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Abstract. We remark that, as in the symplectic case, the Hofer norm on the
Hamiltonian group of a Poisson manifold is non-degenerate. The proof is a
straightforward application of tools from symplectic topology.

Let (M, π) be a Poisson manifold. The Hamiltonian isotopy associated to a
smooth family of compactly supported functions f ∈ Cc∞ ([0, 1] × M ) is denoted by
{ϕtf }. The Hamiltonian group of (M, π) is

Ham(M, π) := ϕ1f : f ∈ Cc∞ ([0, 1] × M ) .
The length of a family f ∈ Cc∞ ([0, 1] × M ) is defined as
Z 1

sup ft − inf ft dt.
l(f ) :=
0

Finally, define the Hofer norm on Ham(M, π) by

ν(Φ) := inf l(f ) : f ∈ Cc∞ ([0, 1] × M ), ϕ1f = Φ .

The following compatibility properties with the group structure are easily verified
(a) ν(Φ) = ν(Φ−1 ),
(b) ν(Φ ◦ Ψ) ≤ ν(Φ) + ν(Ψ),
(c) ν(Φ ◦ Ψ ◦ Φ−1 ) = ν(Ψ),
for Φ, Ψ ∈ Ham(M, π) (see e.g. [8]), but the non-degeneracy of ν is non-trivial:
(d) ν(Φ) = 0 if and only if Φ = Id.
In the symplectic case, Hofer [3] proved non-degeneracy for the standard symplectic structure on R2n , then Polterovich [6] extended it to a larger class of symplectic
manifolds, and Lalonde and McDuff [4] completed the proof for all symplectic manifolds. All proofs rely on hard methods from symplectic topology.
Below, we show that the Poisson case can be easily reduced to the sympletic
case, by restricting to a symplectic leaf. This was first claimed by Sun and Zhang
[8], in the setting of regular Poisson manifolds. Actually, in the proof they do not
use regularity, but assume that the restriction of a compactly supported function
to a leaf is compactly supported, however, without stating this explicitly. This
property is equivalent to the leaves being closed submanifolds (which implies that
they are embedded submanifolds, see e.g. [2]). This mistake was noticed by Rybicki
[7], who obtained non-degeneracy for Poisson manifolds whose closed leaves form a
dense set. Moreover, Rybicki [7] proved non-degeneracy also for integrable Poisson
manifolds, by using the displacement energy techniques on the symplectic groupoid.
By adapting this proof to a sympelctic leaf, we obtain non-degeneracy in general.
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Proof of (d). Let Φ ∈ Ham(M, π), Φ 6= Id, and fix x ∈ M such that Φ(x) 6= x.
Let i : L → M be the symplectic leaf passing through x, where i denoted the
inclusion. Let B ⊂ L be an open ball with compact closure such that Φ(B)∩B = ∅.
Consider f ∈ Cc∞ ([0, 1] × M ) such that Φ = ϕ1f . If M is compact, by replacing
ft by ft − ft (x), we may assume that ft (x) = 0. Consider a compactly supported
smooth function λ : L → [0, 1], such that λ = 1 on the set ∪t∈[0,1] ϕtf (B) ⊂ L.
Then g := λ(f ◦ i) belongs to Cc∞ ([0, 1] × L) and its flow satisfies ϕtg |B = ϕtf |B ; in
particular ϕ1g (B) ∩ B = ∅.
Notice that since f is compactly supported it follows that supy∈M ft (y) ≥ 0, for
all t ∈ [0, 1]. In the compact case this holds by our assumption that ft (x) = 0.
Therefore
sup ft (y) ≥ sup λ(y)ft (y) = sup gt (y), t ∈ [0, 1].
y∈M

y∈L

y∈L

Applying the same argument to −f , we get that
inf ft (y) ≤ inf gt (y),

y∈M

y∈L

t ∈ [0, 1].

Hence, we obtain that E(B) ≤ l(g) ≤ l(f ), where E(B) is the displacement energy
(see for example [5]) of B inside the symplectic manifold L. Thus
E(B) ≤ ν(Φ),
and since 0 < E(B) (see [4, Theorem 1.1]), we obtain (d).
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