin pumping contribution, which is traditionally
considered to be dominant. The enhancement is related
to the two-dimensional behavior of the thermal gas of
magnons in ultrathin magnetic films, which is more sensi-
tive to external stimuli compared with its bulk counterpart
[26–30]. The enhancement of the longitudinal relax-
ation mechanism discussed here is generic and should
be valid for other magnetic solitons including skyrmions.

We demonstrate that properties of the transversal and
longitudinal contributions to damping of solitons are fun-
damentally different concerning the response of solitons to
external stimuli.

We consider a ferromagnetic film with perpendicular
anisotropy and Dzyaloshinskii-Moriya interaction (DMI)
stemming from the asymmetry at interfaces. The film
accommodates a DW and its position can be manipulated
with external out-of-plane magnetic fields H and (or) spin
currents, flowing perpendicular to the DW. We calculate
the influence of the longitudinal relaxation mechanisms on
the energy dissipation, mobility of DWs μ, Walker field
HW, and response of DWs to the spin current. The free
energy density, �, which accounts for the change of the
magnetization length, can be written as [3]

� = A (∇M)2 + (M − M0)
2 /2χ‖ − KM 2

z

+ D (MzdivM − (M · ∇) Mz) − HMz, (1)

where A is the exchange stiffness, M is the magnetization
vector, M = |M| is the length of M, M0 is the equilib-
rium value of the magnetization at given temperature T,
χ‖ is the longitudinal magnetic susceptibility at thermody-
namic equilibrium at zero magnetic field, K is the easy-axis
anisotropy constant [the easy axis is oriented along the z
axis (Fig. 1)], and D is the DMI constant.

To describe local and nonlocal relaxations, transversal
and longitudinal dynamics within a unified phenomeno-
logical approach, the LLBar equation has no alternatives.
Therefore, we describe the evolution of M in the frame of
the LLBar equation [3], additionally accounting for a spin
current [14]:

Ṁ = −γ [M × Heff] + γ M α̂lHeff − γ M∇ · (λ̂nl∇Heff)

− (u · ∇)M + (1/M )βM × [(u · ∇)M], (2)

where γ is the gyromagnetic ratio, Heff = −δ�/δM is
the effective magnetic field, α̂l is the local relaxation ten-
sor, λ̂nl is the nonlocal relaxation tensor, β is the ratio of
nonadiabatic to adiabatic spin torque, u = (gμBP/2eM )j,
g is the Landé factor, μB is the Bohr magneton, P is
the polarization, and j is the current density. Following
Garanin and co-workers and Evans and co-workers, we
choose α̂l in a way that the longitudinal evolution is deter-
mined by the longitudinal relaxation constant α‖ [31–33],
whereas the transversal dissipative evolution is determined
by the transversal local relaxation constant (the enhanced
Gilbert damping), which includes the Gilbert αG and the
spin-pumping αsp contributions. The nonlocal relaxation
is supposed to be isotropic [34]; therefore λ̂nl is replaced
by the nonlocal relaxation constant λnl. When χ‖ = 0 and
λnl = 0 (the longitudinal and nonlocal relaxations are dis-
regarded), the LLBar equation in the form of Eq. (2)
reduces to the Landau-Lifshitz equation with the standard
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Gilbert relaxation term (LLG equation). When λnl = 0, Eq.
(2) reduces to the LLB equation.

We restrict our analysis [34] to the case when the change
of M at the DW location is small (Fig. 1), χ‖HK � M ,
where HK = 2MK is the anisotropy field. Describing the
dynamics of M in the frame of the LLBar equation, the
magnetic-field- and spin-current-induced velocity of the
DW in a flow regime can be written in a standard form
[35]:

v = μH + |u|β/αeff, μ = γ	/αeff, (3)

where 	 ≈ √
A/K is a DW’s thickness. Still, the standard

transversal contributions to damping in this equation for
v are replaced by the effective relaxation constant αeff =
α⊥

l + α⊥
nl + α

‖
l + α

‖
nl. Here, the enhanced Gilbert damp-

ing α⊥
l = αG + αsp and α⊥

nl = λnl/3	2 [3,10–13,36] are
well-known transversal local and nonlocal relaxation con-
tributions, and α

‖
l is the longitudinal local and α

‖
nl the lon-

gitudinal nonlocal contributions to the damping of DWs.
The longitudinal contributions are the focus of our study
and originate from the evolution of M . The presence of
α

‖
l and α

‖
nl leads to a decrease of the mobility, an increase

of the Walker field, HW = vW/μ, where vW is the Walker
velocity, and a lowering of the efficiency of the interaction
of the spin current with the DW.

For the case of a dominant local transversal relaxation
α⊥

nl � α⊥
l , α‖

l is larger than α
‖
nl, and the effective relaxation

constant is αeff ≈ α⊥
l + α

‖
l , where for the DMI field HD =

2MD/	 lower than the critical DMI field H c
D = 4HK/π

[37], the expression for α
‖
l takes the form [34]

α
‖
l = 32

15

F (v) χ2
‖ H 2

K

α‖M 2

(
1 ± 15

16
|HD|
H c

D

√
1 − v2

v2
W

+ 5
2π2

[
HD

H c
D

]2 [
1 − v2

v2
W

])
. (4)

Here, α‖ is linked with the enhanced Gilbert damping. In
the frame of the model of a classical spin interacting with
a bath, α‖ = 2Tα⊥

l /(3TC − T) at any temperature below
TC [31–33], where TC is the Curie temperature. There-
fore, in contrast to previous studies of the longitudinal
relaxation, the longitudinal contribution to the damping of
DWs is rigorously connected with the experimentally mea-
sured transversal relaxation constant. Note that, in contrast
to the transversal picture, the longitudinal contribution to
the damping of DWs increases as the enhanced Gilbert
damping decreases.

We note that a nonzero HD leads to the dependence
of α

‖
l on the velocity. The plus and minus signs in Eq.

(4) correspond to the upper and lower branches of DWs
[38], which have different structure and energy, and, as
is seen from Fig. 2(a), different α

‖
l . In the flow regime,

(a) (b)

FIG. 2. (a) Influence of the DMI field, HD, on the velocity
dependence of α

‖
l [Eq. (4)]. (b) Numerically calculated F(v),

describing the decrease of the contribution of the longitudinal
relaxation mechanism due to the effect related to the lagging
of M . Two limiting cases are presented: the dominant local
(α⊥

l � α⊥
nl ) and nonlocal (α⊥

l � α⊥
nl ) relaxation processes.

only the minus sign is realized and a nonzero HD results
in a decrease of α

‖
l . In the precessional regime (Walker

breakdown, H > HW), M rotates around the z axis, leading
to the oscillatory motion of the DW with interchanges of
the signs of type “−” ⇒ “+” ⇒ “−” and so on. When the
DW is on the upper branch in Fig. 2(a), a nonzero DMI
results in an increase of α

‖
l .

In addition to the discussion above, there is another
effect that leads to the dependence of α

‖
l on v. It is related

to the process of lagging of M from its equilibrium value.
This effect is described by the velocity-dependent function
F (v) and characterized by the critical velocity vc = 	/τ0,
where τ0 = χ‖/γ M

(
α‖ + 3α⊥

nl

)
is the characteristic relax-

ation time for M to its equilibrium value [7]. When the
DW moves with velocity v, the longitudinal component
of the effective field acts on M at a given point during
time 	/v. If this time is comparable to or shorter than
τ0, M lags behind its equilibrium value. This leads to a
decrease of the dip in M within the DW. Consequently, the
longitudinal relaxation mechanism becomes less effective.
The numerically calculated F(v) for the case of dominant
local relaxation processes is presented in Fig. 2(b) with a
solid line [34]. F(v) decreases with an increase of v. For
v � vc, this decrease is not pronounced and F � 1. For
v � vc, the longitudinal relaxation mechanism is switched
off as F tends to 0.

A similar discussion is valid for the case of the dominant
nonlocal relaxation processes [34].

The dissipation mechanism related to the appearance
of the dip in the magnetization length is generic and
applicable to any magnetic soliton. This dip at a loca-
tion of both DWs and solitons is in the range of χ‖HK
and is a characteristic of a system (but not of a soliton).
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Analogously to DWs, this dip follows a moving soliton.
Therefore, when the longitudinal relaxation is relevant for
DW dynamics, we predict that the longitudinal relaxation
should be relevant also for solitons, including skyrmions.

In this respect, for the description of soliton dynamics,
the LLG equation, which accounts only for the transversal
relaxation, is physically incomplete. Still, when the change
of the magnetization length at the domain wall location is
small, χ‖HK � M , the LLG equation can be used for the
description of the dynamics of domain walls. However,
to recover the physical consistency of the LLG equation,
instead of standard transversal contributions to the damp-
ing, the effective relaxation constant (a sum of transversal
and longitudinal contributions) should be taken. This effec-
tive relaxation constant enters the expressions for every
standard parameter describing the dynamics of domain
walls, e.g., a mobility, a response of domain walls to spin
current, a Walker field. For topologically protected solitons
with a finite topological charge (like skyrmions), the effec-
tive relaxation constant calculated for this soliton enters
to the dissipation tensor in the Thiele equation. Dependent
on the regime, the Dzyaloshinskii-Moriya interaction can
enhance or suppress the longitudinal relaxation.

The key parameter for the analysis of the longitudinal
contributions is the longitudinal magnetic susceptibility,
χ‖. We calculate the temperature dependence χ‖(T) =
dM (H , T)/dH at H = 0 within the spin wave approach,
which is proven to describe thermodynamic properties of
ultrathin ferromagnetic films sufficiently far from the Curie
temperature [26–30]. The external magnetic field H and
the anisotropy field HK enter the expression for M (H , T)

via the spin wave gap ω0 = γ (HK + H). For the limiting
cases of two-dimensional [30] and three-dimensional [39]
ferromagnets and for temperatures higher than the excita-
tion temperature of the spin wave gap (of the order of 1 K),
χ‖ reduces to

χ2D
‖ = μB

4πAMt
kB T
�ω0

, χ3D
‖ = 0.028μBkB T

(AM )3/2�
√

γω0
, (5)

where kB is the Boltzmann constant and t is the film thick-
ness. χ2D

‖ depends on t, which can be explained as follows.
The change of M due to H is determined by the change
of the magnon’s density [26–30]. The number of magnons
in one quantum state depends only on their energy. Thus,
the number of magnons in two-dimensional films is inde-
pendent of t. Consequently, the magnon’s density and
χ‖ both increase with a decrease of the film thickness
t. For typical parameters of ultrathin Co films with t =
0.6 nm and perpendicular anisotropy at room temperature
(A = 4.8 × 10−13 cm2, HK = 10 kOe, M = 800 emu/cm3

[30]), χ2D
‖ ∼ 7.7 × 10−3, which is about 10 times larger

than χ3D
‖ ∼ 8.4 × 10−4. This enhancement of χ‖ for the

two-dimensional case is in accordance with the Mermin-
Wagner theorem, stating that for two-dimensional magnets

(a) (b)

FIG. 3. (a) The dependence of the longitudinal magnetic sus-
ceptibility χ‖ on the thickness of the magnetic film t. Solid
(dashed) lines are calculated according to χ2D

‖ [Eq. (5)]. (b)
Velocity dependence of the local longitudinal relaxation con-
stant α

‖
l for the case of ultrathin Pt/Co(0.6 nm)/oxide film for

αsp ≈ 0.06, 0.11. The inset of (b) shows the dependence of the
effective relaxation constant αeff ≈ αsp + α

‖
l on αsp.

with zero spin wave gap a long-range order is absent [27].
Additionally, we model χ‖ for HK = 5, 10 kOe and differ-
ent t [34]. Figure 3(a) demonstrates that χ‖ increases for
films with t smaller than 10 nm. For t smaller than about 2
nm, mainly spin wave modes with the wave vector parallel
to the sample plane are excited. In this case, χ‖ reduces to
χ2D

‖ and the system can be considered as two-dimensional.
In the following, we apply our theory to analyze the

experimental data on asymmetric Co sandwiches. For a
prototypical system of Pt/Co/oxide with Co thickness in
the range of t = 0.6 nm, the effective damping constant
estimated based on the magnetic-field- and spin-current-
driven DW dynamics experiments is αeff ≈ 0.32 [22] (see
discussion in the Supplemental Material [34]). The spin
pumping mechanism alone cannot explain this high value
as for these samples its contribution is about 5 times
smaller, αsp ≈ 0.06 [24,25]. Other transversal contribu-
tions to the damping of DWs, αG and α⊥

nl , for metallic
thin films are comparable [36,40–44] and substantially
smaller than αsp. Therefore, this higher damping for the
case of DWs moving in ultrathin ferromagnets cannot be
explained in the framework of the transversal relaxation
mechanism. The following estimations are performed for
the typical magnetic parameters of Pt/Co/oxide with t =
0.6 nm at room temperature: A = 4.8 × 10−13 cm2, HK =
10 kOe, M0 = 800 emu/cm3, HD/H c

D = 0.4, TC = 380 K
[34]. We demonstrate that the longitudinal relaxation con-
stant α

‖
l can be as large as 0.3 for small velocities [Fig.

3(b)]. This results in the effective relaxation constant αeff =
αsp + α

‖
l of about 0.36. The contribution of the longitudi-

nal relaxation decreases with an increase of the velocity of
the moving DW, but remains larger than the spin pumping
contribution. For a typical velocity of DWs of 100 m/s
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(vW ≈ 200 m/s, vc ≈ 220 m/s), αeff is about 0.27. Inter-
estingly, this estimation is insensitive to the change of
the αsp. Even when αsp is increased to 0.11 (typical for
asymmetric Co sandwiches with Co thickness of 0.3 nm
[25]), Fig. 3(b) shows that α

‖
l ≈ 0.15, which results in

αeff ≈ 0.26. The inset in Fig. 3(b) shows the dependence
of αeff = αsp + α

‖
l on αsp calculated at a typical velocity

of the DWs of 100 m/s. The reason for the observation
that αeff weakly decays with αsp is that the critical veloc-
ity vc ∝ αsp. Therefore, for larger αsp the decrease of α

‖
l

due to the lagging of M is less pronounced. We note that
the longitudinal contribution to the DW damping remains
larger than αsp, highlighting the relevance of the longitu-
dinal relaxation mechanism in explaining the relaxation
of DWs in ultrathin magnetic films with DMI. Assuming
αsp to be temperature independent, the analysis of α

‖
l for

different T demonstrates that α
‖
l is larger than αsp from

T ≈ 100 K up to TC. To compare, for typical parameters of
bulk Co and αG = 0.01 at room temperature, α

‖
l is negligi-

ble (of the order of 1% of αG). As χ2D
‖ ∝ 1/t and αsp ∝ 1/t,

the longitudinal contribution decays with an increase of the
film thickness, α

‖
l ∝ 1/t. This prediction is in line with a

smaller effective relaxation constant αeff ≈ 0.13 extracted
from DW motion experiments for thicker Pt/Co/oxide sam-
ples with Co thickness t = 1 nm [23]. When applying our
model to the experimental parameters relevant for these
samples [23], we predict αeff ∼ 0.1, which is close to the
experimental estimate.

In conclusion, we identify that the contribution of the
so far neglected longitudinal relaxation to the damping of
solitons without strong structural suppression of the mag-
netization length (like DWs, skyrmions) in ultrathin (2D)
magnetic films sufficiently far from the Curie tempera-
ture is comparable to or even stronger than that of any
other transversal mechanisms discussed before, including
spin pumping. This enhancement is associated with the
Mermin-Wagner theorem and caused by a higher sensitiv-
ity of 2D ferromagnets to an effective field compared with
their 3D counterparts.

While the transversal evolution of the magnetization
can be nondissipative, the longitudinal one can be only
dissipative. This fundamental difference leads to a coun-
terintuitive situation: the longitudinal contribution to the
damping of a soliton increases as the enhanced Gilbert
constant (measured, e.g., from the ferromagnetic reso-
nance technique) decreases. Thus, a smaller value of the
enhanced Gilbert constant does not necessarily lead to
faster motion of a soliton. There is an optimal value of
the enhanced Gilbert constant, for which the response of
a soliton to external stimuli is maximized.

Our results are also valid for technologically relevant
multilayer stacks consisting of ultrathin magnetic films,
when the interaction between magnetic layers is suffi-
ciently small.
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