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4 Curvature
The notion of curvature was originally introduces by Gauss in the context of lines in R2 and R3

and surfaces in R3. The modern approach via connections is highly abstract (and hence very
powerful), but we shall recover at least some of the original ideas of Gauss c.s. later on.

4.1 Curvature tensor for general connections
For any connection ∇ on a vector bundle E→M, the following map, indexed by X ,Y ∈ X(M),

Ω(X ,Y ) : Γ(E)→ Γ(E); (4.1)
Ω(X ,Y ) := [∇X ,∇Y ]−∇[X ,Y ] (4.2)

is easily verified to be C∞(M)-linear in its argument s ∈ Γ(E).148 Furthermore, Ω(X ,Y ) is
C∞(M)-linear in X and Y , so that we may equivalently write Ω as either of the following maps:

Ω̃ : X(M)×X(M)×Γ(E)→ Γ(E); (4.3)

Ω̂ : X(M)×X(M)×Γ(E∗)×Γ(E)→C∞(M), (4.4)

where the first is three times C∞(M)-linear and the second four times so; the relationship between
Ω as defined in (4.3) and Ω̂ is induced by a pointwise version of the (linear) isomorphism

Hom(V ∗×V ,R) ∼= Hom(V ,V ); (4.5)
ϕ̂(θ ,v) = θ (ϕ(v)). (4.6)

In the usual basis (∂µ) associated to a chart defining coordinates (xµ) we may write (4.1) as

[∇µ ,∇ν ]s(x) = Ωµν(x)s(x), (4.7)

where Ωµν = Ω(∂µ ,∂ν) is a linear map Ex→ Ex. Relative to a local frame (ua) for Γ(E) in
which s(x) = sa(x)ua(x), with sa ∈C∞(U), see text after (3.56), we may therefore write

[∇µ ,∇ν ]sa(x) = Ωa
bµν(x)s

b(x), (4.8)

where, switching to the version (4.4), we have the coordinate- and basis-dependent expression

Ωa
bµν = Ω̂(∂µ ,∂ν ,eb,ωa). (4.9)

Thus the curvature tensor Ω̂ defined by a connection ∇ has four indices: the first two (i.e. a and
b) refer to a basis of Ex, whereas the last two (viz. µ and ν) refer to a basis of TxM.

In the case E = T M the distinction between (µ ,ν) and (a,b) is blurred. Our maps become

Ω(X ,Y ) : X(M)→ X(M); Z 7→ ([∇X ,∇Y ]−∇[X ,Y ])Z; (4.10)

Ω̂ : Ω(M)×X(M)×X(M)×X(M)→C∞(M); (θ ,Z,X ,Y ) 7→ θ (Ω(X ,Y )Z), (4.11)

where in (4.11) we adopt the convention of moving Γ(E∗) = Ω(M) in (4.4) to the front.149

148It follows that Ω(X ,Y ) defines a cross-section of Γ(Hom(E,E)).
149Regarding a connection as a map ∇ : Ωp(E)→Ωp+1(E), as in footnote 145, the corresponding curvature is

simply defined as ∇2 : Ωp(E)→Ωp+2(E), so that ∇2u = R∧u for some R ∈Ω2(E).
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4.2 Riemann tensor

We now fix a metric on M and take ∇ to be the Levi-Civita connection on T M defined by g.
Denoting Ω̂ by Riem (or R), we obtain the Riemann tensor Riem ∈ X(3,1)(M), defined by

Riem(θ ,Z,X ,Y ) := θ (Ω(X ,Y )Z) = θ ([∇X ,∇Y ]−∇[X ,Y ])Z). (4.12)

In coordinates, where Rρ

σ µν = Riem(dxρ ,∂σ ,∂µ ,∂ν) and [∂µ ,∂ν ] = 0, we therefore have

[∇µ ,∇ν ]Zρ = Rρ

σ µνZσ ; (4.13)

Rρ

σ µν = Γρ

σν ,µ −Γρ

σ µ ,ν +Γρ

µτ Γτ
νσ −Γρ

ντ Γτ
µσ , (4.14)

where the Christoffel symbols are defined by (3.25), i.e., this time in Greek indices,

Γρ

µν = 1
2gρσ (gσ µ ,ν + gσν ,µ −gµν ,σ ). (4.15)

A (semi) Riemannian manifold (M,g) is locally flat (or locally isometric to a flat space) if
each point x ∈M has a coordinate nbhd U with a chart ϕ : U →Rn and associated coordinates
xµ = ϕµ(x), see Definition 2.1.2, in which the metric is flat, i.e. gµν(x) = δµν for each x ∈U in
the Riemannian case, gµν(x) = ηµν in the Lorentzian case, etc. The first nontrivial result about
the Riemann tensor (which was known to Riemann himself) is that it detects local flatness:

Theorem 4.1 A (semi) Riemannian manifold (M,g) is locally flat iff Riem = 0, that is,

Rρ

σ µν = 0. (4.16)

One direction is trivial: if gµν(x) = δµν (etc.), then the Christoffel symbols (4.15) vanish, so
that (4.14) vanishes. Proving local flatness from Rρ

σ µν = 0 relies on the Frobenius theorem:150

Lemma 4.2 If Riem = 0, i.e. (4.16), then each x ∈M has an open nbhd U such that for any
v ∈ TxM there is a unique vector field Z ∈ X(U) with Z(x) = v and ∇X Z = 0 for all X ∈ X(U).

Proof. We just sketch the proof and explain the role of (4.16). In local coordinates (xµ) the
condition ∇X Z = 0 for all X is equivalent to ∇µZρ = 0 for all µ . One can solve

∇µZρ(x1, . . . ,xn) = 0; Zρ(x0) = vρ , (4.17)

first for µ = 1 at fixed (x2, . . . ,xn), then for µ = 2 at fixed (x1,x3, . . . ,xn), etc. The integrability
condition [∇µ ,∇ν ]Zρ = 0 for this procedure is satisfied, since by (4.13), this is the same as
Rρ

σ µνZσ = 0, which holds by assumption, as in (4.16). �

The thrust of the Frobenius theorem, then, is that the necessary condition (4.16) for the solution
of all equations ∇X Z = 0 is also sufficient. To prove the nontrivial direction of Theorem 4.1,
take an orthonormal basis (ea) of TxM (which exists because gx can be diagonalized at any point
x ∈M) and extend this to a frame (ea(y)) defined for each y ∈U (as in Lemma 4.2), so that

ea(x) = ea ∇X ea = 0, (4.18)

150This holds for any vector bundle E→M with connection ∇: if Ω = 0, then each x ∈M has an open nbhd U
such that for any v ∈ Ex there is a unique local section s ∈ Γ(U ,E) with s(x) = v and ∇X s = 0 for all X ∈ X(U). In
this generalised version the lemma is proved in e.g. Heckman (2017), Theorem 2.34
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for all X . Property (3.50) of the Levi-Civita connection then gives X(g(ea,eb)) = 0. Hence

gy(ea,eb) = gx(ea,eb) = δab, (4.19)

and similarly for other signatures, for all y∈U . In particular, the vectors (ea) remain orthonormal
throughout U and hence remain a basis of each TyM, y ∈U . Moreover, since ∇ is torsion-free,

[ea,eb] = ∇eaeb−∇ebea = 0−0 = 0. (4.20)

Using (2.34) and (2.35), this can be used to show that the flows of all vector fields ea commute,
which in turn implies that there is an open subset Vx ⊂ TxM such that the map

taea(x) 7→ ϕ
(1)
t1 ◦ · · · ◦ϕ

(n)
tn (x), (4.21)

where ϕ
(a)
t is the flow of the vector field ea emanating from x (i.e., with initial value ϕ

(a)
0 = x),

is a diffeomorphism from Vx onto its image U ′ ⊂U in M. If the image point of taea under this
map is y, we then define its coordinates to be (ya = ta).151 By construction, ea = ∂ /∂ya, so that

gy(∂a,∂b) = gy(ea,eb) = δab. �

Proposition 4.3 Any torsion-free connection satisfies the Bianchi identities:152

Ω(X ,Y )Z +Ω(Y ,Z)X +Ω(Z,X)Y = 0; (4.22)
(∇X Ω)(Y ,Z)+ (∇Y Ω)(Z,X)+ (∇ZΩ)(X ,Y ) = 0. (4.23)

For the Levi-Civita connection, these identities read

Rρ

σ µν +Rρ

µνσ +Rρ

νσ µ = 0; (4.24)

Rρ

σ µν ;τ +Rρ

στµ;ν +Rρ

σντ;µ = 0. (4.25)

Proof. The first one, in the form (4.22) using the definition (4.2), is most simply proved by taking
commuting vector-fields X , Y , and Z, such as, in coordinates, X = ∂µ , Y = ∂ν , Z = ∂σ , which
indeed leads to (4.24). One then finds that Ω(X ,Y )Z +Ω(Y ,Z)X +Ω(Z,X)Y is equal to

∇X ∇Y Z−∇Y ∇X Z +∇Y ∇ZX−∇Z∇Y Z +∇Z∇XY −∇X ∇ZY ,

which vanishes if torsion-freeness (3.47) is taken into account, which means ∇XY = ∇Y X .
The second one is usually proved by using geodesic normal coordinates, cf. §5.1. Assuming

the reader is familiar with these, at the origin of these coordinates the Riemann tensor equals

Rρ

σ µν = 1
2gρτ(∂σ ∂µgντ −∂ν∂σ gµτ + ∂ν∂τgµσ −∂µ∂τgνσ ). (4.26)

Since at the origin ∇τRρ

σ µν = ∂τRρ

σ µν , where ∇τ can even be taken inside the brackets in (4.26),
the identity (4.25) easily follows.153 �

The real nature of both Bianchi identities is that they are a consequence of the covariance property

151This construction defines geodesic normal coordinates in the special case at hand, as will be seen in §5.2.
152Continuing footnote 149, The differential Bianchi identity (4.23) simply reads ∇R = 0.
153Another, more abstract proof of (4.23) follows from Cartan’s exterior calculus and the previous footnote.
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ψ
∗
(3,1)Riemg = Riemψ∗

(2,0)g
, (4.27)

or ψ∗Riemg = Riemψ∗g, for any diffeomorphism ψ . Here ψ∗(k,l) is defined as in (2.86), and we
have indicated the dependence of the Riemann tensor on the metric. First, eq. (4.27) reads

Riemg((ψ
−1)∗θ ,ψ∗Z,ψ∗X ,ψ∗Y ) = Riemψ∗g(θ ,Z,X ,Y ). (4.28)

Using the definition (4.12) of the Riemann tensor, this follows from the underlying property

∇
ψ∗g
X Y = ψ

−1
∗ (∇g

ψ∗X (ψ∗Z)), (4.29)

where ∇g is the Levi-Civita connection for the metric g. Eq. (4.29), in turn, follows from
Theorem 3.9, notably from the uniqueness of connections satisfying

X(ψ∗g(Y ,Z)) = ψ
∗g(∇ψ∗g

X Y ,Z)+ψ
∗g(Y ,∇ψ∗g

X Z). (4.30)

To see this, one defines a connection ∇′ by ∇′XY = ψ−1
∗ (∇g

ψ∗X (ψ∗Z)) and shows that

X(ψ∗g(Y ,Z)) = ψ
∗g(∇′XY ,Z)+ψ

∗g(Y ,∇′X Z). (4.31)

Eq. (4.27) is also true for a one-parameter family ψs, i.e. ψ∗s Riemg = Riemψ∗s g; taking dψs/ds
at s = 0 yields both Bianchi identities.154 The left-hand side equals the Lie derivative LX Riemg,
where X is the vector field whose flow is ψs, and this may in term be expressed in terms of
the covariant derivatives of Riemg using (3.72). The right-hand side may be computed uses the
techniques explained in §7.2, notably (7.31) and its consequences for Riem and (7.47) - (7.49).
After lengthy calculations and multiple cancellations, one finds that both derivatives are equal iff

Xτ(Rρ

σ µν ;τ +Rρ

στµ;ν +Rρ

σντ;µ) =
1
2(∇µ(XτBρ

ντσ )−∇ν(XτBρ

µτσ )), (4.32)

where Bρ

σ µν = Rρ

σ µν +Rρ

µνσ +Rρ

νσ µ , cf. (4.24). Choosing X = 0 at some given point gives

(∇µXτ)Bρ

ντσ = (∇νXτ)Bρ

µτσ . (4.33)

Taking ∇µXτ = δ τ
µ and using Bρ

ντσ = −Bρ

τνσ inherited from Rρ

σνµ = −Rρ

σ µν , cf. (4.13), then
forces Bρ

ντσ = 0, i.e. (4.24). Putting this in (4.32) and choosing Xτ 6= 0 then gives (4.25).
We can lower the first index of the Riemann tensor to obtain Riem[ ∈ X(4,0)(M), that is,

Riem[(W ,Z,X ,Y ) = g(W , (Ω(X ,Y )Z)) = g(W , ([∇X ,∇Y ]−∇[X ,Y ])Z); (4.34)

R[
ρσ µν = gρτRτ

σ µν ≡ Rρσ µν . (4.35)

We omit the “flat” suffix. This leads to some more identities satisfied by the Riemann tensor:

Rρσνµ = −Rρσ µν ; (4.36)
Rσρµν = −Rρσ µν ; (4.37)
Rµνρσ = Rρσ µν , (4.38)

of which the first is trivial from (4.13) and hence did not require lowering indices, the second
states that each map Ω(X ,Y ) is an isometry of TxM, and the third is conceptually bizarre, since,
as we explained, the first pair of indices plays a completely different role from the second (and
yet one can apparently interchange them). Its proof is straightforward from (4.14) - (4.15), but to
avoid a long calculation one may again want to use using geodesic normal coordinates, in which,
from (4.26), at the origin one has an expression rapidly yielding (4.38), namely

Rρσ µν = 1
2(∂σ ∂µgνρ −∂ν∂σ gµρ + ∂ν∂ρgµσ −∂µ∂ρgνσ ). (4.39)

154See Kazdan (1981). Einstein’s contracted Bianchi identity (7.56) will be proved separately in §7.2.
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4.3 Sectional curvature and Theorema Egregium
All information in the Riemann tensor is in the so-called sectional curvature. Here is the key:155

Proposition 4.4 The (pointwise) Riemann tensor Riemx ∈ (T ∗x M)⊗4 is equivalent to a map

R̂iemx : Λ2TxM→ Λ2TxM, (4.40)

which is linear and self-adjoint (i.e. symmetric) with respect to the inner product

〈X1∧X2,Y1∧Y2〉x := gx(X1,Y1)gx(X2,Y2), (4.41)

where X ∧Y := 1
2(X⊗Y −Y ⊗X). Thus Riemx is specified by the associated quadratic form

Qx : Λ2TxM→R; X ∧Y 7→ 〈X ∧Y , R̂iemx(X ∧Y )〉x = Riemx(X ,Y ,X ,Y ). (4.42)

Proof. We first show that Riemx is equivalent to a linear map

R̃iemx : TxM⊗TxM→ TxM⊗TxM. (4.43)

1. Recalling (4.1) - (4.2) and (4.10), we have Ωx(X ,Y ) ∈ Hom(TxM,TxM) by definition.

2. Linear extension of θ ⊗ v 7→ (w 7→ θ (w)v gives an isomorphism V ∗⊗V
∼=→ Hom(V ,V ).

3. A metric on V gives V ∗ ∼= V canonically (cf. §2.3), so that Hom(V ,V ) ∼= V ⊗V .

By the symmetry (4.38), the map (4.43) is self-adjoint with respect to the bilinear form

〈X1⊗X2,Y1⊗Y2〉x = gx(X1,Y1)gx(X2,Y2). (4.44)

Because of the symmetries (4.36) - (4.38), both the map R̃iemx and the bilinear form (4.44)
restrict to the linear subspace Λ2TxM ⊂ TxM⊗TxM, without any loss of information. �

Explicitly, the map (4.40) is given by linear extension of

R̂iemx : ∂µ ∧∂ν 7→ gασ Rρ

σ µν∂ρ ∧∂α . (4.45)

It is easy to show that X ,Y ∈ TxM are linearly independent iff Px(X ∧Y ) 6= 0, where

Px(X ∧Y ) := gx(X ∧Y ,X ∧Y ) = gx(X ,X)gx(Y ,Y )−gx(X ,Y )2 (4.46)

is the square of the (metric) area of the parallelogram in TxM with sides X and Y , up to a sign.

Definition 4.5 If Px(X ,Y ) 6= 0, the sectional curvature Cx(X ∧Y ) of the X-Y plane is given by

Cx(X ∧Y ) :=
Qx(X ∧Y )
Px(X ∧Y )

=
Riemx(X ,Y ,X ,Y )

gx(X ,X)gx(Y ,Y )−gx(X ,Y )2 . (4.47)

155Let V be a (real) vector space. Defining τ : V ⊗V →V ⊗V by linear extension of v⊗w 7→ w⊗ v, the space
Λ2V ≡ V ⊗A V ⊂ V ⊗V is the antisymmetric part of V ⊗V , defined as the eigenspace of τ with eigenvalue -1.
Furthermore, if T : W →W is linear and symmetric with respect to some inner product 〈·, ·〉 on W , i.e., 〈X ,TY 〉=
〈T X ,Y 〉 for all X ,Y ∈W , then the associated quadratic form Q : W →R is defined by Q(X) = 〈X ,T X〉. The map
T may be then be recovered from Q (and the inner product) via the formula 〈X ,TY 〉= 1

4 (Q(X +Y )−Q(X−Y )).
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The specific combination in (4.47) makes Cx(X ∧Y ) independent of the choice of X and Y within
the plane (in TxM) they span, and hence makes Cx a function of that plane only. Moreover,
Proposition 4.4 shows that we may interchangeably use either the Riemann tensor itself or its
associated sectional curvatures. For an orthonormal pair X = ea, Y = eb we simply have

Cx(ea,eb) = Riemx(ea,eb,ea,eb). (4.48)

We now explain how the notion of sectional curvature is related to the classical differential
geometry of surfaces, especially through the famous Theorema Egregium of Gauss from 1828.

The classical theory of surfaces Σ⊂R3 was largely based on local constructions. Let U ⊂R2

be open and let F : U→R3 be a smooth map that is a homeomorphism onto its image F(S) = Σ
and also has injective derivatives F ′u : TuS→ TF(u)M for all u ∈ S (equivalently, F ′u has rank 2).

If u = (u1,u2) are the standard coordinates on U , we simply say F(u1,u2) ∈ Σ ⊂R3 has
coordinates (u2,u2), too. This gives three canonical vector fields in R3 defined on Σ, viz.156

~x1 := F ′(∂ /∂u1); ~x2 := F ′(∂ /∂u2); ~N :=~x1×~x2/‖~x1×~x2‖. (4.49)

The vectors~x1 and~x2 are tangent to Σ, whereas ~N is orthogonal to Σ. Since the pair (~x1,~x2) is
a basis of TF(u)Σ, u ∈U , the triple (~x1,~x2,~N) is a basis of TuR3 ∼= R3. Early Greek alphabet
indices α ,β etc. run through 1, 2, whereas i, j,k = 1,2,3. The following two tensors on Σ go
back to Gauss (and will be used in a similar way in the PDE approach to GR, see chapter 8):

1. The first fundamental form g̃ is the metric induced by the Euclidean metric δ on R3, i.e.

g̃αβ = g̃(∂α ,∂β ) = 〈~xα ,~xβ 〉=
3

∑
i=1

∂F i

∂uα
· ∂F i

∂uβ
. (4.50)

Note that although the (∂1,∂2) basis is orthonormal in U ⊂R2, its pushforward (~x1,~x2) to
Σ may no longer be orthonormal in R3: this depends on the embedding map F .

2. The second fundamental form or extrinsic curvature (a more telling name!) k̃ of the
embedding, is constructed as follows. First, for X = Xα~xα ∈X(Σ) we define the 3-vector

∇X~N = Xα ∂~N
∂uα

. (4.51)

If Xu ≡ XF(u) is tangent to a curve F(γ1(t),γ2(t)), then Xα = dγα /dt|t=0. We may then
also write ∇X~N(u,v) = d~N(γ1(t),γ2(t))/dt|t=0 (the notation ∇X is used because from
a “higher perspective” one uses covariant differentiation with respect to the Levi-Civita
connection defined by the flat metric δ on R3). One could also simply say that

∇X Ni = X(Ni) = Xα
∂αNi (i = 1,2,3), (4.52)

which is (3.36) with vanishing Christoffel symbols (in R3). Since 〈~N,~N〉= 1, we have

0 = X(1Σ) = X(〈~N,~N〉) = 〈∇X~N,~N〉+ 〈~N,∇X~N〉= 2〈∇X~N,~N〉, (4.53)

so that ∇X~N is orthogonal to ~N (in R3), and hence it must be tangent to Σ. This gives rise
to the Weingarten map (with a conventional minus sign for historical reasons)

W : T Σ→ T Σ; X 7→ −∇X~N. (4.54)
156Injectivity of F ′ implies that the denominator in (4.49) is nonzero.
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In terms of the Weingarten map, Gauss and Monge defined two curvature scalars, namely

K = det(W ) = κ1κ2 (Gauss curvature); (4.55)
H = tr(W ) = κ1 +κ2 (mean curvature), (4.56)

where κ1 and κ2 are the eigenvalues of W , as well as the extrinsic curvature tensor, i.e. k̃,

k̃(X ,Y ) := g̃(W (X),Y ) = −g̃(∇X~N,Y ) = −〈∇X~N,Y 〉. (4.57)

It is easy to show that the extrinsic curvature tensor thus defined is symmetric, i.e.,

k̃(X ,Y ) = k̃(Y ,X), (4.58)

which is the same as 〈∇Y~N,X〉= 〈∇X~N,Y 〉. To see this, note that 〈~N,X〉= 0 (since X and Y are
tangent to Σ and hence orthogonal to ~N), hence 0 = Y (〈~N,X〉) = 〈∇Y~N,X〉+ 〈~N,∇Y X〉. Since
∇ (as the flat Levi-Civita connection on R3) is torsion-free, we have ∇Y X = ∇XY − [X ,Y ], so

〈∇Y~N,X〉= −〈~N,∇Y X〉= −〈~N,∇XY 〉+ 〈~N, [X ,Y ]〉= −〈~N,∇XY 〉= 〈∇X~N,Y 〉. (4.59)

Here we also used 〈~N, [X ,Y ]〉= 0, because [X ,Y ] is tangent to Σ whenever X and Y are. This
computation also yields an alterative expression for k̃, which is manifestly symmetric:

k̃αβ = 〈~xαβ ,~N〉; ~xαβ ≡ ∂β~xα , (4.60)

where, in terms of F : U →R3, the components xi
αβ

of the vector~xαβ are simply given by

xi
αβ

=
∂ 2F i

∂uα∂uβ
. (4.61)

The relationship between the two curvature scalars and the two fundamental forms is

K = det(k̃)/det(g̃); (4.62)

H = tr(g̃−1k̃) = ∑
i, j=1,2

g̃i jk̃i j. (4.63)

These objects are very useful, if only because they are quite easy to compute in practice:

• In the simplest case (from which all others follow by translation and rotation), a plane in
R3 is parametrized by (x = u1,y = u2,z = 0), i.e., officially,

F1(u1,u2) = u1; F2(u1,u2) = u2; F3(u1,u2) = 0. (4.64)

The induced metric follows from (4.50) as g̃11 = g̃22 = 1, i.e.

g̃ = (du1)2 +(du2)2. (4.65)

Eq. (4.49) gives the normal as ~N = (0,0,1), which is independent of (u1,u2), so

k̃ = 0. (4.66)

Consequently, H = K = 0, as expected.
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• The cylinder Ca with radius a is defined by x2 + y2 = a2 and z arbitrary, and hence may
be parametrized by (u1,u2) = (ϕ ,z), where ϕ ∈ [0,2π ] and z ∈R, so that

(x = acosu1,y = asinu1,z = u2). (4.67)

This time the induced metric is

g̃ = a2dϕ
2 + dz2, (4.68)

whereas the normal ~N(ϕ ,z) = (cosϕ , sinϕ ,0) leads to

k̃ = −adϕ
2. (4.69)

Since g̃11 ≡ g̃ϕϕ = 1/a2, this gives

K = 0; H = −1
a

. (4.70)

This is a very natural result: the larger a is, the more the cylinder locally approximates a
plane, whose extrinsic curvature vanishes.

• Finally, the sphere S2
a is defined by x2 + y2 + z2 = a2 and hence we may define

x = asinθ cosϕ; y = asinθ sinϕ; z = acosθ , (4.71)

which of course gives the well-known “round” metric

g̃ = a2dΩ; dΩ := dθ
2 + sin2

θdϕ
2. (4.72)

The normal vector is ~N(θ ,ϕ) = (sinθ cosϕ , sinθ sinϕ , cosθ ), which gives

k̃ = −a−1g̃ = −a(dθ
2 + sin2

θdϕ
2), (4.73)

so that

K =
1
a2 ; H = −2

a
. (4.74)

Somewhat anachronistically compared to Gauss, we now define the Riemann tensor R̃δ

αγβ
in

terms of the metric g̃ on Σ as in (4.14), and lower the first index with g̃ as usual.157 Since Σ is
two-dimensional, there is just one sectional curvature, given, from (4.47), by

C =C(~x1,~x2) = R1212/det(g̃). (4.75)

In slightly modernized form, then, the Theorema Egregium of Gauss states that

K =C. (4.76)

Gauss found this theorem remarkable because it equates K, which is a priori defined extrinisically
through the Weingarten map W and hence through the embedding of Σ in R3, with C, which is
defined via the intrinsic geometry of Σ as encoded by its internal metric g̃αβ .

157This, as well as index raising, applies generally to all tensors on Σ, e.g. k̃δ
γ = g̃δβ k̃βγ . Also, k̃αγ ,β = ∂β k̃αγ .
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The proof relies on equations that are of independent interest (and will resurface in GR):

~xαβ = Γ̃γ

αβ
~xγ + k̃αβ

~N; (Gauss) (4.77)

∂α
~N = −k̃β

α~xβ ; (Weingarten) (4.78)

R̃δ

αγβ
= k̃δ

γ k̃αβ − k̃δ

β
k̃αγ ; (Gauss) (4.79)

k̃αβ ,γ + Γ̃δ

αβ
k̃γδ = k̃αγ ,β + Γ̃δ

αγ k̃βδ , (Codazzi) (4.80)

where the Γ̃γ

αβ
are the Christoffel symbols (as originally introduced!) associated to the metric

g̃ on Σ, and k̃β

α = g̃βγ k̃αγ , where (g̃βγ) is the inverse matrix to (g̃βγ), as usual. Weingarten’s
eq. (4.78) is just a restatement of (4.57), and hence is the definition of k̃αβ . Gauss’s eq. (4.77)
is simply the expansion of the 3-vectors~xαβ in terms of the basis (~xu,~xv,~N). The specific form
k̃αβ of the coefficient of ~N immediately follows from (4.60). To derive the coefficient of~xγ , let
us assume (4.77) for initially unknown coefficients Γ̃γ

αβ
. We then obtain

〈~xγ ,~xαβ 〉= Γ̃δ

αβ
〈~xγ ,~xδ 〉= g̃γδ Γ̃δ

αβ
, (4.81)

so that Γ̃γ

αβ
= gγδ 〈~xδ ,~xαβ 〉. The relation (3.25) then follows from (4.60), which yields

2〈~xδ ,~xαβ 〉= ∂β 〈~xδ ,~xα〉+ ∂α〈~xδ ,~xβ 〉−∂δ 〈~xα ,~xβ 〉. (4.82)

The Gauss–Codazzi equations (4.79) - (4.80) then follow from the integrability condition

∂γ∂β~xα = ∂β ∂γ~xα , (4.83)

i.e., ∂γ~xαβ = ∂β~xαγ . Indeed, the Gauss–Weingarten equations (4.77) - (4.78) give

~xαβγ −~xαγβ = (R̃δ

αγβ
− k̃δ

γ k̃αβ + k̃δ

β
k̃αγ)~xδ +(k̃αβ ,γ + Γ̃δ

αβ
k̃γδ − k̃αγ ,β + Γ̃δ

αγ k̃βδ )~N, (4.84)

so that Gauss’s equation (4.79) is the component of (4.83) tangential (to Σ), whilst Codazzi’s
equation (4.80) is its normal component. The Theorema Egregium now follows from (4.79),
since (4.76) is the same as det(k̃) = R1212. �

Take the cylinder, whose metric (4.68) is flat. Hence (4.76) is just 0 = 0 (and this is of
course also true for the plane). The sphere is less trivial; either direct computation or eq. (4.85)
and Theorem 4.8 in the next section show that R1212 = g11g22/a2 = a2 sin2

θ , so that, with
det(g̃) = a4 sin2

θ , we find R1212/det(g̃) = 1/a2, which, given (4.74), confirms (4.75) - (4.76).
Finally, we return to the interpretation of sectional curvature in general (semi) Riemannian

geometry. In §5.2 we will see that each x ∈M has a so-called normal neighbourhood Ux that is
diffeomorphic to some subspace Vx ⊂ TxM through the exponential map expx : Vx→M. Take
linearly independent vectors X ,Y ∈ TxM with associated plane span(X ,Y )⊂ TxM, and consider
the two-dimensional submanifold ΣX ,Y = expx(span(X ,Y )∩Vx) ⊂Ux of M; note that ΣX ,Y is
spanned by geodesics emanating from x that have tangent vectors in span(X ,Y ). This surface
has an intrinsically defined Gaussian curvature K, which, at x, by the Theorema Egregium is
just its sectional curvature Cx(X ,Y ). It follows that, through its associated sectional curvatures
(which in turn define it), the Riemann tensor gives the Gaussian curvatures K of all possible
two-dimensional subspaces of M. Conversely, these quantities give a complete description of
the Riemann tensor. Its original definition (4.12) through the covariant derivative, which is very
abstract, therefore has an interpretation in classical two-dimensional differential geometry.



68 Curvature

4.4 Spaces of constant curvature
As another take on sectional curvature we now turn to the important case where it is constant:

Definition 4.6 A connected semi-Riemannian manifold (M,g) has constant curvature if all
sectional curvatures Cx(X ,Y ) coincide (where x ∈M and X ,Y ∈ TxM vary).

We assume n := dim(M) ≥ 2. If n≥ 3, and Cx(X ,Y ) is independent of X and Y for each x, then
the common value of Cx(X ,Y ) is also independent of x, so that (M,g) has constant curvature.158

Proposition 4.7 If (M,g) has constant curvature, then the Riemann tensor (4.14), the Ricci
tensor (3.14), and the Ricci scalar (3.15)–see also §4.5–are given by, respectively,

Ri jkl = k(gikg jl−gilg jk); Ri j = (n−1)kgi j; R = n(n−1)k. (4.85)

where k is the common value of all sectional curvatures, called the curvature of (M,g).

Proof. Let Cx(X ,Y ) = k(x) for all X ,Y ∈ TxM and some k ∈C∞(M). In terms of the tensor

Sx(V ,W ,X ,Y ) = gx(V ,X)gx(W ,Y )−gx(V ,Y )gx(W ,X) (4.86)

of type (4,0), eq. (4.47) gives Riemx(X ,Y ,X ,Y ) = k(x)S(X ,Y ,X ,Y ). But since the Riemann
tensor is completely defined by its sectional curvatures, this implies Riemx = k(x)S. �
In n = 2 this just means that the scalar curvature is constant. Definition 4.6 becomes increasingly
stringent in higher dimension, as TxM contains an increasing number of plane whose sectional
curvatures has to be constant, but this is balanced by the larger variety of possible manifolds and
metrics, so that the classification is the same for any dimension n≥ 2. Even the Riemannian and
the Lorentzian cases look strikingly similar, as we shall see. We start with the former.159

Theorem 4.8 If n≥ 2, any (geodesically) complete and simply connected Riemannian manifold
(M,g) with constant curvature k is isometrically isomorphic to one of the following spaces:

• k = 1/ρ2 > 0: The n-dimensional sphere Sn
ρ with radius ρ > 0 in Rn+1, i.e.,

Sn
ρ :=

{
(x1, . . . ,xn+1) ∈Rn+1 |

n+1

∑
i=1

x2
i = ρ

2

}
, (4.87)

with metric inherited from Rn+1 with Euclidean metric δ (X ,Y ) = ∑
n+1
i=1 X iY i.

• k = 0: The n-dimensional Euclidean space Rn with metric δ (X ,Y ) = ∑
n
i=1 X iY i.

• k = −1/ρ2 < 0: The n-dimensional hyperboloid Hn
ρ in Rn+1 with label ρ > 0 defined

by

Hn
ρ :=

{
(x0,x1, . . . ,xn) ∈Rn+1 | −x2

0 +
n

∑
i=1

x2
i = −ρ

2, x0 > 0

}
, (4.88)

with metric inherited from Rn+1 with Minkowski metric η(X ,Y ) = −X0Y 0 +∑
n
i=1 X iY i.

In both Sn
ρ and Hn

ρ , the geodesics are the intersections with a plane in Rn+1 through zero.

158See footnote 660 in §A.5 for a proof, or Corollary 2.2.7 in Wolf (2011), which is a classic on spaces of constant
curvature in any signature. For the Riemannian case see also the beautiful treatment by Vinberg et al. (1993).

159For us, saying that M is simply connected also implies, by convention, that M is connected.
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In n = 2, where these spaces were first discovered,160 H2
ρ is often realized as the Poincaré disc,

D2
ρ = {(u,v) ∈R2 | u2 + v2 < 4ρ

2}, (4.89)

equipped with the metric (which is already given by Riemann in his 1854 Habilitation lecture)

ds2 = 4 · du2 + dv2

(1+ 1
4k(u2 + v2))2 , (4.90)

where k =−1/ρ2. The Poincaré disc has been turned into art in a famous woodcut by Escher:161

Circle Limit IV (Heaven and Hell) by M.C. Escher, showing the Poincaré disc

Independently of Bolyai and Lobachevskii, Riemann probably found the hyperbolic metric as
follows: stereographic projection of S2

ρ from the north pole onto the z = 0 plane in R3, i.e.

(x,y,z) 7→ (u,v,0); u =
ρx

ρ− z
; v =

ρy
ρ− z

, (4.91)

where (x,y,z) 6= (0,0,ρ), gives the same metric (4.90), but this time with k = 1/ρ2. However,
the later model (4.88) has the advantage that (for n = 2) its geodesics are simply the intersections
of H2

ρ with planes in R3 through the origin, exactly as for S2
ρ (giving the great circles).

160 As mentioned in the historical introduction, the 2d hyperbolic spaces were independently discovered by Bolyai
and Lobachevskii in the 1830s and caused a revolution, in that Euclidean geometry no longer provided an absolute
source of truth in mathematics, so that eventually the link between mathematics and reality came to be dropped. For
k < 0, the need for something like an embedding in Minkowski space arises because Hilbert (1901) proved that it is
impossible to isometrically embed D2

ρ with its hyperbolic metric in R3, equipped with its usual (Euclidean) metric.
161Copyright: The M.C. Escher Company, Baarn. See also Wieting (2010) and footnote 486.
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In order to discuss the Lorentzian counterpart of Theorem 4.8 we need the Lorentzian cover of a
non-simply connected Lorentzian manifold (M,g): this is the universal cover M̃ of M equipped
with the pullback metric g̃ = π∗g of the covering projection π : M̃→M. This complication was
not necessary in Theorem 4.8, since both Sn

ρ
∼= Sn and Hn

ρ
∼= Rn are simply connected for n≥ 2.

Theorem 4.9 If n≥ 2, any (geodesically) complete and simply connected Lorentzian manifold
(M,g) with constant curvature k is isometrically isomorphic to one of the following spaces:162

• k = 1/ρ2 > 0: For n > 2, the n-dimensional de Sitter space dSn
ρ with ρ > 0 in Rn+1, i.e.

dSn
ρ :=

{
(x0,x1, . . . ,xn) ∈Rn+1 | −x2

0 +
n

∑
i=1

x2
i = ρ

2

}
, (4.92)

with metric inherited from Rn+1 with Minkowski metric η(X ,Y ) = −X0Y 0 +∑
n
i=1 X iY i.

For n = 2, however, one should use the Lorentzian cover S̃2
ρ (with associated metric).

• k = 0: The n-dimensional Minkowski space-time (Mn,ηn), i.e. Rn with metric (3.3).

• k = −1/ρ2 < 0: The Lorentzian cover ÃdSn
ρ of anti de Sitter space with ρ > 0, i.e.

AdSn
ρ :=

{
(x−1,x0,x1, . . . ,xn−1) ∈Rn+1 | −x2

−1− x2
0 +

n−1

∑
i=1

x2
i = −ρ

2

}
, (4.93)

with metric inherited from Rn+1 with metric χ(X ,Y ) = −X−1Y−1−X0Y 0 +∑
n−1
i=1 X iY i.

In both dSn
ρ and AdSn

ρ , the geodesics are the intersections with a plane in Rn+1 through zero.163

The proof of Theorems 4.8 and 4.9 is very long,164 but below we sketch the main argument. This
uses some Lie group theory. We first comment on the similarity between Theorems 4.8 and 4.9.

162De Sitter space was introduced by de Sitter (1917ab), and independently, along with anti de Sitter space, by
Levi-Civita (1917b). De Sitter’s papers were a response to Einstein (1917b), the paper that launched relativistic
cosmology (and, one could say, theoretical cosmology altogether). This, in turn, arose from earlier conversations
and correspondence between Einstein and Willem de Sitter (1872–1934), who was a prominent Dutch astronomer
(based at Leiden) and also an accomplished mathematician. Einstein (1917b) is also (in)famous because Einstein
introduced his cosmological constant λ in it. In the early parts of the paper he paves the way for λ by claiming
(incorrectly) that it solves the well-known paradox in Newtonian cosmology that if matter is distributed uniformly
in an infinite universe, the gravitational force at each point is infinite. But his real purpose was to rescue Mach’s
principle in the context of his new theory (see footnote 24). De Sitter invented his model (which is a solution to
Einstein’s vacuum field equations with positive cosmological constant) to (successfully) challenge this, which led
to an interesting and historical significant debate (Smeenk, 2014). Because of the discovery, at the very end of
the twentieth century, of an accelerated expansion of the universe (Kirshner, 2002), which requires λ > 0 (now
reinterpreted as “dark energy” and usually called Λ, as in the “ΛCDM Standard Model of Cosmology”) it is now
widely believed that we approximately live in a de Sitter universe. See also Kragh (2007) and Nussbaumer & Bieri
(2009). The popularity of anti de Sitter space has also exploded after the discovery of the AdS/CFT correspondence.
Useful references on (anti) de Sitter space range from Hawking & Ellis (1973), §5.2, to Moschella (2005).

163Instead of the ones in Theorem 4.9, also here one has disc-like realizations of these spaces, which are simply
obtained by replacing the Euclidean metric du2 + dv2 in (4.90) with the Minkowski metric du2−dv2, and similarly
in higher dimension. However, the realizations of Theorem 4.9 are more widely used in GR.

164Both theorems are a special case of Theorems 2.4.4 and 2.4.9 in Wolf (2011). Their common generalization is
as follows. For s = 0, equip Rn+1 with the Euclidean metric g(n+1)

0 = δ . For 1≤ s < n, take the indefinite metric

g(n+1)
s (X ,Y ) =−∑

s
i=1 X iY i+∑

n+1
j=s+1 X iY i. For ρ > 0, define Sn,s

ρ ⊂Rn+1 as a quadric−∑
s
i=1 x2

i +∑
n+1
j=s+1 x2

i = ρ2,
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Namely, the assumption of (geodesic) completeness is much more natural in the Riemannian
setting than it is in Lorentzian geometry, where it is violated in many realistic space-times (see
chapter 6). Instead, a more natural completeness assumption would be global hyperbolicity, cf.
§5.7. In fact, de Sitter space is globally hyperbolic but anti de Sitter space is not. See §5.10.

The need for the topological covering construction comes from the diffeomorphisms

dSn
ρ
∼= R×Sn−1; (4.94)

(x0,x1, . . . ,xn) 7→

x0,
x1√

ρ2 + x2
0

, . . . ,
xn√

ρ2 + x2
0

 ; (4.95)

AdSn
ρ
∼= S1×Rn−1; (4.96)

(x−1,x0,x1, . . . ,xn−1) 7→

 x−1√
ρ2 +∑

n−1
i=1 x2

i

,
x0√

ρ2 +∑
n−1
i=1 x2

i

,x1, . . . ,xn−1

 . (4.97)

so that dS2
ρ
∼= R×S1 and hence S̃2

ρ
∼= R2, and, for any n≥ 2, we obtain ÃdSn

ρ
∼= Rn.

Given Theorems 4.8 and 4.9, any other complete Riemannian or Lorentzian manifold with
constant curvature can be constructed from the above spaces by forming quotients of M by
discrete subgroups Γ of the isometry group of (M,g) that act freely and properly discontinuously
on M.165 In particular, the 2d de Sitter space dS2

ρ has constant curvature k = 1/ρ2, and for any
n≥ 2 the multiply connected anti de Sitter spaces AdSn

ρ all have constant curvature k =−1/ρ2.
Finally, for those familiar with Lie groups, we reformulate Theorems 4.8 and 4.9 in those

terms. Spaces of constant curvature (and many other interesting Riemannian or Lorentzian
manifolds with less symmetry) can be realized as homogeneous spaces (or coset spaces). See
Appendix A; we will restrict the discussion here to the points of direct interest.

An isometry of a metric g on M is a diffeomorphism ϕ of M such that

ϕ
∗g = g ⇔ gϕ(x)(ϕ

′
x(X),ϕ ′x(Y )) = gx(X ,Y ) ∀x ∈M,X ,Y ∈ TxM. (4.98)

The set of all such diffeomorphisms ϕ is the isometry group of (M,g), denoted by Iso(M,g).
This is by definition a subgroup of the “infinite-dimensional” group Diff(M), but it can be shown
that Iso(M,g) is a finite-dimensional Lie group in the compact-open topology.166

Let G be some subgroup of Iso(M,g) and suppose that G acts transitively on M (i.e. for each
x,y ∈M there is γ ∈ G such that y = γx). Choosing some fixed x′ ∈M with stabilizer

H = {γ ∈ G | γx′ = x′}. (4.99)

with the metric induced from g(n+1)
s , and let Hn,s

ρ ⊂Rn+1 be the quadric −∑
s+1
i=1 x2

i +∑
n+1
j=s+2 x2

i = −ρ2, with the

metric induced from g(n+1)
s+1 . Then Sn,s

ρ and Hn,s
ρ are semi-Riemannian manifolds of signature (s,n− s) with constant

curvatures k = 1/ρ2 and k = −1/ρ2, respectively. In particular, dSn
ρ = Sn,1

ρ and AdSn
ρ = Hn,1

ρ . Complete this list

with the k = 0 case in signature (s,n− s), which is obviously Rn with metric g(n)s ; for s = 1 this is Minkowski
space-time. Passing to the universal semi-Riemannian cover for Sn,s

ρ if s = n−1 and for Hn,s
ρ if s = 1, up to isometry

these are all complete simply connected semi-Riemannian manifolds of signature (s,n− s) with constant curvature.
In these realizations, the geodesics are once again the intersections with a plane in Rn+1 through zero.

165We say that Γ acts freely on M if γx = x implies x = e, and properly discontinuously if each x ∈M has a nbhd
U such that the set {γ ∈ Γ | γ(U)∩U 6= /0} is finite; in particular, Γ-orbits cannot have any accumulation point. Wolf
(2011) contains a complete solution of this problem, which is already very substantial for the hyperbolic space H2

ρ .
166See e.g. O’Neill (1983), Theorem 9.32. The compact-open topology on a space of maps F : X→Y is generated

by open sets of the form CK,U = {F | F(K) ⊂U}, where K is compact in X and U is open in Y .
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This is a closed and hence Lie subgroup of G, and we obtain a diffeomorphism

ψ : M
∼=→ G/H; ψ(γ ′x′) = γ

′H. (4.100)

If we define the canonical action of G on G/H by γ(γ ′H) = (γγ ′)H, then ψ is equivariant, in
that ψ(γx) = γψ(x). We then equip G/H with the unique metric g′ = (ψ−1)∗g that makes ψ

an isometry, namely g = ψ∗g′. The above G-action on G/H is then transitive and isometric.
Conversely, we start with a Lie group G and a closed subgroup H ⊂ G and study possibly

G-invariant metrics on G/H. This is done in See Appendix A, with the following conclusion:

Proposition 4.10 1. There is a bijective correspondence between G-invariant metrics on
G/H and Ad′(H)-invariant metrics on g/h, and hence, if g= h⊕p (see below), on p.

2. There is a unique G-invariant metric on G/H (up to scaling by a positive constant) iff the
Ad′(H)-action on g/h (or, if applicable, on p) is irreducible.

Here g and h are the Lie algebras of G and H, respectively, with h⊂ g. Any group G acts on itself
by the adjoint action Adγ(δ ) = γδγ−1. If G is a Lie group, this action defines a representation
Ad′ of G on its Lie algebra g, defined by Ad′γ(X) = γXγ−1 (this notation is justified since in
Appendix A we define Lie groups and their Lie algebras as matrices). This action may, of
course, be restricted to H ⊂ G, and it is easy to see that this restriction quotients to g/h. In our
application to spaces with constant curvature, the vector space g has a canonical decomposition

g= h⊕p, (4.101)

where (trivially) not only h, but also p is invariant under Ad′h for any h ∈ H (if H is connected,
this invariance requirement is equivalent to [h,p] ⊂ p). This is meant in Proposition 4.10.1.

The proof of Proposition 4.10 is based on two ideas. First, a G-invariant metric g′ on a
homogeneous space G/H is determined by its value at any given point of G/H, for which one
takes H (seen as the equivalence class of e ∈ G in G/H). Second, one has an isomorphism

TH(G/H) ∼= g/h, (4.102)

which is both linear and H-equivariant, in that the linear H-action on TH(G/H) coming from the
G-action on G/H is mapped to the H-action on g/h mentioned above.167 Thus any G-invariant
metric g′ on G/H is determined by its value g′H at H ∈ G/H, i.e. by a metric on the tangent
space (4.102). This metric is still constrained by G-invariance, whose “infinitesimal shadow” at
H is the adjoint H-action Ad′h on g/h. If this shadow is sufficiently large, g′H is even determined
by Ad′h-invariance (up to a constant scale factor). In words, g′ is both homogeneous, i.e. “the
same” if one moves from point to point by the G-action, and, if the second part of Proposition
4.10 applies, also isotropic in being “the same” in all directions from a given point of view. This
uniqueness applies in particular to spaces of constant curvature, to which we now return.

Let O(k, l) ⊂ GL(k+ l,R) be the isometry group of the metric g = diag(− k· · · −,+
l· · ·+)

on Rk+l; elements of O(k, l) are matrices γ ∈ GL(k+ l,R) that satisfy γT gγ = g. We will be
interested in k = 0, k = 1, and k = 2 and write O(l) for O(0, l). Then the following holds:

167Let Lh(γH) = (hγ)H be the restriction of the G-action on G/H to h ∈ H. Then the pushforward L′h maps
TγH(G/H) to T(hγ)H(G/H), and so for γ = e we obtain a linear map Lh : TH(G/H)→ TH(G/H).
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• O(n+ 1) acts transitively on Sn
ρ . The stabilizer of (0, . . . ,0,ρ) ∈ Sn

ρ is O(n), seen as a
subgroup of O(n+ 1) under the obvious “upper left corner” embedding. Hence

Sn
ρ
∼= O(n+ 1)/O(n), (4.103)

first as manifolds. But if O(n+1)/O(n) is equipped with ρ2 times its canonical O(n+1)-
invariant metric (see below), then this diffeomorphism is promoted to an isometry.

• O(1,n) acts transitively on Hn
ρ . This time, take (ρ ,0 . . . ,0), whose stabilizer is again O(n),

embedded in the “lower right corner” of O(1,n). Thus, with similar comments,

Hn
ρ
∼= O(1,n)/O(n). (4.104)

• O(1,n) also acts transitively on de Sitter space dSn
ρ . Returning to (0, . . . ,0,ρ), we obtain

dSn
ρ
∼= O(1,n)/O(1,n−1). (4.105)

• O(2,n−1) acts transitively on anti de Sitter space AdSn
ρ . Taking (ρ ,0 . . . ,0) yields

AdSn
ρ
∼= O(2,n−1)/O(1,n−1). (4.106)

• Finally, for the flat Euclidean and Minkowski spaces we have

Rn ∼= E(n)/O(n); (Euclidean) (4.107)
Rn ∼= P(n)/O(1,n−1); (Minkowski), (4.108)

where the semidirect product E(n) = O(n)nRn is the Euclidean group in dimension n,
and likewise P(n) = O(1,n−1)nRn is the Poincaré group in dimension n. These are
the isometry groups of the Euclidean metric and the Minkowski metric on Rn, respectively.

In the Riemannian case the denominator is always H = O(n), whereas in the Lorentzian case
it is the (Lorentz!) group H = O(1,n−1). It turns out that case 2 of Proposition 4.10 applies:
in fact, in both cases we have g/h ∼= Rn and under this isomorphism the adjoint H-action is
simply given by the defining action of H on Rn (which is certainly irreducible). Thus G-invariant
metrics on all of the above spaces G/H are unique (up to scaling), and hence “canonical”.

Corollary 4.11 If n = dim(M) ≥ 2, then the following list (where each space G/H is equipped
with its canonical G-invariant metric) gives all complete and simply connected spaces M of
constant curvature, up to isometry and up to rescaling of the metric by a positive constant:

• Riemannian i) k > 0: O(n+ 1)/O(n). ii) k = 0: E(n)/O(n). iii) k < 0: O(1,n)/O(n).

• Lorentzian i) k > 0: O(1,n)/O(1,n−1) (for n = 2 one needs its Lorentzian cover).
ii) k = 0: P(n)/O(1,n−1). iii) k < 0: the Lorentzian cover of O(2,n−1)/O(1,n−1).

Finally, realizations of homogeneous spaces as G/H are not unique; one may have G′/H ′ ∼=
G/H (think of (G×G)/G ∼= G/{e}). As a case in point, all of the above groups are discon-
nected: O(l) has two (connected) components, of which SO(l) is the one containing the identity,
and O(1, l) and O(2, l) even have four. The above way of writing down the isomorphisms has
the advantage that O(n+ 1) is the full isometry group of Sn

ρ , and likewise O(1,n) for both Hn
ρ

and dSn
ρ , and O(2,n−1) for AdSn

ρ . However, each isomorphism is also true if both groups in
the quotient are replaced by their identity components, e.g. Sn

ρ
∼= SO(n+ 1)/SO(n), etc.
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4.5 Ricci tensor and Ricci scalar
The Riemann tensor contains all information about curvature. There also exist weaker measures
of curvature. The main actor in GR is the Ricci tensor, which like the metric has type (2,0):

Ric(X ,Y ) :=
n

∑
a=1

Riem(ea,X ,ea,Y ); Rici j ≡ Ri j = Rl
il j = gklRkil j, (4.109)

where (ea) is any orthonormal frame.168 Note that Ric is symmetric by (4.36). From Ric, we
define the scalar curvature by

R :=
n

∑
a=1

Ric(ea,ea) =
n

∑
a,b=1

C(ea,eb) = gi jRi j, (4.110)

where of course in the second sum the terms a 6= b do not contribute and hence due to symmetry
the sum just has (n2−n)/2 terms. For example, in n = 3 the Ricci scalar (at a point x) is the
average of the sectional curvatures of the x-y, x-z, and y-z planes (within the tangent space TxM).

Furthermore, the Ricci tensor defines two Einstein tensors, most easily by their components

Gi j := Ri j− 1
2gi jR; (4.111)

Ei j := Ri j−
1
n

gi jR. (4.112)

Physicists use Gi j because, as will be explained later, it emerges from the calculus of variations
applied to the functional g 7→

∫
M R(g). Mathematicians, on the other hand, use Ei j because it is

simply the traceless part of Ric (note that gi jEi j = 0). Moreover, to explain the name, suppose

Ric = λg; Ri j = λgi j, (4.113)

for some constant λ ∈R, in which case we say that (M,g) is an Einstein manifold, and that g
is an Einstein metric. Then R = λ ·n is constant and λ = R/n, so that (4.113) implies Ei j = 0.
In d > 2, also the converse is true;169 this follows from the Bianchi identity (4.25). Thus:

Proposition 4.12 For n > 2, a metric satisfies (4.113) iff its Einstein tensor (4.112) vanishes.

The symmetries (4.36) enable one to count the number of independent components of the
Riemann tensor in various dimensions n, namely n2(n2−1)/12 (check!). Therefore:

1. For n = 2 the Riemann tensor has just one independent component R1212, and also

g−1 =

(
g11 g12

g21 g22

)
=

1
det(g)

(
g22 −g12
−g12 g11

)
, (4.114)

so that the Ricci tensor Ri j = gklRkil j must equal Ri j = gi jR1212/det(g). This gives

Ri jkl = 1
2R(gikg jl−gilg jk); Ri j = 1

2gi jR, (4.115)

cf. (4.85). Hence R1212 = 1
2 det(g) ·R = det(g) ·K, where the Gaussian curvature K is

given, either as a definition or as a theorem,170 by one of the equivalent expressions

K =C(∂1,∂2) = R1212/det(g) = 1
2R. (4.116)

168Authors use various sign conventions for the Riemann tensor, but all Ricci tensors and scalars coincide.
169We will shortly see that Ei j = 0 in d = 2, where we know since Gauss that non-constant R is certainly possible.
170See §4.3, as well as e.g. Heckman (2017), Theorem 3.15.
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2. For n = 3, the Riemann tensor has 6 independent components, as does the Ricci tensor!
So these two must carry the same information.171 This can be understood from linear
algebra, as follows. If V has an inner product, any symmetric bilinear map T : V ⊗V →R

is equivalent to a self-adjoint linear map T̃ : V →V via T (v⊗w) = 〈v, T̃ w〉. In particular,
the Ricci tensor Ricx : TxM⊗TxM→R at a point x ∈M is equivalent to a linear map

R̃icx : TxM→ TxM; gx(X , R̃icxY ) = Ricx(X ,Y ). (4.117)

If dim(V ) = 3, then dim(Λ3V ) = 1, and any nonzero Vol ∈ Λ3V gives an isomorphism

Λ2V
∼=→V ∗; A 7→ Â; A∧ v = Â(v)Vol. (4.118)

This follows from a dimension count: if V has a basis (e1,e2,e3), then Λ2V has a basis
(e1∧ e2,e2∧ e3,e3∧ e1). One may then take ω = e1∧ e2∧ e3, take the basis (ω1,ω2,ω3)
of V ∗ dual to the basis of V (i.e. ω i(e j) = δ i

j), so that if A = Ai jei∧ e j ∈ Λ2V , we find

Âi = εi jkA jk. (4.119)

Here εi jk is the totally antisymmetric (Levi-Civita) symbol, that is, Â1 = A23, Â2 =
−A13, and Â3 = A12. Dually, V ∼= (Λ2V )∗ = Λ2V ∗ under v 7→ v̂, where v̂i j = εi jkvk.
Consequently, in n = 3 (only!), one has Λ2TxM ∼= T ∗x M ∼= TxM. This isomorphism also
makes linear maps Λ2TxM→ Λ2TxM and TxM→ TxM equivalent, so that the maps (4.40)
and (4.117) are essentially the same. If the Ricci tensor as in (4.117) is diagonalized by
an orthonormal basis (e1,e2,e3) of TxM with eigenvalues (λ1,λ2,λ3), then the Riemann
tensor as in (4.40) is diagonal with respect to the basis (e1∧ e2,e2∧ e3,e3∧ e1) of ∧2TxM,
with eigenvalues (λ1 +λ2−λ3,λ2 +λ3−λ1,λ1−λ2 +λ3). The Ricci scalar is given by

Rx = λ1 +λ2 +λ3. (4.120)

Though derived from the Ricci tensor, an interesting tensor in n = 3 is the Cotton tensor

Ci jk := ∇kRi j−∇ jRik + 1
4(g̃ik∇ jR− g̃i j∇kR̃). (4.121)

Much as the Riemann tensor detects if a space(-time) is flat, cf. Theorem 4.1, the Cotton
tensor detects conformal flatness. First, C is invariant under rescalings g 7→ Ω2g (i.e.
conformal transformations), where Ω ∈C∞(M) is strictly positive. Since it vanishes for
flat metrics, it then also vanishes if g = Ω2δ (or Ω2η). The converse can also be proved.
Hence: a 3d space or space-time is conformally flat iff its Cotton tensor vanishes.172

3. For n = 4 (the case of interest to physics), the Riemann tensor has 20 independent
components, whereas the Ricci tensor only has 10. The geometric information in the
Riemann tensor that is not passed on to the Ricci tensor is contained in the Weyl tensor

Wkli j := Rkli j +(gk[ jRi]l + gl[iR j]k)+
1
3(R ·gk[ig j]l), (4.122)

where [· · · ] antisymmetrizes the enclosed indices (e.g. gk[ jRi]l = gk jRil−Rkig jl). The Weyl
tensor (“Weyl”) has the same symmetries as the Riemann tensor, cf. (4.36) - (4.38), so that
Weyl also has 10 independent components, like Riem. Everything just said in n = 3 about
the Cotton tensor is now valid in n = 4 for the Weyl tensor (which vanishes in n = 3).

171In n = 3 one has Rl
i jk = gl

jRik + gikRl
j−g jkRl

i−gl
iR jk +

1
2 R(gl

ig jk−gl
jgik). In terms of the Kulkarni–Nomizu

product (P�Q)i jkl := PilQ jk +PjkQil−PikQ jl−PjlQik, this reads Riem = 1
4 R(g�g)+E�g, cf. (4.112).

172The original reference is Cotton (1899), see also Eisenhart (1926), §28. A modern treatment is Garcia et al.
(2004). There is no analogue of the Cotton or Weyl tensors in n = 2, since every 2d metric is conformally flat.
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4.6 Submanifolds and hypersurfaces
As we saw in §4.3, differential geometry started with the study of two-dimensional submanifolds
Σ of R3 (i.e. surfaces) by Gauss. In GR, a crucial role will be played by various submanifolds M̃
of a four-dimensional Lorentzian manifold M. One may define a submanifold M̃ of a manifold
M in two equivalent ways: either as a subset M̃ ⊂M of M with certain (good) properties, or
as a manifold M̃ in its own right (a concept already defined, of course) plus an explicit map
F : M̃→M with equivalent good properties. The former leads to the latter by considering the
inclusion map F : M̃ ↪→M, whereas the latter leads to the former by identifying M̃ with its image
F(M̃) ⊂M (which may lead to some confusion!). We put n := dim(M) as usual.

Definition 4.13 If M̃ is a manifold, a map F : M̃→M defines a submanifold F(M̃) ⊂M iff:

1. F is a homeomorphism onto its image F(M̃). In particular, F is injective.173

2. F ′u : TuM̃→ TF(u)M is injective for all u ∈ M̃. Equivalently, the rank of F ′u equals dim(M̃).

Equivalently,174 a subset M̃ ⊂M is a k-dimensional submanifold of M iff each x ∈ M̃ has an
open nbhd U in M for which there is chart ϕ : U

∼=→V ⊂Rn (for M) whose image takes the form

ϕ(U ∩ M̃) = ϕ(U)∩X , (4.123)

where X is a k-dimensional affine linear subspace of Rn. If k = n−1, M̃ is called a hypersurface.

Until the end of this chapter we assume M̃ is a hypersurface, i.e. dim(M̃) = n−1. If M carries a
metric tensor g, then, generalizing (4.50) in §4.3, M̃ inherits a–not necessarily metric!–tensor

g̃ := ι
∗g; g̃ ∈ X(2,0)(M̃), (4.124)

defined by the inclusion ι : M̃ ↪→M. Identifying M̃ with ι(M̃), this simply means that

g̃x(Xx,Yx) = gx(Xx,Yx), (4.125)

for any Xx,Yx ∈ TxM̃ ⊂ TxM, with x ∈ M̃. It is easy to see that if (M,g) is Riemannian, then so is
(M̃, g̃). But in the Lorentzian case the induced “metric” g̃ need not be non-degenerate.

Lemma 4.14 Let g : V ×V →R be a symmetric nondegenerate bilinear map on a real vector
space V . Then for any linear subspace W ⊂V , with W⊥ := {v ∈V | g(v,w) = 0∀w ∈W},

dim(W )+ dim(W⊥) = dim(V ); (4.126)

(W⊥)⊥ =W . (4.127)

For the proof see O’Neill (1983), Lemma 2.22. Taking V = TxM and W = TxM̃, this yields

dim((TxM̃)⊥) = 1. (4.128)

Hence at each x ∈ M̃ one has a normal (vector) Nx ∈ (TxM̃)⊥ ⊂ TxM i.e. g(Nx,Xx) = 0 for all
Xx ∈ TxM̃, which by (4.128) is unique up to scalar multiplication (but we assume Nx 6= 0).

If (M,g) is Riemannian, then we may normalize each Nx such that

gx(Nx,Nx) = 1. (4.129)

173Dropping this condition defines an immersed submanifold; what we define is an embedded submanifold.
174See e.g. Andrews (undated), Proposition 3.2.1, combined with Proposition 1.31 in O’Neill (1983).
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This still yields no canonical choice of Nx, but any two choices only differ by a sign and we
assume that we can make a smooth choice x 7→Nx throughout M̃, which is always Riemannian.175

The Lorentzian case is much richer. A hypersurface may not fall into any of the three classes
below since the sign of gx(Nx,Nx) may change with x, but let as assume it is fixed (or zero).

Definition 4.15 A hypersurface M̃ ⊂M, with nonzero normal vector field N, is called:

• spacelike iff gx(Nx,Nx)< 0 for each x ∈ M̃. This is the case iff the induced metric g|M̃ is
positive definite, so that (M̃,g|M̃) is a 3d Riemannian manifold.

• timelike or Lorentzian iff gx(Nx,Nx) > 0 for each x ∈ M̃. This is the case iff the induced
metric g|M̃ is Lorentzian (obviously with signature (−++)).

• null iff gx(Nx,Nx) = 0 for each x ∈ M̃. This is the case iff g|M̃ is degenerate.

To explain the last remark, we first note that in the null case, Nx is both normal and tangent to its
null hypersurface. To see this, take W = TxM̃ in Lemma 4.14, so that W⊥ = R ·Nx, whence

TxM̃ = (TxM̃⊥)⊥ = (R ·Nx)
⊥. (4.130)

Hence Nx ∈ TxM̃, but by definition of a normal, there exists no Xx ∈ TxM̃ for which g(Nx,Xx) 6= 0,
so that g|M̃ is degenerate. Furthermore, whereas timelike normals are usually normalized as

gx(Nx,Nx) = −1, (4.131)

and spacelike normals usually satisfy (4.129), in the null case the normals Nx lack a natural nor-
malization. To soften this, note that TxM̃ cannot contain any null vector N′x linearly independent
of Nx (for in that case gx(Nx,N′x) = 0, which would contradict the Lorentzian signature of g).
Therefore, we can find a second null vector field Nx ∈ TxM (pointing outside TxM̃) such that

gx(Nx,Nx) = −1. (4.132)

Lemma 4.16 If M̃ is null, any Xx ∈ TxM̃ is either proportional to Nx (hence null), or spacelike.

Proof. Suppose TxM̃ contains a timelike vector Tx; then g(Tx +λNx) = g(Tx,Tx) < 0 for all λ ,
but a computation in coordinates shows that any sum Tx +λNx of a timelike vector and a null
vector becomes spacelike for large λ . The claim follows by the argument after (4.131). �

This is important, because it shows that null hypersurfaces have a canonical lightlike direction
given by its normal (!); see §5.3 and §6.3 for further discussion, especially Proposition 6.9.

There are two basic examples of null hypersurfaces in Minkowski space-time (M,η). On the
one hand, we have null hyperplanes such as u := t− r or v := t + r constant, or more generally
the set of all vectors orthogonal to a given null vector (and translates thereof). On the other hand,
we have forward or backward lightcones, see §5.3. In GR, in the context of black holes event
horizons and Cauchy horizons are null hypersurfaces (see §10.7), and null hypersurfaces also
play an important role in the settting of Penrose’s singularity theorem (see §6.3).

Spacelike hypersurfaces are also very important in GR, especially Cauchy surfaces; the
simplest example in M is x0 = constant. Similarly, for a timelike hypersurface we may take
xi = constant for i = 1, 2, or 3. A more spectacular example in GR is the photon sphere in
Schwarzschild space-time (see §9.2), and also “naked singularities” are timelike (see chapter 9).

175A sufficient condition for this, i.e. triviality of the normal bundle, is that M̃ be connected and simply connected
(Kobayashi & Nomizu, 1969, p. 5). Since the criteria in Definition 4.15 are independent of the sign of Nx, by Lemma
4.14 the classification in this definition is even well defined if no continuous choice x 7→ Nx exists on M̃.
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4.7 Gauss–Weingarten and Gauss–Codazzi equations

Let M̃ ⊂M be a hypersurface with normal N; if M is Lorentzian we assume M̃ is spacelike (this
case is fundamental to GR). The orthogonal projection from TxM onto TxM̃ is given by

πx : TxM→ TxM̃ ⊂ TxM; (4.133)
πx(Xx) = Xx−gx(Xx,Nx)Nx; (Riemannian case); (4.134)
πx(Xx) = Xx + gx(Xx,Nx)Nx; (Lorentzian spacelike case), (4.135)

so that πx(Nx) = 0 and πx(Xx) = Xx if Xx ∈ TxM̃ (this projection is independent of the choice of
Nx). Then (M,g) and (M̃, g̃) each have their Levi-Civita connections ∇ and ∇̃, respectively.

Proposition 4.17 The connection ∇ on M is related to the connection ∇̃ on M̃ by

π(∇XY ) = ∇̃XY (X ,Y ∈ X(M̃)). (4.136)

Here the covariant derivative ∇̃XY on the right-hand side is clearly defined (as an element of
X(M̃)), but also the covariant derivative ∇XY in M on the left-hand side is well defined, even
though Y is merely a vector field on M̃ rather than on all of M: as in the comment preceding
(3.40), if X ∈ X(M̃) and Y ∈ X(M), then the value of ∇XY only depends on the restriction of Y
to M̃ (indeed, it only depends on the values of Y along the flow lines on X , which lie in M̃), and
so ∇XY is defined (as a vector field on M̃) even when Y ∈ X(M̃).176

Proof. We write ∇′XY for π(∇XY ), so that (in the Lorentzian case for simplicity)

∇
′
XY = ∇XY + g(∇XY ,N)N. (4.137)

We first check that ∇′ is a covariant derivative on X(M̃). Linearity in Y is obvious (since both g
and ∇X are linear), as is C∞(M̃)-linearity, cf. (3.32). The Leibniz rule (3.33) follows from the
corresponding rule for ∇ and the property g((X f )Y ,N) = (X f )g(Y ,N) = 0 (since Y ∈ X(M̃)).
To identify ∇′ with ∇̃, we need to check that ∇′ is torsion-free and metric. First,

∇
′
XY −∇

′
Y X = ∇XY −∇Y X + g(∇XY −∇Y X ,N)N

= [X ,Y ]+ g([X ,Y ],N)N = [X ,Y ], (4.138)

since ∇ (being the Levi-Civita connection on T M) is torsion-free, and [X ,Y ] ∈ X(M̃), assuming
X ,Y ∈ X(M̃), so that g([X ,Y ],N) = 0. Second, ∇′ should satisfy (3.50), i.e.

X(g̃(Y ,Z)) = g̃(∇′XY ,Z)+ g̃(Y ,∇′X Z) (X ,Y ,Z ∈ X(M̃)). (4.139)

This is quite obvious, since for X ,Y ,Z ∈ X(M̃) we have

g̃(∇′XY ,Z) = g(∇′XY ,Z) = g(∇XY + g(∇XY ,N)N,Z) = g(∇XY ,Z), (4.140)

since g(N,Z) = 0, and so the right-hand side of (4.139) equals g(∇XY ,Z) + g(Y ,∇X Z). By
(3.50) for ∇ and g, this in turn equals X(g(Y ,Z)) = X(g̃(Y ,Z)). This gives (4.139).

The claim now follows from Theorem 3.9. �

176In other words, if one insists that ∇X : X(M)→ X(M), one may extend Y ∈ X(M) to an arbitrary vector field
on M, and if X ∈ X(M̃), then ∇XY is independent of this extension.
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Eq. (4.136) implies the general Gauss–Weingarten equations, where still X ,Y ∈ X(M̃):

∇XY = ∇̃XY + k̃(X ,Y )N (Riemann); (4.141)

∇XY = ∇̃XY − k̃(X ,Y )N (Lorentz); (4.142)
∇X N =: −W (X). (4.143)

Here we take (4.143) to be the definition of the Weingarten map Wx : TxM̃→ TxM̃, noting that
since g(N,N) = ±1, we have g(∇X N,N) = 0 and hence ∇X N ∈ T M̃. Furthermore,

k̃(X ,Y ) := g(W (X),Y ) = −g(∇X N,Y ) (4.144)

defines the extrinsic curvature k̃ ∈ X(2,0)(M̃). As in (4.59), from the property

g(∇XY ,N) = −g(Y ,∇X N), (4.145)

which is proved as in the text between (4.58) and (4.59), we infer that k̃ is symmetric, viz.

k̃(X ,Y ) = −g(∇X N,Y ) = g(N,∇XY ) = g(N,∇Y X) = k̃(Y ,X). (4.146)

Eqs. (4.141) - (4.142) then easily follow from (4.136), giving the (“parallel”) component in T M̃,
and from taking the inner product with N, using (4.129) - (4.131), giving the normal component.

We also derive the general Gauss–Codazzi equations, which, for W ,X ,Y ,Z ∈ X(M̃), are:

Riem(W ,Z,X ,Y ) = R̃iem(W ,Z,X ,Y )+ k̃(W ,Y )k̃(X ,Z)− k̃(W ,X)k̃(Y ,Z) (R); (4.147)

Riem(W ,Z,X ,Y ) = R̃iem(W ,Z,X ,Y )+ k̃(W ,X)k̃(Y ,Z)− k̃(W ,Y )k̃(X ,Z) (L); (4.148)

Riem(N,Z,X ,Y ) = (∇̃X k̃)(Y ,Z)− (∇̃Y k̃)(X ,Z), (4.149)

where Riem ∈ X(3,1)(M) and R̃iem ∈ X(3,1)(M̃) are the Riemann curvature tensor for the Levi-
Civita connection ∇ on T M (for g) and ∇̃ on T M̃ (for g̃), respectively. The Codazzi relation
(4.149) is the same for the Riemannian and the Lorentzian cases. These equations follow from
two computations, which we perform for the Lorentzian case, i.e. using (4.142). The first is:

∇X ∇Y Z = ∇X (∇̃Y Z− k̃(Y ,Z)N)

= ∇̃X ∇̃Y Z− k̃(X , ∇̃Y Z)N−X(k̃(Y ,Z)) ·N− k̃(Y ,Z)∇X N

= ∇̃X ∇̃Y Z +W (X)k̃(Y ,Z)− (k̃(X , ∇̃Y Z)+X(k̃(Y ,Z)))N. (4.150)

The second computation, which uses torsion-freeness of ∇̃, i.e. ∇̃XY − ∇̃Y X = [X ,Y ], is

∇[X ,Y ]Z = ∇̃[X ,Y ]Z− k̃([X ,Y ],Z)N = ∇̃[X ,Y ]Z− (k̃(∇̃XY ,Z)− k̃(∇̃Y X ,Z))N. (4.151)

The definition (4.10) of curvature, combined with the “covariant Leibniz rule”

X(k̃(Y ,Z)) = (∇̃X k̃)(Y ,Z)+ k̃(∇̃XY ,Z)+ k̃(Y , ∇̃XY ), (4.152)

which is a special case of (3.65), then yields, after some neat cancellations:177

Ω(X ,Y )Z = (∇X ∇Y −∇Y ∇X −∇[X ,Y ])Z = Ω̃(X ,Y )Z

+W (X)k̃(Y ,Z)−W (Y )k̃(X ,Z)+ ((∇̃Y k̃)(X ,Z)− (∇̃X k̃)(Y ,Z))N. (4.153)

Taking the (metric) inner product with W and using (4.144) yields Gauss’s equation (4.148),
whereas the inner product with N and using (4.131) yields Codazzi’s equation (4.149).

177Recall that unlike k̃, the metric is covariantly constant, i.e. ∇̃X g̃ = 0 for all X ∈ X(M̃), cf. (3.67).
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4.8 Fundamental theorem for hypersurfaces

The classical theory culminates in the fundamental theorem for hypersurfaces, which was
proved (by different means) in the 19th century. We discuss the proof in some detail,178 since it
will turn out to be a good preparation for the 3+1 split of the Einstein equations later on.

Theorem 4.18 Let (M̃, g̃) be a connected and simply connected m-dimensional Riemann mani-
fold equipped with a symmetric tensor k̃ ∈ X(2,0)(M̃) satisfying the Gauss–Codazzi equations

R̃iem(W ,Z,X ,Y )+ k̃(W ,Y )k̃(X ,Z)− k̃(W ,X)k̃(Y ,Z) = 0; (4.154)

(∇̃X k̃)(Y ,Z)− (∇̃Y k̃)(X ,Z) = 0. (4.155)

Then there exists an isometric embedding F : M̃→Rm+1 for which the extrinsic curvature is the
given tensor k̃. Such an embedding is unique up to isometry, which in the case at hand (i.e. Rm+1

with Euclidean metric) means: up to combinations of translations, rotations, and reflections.

Note that (4.154) - (4.155) arise from (4.147) - (4.149) by putting Riem = 0 (because Rm+1 is
equipped with the flat Euclidean metric), and have (4.79) - (4.80) as their coordinate version.
The latter were admittedly written down and derived for m = 2, but simply letting the indices
α ,β etc. run from 1 to m rather than from 1 tot 2 immediately generalizes our treatment of the
classical theory of surfaces to any dimension (alas with some loss of visualisability).

We just prove a local version of Theorem 4.18 by PDE methods, which is enough to show
the role of the Gauss–Codazzi equations as integrability conditions. So let us initially assume
we found an F : U →Rm+1 satisfying the conditions in the theorem, where U ∈ M̃ is open. We
make F unique by imposing the conjunction of the following local conditions:

1. For arbitrary u0 ∈U and x0 ∈Rm+1, the map F satisfies F(u0) = x0;

2. For some fixed orthonormal basis (e1, . . . ,em) of Tu0M̃ and some given orthonormal basis
( f1, . . . , fm+1) of Tx0Rm+1 ∼= Rm+1, its derivative satisfies F ′u0

(eα) = fα (α = 1, . . . ,m).

Without loss of generality we may choose geodesic normal coordinates on U relative to u0, cf.
(5.33) - (5.38) below, so that eα = ∂α ≡ ∂ /∂uα is indeed orthonormal at least at u0. Furthermore,
we may pick coordinates (xi) on Rm+1 (i = 1, . . . ,m+ 1) such that fi = ∂ /∂xi for i = 1, . . . ,m.
The components F i(uα) of F : U →Rm+1 then satisfy the (initial) condition

∂F i

∂uα
(u0) = δ

i
α (α = 1, . . . ,m, i = 1, . . . ,m); (4.156)

∂Fm+1

∂uα
(u0) = 0 (α = 1, . . . ,m). (4.157)

In addition to F , we have to define a normal vector field ~N on U , whose components Ni satsify

Ni(u0) = 0 (i = 1, . . . ,m); (4.158)

Nm+1(u0) = 1. (4.159)

178Cf. Kobayashi & Nomizu (1969), §VII.7, considerably rewritten. The argument uses some exterior calculus.
For general M̃ the above theorem holds at least locally, in that any u0 ∈ M̃ has a connected and simply connected
neighbourhood U ∈ O(M̃) for which the above claims hold.
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If we recall (3.61), whose asterisk we omit, for each i = 1, . . . ,m+ 1 we have

(∇̃α dF i)β = xi
αβ
− Γ̃γ

αβ
xi

γ , (4.160)

where ∇̃α := ∇̃∂ /∂uα . Therefore, introducing 1-forms θ i ∈Ω(U) for each i = 1, . . . ,m+ 1 via

θ
i = dF i, (4.161)

Gauss’s equation (4.77) for (~xα) turns (4.160) with (4.161) into

(∇̃αθ
i)β = k̃αβ Ni (α ,β = 1, . . . ,m). (4.162)

Conversely, if θ i ∈Ω(U) satisfies (4.162), there exists F i ∈C∞(U) such that (4.161) holds. We
start with a computation for any θ i ∈Ω(U), which uses the Leibniz rule (3.65):179

dθ
i(X ,Y ) = X(θ i(Y ))−Y (θ i(X))−θ

i([X ,Y ])

= (∇̃X θ
i)(Y )+θ

i(∇̃XY )− (∇̃Y θ
i)(X)−θ

i(∇̃Y X)−θ
i([X ,Y ])

= (∇̃X θ
i)(Y )− (∇̃Y θ

i)(X)+θ
i(τ(X ,Y ))

= (∇̃X θ
i)(Y )− (∇̃Y θ

i)(X), (4.163)

since the Levi-Civita connection ∇̃ is torsion-free, cf. (3.43). Eq. (4.162) then gives

dθ
i(∂α ,∂β ) = (∇̃αθ

i)(∂β )− (∇̃β θ
i)(∂α) = Ni(k̃αβ − k̃βα) = 0, (4.164)

by symmetry of the extrinsic curvature k̃. The Poincaré lemma then gives (4.161).
It is convenient to replace the 1-forms θ i by the corresponding vector fields Zi = ](θ i) on U

(i = 1, . . . ,m+ 1), in terms of which (4.162) becomes, writing Zβ

i for (Zi)β :

∂Zβ

i
∂uα

+ Γ̃β

αγZγ

i = Nik̃β

α . (4.165)

Similarly, in terms of Zi, Weingarten’s equation (4.78) becomes

∂Ni

∂uα
= −k̃αβ Zβ

i . (4.166)

We may rewrite the coupled PDEs (4.165) and (4.166) on U , i = 1, . . . ,m+ 1, more elegantly as

∇̃X Zi = NiW (X); (4.167)

XNi = −k̃(X ,Zi), (4.168)

for X ∈ X(U) and Ni ∈C∞(U), subject to the initial conditions (4.158) - (4.159) for Ni, with

Zα
i (u0) = δ

α
i (α = 1, . . . ,m, i = 1, . . . ,m); (4.169)

Zα
m+1(u0) = 0 (α = 1, . . . ,m). (4.170)

We derived (4.167) - (4.168) with (4.169) - (4.170) from the existence of F : U →Rm+1 with
the desired properties (as stated in the theorem). Conversely, if we can solve these equations for
Zi (and Ni), we are able to construct F , having the right properties, via θ i = [(Zi) and (4.161).

179In the first line we use the identity dω(X ,Y ) = X(ω(Y ))−Y (ω(X))−ω([X ,Y ]), valid for any ω ∈Ω(U).
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We now show that this can be done. To begin with, we show that the integrability conditions
for (4.167) - (4.168) are the Gauss–Codazzi equations, which should come as no surprise, since
(4.167) - (4.168) are a version of the Gauss–Weingarten equations. From (4.168) we derive

[X ,Y ]Ni = −Xk̃(Y ,Zi)+Y k̃(X ,Zi); (4.171)

[X ,Y ]Ni = −k̃([X ,Y ],Zi). (4.172)

so that Xk̃(Y ,Zi)−Y k̃(X ,Zi) = k̃([X ,Y ],Zi); a computation very similar to (4.163) then rewrites
this as Codazzi’s eq. (4.155). Similarly, practically the same computation as (4.150) - (4.153),
using (4.155), shows that (4.167) implies Gauss’s eq. (4.154). Thus the Gauss–Codazzi equations
are necessary for the solvability of (4.167) - (4.168), which explains their role in Theorem 4.18.

To show that they are also sufficient, we have to make our hands dirty (as usual in PDE theory).
We take geodesic normal coordinates (uα) relative to u0 ∈U (it may be necessary to shrink U
in order to make it a normal nbhd) and some fixed orthonormal basis (e1, . . . ,em) of Tu0M̃, so
that the coordinates (u1, . . . ,um) specify the point u = γ~u(1), where γ~u is the (unique) geodesic
having γ~u(0) = u0 and γ̇~u(0) = uαeα (summation convention!).

For fixed u ∈U , define a vector field Zi and functions Ni along this geodesic γ~u by solving

∇̃γ̇~u Zi = NiW (γ̇~u); (4.173)

γ̇~uNi = −k̃(γ̇~u,Zi), (4.174)

at least for t ∈ [0,1], or, in coordinates, where Zi = (Z1
i , . . . ,Zm

i ) as above, and tu = γ~u(t),

dZβ

i (t)
dt

+ uγ Γ̃β

γα(tu)Z
α
i (t) = Ni(t)k̃β

α(tu)u
α ; (4.175)

dNi(t)
dt

= −k̃αβ (tu)u
αZβ

i , (4.176)

with initial conditions Zα
i (0) = δ α

i (i≤m), Zα
m+1(0) = 0, Ni(0) = 0 (i≤m), and Nm+1(0) = 1,

cf. (4.169) - (4.170) and (4.158) - (4.159). Here we identified Zi(t) with Zi(tu), etc. By standard
ODE theory, Zi(t) and Ni(t) exist and are unique. Finally, define Zi ∈ X(U) and Ni ∈C∞(U) by

Zi(u) = Zi(1); (4.177)

Ni(u) = Ni(1), (4.178)

where the Zi and Ni on the right-hand side depend on u by construction. We claim that this pair
(Zi,Ni) solves (4.167) - (4.168) with the right initial conditions (4.169) - (4.170) and (4.158) -
(4.159). To prove this, it is convenient to introduce two constant vector fields on U by

X = ∂α (α = 1, . . . ,m); (4.179)
Y = aα

∂α , (4.180)

where (a1, . . . ,an) are the normal coordinates of some fixed a ∈U . The equations

∇̃Y Zi = NiW (Y ); (4.181)

Y Ni = −k̃(Y ,Zi), (4.182)

then hold along the geodesic γ~a(t) for t ∈ [0,1], since there they coincide with (4.173) - (4.174).
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We claim that along γ~a(t) the functions (Zi,Ni) defined by (4.177) - (4.178) also satisfy

∇̃Y (∇̃X Zi−NiW (X)) = (XNi + k̃(X ,Zi))W (Y ); (4.183)

Y (XNi + k̃(X ,Zi)) = −k̃(Y , ∇̃X Zi−NiW (X)), (4.184)

which equations are none other than (4.181) - (4.182), with the substitutions

Zi ∇̃X Zi−NiW (X); (4.185)

Ni XNi + k̃(X ,Zi). (4.186)

Note that the initial conditions for (4.183) - (4.184) follow from those to (4.181) - (4.182), viz.

∇̃X Zi(u0)−N(u0)
iWu0(X) = 0; (4.187)

XNi(u0)+ k̃u0(X ,Zi) = 0. (4.188)

Indeed, by the construction of geodesic normal coordinates, at the point u0, the pair (Zi,Ni)
satisfies (4.181) - (4.182) for any Y , and so in particular for X . The point now is that, (4.183) -
(4.184) being a first-order system, its unique solution with initial conditions zero is zero, which
by (4.185) - (4.186) shows that (Zi,Ni) solves (4.167) - (4.168), with given initial conditions.

It remains to derive (4.183) - (4.184) from (4.181) - (4.182) and the Gauss-Codazzi equations.
The argument should be familiar by now, but here we go! To derive (4.183), we compute

∇̃Y (∇̃X Zi−NiW (X)) = ∇̃Y ∇̃X Zi− (Y Ni)W (X)−Ni
∇̃Y (W (X))

= ∇̃X ∇̃Y Zi−Ω(X ,Y )Zi− (Y Ni)W (X)−Ni((∇̃YW )(X)+W (∇̃Y X))

= ∇̃X (NiW (Y ))+ k̃(X ,Zi)W (Y )− k̃(Y ,Zi)W (X)

− (Y Ni)W (X)−Ni((∇̃YW )(X)+W (∇̃Y X))

= (XNi + k̃(X ,Zi))W (Y )+Ni(∇̃X (W (Y ))− (∇̃YW )(X)−W (∇̃Y X))

= (XNi + k̃(X ,Zi))W (Y ), (4.189)

where we use (4.153) to pass to the second line and use (4.182) to cancel the term k̃(Y ,Zi)W (X)
on the previous line. Finally, the coefficient of Ni in the penultimate line is zero by Codazzi’s
equation (4.155), which emerges after using (3.65) to write ∇̃X (W (Y ) = (∇̃XW )(Y )+W (∇̃XY ),
and noting that W (∇̃XY )−W (∇̃Y X) =W (∇̃XY − ∇̃Y X) = 0 because ∇̃XY = ∇̃Y X , since ∇̃ is
torsion-free and [X ,Y ] = 0 for the constant vector fields (4.179) - (4.180). Similarly, to derive
(4.184), using eqs. (4.182), (3.65), Codazzi’s (4.155), and (4.181), we compute

Y (XNi + k̃(X ,Zi)) = XY Ni +Y k̃(X ,Zi) = −Xk̃(Y ,Zi)+Y k̃(X ,Zi)

= (∇̃Y k̃)(X ,Zi)− (∇̃X k̃)(Y ,Zi)+ k̃(∇̃Y X ,Zi)− k̃(∇̃XY ,Zi)

− k̃(Y , ∇̃X Zi)+ k̃(X , ∇̃Y Zi)

= −k̃(Y , ∇̃X Zi)+ k̃(X ,NiW (Y ))

= −k̃(Y , ∇̃X Zi−NiW (X)), (4.190)

since k̃(X ,W (Y )) = k̃(Y ,W (X)), which in coordinates is the identity k̃αγgγδ k̃δβ = k̃βγgγδ k̃δα .
This proves (4.184) and completes the local proof of Theorem 4.18. �
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