
PDF hosted at the Radboud Repository of the Radboud University

Nijmegen
 

 

 

 

The following full text is a publisher's version.

 

 

For additional information about this publication click this link.

https://repository.ubn.ru.nl/handle/2066/239828

 

 

 

Please be advised that this information was generated on 2023-05-23 and may be subject to

change.

https://repository.ubn.ru.nl/handle/2066/239828


221

9 Black holes I: Exact solutions
The theory of black holes is an interplay between abstract arguments, like Penrose’s singularity
theorem, and concrete examples. This chapter is devoted to the latter (but the next one returns to
the abstract theory). As a warm-up, we start with a simple example that has no true singularity
but illustrates the remarkable interplay between coordinate singularities and horizons.424

9.1 De Sitter space revisited
Recall from (4.92) in §4.4 that the two-dimensional de Sitter space dS2

1 (with unit radius ρ = 1) is
defined as the surface −x2

0 + x2
1 + x2

2 = 1 in R3 with metric inherited from the Minkowski metric
η = −dx2

0 + dx2
1 + dx2

2. It is a Lorentzian manifold with constant curvature k = 1, topologically
dS2

1
∼= R×S1, cf. (4.94). Each of the following coordinatizations is useful:425

x0 = sinhτ; x1 = coshτ cosψ; x2 = coshτ sinψ; (9.1)
x0 = sinh t cosϕ; x1 = cosh t cosϕ; x2 = sinϕ; (9.2)

x0 = sinh t
√

1− r2; x1 = cosh t
√

1− r2; x2 = r. (9.3)

where τ , t ∈R, ψ ,ϕ in (−π ,π), and r ∈ (−1,1). In these coordinates, the de Sitter metric is

gdS = −dτ
2 + cosh2

τ dψ
2 = −sin2

ϕ dt2 + dϕ
2 = − f (r)dt2 + f (r)−1dr2, (9.4)

where f (r) := 1− r2 = (1+ r)(1− r), see also (6.2) and ensuing discussion.

Two-dimensional de Sitter space embedded in three-dimensional Minkowski space. The left picture,
extended to ±∞ along the x0-axis (= z-axis), gives the complete space, as coordinatized by (9.1). The
picture on the right (idem dito) is the part coordinatized by (9.2). It does not contain the “singular” points
(0,0,±1), so that the boundaries at r = ±1 or ϕ = ± 1

2 π do not touch. Its right-hand part, called the
static patch, is the part coordinatized by (9.3), with a metric that at least looks singular at r = ±1.

424This section, which may be skipped at the expense of a cold start in §9.2, was inspired by §2 of Carter (1973).
Carter discusses anti de Sitter space, technically even in a quite different way, but the spirit is similar.

425The first system can be extended to ψ ∈R, giving the metric on the universal covering d̃S2
1. We will not do so.
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The first coordinate system (τ ,ψ) covers the entire space, but it obscures the static nature of
the metric. Staticity is obvious in the second system (t,ϕ), in which the timelike Killing vector
field is given by ∂t . The third system, which is obtained from the second by putting ρ = sinϕ

and restricting the range of ϕ to (− 1
2π , 1

2π), is pedagogically useful as it gets us closer to the
black hole solutions below. But it is also physically motivated, because the special values r =±1
and hence the boundaries of the region covered by the (r, t) coordinates correspond to a so-called
Killing horizon, where ∂t becomes lightlike (see §10.8). Although this is suggested by the metric
(9.4) we need better coordinates to establish this fact, since the horizon is not within the scope of
the (r, t) system. To this end, anticipating the Schwarzschild black hole case, we solve

dr∗(r)
dr

=
1

f (r)
; r∗ = arctanhr = 1

2 ln
∣∣∣∣1+ r
1− r

∣∣∣∣ , (9.5)

where r ∈ (−1,1) corresponds to r∗ ∈R, with r→±1 iff r∗→±∞. We proceed by introducing
the analogue of the lightlike coordinates u = t− r and v = t + r in Minkowski space-time, i.e.

u = t− r∗, t = 1
2(v+ u); (9.6)

v = t + r∗, r∗ = 1
2(v−u), (9.7)

In terms of these, via the relation r = tanhr∗ the metric is easily found to be

gdS = − f (r)dudv = (1− tanh2( 1
2(v−u)))dudv. (9.8)

This expression is still singular as r→±1. To remedy this at least near r = +1, we introduce

−U = eu; V = e−v, (9.9)

which clearly satisfy U < 0, V > 0, and, in view of (9.9), (9.6) - (9.7), and (9.5), we have

UV = exp(−2r∗) =
r−1
r+ 1

. (9.10)

In terms of these coordinates, the metric is

gdS = −
4

(1−UV )2 dUdV , (9.11)

and the coordinates (x0,x1,x2) in terms of which dS2
1 was originally defined are

x0 =
−U−V
1−UV

; x1 =
−U +V
1−UV

; x2 =
1+UV
1−UV

. (9.12)

Since r→ 1 corresponds to r∗→ ∞ and hence to UV → 0, the metric is now regular for r→ 1.
We can even pass through this barrier by allowing U to also be zero or positive, at least provided
UV < 1, where we note that UV = 1 corresponds to r = ∞ (whilst r = −1 corresponds to
UV = ±∞). This may be motivated by allowing (9.5) also for r > 1; if for such r we redefine U
by U = exp(u), then (9.10) remains valid also for r ≥ 1. Furthermore, we may include V ≤ 0 in
the picture, which leads to the situation described in and after the diagram below. Note that the
(U ,V ) coordinates fail to cover all of de Sitter space; a similar construction with r replaced by
−r gives another coordinate system that covers the part near r = −1 and both systems together
describe all of dS2

1 (this will not be necessary for the Schwarzschild solution, which is easier!).
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UV = 1

UV = 1

U V

r = 1r = 1

r = 1r = 1

-1<r<1
r>1

r= ∞

r>1
-1<r<1

(static patch)
IIV

III

II

Kruskal-like diagram for (part of) de Sitter space in U-V lightlike coordinates. Region I, where U < 0
and V > 0, is the static patch, and region IV, where U > 0 and V < 0 is its mirror image (in the y-z plane).
Region II, where U > 0 and V > 0 (below the wiggly UV = 1 line) covers the open part of the right-hand
green figure behind the x-z plane at z < 0, whereas region III, where U < 0 and V < 0, covers its part at
z > 0. The part of de Sitter space left open in the right-hand green figure in front of the x-z plane is not
covered by the U-V coordinates (it lies at infinity).

Returning to our Killing field vector field ∂t for the metric, in the new coordinates we obtain

∂t =U∂U −V ∂V ; (9.13)

g(∂t ,∂t) = −8
UV

(1−UV )2 , (9.14)

which vanishes at r→ 1, as predicted. Thus the Killing field ∂t changes from being timelike in
region I (i.e. r < 1) to being lightlike for UV = 0 (r = 1) to being spacelike for U < 0, V > 0
(r > 1). This makes the line r = 1, or UV = 0, a Killing horizon, a concept we will return
to in §10.8; the cross r = ±1 is a bifurcate Killing horizon, see Definition 10.20. From the
perspective of a static observer (i.e. r = constant) in the static patch −1 < r < 1, compared to
Minkowski space-time the unusual situation arises that even in an infinite lifetime only signals
from within the static patch will reach them, the entire rest of de Sitter space being invisible
forever (in contrast, any static observer in Minkowski space-time will eventually be able to detect
signals from any other physical systems anywhere in space-time). Indeed, just rotate the first
picture in §5.10 by 90 degrees and you see the lightcones in de Sitter space: moving up in time,
the backward lightcone does not increasingly open up, but remains confined to the static patch.

As such, the Killing horizon is also an event horizon. It can be crossed (by a non-static
observer, such as a light ray or an accelerating observer), but the difference with a Schwarzschild
black hole is that an observer crossing the horizon, i.e. moving from region I to region II, will not
necessarily fall into a singularity, because de Sitter space has none (it is geodesically complete).
Instead, the coordinate singularity UV = 1 is simply the end of de Sitter space at infinity. As we
shall see, in the Reissner–Nordström solution, cf. §9.5, the situation is again different.
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9.2 The Schwarzschild solution and some of its geodesics
After this warm-up, we now state the first curved solution to the vacuum Einstein equations:426

gS = − f (r)dt2 + f (r)−1dr2 + r2(dθ
2 + sin2

θdϕ
2); (9.15)

f (r) := 1− 2m
r

=
1
r
(r− rS). (9.16)

This is the Schwarzschild metric, defined, for the moment, for some constant m > 0 (see §9.5
for m < 0),427 and coordinates t ∈R, (θ ,ϕ) ∈ S2, and r > rS := 2m, the Schwarzschild radius.
The arguably most pedagogical road towards it, which goes back to Hilbert, is as follows.428

1. Staticity. Assume: (i) M = R×Σ; (ii) coordinates adapted to this; (iii) arbitrary lapse but
zero shift. Then any static solution to the vacuum Einstein equations takes the form (8.96).

2. Spherical symmetry.429 Assuming Σ = R3\B3
c (for some c > 0), we may start from

g̃ = M(r)dr2 + r2dΩ; dΩ := dθ
2 + sin2

θdϕ
2, (9.17)

where we use polar coordinates (r,θ ,ϕ) in which the radial variable r has been normalized
so as to give two-spheres S2

r with radius r a surface areas 4πr2, as in flat space.

3. In the initial value problem,430 staticity implies k̃ = 0. Up to constant rescaling, the most
general spatial metric g̃ solving the constraint (8.101) is M(r) = f (r)−1 for some m ∈R.

4. The remaining Einstein equation (8.100) then yields L(r) =
√

f (r), and hence (9.15).431

Note that (given the above choice of Σ), asymptotic flatness (see §8.4) follows from staticity
and spherical symmetry. In §10.9 we give two other derivations of the Schwarzschild metric,
namely Birkhoff’s theorem 10.22, which derives the metric (and hence its staticity as well as its
asymptotic flatness) from spherical symmetry alone, and Israel’s theorem 10.25, which derives
the metric from staticity, asymptotic flatness, and the existence of a smooth event horizon.

426 A solution equivalent to this one was first found by Schwarzschild (1916). Up to differences in notation, it
was stated in the above form by Droste (1916), Hilbert (1917), and Weyl (1917). Karl Schwarzschild (1873–1916)
communicated his solution in a letter to Einstein dated 22 December 1915, written from the Russian front. He
died on May 11, 1916, though not from the War but from the rare autoimmune skin disease pemphigus. Johannes
Droste (1886–1963) was a PhD student of Lorentz, who did not know Schwarzschild’s work but (re)discovered the
solution a few months after him. Droste was a professor of mathematics at Leiden from 1930–1956. Hilbert and
Weyl both cite Schwarzschild, whose solution differs from these later versions since, like Einstein at an earlier stage,
he worked in unimodular coordinates (i.e. det(g) = −1). See Antoci & Liebscher (2001) and Antoci (2003).

427In physical units, m = GM/c2. The constant m equals the mass of the asymptotically flat space-time (9.15),
cf. (8.108) etc. Alternatively, a static observer is described by the four-veolcity u = f (r)−1/2∂t , normalized to
g(u,u) = −1, which gives an acceleration of ∇uu = mr−2∂r. If we replace dt2 in the metric (9.15) by c2dt2, as
we should in physical units, this is the same formula as in Newtonian gravity. Finally, the Schwarzschild radius
rS = 2m can be found–in physical units–from Newtonian gravity as the critical radius of a gravitating ball with mass
m for which the escape velocity v equals the speed of light c; indeed, one has 1

2 c2 = Gm/rS, i.e. rS = 2Gm/c2.
428See Hilbert (1917), of which O’Neill (1983), chapter 13, gives a modern presentation.
429A deeper perspective on spherical symmetry will be given in §10.9 in connection with Birkhoff’s theorem.
430As an initial-value problem the Schwarzschild case with initial data on Σ = R3\B3

c is unsatisfactory because as
a Riemannian manifold (Σ, g̃) is incomplete, even if c = 2m. This will be resolved by the Kruskal solution.

431The simplest way to get there is to solve ∆̃g̃L = 0, which comes down to ( f (r)1/2r2L′(r))′ = 0. This is solved
by L(r) =

√
f (r), which also solves (8.100), or by L(r) =C, which does not, cf. Schoen (2009), Lecture 5. Note

that in the above Hilbert-style derivation the Ansatz “L = L(r)” is supposed to follow from spherical symmetry, too.
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On the nose, the solution (9.15) applies to both r > 2m and 0 < r < 2m, and as we shall see
in §9.3, the value r = 2m is merely a coordinate singularity. Although in the present section we
restrict ourselves to r > 2m, it is worth mentioning that r = 0 is a genuine singularity, both in the
sense of the singularity theorems and in the sense that curvature blows up: this can be detected
in a coordinate-free way through the so-called Kretschmann scalar

Rρσ µνRρσ µν =
48m2

r6 . (9.18)

If a star has radius R > 2m, then its interior is modelled by some nonzero energy-momentum
tensor, so that the vacuum Einstein equations to which (9.15) is a solution are only relevant for
r > R. This is the case, for example, with our Sun. If, on the other hand, R≤ 2m, then the only
physically stable situation to which a static solution like (9.15) could possibly apply is R = 0,
which describes a black hole. See footnote 458. In that case, the vacuum solution (9.15) applies
to both r > 2m and 0 < r < 2m. Since all black holes in the universe are believed to rotate (and
hence are stationary but not static), it seems that the Schwarzschild solution for 0 < r < 2m does
not describe anything in Nature; one would need the Kerr solution instead (see §9.6). However,
one can do a few simple calculations about the metric (9.15) that are hardly changed by rotation
and explain key features of the famous image of the supermassive black hole in M87:432

First Image of the Supermassive Black Hole in M87, revealed on April 10, 2019.433

A black hole obviously does not emit any radiation itself. But if it is “illuminated” (at a
typical radio astronomy wavelength like 1.3 mm, so that the colors are fake), then some deflected
photons may reach us and provide us with an indirect image. In the case at hand, illumination
comes from a thin accretion disc whose constituents on average move around the black hole in
circular geodesics and emit photons, converting gravitational energy into radiation. The aim
of the following calculations is to show that the photon capture radius, i.e. the radius of the
central dark disc known as the black hole shadow, is a =

√
27m, instead of 2m as one would

find by (wrongly) identifying the disc with the interior of the black hole as defined by its event
horizon. Furthermore, we will give an idea of the origin of the bright area, which is a blurred
image of the photon sphere of the black hole, which is located at r = 3m (from which the step to
a =
√

27m is straightforward geometry). The key to the structure of the black hole shadow is the
existence of (unstable) circular photon orbits at radius r = 3m (and no other value).434 Perhaps
paradoxically, gravitational lensing makes this radius the edge of the shadow. The instability of
all circular geodesic orbits of massive particle at radiuses r ≤ 6m also plays a role.

432The Event Horizon Telescope (2019a) expects only a 4% change in a between Schwarzschild and Kerr.
433Source: https://eventhorizontelescope.org. Credit: The Event Horizon Telescope Collaboration.
434This was noted by Hilbert (1917)! Modern references are Luminet (1979) and Event Horizon Telescope

Collaboration (2019ab). See also Misner, Thorne, & Wheeler (1973), chapter 25, and Chruściel (2020), §3.9.
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To start, we describe geodesics (which as always are affinely parametrized by definition)

γ(s) = (t(s),r(s),θ (s),ϕ(s)) (9.19)

in the Schwarzschild metric (9.15). In the absence of off-diagonal terms, the vector fields ∂µ are
orthogonal, from which it is easy to show that the geodesic equation (3.24) becomes

d
ds

(gµµ ẋµ) = 1
2

3

∑
ν=0

(ẋν)2
∂µgνν , (9.20)

where ẋµ = dxµ(s)/ds, and µ = 0,1,2,3 is fixed. Then µ = 0 gives d( f ṫ)/ds = 0; µ = 2 gives
d(r2θ̇ )/ds = r2 sinθ cosθϕ̇2; and µ = 3 gives d(r2 sin2

θϕ̇)/ds = 0. Hence we may set

f (r(s))ṫ(r(s)) = E; θ (s) = π/2; r(s)2
ϕ̇(s) = L, (9.21)

where E and L are constants, interpreted as energy and angular momentum, respectively.435 The
case L = 0 gives radial motion (i.e. at constant θ and ϕ). If also gµν γ̇µ γ̇ν = 0, then

t(s) = ±(s+ 2m ln |s|)+C; r(s) = s+ 2m, (9.22)

for constant C, gives the radial lightlike geodesics, initially with s > 0 and hence r > 2m (see §9.3
for r < 2m). Radial lightlike geodesics do not contribute to the black hole shadow, whereas radial
timelike geodesics of massive particles do not contribute to the accretion disc, and therefore do
not produce the photons in the EHT image either. Hence for understanding this image we may
assume L 6= 0. In that case, we may invert ϕ(s) to make r a function of ϕ instead of s.

We now use the fact that for geodesic motion the combination gµν γ̇µ γ̇ν is constant, i.e.

gµν γ̇
µ

γ̇
ν = −λ

2, (9.23)

with e.g. λ = 0 for photons. Using (9.21), eq. (9.23) may be written in terms of E := E2/L2 as(
1
r2

dr
dϕ

)2

+V (r) = E ; V (r) :=
(

1− 2m
r

)
·
(

1
r2 +

λ 2

L2

)
, (9.24)

where in the massless case E is usually called 1/b2, with impact parameter b = L/E. Thus we
can describe geodesic motion near a black hole as motion in a potential V , where ϕ plays the
role of time. In fact, the second (µ = 1) entry in (9.21) can also be derived from (9.24), viz.

1
r4

d2r
dϕ2 −

2
r5

(
dr
dϕ

)2

= − 1
2

dV
dr

. (9.25)

We start with the massless case λ = 0, so that the potential V in (9.24) becomes

V (r) =
f (r)
r2 =

1
r2 −

2m
r3 . (9.26)

This potential is plotted below. It has a maximum at r = 3m, at which the critical energy is

Ec = V (3m) = 1/(27m2). (9.27)
435As we shall show systematically for the Kerr metric, see §9.6 from eq. (9.122) onwards, the conserved quantities

E, L, and π/2 come from three Killing vector fields K for the Schwardschild metric, taking the form g(γ̇ ,K).
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0 1 2 3 4 5 6 7 8 9 10

-0,02

-0,01

0,01

0,02

0,03

r

V(r)

V (r) in units of m, i.e. V = 0 at r = 2m and V is maximal at r = 3m, where V (3m) = 1/27m2.

• The photon sphere is the orbit r = 3m (i.e. dr/dϕ = 0) at the critical value Ec where
V takes its maximum. Since V ′(3m) = 0, it follows from (9.25) that the circular orbit
r(ϕ) = 3m is a geodesic. This orbit is unstable,436 since V ′′(3m) = −2/(81m4) < 0.

• Photons with E > Ec starting at r > 3m cross the barrier and fall into the black hole.

• Photons with E < Ec are (eventually) reflected at the periastron rc > 3m where V (rc) = E
and then increase r again (perhaps after having orbited the black hole), as in the artist
impression on the next page. Such photons cannot cross the photon sphere, but depending
on their energy they can come arbitrarily close to it. Almost all photons detected on earth
belong to this category, which explains both the relatively sharp edge of the black hole
shadow at r = 3m, or rather a =

√
27m, see (9.28) below, and the bright area around it.437

We now explain why the apparent radius a of the black hole shadow does not equal a = 3m but

a =
√

27m. (9.28)

Let η be the (very very very) small angle between the radial direction from us to the center of
the black hole,438 given by the vector X = −∂r, and the direction in which we see the photon.

436There is one exception making the photon sphere “attractive”: photons whose “energy” is exactly equal to Ec
that are not already at r = 3m will asymptotically spiral towards the photon sphere (and hence are invisible to us).

437The shadow is not absolutely black, since there is some leakage from photons coming from 2m < r < 3m. See
e.g. Narayan, Johnson, & Gammie (2019), also for a general explanation of the shadow. All photons in the image of
the black hole in M87 are produced as synchrotron radiation by either a hot diffuse plasma accreting onto the black
hole, or a collimated plasma jet.

438We quote from https://blackholecam.org/research/bhshadow/: ‘The predicted size of the shadow cast
by the event horizon of the supermassive black hole at the center of our own Milky Way is about 50 microarcseconds
(that is one fifty millionth of an arcsecond, which is 1/3600th of a degree!). Although super small, this angular
size can actually be resolved by astronomical observations using an interferometric technique at radio wavelengths,
called Very Long Baseline Interferometry or VLBI.’ This makes the image by the Event Horizon Telescope an
incredible technological achievement, on a par with the first detection of gravitational waves by LIGO in 2015.
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This direction is the vector Y = (dr/dϕ)∂r + ∂ϕ . The angle is given by the usual formula

g(X ,Y ) =
√

g(X ,X)
√

g(Y ,Y )cosη , (9.29)

which holds in Riemannian geometry as well as it does in Euclidean geometry. Eq. (9.15) gives

cos2
η =

(dr/dϕ)2

(dr/dϕ)2 + r2(1−2m/r)
. (9.30)

Eliminating (dr/dϕ)2 via (9.24) with (9.26) and E = Ec given in (9.27) gives Synge’s formula

sin2
η =

27m2(r−2m)

r3 . (9.31)

Here r is our distance to the black hole, and we take E = Ec since we want to compute the angle
for the boundary of the black hole shadow, as explained above. On the other hand, Euclidean
geometry as naively used by an observer at (practically) infinity in flat space-time gives

a
r
= tanη . (9.32)

For very small η we have tanη ≈ sinη ≈ η . Also, in (9.31) we neglect the 2m/r3 term against
r/r3 = 1/r2 because r is very large. Eqs. (9.31) and (9.32) then immediately yield (9.28).

Finally, we show that there are no stable circular geodesic orbits of massive particles for
r ≤ 6m. First, putting dr/dϕ = 0 in (9.25) gives V ′(r) = 0, which in this case, i.e. λ 6= 0 in
(9.24), unlike the massless case (λ = 0) does not lead to a unique solution but to the condition

r−3m = mλ
2r2/L2. (9.33)

Hence r > 3m. Using (9.33), the stability condition V ′′(r) > 0 then becomes r > 6m.

Artist’s impression of the paths of photons in the vicinity of a black hole. The gravitational bending and
capture of light by the event horizon is the cause of the black hole shadow .439

439Source: https://www.almaobservatory.org/en/images/photon-paths-around-a-black-hole/.
Credit: Nicolle R. Fuller/NSF.
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9.3 The event horizon of Schwarzschild space-time
We now show how to cross the barrier r = 2m. In the coordinates used to express (9.15) this is
a bit awkward,440 since the metric is simply undefined at r = 2m. We resolve this coordinate
singularity as in de Sitter space, see (9.6) - (9.7). We again introduce lightlike coordinates

u = t− r∗, t = 1
2(v+ u); (9.34)

v = t + r∗, r∗ = 1
2(v−u), (9.35)

where the new (‘tortoise’) radial coordinate r∗ = r∗(r) is defined as the solution, for r > 2m, of

dr∗(r)
dr

=
1

f (r)
; f (r) := 1− 2m

r
. (9.36)

This fixes −∞ < r∗ < ∞, corresponding to 2m < r < ∞, up to a constant. The variables

x∗ = (r∗/2m)−1; x = (r/2m)−1, (9.37)

turn eq. (9.36) into dx∗/dx = 1+ x−1, which for x > 0 is solved by x∗ = x+ lnx+C. Hence

r∗(r) = r+ 2m ln
∣∣∣ r
2m
−1
∣∣∣= r+ 2m ln |r−2m|−2m ln(2m) (9.38)

solves (9.36). One may also solve r for r∗: for x > 0 we have x = W (ex∗), where W is the
Lambert W -function, defined for x > 0 by W (x)eW (x) = x. Up to a constant,441 this gives

r(r∗) = 2m
(

W
(

e(r∗/2m)−1
)
+ 1
)

. (9.39)

To interpret the coordinate r∗, note that if in a geodesic (9.19) we write the radial coordinate r(s)
as r(t) by inverting t(s), and subsequently express r in terms of r∗, from (9.21) we obtain

dr
ds

= E
dr∗
dt

. (9.40)

This relates two perspectives on radial geodesics: travellers use proper time s and undergo
s 7→ r(s), whereas static observers, who by definition are at rest in (r,θ ,ϕ) and use time t,

440 During a lecture in Paris on April 5, 1922, Hadamard asked Einstein what happened if the radius of the Sun
were less than the Schwarzschild radius (Nordmann, 1922; Biezunski, 1987). After much confusion, including
names (and views) of the r = 2m sphere like “discontinuity” (Schwarzschild), “magic circle” (Eddington), “barrier”
(Kottler), “limit circle” (Brillouin), and even “the death” (Nordmann)–we owe this information to a seminar
by Dennis Lemkuhl on April 12th, 2021–at last Lemaître (1933), §11, concluded that ‘The singularity of the
Schwarzschild field [i.e. at r = 2m] is thus a fictitious singularity, analogous to that which appears at the horizon of
the centre in the original form of the de Sitter universe.’ Earlier, Eddington (1924) had contributed the coordinates
now named after him; in fact, he did not use (u,r) or (v,r) but, with an obvious typo corrected, (t∗,r), where
t∗ = t−2m ln |r−2m|, so that u = t− r∗ = t∗− r (up to a constant 2m ln(2m)). This turns the metric (9.15) into

ds2 = −
(

1− 2m
r

)
dt2
∗ +

(
1+

2m
r

)
dr2− 4m

r
dt∗dr+ r2(dθ

2 + sin2
θdϕ

2),

which is well defined and Lorentzian for all r > 0. Lemaître’s coordinates were different but had the same effect.
Finkelstein (1958) first interpreted r = 2m as an event horizon, though not using this term, which had just been
introduced by Rindler (1956), who in turn did not mention the Schwarzschild solution! Penrose (1968) first
rigorously put all this together. See Godart (1992), Eisenstaedt (1993), and Earman (1995), §1.2, for history.

441Take x∗ =
∫ x

ε
dy (1+ y−1), where ε > 0 solves ε = − lnε , so that in (9.38) one takes a = 2m(1+ ε).
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monitor t 7→ r∗(t). For example, it follows from (9.22), see also (9.66) below, that a future-
directed ingoing radial lightlike geodesic approaching r→ 2m from r0 > 2m takes the form

t(s) = s−2m ln(−s)+C; r(s) = −s+ 2m. (9.41)

It then follows from (9.40), in which (9.41) gives dr/ds = −1 and E = 1, that

r∗(t) = −t +C′. (9.42)

Therefore, it takes t→ ∞ to reach r∗→−∞, which is the same as r = 2m (infinite redshift).
For (u,v) ∈R2, i.e. (t,r∗) ∈R2 and hence still 2m < r < ∞, eqs. (9.34) - (9.35) imply

gS = − f (r)dudv+ r2dΩ, (9.43)

where r = r(r∗) = r(u,v) through (9.39) and (9.35). This shows that radial lightlike geodesics
are given by constant u (outgoing) or constant v (ingoing), as in Minkowski space-time: for
r > 2m the former comes from the plus sign in (9.22) with s > 0, whereas the latter come from
the minus sign with s < 0, as can also be directly seen from (9.38). See also (9.65) - (9.68).

To cross r = 2m, we use Eddington–Finkelstein coordinates, in two versions: the ingoing
coordinates (v,r) ∈R× (2m,∞) and the outgoing ones (u,r) ∈R× (2m,∞), with metrics

g+ = − f (r)dv2 + 2dvdr+ r2dΩ; (9.44)

g− = − f (r)du2−2dudr+ r2dΩ. (9.45)

These expressions suddenly make sense for any r ∈ (0,∞) ≡R+
∗ ! Schwarzschild space-time is

MS = R×R+
∗ ×S2 ∼= R× (R3\{0}), (9.46)

with metric (9.44), where now (v,r) ∈R×R+
∗ , and (as always) θ ∈ [0,π ], ϕ ∈ [0,2π).

The reason we say that Schwarzschild space-time contains a black hole is the following.442

Theorem 9.1 The (future) event horizon H+
E = {(v,r,θ ,ϕ) | r = rS = 2m} in MS is:

1. A smooth null hypersurface (cf. §4.6), ruled by lightlike pregeodesics (cf. Proposition 6.9).

2. Diffeomorphic to R×S2;

3. A one-way membrane, in that fd causal cruves cannot cross H+
E from r < rS to r > rS.

The last claim is predicated on a time orientation T on MS. For r > 2m this is naturally given by
T = ∂t , which is timelike for r > 2m, but (as another remarkable feature of Schwarzschild space-
time) this vector becomes lightlike at r = rS and spacelike for 0 < r < rS. This is heuristically
clear from (9.15), but since these coordinates break down at r = rS it is more precise to use
(9.44), noting that ∂t = ∂v. In the absence of a geometrically natural fd timelike vector field
defined throughout MS, we therefore define time orientation via a lightlike field, namely

L = − ∂

∂ r
, (9.47)

442In chapter 10 we will see that the three parts of Theorem 9.1 state general properties of (abstractly defined)
event horizons: See Corollary 10.17, Proposition 10.29, and eq. (10.79), defining the event horizon, respectively.
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defined in the ingoing Eddington–Finkelstein coordinates (v,r,θ ,ϕ). This is crucial, since
although the coordinate r is the same as in the original (t,r,θ ,ϕ) coordinates, the vector field ∂r
is different.443 As in (5.80), we then define the cone of future directed (fd) timelike vectors by

T +
x = {Xx ∈Tx | gx(Lx,Xx) < 0}. (9.48)

A timelike vector Xx ∈ TxMS is future directed (fd) iff gx(Lx,Xx)< 0. Moving back to the original
coordinates (t,r,θ ,ϕ) it is easy to check that (9.47) - (9.48) make ∂t timelike and fd for r > 2m,
whereas they make −∂r in the original coordinates (which is spacelike for r > 2m and lightlike
for r = 2m) timelike and fd for r < 2m. The disadvantage in using a lightlike field like L to define
time-orientation is that one cannot define a general lightlike vector N to be fd iff g(N,L) < 0 or
even ≤ 0, since the former (< 0) fails for N = L whereas the latter (≤ 0) would make N = −L
fd. Hence this criterion is restricted to lightlike vectors that are not proportional to L.
Proof. Claim 2 follows from the coordinate definition of H+

E , which also gives smoothness. The
normal N of a hypersurface defined as a level set f = c is given by N = (d f )], which gives
N = ∂v + f (r)∂r. Hence g(N,N) =− f (r)+2 f (r) = f (r), which vanishes at r = 2m. Thus the
normal N of H+

E is a lightlike vector on H+
E and this by definition makes H+

E a null hypersurface.
Alternatively, since r is constant on H+

E , the induced metric g̃ on H+
E is (9.44) at fixed r = rS, i.e.

g = r2
SdΩ. This metric is degenerate, which again makes H+

E null, cf. §4.6.
To prove claim 3 we adopt the notation of §4.6, relabeling N as L, and have

L = 2(∂v + f (r)∂r); L = − ∂

∂ r
, (9.49)

of which L is lightlike only on H+
E (where L = 2∂v), whereas L is lightlike everywhere. Note the

correct normalization (6.58), which, given that (9.47) defines time orientation, implies that L is
fd whenever it is causal, which is the case for 0 < r ≤ rS. Now consider a general curve

c(λ ) = (v(λ ),r(λ ),θ (λ ),ϕ(λ )). (9.50)

Using (9.44), the conditions that the curve c(·) be timelike and future directed are, respectively,

g(ċ, ċ) < 0 ⇔ 2v̇ṙ− f (r)v̇2 + r2(θ̇ 2 + sin2
θϕ̇

2) < 0; (9.51)
g(L, ċ) < 0, ⇔ v̇ > 0. (9.52)

On H+
E we have f (r) = 0, which enforces ṙ < 0. This is an open condition, which by continuity

also holds near H+
E . Hence fd timelike curves must decrease r if they get near H+

E , which means
that they must either stay within the horizon (r ≤ rS) or cross it from r > rS.

For general causal curves: (i) eq. (9.52) should be supplemented with the additional possibility
ċ = ρL for some ρ > 0, which clearly has ṙ =−ρ < 0; (ii) one allows zero on the right of (9.51).
On the horizon, the only new case this leaves (i.e. for which ṙ≮ 0) are the so-called rest photons
that have r = rS and (θ ,ϕ) constant, and whose lightlike geodesics solve ∇LL = 0 on H+

E (these
lightlike geodesics in fact rule the null hypersurface H+

E ). Their urge to move outward with the
speed of light is exactly compensated for by the central gravitational pull, so that they are at rest
at some point on S2. Their existence does not affect the claim of the theorem. �

The proof gives us more: since f (r) < 0 inside H+
E we must have ṙ < 0 anywhere inside H+

E
and hence any fd timelike curve within H+

E hits the singularity (but the rest photons do not!).444

443 One may also do this in Minkowski space-time, where in (v,r,θ ,ϕ) coordinates (v = t + r), the vector field
L = −∂r is also lightlike and fd; to see this, just note that L = ∂t −∂r in the original coordinates (t,r,θ ,ϕ).

444It would be a mistake to think that photons can somehow travel around the two-sphere r = rS: as soon as θ̇

and/or ϕ̇ are nonzero whilst ṙ = 0, recalling that f (rS) = 0 the right-hand side of (9.51) can obviously not be zero.
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9.4 The Kruskal extension of Schwarzschild space-time
The metrics (9.44) - (9.45), both defined on MS, describe two different space-times, (MS,g±),
containing a black hole (g+) and a white hole (g−) respectively. The latter is a time-reversed
version of the former, as follows from the fact that (u,r,θ ,ϕ) 7→ (v =−u,r,θ ,ϕ) is an isometry
from (MS,g+) to (MS,g−). Note that the Schwarzschild metric is static for r > 2m, whereas
both (9.44) and (9.45), valid for 0 < r < ∞, are merely stationary and hence not time-reversal
invariant. Furthermore, both space-times are extendible, and as such they will be combined into
a single inextendible space-time. To this end, we introduce Kruskal coordinates (U ,V ) by:445

U = −e−κu = −
√∣∣∣ r

2m
−1
∣∣∣ eκ(r−t); V = eκv =

√∣∣∣ r
2m
−1
∣∣∣ eκ(r+t), (9.53)

where r > 2m, and κ , the so-called surface gravity at the event horizon,446 is defined by

κ = 1/4m. (9.54)

The pair (u,v) ∈ R2 corresponds to t ∈ R and r > 2m, and hence to U < 0 and V > 0. This
means that the metric (9.43) in terms of (u,v) applies; in terms of (U ,V ) this metric turns into

gK = −32m3

r
e−r/2mdUdV + r2dΩ, (9.55)

in which r, so far subject to r > 2m, is regarded as a function of U and V through (9.39), (9.35),
and (9.53). This dependence of r on (U ,V ) may (relatively) simply be stated as447

UV =
(

1− r
2m

)
er/2m. (9.56)

Clearly, the metric (9.55) is well defined for (U ,V ) ∈ R2 as long as r > 0. To express this
constraint in terms of (U ,V ) we extend the transformation (9.53) as follows:

U = ±
√∣∣∣ r

2m
−1
∣∣∣ eκ(r−t); V = ±

√∣∣∣ r
2m
−1
∣∣∣ eκ(r−t), (9.57)

where, using notation in which the first ± refers to U and the second to V , the signs are:

black hole space-time white hole space-time
0 < r ≤ 2m + + - -

r > 2m - + + -

Then (9.56) remains valid for r > 0, which gives

UV < 1. (9.58)
445 It is worth asking how these may be found. Searching for good coordinates near r = rS, we approximate f (r)≈

f (rS)+ (r− rS) f ′(rS)+ · · ·= 2κ(r− rS)+ · · · , since f (rS) = 0. Furthermore, near r = rS we approximate (9.38)
by just keeping the logarithm, which gives r−rS ≈ e2κr∗/2κ = eκ(v−u)/2κ . Combining these approximations gives
f (r)≈ exp(κ(v−u)), which suggests (9.53). Indeed, in terms of (U ,V ) the metric (9.43) may be approximated by
g≈−κ−2dUdV + · · · , which is regular near r = rS. And this was the whole point of the transformation!

446The true significance of the surface gravity will emerge in §10.8.
447 Following Sbierski (2018a), define F : (0,∞)→ (−∞,1) by F(r) =

(
1− r

2m

)
er/2m, i.e. the right-hand side of

(9.56). This is a homeomorphism with inverse F−1, so that r = F−1(UV ), as long as (9.58) holds.
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UV = 1

U V

r = 2mr = 2m

r = 2mr = 2m

r>2m

r<2m
r= 0

r<2m

IIII r>2m

IV

II

s=0

s→∞
s=0

s=2m

s=0

 s=2m

s=0

s→-∞

Kruskal diagram for the extended Schwarzschild space-time, which consists of all (U ,V ) ∈R2 subject
to UV < 1, where each point (U ,V ) is actually a two-sphere. The two wiggled lines correspond to
r = 0⇔UV = 1 and do not belong to the space-time; the same is true for the regions above and below
these lines. The axes U = 0 or V = 0 both correspond to r = 2m. Region I is U < 0 and V > 0, etc. The
Schwarzschild black hole space-time corresponds to U ∈R and V > 0, and hence of regions I and II. The
white hole space-time is U ∈R and V < 0, and hence consists of regions III and IV. The U-V axes are
rotated by 45◦ since radial lightlike geodesics (i.e. at constant θ and ϕ) correspond to straight lines U =

constant and V = constant, as follows from (9.55). The blue lightlike geodesic is (9.69), the green one is
(9.70), the red one is (9.71), and the orange one is (9.72); all are future directed. All of these geodesics
can clearly be extended: the blue one in the backward direction (so that it enters region IV), the green one
in the forward direction (entering II), etc. This shows that the black hole space-time is extendible, as is
the white hole one. But the total (Kruskal) space-time, containing both, is inextendible.

Kruskal space-time (MK ,gK) is given by the following space, endowed with the metric
(9.55):448

MK = {(U ,V ) ∈R2 |UV < 1}×S2. (9.59)

Schwarzschild space-time (MS,g+) is isometrically embedded in (MK ,gK) as

M+ = {(U ,V ) ∈R2 |U ∈R,V > 0,UV < 1}×S2. (9.60)

i.e. regions I and II plus the line (U = 0,V > 0). For region I this follows because (9.53)
transforms the metric (9.43) into (9.55), and we know that (9.43) is in turn equivalent to the
Schwarzschild metric (9.44), restricted to r > 2m. For region II the metric (9.44), restricted to
0 < r ≤ 2m, is the unique analytic continuation of the same metric for r > 2m. This is also true
for (9.55), and hence (9.55) must be equivalent to (9.44) in region II, too.449

448Historically, structures similar or equivalent to Kuskal coordinates and Kruskal space-time were also found by
Synge, Fronsdal, and Szekeres; see Misner, Thorne, & Wheeler (1973), Box 31.1, for more information.

449Since regions I and III are both isometric to R2× S2 with metric (9.43), and hence to the original r > 2m
Schwarzschild space-time, one might equally well realize the full space-time (MS,g+) as the union of II and III.
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Similarly, the white hole space-time (MS,g−) is isometrically embedded in (MK ,gK) as

M− = {(U ,V ) ∈R2 |U ∈R,V < 0,UV < 1}×S2, (9.61)

and hence corresponds to regions III plus IV.450 Let us draw the balance between the first two.
Kruskal space-time (MK ,gK):

1. is static;

2. has a good timelike vector field defining its time orientation;

3. is globally hyperbolic;

4. is inextendible.

For the first point,451 a simple computation shows that time translations t 7→ t + c in the original
coordinates are transformed into

U 7→ e−c/4mU ; V 7→ ec/4mV , (9.62)

which are evidently also isometries of the metric (9.55) that preserve the condition (9.56). If t is
the original time coordinate, the corresponding Killing vector field takes the simple form

∂t = κ(V ∂V −U∂U ), (9.63)

as follows from (9.34) - (9.35) and (9.53). If we now agree that in region I the vector field ∂t ,
which is timelike there, is future directed, then it follows from (9.55) that in region I, where
U < 0, V > 0, r > 2m, both ∂V and ∂U are fd lightlike vector fields. Thus

T := ∂U + ∂V (9.64)

is a globally defined fd timelike vector field that may be used to define time orientation, and
which in regions I and II is compatible with the time orientation already defined by (9.47). With
this time orientation, the Kruskal diagram displays what Theorem 9.1 proved, namely that the
surface r = 2m is an event horizon of the black hole (i.e. I + II plus their r = 2m border). The
event horizon at r = 2m of the white hole (9.45), i.e. III + IV plus border, plays the opposite role:
no fd causal curve can move from III to IV, whereas many can cross from r < 2m to r > 2m. This
follows from a similar analysis as in the proof of Theorem 9.1, with N now given by N = +∂r.
For I + IV (plus border), r = 2m is a one-way membrane permitting travel from IV to I but not
vice versa, making I + IV a white hole. Similarly, II + III is another black hole.

The radial lightlike geodesics (9.22) confirm this. If we choose the (affine) parametrization
such that they are all future directed,452 we have the following four inequivalent possibilities:

t(s) = s+ 2m lns+C1; r(s) = s+ 2m; s ∈ (0,∞), t ∈ (−∞,∞), r ∈ (2m,∞); (9.65)
t(s) = s−2m ln(−s)+C2; r(s) = −s+ 2m; s ∈ (−∞,0), t ∈ (−∞,∞), r ∈ (2m,∞); (9.66)
t(s) = −s+ 2m lns+C3; r(s) = −s+ 2m; s ∈ (0,2m), t ∈ (−∞,c3), r ∈ (0,2m); (9.67)
t(s) = s−2m lns+C4; r(s) = −s+ 2m; s ∈ (0,2m), t ∈ (c4,∞), r ∈ (0,2m). (9.68)

450It is also isometric to regions I plus IV; given (9.44) - (9.45) this would actually be the most natural identification,
except that Kruskal space-time is meant to be the disjoint union of a black hole and a white hole space-time.

451One might think that staticity can be made explicit in Kruskal–Szekeres coordinates t = 1
2 (V +U) and

x = 1
2 (V −U), where (t,x) ∈R2 are constrained by t2−x2 < 1. In terms of these, the Kruskal diagram has the usual

x and t axes, and the metric is given by gK = 32m3

r e−r/2m(−dt2 + dx2)+ r2dΩ. But since r is implicitly defined by
t2− x2 = (1− r/2m)exp(r/2m), cf. (9.56), this form of the metric is not manifestly t-independent either.

452This can be confirmed from (9.55), (9.64), and (9.69) - (9.72). For the last two, note that 1− (s/2m) > 0.
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Here c3 := −z+C3 and c4 := z+C4 with z := 2m(1− ln(2m)). In terms of (U ,V ), this reads

U(s) = −C′1; V (s) =C′′1 es/2ms; s ∈ (0,∞); (outgoing) (9.69)

U(s) =C′2e−s/2ms; V (s) =C′′2 ; s ∈ (−∞,0); (ingoing) (9.70)

U(s) =C′3; V (s) =C′′3 e−s/2ms; s ∈ (0,2m); (outgoing) (9.71)

U(s) =C′4e−s/2ms; V (s) =C′′4 ; s ∈ (0,2m), (ingoing) (9.72)

where all C′i and C′′i are positive constants (trivially computable in terms of the Ci).
For the third point, the x-axis in the Kruskal diagram above is a spacelike Cauchy surface,

and the inextendibility of Kruskal space-time follows from Proposition 6.2, eq. (9.18), and a
study of all geodesics in the Kruskal metric (which is not attempted here),453 showing that
all incomplete causal geodesics end up in the singularity at r = 0. Finally, the initial data
problem whose MGHD is (isometric to) Kruskal space-time is asymptotically flat, albeit with two
separate asymptotically flat regions of which one seems unrealistic. Hence (MK ,gK) has good
mathematical properties, but it seems not to correspond to any (known) part of our universe. In
agreement with this, arguments given below suggest that Kruskal space-time cannot be the end
result of an astrophysical collapse process (whereas, as we shall see, Schwarzschild can).

In contrast, Schwarzschild space-time, realized as either (MS,g+) or, isometrically, (M+,gK):

1. is merely stationary (and not static);

2. lacks a geometrically defined timelike vector field;

3. is globally hyperbolic;

4. is extendible.

Schwarzschild space-time came about as an extension of the static solution (9.15), defined for
r > 2m, to all values 0 < r < ∞, but this extension is no longer static because of the off-diagonal
terms in the metric (9.44). However, its maximal extension, i.e. Kruskal space-time, is once
again static: adding a white hole to a black hole restores symmetry under time reversal.454 As
to the second point, in compensation (MS,g+) does have a natural lightlike vector field, viz.
(9.47); see the proof of Theorem 9.1. For the third, Schwarzschild is globally hyperbolic, but
any underlying Cauchy surface Σ would have to extend into both regions I and II in the Kruskal
diagram drawn above (it cannot be restricted to region I since e.g. the red lightlike geodesic
just described and drawn would not cross it). In that case Σ would still carry complete initial
data; that is, the Riemannian three-manifold (Σ, g̃) is geodesically complete. Region I is also
globally hyperbolic by itself, with for example the positive x-axis as a Cauchy surface ΣI . But
here the initial data are incomplete because many geodesics end at r = 2m, and the resulting
space-time is once again extendible. In this case, the r = 2m hypersurface H+

E acts also as a
future Cauchy horizon H+

C = ∂D+(ΣI)\ΣI for ΣI , seen as a wannabe Cauchy surface for the
extension (MS,g+), cf. (5.182) and (10.86), which then coincides with the future event horizon.

453See for example O’Neill (1983), chapter 13 or Plebański & Krasiński (2006), chapter 14. The crucial result is
Proposition 13.36 in O’Neill (1983), which states that an inextendible timelike geodesic γ : I→MK in (MK ,gK) is
incomplete iff rγ(s)→ 0 as the affine parameter s approaches a finite endpoint of I, with Corollary 13.37 to the
effect that Kruskal space-time is (causally) incomplete and inextendible.

454Recall that a metric is static iff it is stationary for a hypersurface-orthogonal Killing vector field, which is the
case iff it is stationary and time-reversal invariant (in the flow parameter of the said Killing field), see §8.4.
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This reflects the extendibility of Schwarzschild space-time: for example, the radial lightlike
geodesic (9.69) can be extended to negative values of s and then describes a photon moving from
IV to I in finite affine parameter “time”.455 Similarly, the radial lightlike geodesic (9.71) can be
extended to s < 0 and then describes a photon moving from IV to II.

For those who are familiar with this technique (or jump to §10.2),456 we now give the Penrose
diagrams of both Kruskal and Schwarzschild space-time, the former in Penrose’s own hand:

One of the first Penrose diagrams: ‘The Kruskal picture with conformal infinity represented.’457

r = 0

H+
E

II

I

I +

I −

i0

i+

i−

Penrose diagram for Schwarzschild space-time (M+,gK) ∼= (MS,g+). The green line represents the event
horizon H+

E at r = 2m. The blue line represents a Cauchy surface. The red line marks the end of the
diagram; it does not (even) lie in the conformal completion (M̂+, ĝK).

455The reason we will not notice this even if white holes exist is that according to the description (9.65), it would
require extending our time t beyond minus infinity, i.e. the “beginning of time”, to see it.

456 For the moment, just note that (i) through a conformal transformation, infinity has been brought forward so as
to become a boundary at some finite distance; (ii) the causal structure is the same as in Minkowski space-time.

457Taken from Penrose (1968), p. 208, Fig. 37. See the Introduction for comments on his style. See also §10.3.
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On the other hand, we shall see at the end of this section that Schwarzschild space-time can
result from a realistic collapse process, and although all known black holes in the universe seem
to be rotating and described by the Kerr metric (with poorly known angular velocities, that is),
the Schwarzschild metric may be sufficiently close to these to call it physically realistic.

In conclusion, Kruskal space-time has good mathematical features, but is physically awkward,
whereas Schwarzschild space-time has exactly the opposite features. Perhaps it is a mistake to
regard the latter as the “hydrogen atom of GR”, as many textbooks suggest.

At the origin U =V = 0 of the Kruskal diagram (where r = 2m and t is undefined) the event
horizon of the black hole coincides with the one of the white hole. This point (which is really
a two-sphere whose abstract structure is that of a bifurcation surface, see §10.8) is called an
Einstein–Rosen bridge, which later came to be seen as a special case of a wormhole. This bridge
connects region I to region IV, but one cannot cross it since this would require spacelike (i.e.
superluminal) travel; even any (fd) timelike or lightlike deviation from it would cause the traveler
to fall into the black hole singularity. Nonetheless, one can study its geometry at some fixed
value of t, i.e. as part of a slice of constant U/V ), which turns out to be quite interesting. We
restrict ourselves to the original description of the bridge by Einstein & Rosen (1935) themselves,
since apart from some use in science fiction the idea seems to be of historical value only.

In terms of the coordinate
u =
√

r−2m, (9.73)

the r > 2m part of the Schwarzschild metric is

g = − u2

u2 + 2m
dt2 + 4(u2 + 2m)du2 +(u2 + 2m)2dΩ. (9.74)

Although u≥ 0 initially, this makes sense for any u ∈R and as such the solution describes the
exterior regions I and IV in the Kruskal diagram. The area of any two-sphere at fixed u is

A(u) = 4π(2m+ u2)2. (9.75)

This function obviously takes a minimum at u = 0, i.e., r = 2m, and increases for larger |u|. At
fixed θ , where the spheres are circles, one may then draw the bridge as a two-sided trumpet.

We return to the physical origin of Schwarzschild space-time, in the sense that it may be the
final state of a stellar collapse. To this, end, the oldest and simplest generally relativistic model
is due to Oppenheimer and Snyder (1939), whose paper played an important role towards the
acceptance of black holes, at a time where the mathematical possibility was clear but Einstein,
Eddington, and many other opinion leaders believed that they were idealizations and that some
physical mechanism would block their actual occurrence in nature.458 This model describes the
collapse of a spherically symmetric permeating dust cloud, whose energy-momentum tensor
within the cloud is given by (7.70), whilst Tµν = 0 outside the cloud, which is taken to be a ball

458 Very briefly: light stars retire as white dwarfs, in which nuclear burning has ended and inward gravitational
pressure is stopped by a degenerate electron gas. In 1931, Chandrasekhar discovered that this only works for masses
M ≤ 1.46M�, where M� is the solar mass. Heavier stars collapse into neutron stars (typically after a supernova
explosion), but also these have an upper mass, as first suggested by Oppenheimer & Volkoff (1939); the current
bound is about 2.3M�. Heavier stars have nothing to stop gravitational collapse and unless they get rid of some of
their mass/energy they must collapse into a black hole. See e.g. Misner, Thorne, & Wheeler (1973), Joshi (2007),
Lasky (2010), or Weinberg (2020) for the relevant astrophysics, and the references in footnote 270, as well as
Longair (2006), for details on the history. Our brief mathematical treatment below is based on Alford (2020).
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in R3 with radius R. This model has only one free parameter, namely the total mass m (initially
of the collapsing matter, eventually of the black hole). At any point in time t one has

m = (4π/3)R3
ρ , (9.76)

where the choice of R (> 2m) reflects the choice of the origin τ = 0 of (proper) time. Given this
choice, define τ0 = 1

3

√
2R3/m, in terms of which Oppenheimer–Snyder space-time is given by

M = R4\{(τ ,r,θ ,ϕ) | τ ≥ τ0,r = 0}; (9.77)

gOS = −
(

1− 2m
r

)
dτ

2 + 2

√
2m
r

dτ dr+ dr2 + r2dΩ; (r ≥ rb(τ)); (9.78)

gOS = −

(
1− 2mr2

r3
b

)
dτ

2 + 2

√
2mr2

r3
b

dτ dr+ dr2 + r2dΩ; (r < rb(τ)), (9.79)

where, compared to the original coordinates (t,r,θ ,ϕ), we have τ = t +g(r), where g(r) solves

dg(r)
dr

=

√
2mr

r−2m
. (9.80)

Indeed,459 under this coordinate transformation (9.78) is equivalent to (9.15). Furthermore, in
(9.79) the time-dependent radius of the star rb = rb(τ) is defined in terms of R = rb(τ = 0) by

rb(τ) =

(
R3/2− 3τ

2

√
2m
)2/3

. (9.81)

Hence rb(τ0) = 0, which means that, as suggested by (9.77), the collapse ends at τ = τ0 and
hence for all τ ≥ τ0 one has the Schwarzschild solution. Another critical time is τ = τ1, at which
rb(τ1) = 2m and hence the star implodes through its Schwarzschild radius. Using reduced radii

r̃ = r/2m; r̃b = rb/2m; R̃ = R/2m, (9.82)

the relevant quantities are given by

r̃b(τ) =

(
R̃3/2− 3τ

4m

)2/3

; (9.83)

τ0 =
4
3

mR̃3/2; τ1 =
4
3

m(R̃3/2−1); τ
′
0 =

4
3

m
(

R̃3/2− 27
8

)
, (9.84)

where τ ′0 is the earliest time at which the quantity r̃(τ) defined below vanishes. The event
horizon H+

E can be computed from the fact that, at any fixed angle (θ ,ϕ), the fd “outgoing” (but
bouncing) radial lightlike geodesic that passes through (r = 2m,θ ,ϕ) at τ = τ1 is given by

r̃(τ) = r̃b(τ)(3−2
√

r̃b(τ)). (9.85)

This takes its maximum r̃ = 1 at τ = τ1 and, constrained by r̃ ≥ 0, has two zeros at τ0 and τ ′0;
clearly, τ ′0 < τ1 < τ0. Together with (9.77) this gives the location of the event horizon as

H+
E = {(τ ,r,θ ,ϕ) ∈M | (τ ′0 ≤ τ ≤ τ1, r̃ = r̃(τ))∨ (τ ≥ τ1,r = 2m)}. (9.86)

459The metric is only piecewise smooth but satisfies appropriate junction conditions at r = rb(τ).
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Indeed, this definition is such that some point x = (τ ,r,θ ,ϕ) lies inside the horizon, in that:

τ
′
0 ≤ τ ≤ τ1 and r̃ ≤ r̃(τ) or τ ≥ τ1 and r̃ ≤ 1, (i.e. r ≤ 2m),

iff there are no points
y = (τ ′,r′,θ ′,ϕ ′) ∈ J+(x) (9.87)

for which τ ′≥ τ1 and r′> 2m. This, in turn, means that future null infinity I + cannot be reached
from x via a lightlike curve (or any causal curve); we will formalize this later.460 Specifically,
lightlike geodesics starting anywhere at any time τ < τ ′0 reach infinity, whereas those starting at
some τ ≥ τ ′0 must start at some r̃ > r̃(τ). The geodesics (9.85) demarcate between these two
classes. The situation is illustrated in the pictures, which say more than the formulae:

Left picture: τ-r diagram of the Oppenheimer–Snyder space-time. The green area is the interior of the
black hole and its boundary. The event horizon H+

E is initially the blue geodesic (9.85), and from τ = τ1

onwards it is the line r = 2m. Any inextendible fd lightlike curve leaving outside the green area will
eventually reach future null infinity I +. Any fd causal curve leaving within the grey area will stay there
and any such fd causal geodesic necessarily fall into the singularity. Picture drawn by Edith de Jong.

Right picture: Penrose diagram of the Oppenheimer–Snyder space-time, very slightly adapted from
Alford (2020), redrawn by Edith de Jong. The curved line shows the evolution of the radius of the star; the
45◦ line marked H+

E is the event horizon. This diagram combines features of the corresponding diagrams
for Minkowski space-time (cf. §10.2) and for Kruskal space-time (given earlier in this section).

Although the romanticism has been taken out of it, one cannot deny the physical and
mathematical improvement over Schwarzschild (or Kruskal) space-time: Oppenheimer–Snyder
space-time is geodesically incomplete only at r = 0, where it has the same curvature singularity
as Schwarzschild (the vertical r = 0 line belongs to the space-time until τ = τ0), and hence it is
inextendible–so no need for white holes. Finally, it has a complete, asymptotically flat initial
value problem: any hypersurface τ = constant at τ < τ ′0 is a space-like Cauchy surface.

460See §10.3. The black hole area will formally be defined as M\J−(I +), so that the event horizon is H+
E =

∂ (M\J−(I +)). This also gives the even horizon H+
E of the Schwarzschild solution, as well as the horizons H+

E in
the Reissner–Nordström and Kerr solutions to come in the next two section.
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9.5 The Reissner–Nordström solution

Reissner (1916) and Nordström (1918) independently extended the Schwarzschild solution to
the electrovac case where the central body is electrically charged and one continues to assume
spherical symmetry.461 This requires a nonzero energy-momentum tensor (7.84) in which Fµν

comes from the potential (A0 = −e/r,Ai = 0). A lengthy calculation gives the metric

gRN = −h(r)dt2 + h(r)−1dr2 + r2dΩ (9.88)

h(r) := 1− 2m
r

+
e2

r2 =
1
r2 (r− r+)(r− r−); r± = m±

√
m2− e2, (9.89)

where we assume m > 0 and |e| ≤ m only in rewriting h(r) as (r− r+)(r− r−)/r2. For
e > m > 0 we have h(r) > 0 and the metric (9.88), defined for all t ∈R and r > 0, turns out to
be inextendible. Other parameter values require new coordinates near both r = r±, see below.

r = 0

r = 0

I +

I −

i0

r = 0

I +

I −

H+

H−

H−

I

I

III

i0

i−

Left: Penrose diagram for the Reissner–Nordström solution with |e|>m> 0 or the Schwarzschild solution
with m < 0. The analogy with the corresponding diagram for Minkowski space-time (see §10.2) is highly
misleading, since in the solutions just mentioned r = 0 is a naked (timelike) singularity, whereas in the
Minkowski case it is a coordinate singularity. The Reissner–Nordström metric has a (naked and timelike)
singularity at r = 0 and lacks an event horizon. It does have a Cauchy horizon, drawn in red, for the
wannabe Cauchy surface drawn in blue. See §10.6 for details.

Right: Penrose diagram for the (unextended) Reissner–Nordström solution with |e| = m > 0. The
singularity at r = 0 is shielded by a future event horizon at r = m, drawn in red, which at the same time is
a future Cauchy horizon for the wannabe Cauchy surface drawn in blue, whence we write H+

C =H+
R =H+

C .
The singularity is timelike (the m > 0 Schwarzschild singularity is spacelike). The two red lines marked
H− are boundaries, but in the extensions discussed below they will be past event and Cauchy horizons.

461There is a Birkhoff-style derivation of this metric that only requires spherical symmetry (Hoffmann, 1932ab).
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r = 0

I +

I −

H+
C

H+
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I

II

III

i0

i+

i−

Penrose diagram for the (unextended) Reissner–Nordström solution with 0 < |e| < m, as redefined in
ingoing Eddington–Finkelstein coordinates (v,r). This time there is both an event horizon H+

E at r = r+,
viz. the green center–NE line, and a Cauchy horizon H+

C at r = r− < r+ for say the wannabe Cauchy
surface in blue, drawn as the red center–NE line. The other green and red lines are event and Cauchy
horizons, respectively, for extensions of the space-time.462

Key intuition about this metric comes from the Penrose diagrams above. Although charged
black holes probably do not exist, pedagogically the Reissner–Nordström solution is a useful
intermediate case between Schwarzschild and Kerr.463 There are three very different regimes,
which however have the same curvature singularity at r = 0, which is given by,464 cf. (9.18),

Rρσ µνRρσ µν =
48m2

r12 (r6−2me2r5 + 7
6e4r4). (9.90)

462 See (9.94) below for (v,r), The coordinate transformations leading to the conformal completion implicit in this
Penrose diagram are given in Hawking & Ellis (1973), p. 157, but one may also use Penrose’s formulae (10.72) and
(10.73) for (U+,V+) instead of (U ,V ), as defined in (9.103) below. In any case, the green SE–NW line corresponds
to v = −∞, whereas the green SE–NW line upt to H+

C corresponds to v = ∞; at H+
C the (v,r) coordinates break

down, as explained in the main text. One has a similar Penrose diagram for the outgoing Eddington–Finkelstein
coordinates (u,r), which contains a white hole, see e.g. Poisson (2004), §5.2.3. These can be combined, see below.

463An exhaustive study of the Reissner–Nordström space-time and its properties may be found in Chandrasekhar
(1983), chapter 5. For briefer treatments see also Graves & Brill (1960), Carter (1973), Simpson & Penrose (1973),
Hawking & Ellis (1973), §5.5, Poisson (2004), §5.2, and Plebański & Krasiński (2006), §5.2.3.

464See Henry (2000), who even computes the Kretschmann scalar for the Kerr–Newman metric.
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• m < 0 or 0 < m < |e|. Then h(r)> 0 and the metric (9.88) is non-singular except at r = 0.
This case is similar to Schwarzschild with m < 0. The metric (9.88) is defined for all
0 < r < ∞ and the space-time is inextendible. With T = ∂t as the obvious time orientation
(which for |e|> m stays timelike for all r > 0, as opposed to m > 0 Schwarzschild), there
are both future-directed past-incomplete timelike curves emanating from the singularity
and future-directed future-incomplete timelike curves crashing into it, so that the singularity
behaves like a point omitted from some (in fact many) double cone(s) J(x,y). Thus a
space-time with a timelike singularity cannot be globally hyperbolic.465

• 0 < m = |e|, called extremal, see below. We will treat this as a limiting case of:

• 0 < |e|< m. Though all cases are unphysical, this one is “relatively realistic”.

In the last two cases we have to deal with zeros of h(r), where the metric (9.88) breaks down. As
in the Schwarzschild case with m> 0, this is resolved by turning to better coordinates, and indeed,
we proceed in almost the same way. The tortoise coordinate r∗ now solves dr∗/dr = h(r)−1, so
that, with the simplest integration constant, eq. (9.38) is replaced by

r∗ = r+
r2
+

(r+− r−)
ln(r− r+)−

r2
−

(r+− r−)
ln(r− r−); (0 < |e|< m). (9.91)

Up to a constant 2m ln(2m), this reduces to (9.38) if r− = 0; we still have the boundary condition
limr↓r+ r∗(r) = −∞. The Schwarzschild surface gravity κ = 1/4m is now replaced by

κ+ = 1
2h′(r+) =

r+− r−
2r2

+

=

√
m2− e2

r2
+

. (9.92)

Thus the metric with |e|= m > 0 has zero surface gravity, making it an extremal black hole.
The counterparts of the Schwarzschild(ish) metrics (9.43) and (9.44) - (9.45) are given by

gRN = −h(r)dudv+ r2dΩ; (9.93)

gRN = −h(r)dv2 + 2dvdr+ r2dΩ; (9.94)

gRN = −h(r)du2−2dudr+ r2dΩ, (9.95)

where u and v are defined as in (9.34) - (9.35), and as before r = r(u,v) via (9.35) and the
inverse of the counterpart of (9.38). Taking (9.94) to define the metric gRN , we may now define
Reissner–Nordström space-time as (MRN ,gRN) where the manifold MRN is the same as the
Schwarzschild manifold MS defined in (9.46), and time orientation is given by declaring that the
lightlike vector field (9.47) be future directed, just as in the Schwarzschild case. Under the map

(v,r,θ ,ϕ) 7→ (u = −v,r,θ ,ϕ), (9.96)

this “ingoing” space-time is isometric to the “outgoing” one based on the same manifold, but
using the metric (9.95), and +∂r for time orientation.

465In Penrose’s (1979) terminology, this makes the singularity timelike. In addition, it is naked in being visible far
away, since it is not covered by an event horizon. In contrast, the Schwarzschild singularity for m > 0 is spacelike
and is covered by an event horizon. A singularity is spacelike/timelike/lightlike iff it has these properties in a Penrose
diagram. In this case, where the singularity is located at r = 0, spacelike also means that for small enough ε > 0 the
hypersurface r = ε is spacelike. This is the case for Schwarzschild with m > 0, since its normal ∂r is timelike for
0 < r < 2m, whereas this normal is spacelike for all cases of Reissner–Nordström, making the singularity timelike,
see Definition 4.15. These things come to a head in cosmic censorship, see §10.4.
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The main properties of Schwarzschild space-time are arguably that (i) it has a spacelike
curvature singularity at r = 0 (which makes it geodesically incomplete), which (ii) is covered by
an event horizon, as expressed in Theorem 9.1. Reissner–Nordström has this singularity, too, but
if 0 < |e|< m it is covered by two event horizons (and this also turns out to make it timelike):

Theorem 9.2 If 0 < |e|< m, the sets H± = {(v,r,θ ,ϕ) | r = r±} ⊂MRN (at which h = 0) are
null hypersurfaces diffeomorphic to R× S2. Each H± acts as a one-way membrane towards
smaller values of r. If |e|= m, then H+ = H− = H, which has the same properties as each H±.

Proof. The proof of Theorem 9.1 is easily adjusted, cf. the proof of Theorem 9.3 for details. �
This makes Reissner–Nordström space-time totally different from the Schwarzschild one, even
in the extremal case with a single event horizon. The key properties for 0 < |e|< m are:

1. The outer horizon H+ = H+
E is the event horizon, since it is the boundary inside which

future (null) infinity can no longer be reached; it is the analogue of H+
E in Theorem 9.1.

2. The inner horizon H− = H+
C is a Cauchy horizon for wannabe Cauchy surfaces (cf. Defi-

nition 5.36). Cauchy surfaces do not exist and (MRN ,gRN) is not globally hyperbolic.466

3. The singularity at r = 0 is timelike and repulsive (except for radial lightlike geodesics).

4. The maximally extended space-time has an infinite number of regions (and singularities).

In the extremal case 0 6= |e|= m all this remains true: although there is a single event horizon in
that case, it plays the role of both the event horizon H+

E of Schwarzschild space-time and of a
Cauchy horizon (which is absent in Schwarzschild space-time). For |e|> m > 0, finally, only
property 3 remains, but as a relic of no. 2 also that case is not globally hyperbolic.467

Except for the first, which is Theorem 9.2, we will not prove these points (which could be
done by studying all geodesics and causal curves), but just argue for them, and relate them.

The most intuitive point is 3. In the coordinates (t,r,θ ,ϕ) the vector field R = −∂r is
spacelike for r > r+, lightlike at r = r+, and timelike at r− < r < r+. In this region R is future
directed and hence r must decrease, so that r = r− is reached, and crossed. If 0 < r < r−, then
R becomes spacelike once again, whereas the Schwarzschild-R only changes its causal nature
once, namely when crossing the single event horizon H+

E , and so R is timelike as r→ 0. This
makes the Schwarzschild singularity spacelike (as the normal vector to the r = ε hypersurface
for small ε > 0 is timelike) and unavoidable (since fd timelike curves must decrease r), whereas
the Reissner–Nordström singularity is timelike, since exactly the opposite causal situation reigns.

This suggests that the Reissner–Nordström singularity at r = 0 can be avoided; what’s more,
a fd timelike geodesic cannot even reach it because it is repelled! We only show this for radial
geodesics γ (which by their very nature should have the best chance of hitting the singularity),
but it is true in general. Taking (θ ,ϕ) constant, we parametrize γ(s) = (v(s),r(s)) affinely such
that g(γ̇ , γ̇) = −1, where γ̇ = dγ/ds as usual. In the ingoing (v,r,θ ,ϕ) coordinates this gives

hv̇2−2v̇ṙ = 1. (9.97)

Furthermore, since ∂t = ∂v is a Killing vector, the energy E =−g(γ̇ ,∂t) takes the constant value

E = hv̇− ṙ. (9.98)
466In §10.7 we will see that Cauchy horizons are always ruled by lightlike geodesics, sharpening Theorem 9.2.
467As one can infer from its Penrose diagram: no wannabe Cauchy surface, drawn as a more or less horizontal

line, is hit by a future inextendible timelike curve lying above it that hits the singularity.
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Combining (9.97) - (9.98) we see that, similarly to (9.24), the motion is controlled by

ṙ2 + h(r) = E2. (9.99)

That is, h(r) acts like a potential. Since h(r)≈ e2/r2 for r→ 0, this gives a strong repulsion. On
the other hand, incoming fd radial lightlike geodesics are simply given by constant (θ ,ϕ) and

v =C1; r(s) = −s+C2, (9.100)

where C1 and C2 > 0 are constants. Since we now have g(γ̇ , γ̇) = 0, eq. (9.97) is 0 = 0 whilst
(9.98) is E = 1, from which nothing can be concluded. Yet (9.100) gives r(s)→ 0 as s→C2.

We return to our fd timelike geodesic observer, who (unlike the incoming radial lightlike
geodesic just discussed), after having crossed the future Cauchy horizon H+

C bounces back from
the singularity, increases r, and is even able to cross the next Cauchy horizon H−C at r = r−.
Strangely enough, this makes him outgoing rather than ingoing. Naively, this would lead him
back to the area II where he came from, but according to Theorem 9.2 this is impossible for a fd
timelike curve. Therefore, he has entered a new region, interpreted as the interior of a white hole,
from which he can move on to cross its “anti” event horizon H−E and enter a new asymptotically
flat region. The process may then be repeated, which leads to (and in turn is illustrated by)
the Penrose diagram on the next page. Adding the south-east diamonds I and II to the original
north-west diamonds I and II should be familiar from the Kruskal extension of Schwarzschild
space-time, whose extension ends there; recall that regions II are then triangles whose northern
or southern borders represents a singularity. Now, however, our ingoing fd timelike observer can
cross either of the red r = r− lines into one of the triangular regions III, and move on to the new
region II as described above. To make this space-time geodesically complete also into the past
(except at the singularities), one extends the original space-time analogously, to the “south”.

If we take the blue horizontal bar as a wannabe Cauchy surface Σ in the extended space-time,
the first two red lines above it form its future Cauchy horizon H+(Σ) whilst those to the south of
the region II below the blue line form its past Cauchy horizon H−(Σ). Indeed, in the triangular
regions III north of this horizon one may initiate inextendible timelike curves that crash into
the singularity southward and go on indefinitely northbound. Such curves do not cross Σ;
contradicting the definition of a Cauchy surface (and similarly to the past).

A similar tower may be drawn for the extremal case 0 6= |e| = m, where compared to the
previous case things are simplified by the coalescence r+ = r−, so that there is just one type of
horizon H± that is simultaneously an event horizon H±E and a Cauchy horizon H±C . Thus one
simply places the entire diagram shown on top of and below itself in such a way that the red H−

lines match, and repeats this procedure. A given region III then acts as a black hole towards the
lower region I and as a white hole towards the upper one. The difference with the Schwarzschild
solution comes from the difference between the functions

f (r) = (r−2m)/r; h(r) = (r−m)2/r2 (9.101)

in the metric, which means that in the original coordinates (t,r,θ ,ϕ) neither ∂t nor ∂r changes
its causal nature if it crosses the horizon. In particular, ∂r remains spacelike and this makes the
singularity timelike (as it is in the two other regimes of the solution).
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Penrose diagram of the maximally extended Reissner–Nordström solution for 0 < |e| < m. Region I
corresponds to r > r+, region II to r− < r < r+, and region III to 0 < r < r−. The repetition is such that
a green cross with the associated null infinities I ± is added both above and below the red crosses, after
which a red cross and the associated r = 0 singularities are added above and below, etc. Compared to the
earlier diagram, the new regions make the space-time geodesically complete except at the singularities,
and hence it is inextendible. Each green cross is an event horizon (and even a bifurcate Killing horizon,
see §10.8), whereas each red cross is a Cauchy horizon with respect to some generic wannabe Cauchy
surface, like the one drawn in blue.468

468Redrawn from Hawking & Ellis (1973), page 158. The labeling of the regions differs from the Kruskal one.
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It is interesting to see some of the differences between Schwarzschild and Reissner–Nordström
from the procedure used to merge the solutions (9.44) and (9.45) into a single (Kruskal) space-
time.469 For 0 < |e|< m, analogously to footnote 445 we use (9.34) - (9.35) and approximate

r− r+ ≈±
1

2κ+
e2κ+r∗ = ± 1

2κ+
eκ(v−u), (9.102)

where the upper sign applies to r > r+ and the lower one to r− < r < r+. This gives the
approximation h(r) ≈±exp(κ+(v−u)). Defining u and v as in (9.34) - (9.35), as r ≈ r+, the
metric (9.88) is then regularized by the new coordinates

U+ = ∓e−κ+u; V+ = eκ+v, (9.103)

since gRN ≈−κ
−2
+ dU+dV++ · · · , as before. More precisely, since (9.56) is now replaced by

U+V+ = −e2κ+r∗ = −e2κ+r(r− r+)(r− r−)−r2
−/r2

+ . (9.104)

Together with (9.103) and (9.93), this gives the exact metric in U+-V+ coordinates as

ds2
+ = −e−2κ+r

κ2
+r2 (r− r−)1+(r2

−/r2
+)dU+dV++ r2dΩ, (9.105)

where r = r(U+,V+) is defined via (9.104), i.e. via (9.103), (9.91), and (9.34) - (9.35), as
usual.470 For r≈ r− we have r− r− ≈ (U+V+)−r2

+/r2
− , so that r = r− corresponds to U+V+ = ∞

and hence is out of the range of the (U+,V+) coordinates. To get to r = r− and a fortiori to
r→ 0, we introduce new coordinates (U−,V−) by making the replacements

κ+ κ− = 1
2h′(r−) = −

r+− r−
2r2
−

; (9.106)

U+ U− = ∓eκ−u; V+ V− = −e−κ−v; (9.107)

U+V+ U−V− = −e−2κ−r∗ = −e−2κ−r(r− r−)(r− r+)−r2
+/r2

−; (9.108)

ds2
− = −e−2κ−r

κ2
−r2 (r− r+)1+(r2

+/r2
−)dU−dV−+ r2dΩ, (9.109)

where this time the upper sign refers to r− < r < r+ and the lower one to 0 < r < r−. This metric
is singular at r = r+, so that unlike the Schwarzschild case, but somewhat like de Sitter, there
isn’t a single coordinate system that adequately describes the merger. Referring to the above
Penrose diagram, the interior of the large diamond consisting of the regions I and II from the
original space-time, plus the new regions I and II south-east of those (which totality is similar to
the entire Kruskal space-time) is described by the (U+,V+) coordinates, which however break
down near the border lines r = r− of the large diamond (both north and south). Unlike the
Kruskal case (in which r− = 0) these can be crossed, but this crossing must be described in the
new coordinates (U−,V−), which can be started in regions II and extend to regions III, etc.

However interesting all this may be, similar comments apply as in the Schwarzschild case:
realistic collapse is not expected to lead to solutions (and Penrose diagrams) like this, although
an exact solution showing this seems lacking.471 In addition, the interior part of the solution
seems unstable; in particular, the Cachy horizon is believed to turn into a curvature singularity
under small perturbations, including even such small effects as an observer trying to cross it.
This is a major point in favour of Penrose’s (strong) cosmic censorship hypothesis; see §10.4.

469We here essentially follows Poisson (2004), §5.2.
470If e = 0, then (9.105) is not quite (9.55); it would be if the constant −2m ln(2m) in (9.38) were omitted.
471See e.g. Sanchis-Gual et al. (2016) for some non-rigorous work in this direction.
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9.6 The Kerr solution
The last, and physically most relevant, solution to the vacuum Einstein equations we discuss is

gK = −dt2 +
2mr
ρ2 (asin2

θdϕ−dt)2 +ρ
2(∆−1dr2 + dθ

2)+ (r2 + a2) sin2
θdϕ

2

= −
(

1− 2mr
ρ2

)
dt2− 4mar sin2

θ

ρ2 dtdϕ +
ρ2

∆
dr2 +ρ

2dθ
2 +

Σ
ρ2 sin2

θ dϕ
2; (9.110)

∆ := r2−2mr+ a2 = r2
(

1− 2m
r

+
a2

r2

)
; (9.111)

ρ
2 := r2 + a2 cos2

θ ; (9.112)

Σ := (a2 + r2)2−a2∆ sin2
θ . (9.113)

This is the Kerr metric,472 parametrized by m> 0 and a∈R\{0}, expressed in Boyer–Lindquist
coordinates.473 These coordinates (t,r,θ ,ϕ) look the same as those in the Schwarzschild
solution (9.15), but this analogy is partly misleading and only makes sense for r > 2m.474 In that
case, (r,θ ,ϕ) are the usual spherical polar coordinates, and t is the usual time coordinate. In
particular, an important difference with both the Schwarzschild and Reissner–Nordström space-
times is that the “radial” coordinate r now takes values in R (as does t). The set {(t,r,θ ,ϕ)}
where θ ∈ [0,π ] and ϕ ∈ [0,2π)} is therefore (topologically) a two-sphere at any fixed (t,r),
even if r = 0. The curvature singularity, which in the Schwarzschild metric is located at r = 0 and
hence is a point at any fixed time t, is now located at ρ2 = 0. At fixed t this set is (topologically)
a circle (called a ring in this context), and the entire set ρ2 = 0, i.e. r = cosθ = 0, is given by

R := {(t,r = 0,θ = 1
2π ,ϕ) | t ∈R,ϕ ∈ [0,2π)}. (9.114)

Indeed, the Kretschmann scalar for (9.110) is given by the following generalization of (9.18):

Rρσ µνRρσ µν =
48m2

ρ12 (r2−a2 cos2
θ )(ρ4−16a2r2 cos2

θ ), (9.115)

which blows up in R. Apart from (9.114) there are no other singularities of (9.110) except
coordinate issues, and so we take the (preliminary) manifold underlying Kerr space-time to be

M = (R2×S2)\R. (9.116)

We have not yet found the right coordinates on all of (9.116), since the metric (9.110) looks
singular also outside the ring R, namely where ∆ = 0. This can be overcome in a similar way
as for the Schwarzschild and Reissner–Nordström metrics, namely by passing to Eddington–
Finkelstein coordinates. However, before doing so, we can already look at some interesting
geodesics. The details depend on a case distinction similar to the one for Reissner–Nordström:

472The is metric was discovered by Kerr (1963); see Melia (2009) for the history of this discovery as well as
biographical information about Kerr. An exhaustive mathematical treatment of the Kerr metric is given in the
monographs by Chandrasekhar (1983) and O’Neill (1995), whereas the volume edited by Wiltshire, Visser, & Scott
(2009) is more physics oriented. The introduction to this volume, available in preprint form as Visser (2006) is a
nice first introduction, as is Heinicke & Hehl (2015). Among the general GR texbooks, the one by Plebański &
Krasiński (2006) also gives very detailed coverage. The Les Houches lectures by Carter (1973) remain valuable.

473These coordinates were introduced in Boyer & Lindquist (1967). During a brief visit to the Center for Relativity
at the University of Texas, Austin, which is also where Kerr discovered his metric, Robert Boyer (1933–1966) was
tragically killed by Charles Whitman in the University Tower shooting massacre on August 1, 1966 (Melia, 2009).

474This places (t,r,θ ,ϕ) outside the ergosphere and hence a fortiori outside any relevant horizon, see below.
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• 0 < |a| < m, called the slowly rotating case (comparable with 0 < |e| < m), which is
astrophysically relevant. Then ∆ has two distinct zeros, which, as in (9.89), are given by

r± = m±
√

m2−a2. (9.117)

It turns out that r = r+ gives the event horizon (as in the Schwarzschild case a = 0, where
r+ = 2m), but r− is a Cauchy horizon (as for the Reissner–Nordström metric).

• 0 < |a|= m, the extremal case (comparable with |e|= m), where r+ = r−.

• 0 < m < |a|, the rapidly rotating case (comparable with 0 < m < |e|), where ρ > 0.

The interpretation of these cases, suggested by their names, comes from the fact that, due to it
being stationary, axisymmetric, and asymptotically flat, the Kerr solution has well-defined total
mass/energy E and angular momentum J. These may be defined by the Komar formulae:475

E := − 1
8π

∫
S2

r

dσµν ∇
µT ν ; J :=

1
16π

∫
S2

r

dσµν ∇
µAν , (9.118)

where (at least in the asymptotic region) T = ∂t is the Killing vector field defining stationarity,
A = ∂ϕ is the Killing vector field defining axial symmetry. The surface element is given by

dσµν = (nµNν −nνNµ)d2
σ , (9.119)

where d2σ was defined below (8.103). One takes a spacelike wannabe Cauchy surface Σ ⊂M
(since Kerr space-time is not globally hyperbolic this is all one can do), with fd timelike normal
N, containing a sphere S2

r in the asymptotically flat region, with outward normal n relative to the
embedding S2

r ↪→ Σ. It can then be shown that E and J are independent of Σ and S2
r , and yield

E = m; J = am. (9.120)

Thus the metric (9.110) describes a space-time rotating with constant angular velocity. It is
stationary but not static: the solution is not invariant under t 7→ −t but under the double inversion

(t,ϕ) 7→ (−t,−ϕ). (9.121)

This is what one would indeed expect of an object rotating with constant angular velocity, where
ϕ is the angle of rotation, since reversing time also reverses the direction of rotation.

We now turn to geodesic motion, starting with a more abstract perspective on the Schwarzschild
constants of motion E and L, cf. (9.21). Let X be a Killing vector field, so that LX g = 0, i.e.,

g(∇Y X ,Z)+ g(∇ZX ,Y ) = 0 for all Y ,Z ∈ X(M). (9.122)

For an observer with four-velocity u = γ̇ moving along a causal geodesic γ , eq. (9.122) plus
the geodesic equation ∇uu = 0 make g(u,X) a constant of motion, since taking Y = Z = u in
(9.122) gives gγ(s)(∇uX ,u) = 0, and hence, since ∇uu = 0 because γ is a geodesic,

d
ds

gγ(s)(X ,u) = ∇u(gγ(s)(X ,u)) = gγ(s)(∇uX ,u)+ gγ(s)(X ,∇uu) = 0. (9.123)

475 See e.g. Gourgoulhon (2012), §8.6. The computation of J was first done by Kerr himself, see Melia (2017),
page 75. The computation of E , which coincides with Π0 in (8.126), is similar to the Schwarzschild case, since one
may neglect the a2/r2 term in ∆ in (9.111), and many other terms drop out by symmetry.
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Hence apart from the constant of (geodesic) motion g(u,u), whose value depends on the choice
of the affine parameter s and may be fixed to −m2, where m is the mass of the body moving
on the geodesic, our observer carries at least as many conserved quantities as there are linearly
independent Killing vector fields. For the Kerr metric this gives

E := −g(u,∂t); L := g(u,∂ϕ), (9.124)

interpreted as its energy and (azimuthal) angular momentum, respectively. If L = 0, then

dϕ(t)
dt

= −
gtϕ

gϕϕ

=
2mar

Σ
=: ω , (9.125)

which means that stationary observers rotate with the black hole (inertial frame dragging).
Surprisingly, the Kerr metric leads to a fourth constant of motion along geodesics, which is

not explicable in terms of isometries of the metric (and remains somewhat mysterious). It was
discovered by Carter and may therefore be called C. These four constants of motion turn the
four second-order geodesic equations into a first-order system,476 which for m= 0 reads:477

∆ρ ṫ = ΣE−2marL; (9.126)

ρ
2ṙ2 = E2r4 +(a2E2−L2−C)r2 + 2m((L−aE)2 +C)r−a2C; (9.127)

ρ
2
θ̇

2 =C+

(
E2a2− L2

sin2
θ

)
cos2

θ ; (9.128)

∆ρϕ̇ = 2maEr+(ρ−2mr)
L

sin2
θ

. (9.129)

Compare (9.21); one difference with the Schwarzschild case is that closed geodesic orbits are no
longer necessarily planar. However, planar orbits do exist and include the Kerr analogues of the
unstable photon rings at r = 3m in the Schwarzschild metric. These now arise by taking C = 0
and θ = π/2, in which case ρ2 = r2, and (9.127) can be written in a way similar to (9.24), viz.

ṙ2 +V (r) = E2; V (r) :=
L2−a2E2

r2 − 2m(L−aE)2

r3 , (9.130)

cf. (9.26). Photon rings by definition have constant r, and, assuming 0≤ |a| ≤ m, solving the
ensuing equations V (r) = E and V ′(r) = 0 gives two unstable orbits with constant radii

r± = 2m(1+ cos( 2
3(arccos(±|a|/m))). (9.131)

Depending on the value of |a|/m, these fall in the range m ≤ r− ≤ 3m ≤ r+ ≤ 4m. For a = 0
the Schwarzschild case r+ = r− = 3m is recovered. For a > 0 the smaller orbit is prograde (i.e.
co-rotating with the black hole), whereas the larger one is retrogade (rotating in the opposite
direction). For C > 0 there are other spherical photon orbits off the equatorial plane θ = 1

2π .
At the opposite end, one has the Kerr version of radial lightlike geodesics, which solve

ṫ =
r2 + a2

∆
; ṙ = ±1; ϕ̇ =

a
∆

; θ̇ = 0, (9.132)

at radii r where ∆(r) 6= 0; on the two horizons, where ∆(r±) = 0, these orbits are rest photons,
which solve (9.126) - (9.129) with E = L =C = 0. As in the Schwarzschild case, these lightlike
geodesics rule the event and Cauchy horizons in the sense of Corollary 10.17 below.

476 See Plebański & Krasiński (2006), §20.6, §20.7 and O’Neill (1995), chapter 4. We also consulted Teo (2003).
477Putting L = 0 in (9.129) does not directly reproduce (9.125), since also E has to be eliminated from (9.129).

This constant is a linear combination of ṫ and ϕ̇ , from which ṫ must be eliminated from the condition that L = 0,
where L is also a linear combination of ṫ and ϕ̇ . See e.g. eqs. (20.104) - (20.105) in Plebański & Krasiński (2006).
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9.7 Inside the Kerr black hole

We now find coordinates in which the zeros of ∆ are overcome, starting with the slowly rotating
case 0 < |a|< m. The starting point is once again to introduce a radial tortoise coordinate r∗(r),
but in addition we need a new azimuthal angle ϕ± = ϕ±A(r), where r∗ and A solve

dr∗(r)
dr

=
r2 + a2

∆
;

dA(r)
dr

=
a
∆

, (9.133)

cf. (9.36). With an appropriate boundary condition these equations are solved by

r∗ = r+
mr+√
m2−a2

ln |r− r+|−
mr−√

m2−a2
ln |r− r−|; (9.134)

A = 1
2

a√
m2−a2

ln
∣∣∣∣r− r+
r− r−

∣∣∣∣ . (9.135)

We pass to lightlike coordinates u≡ v− = t− r∗ and v≡ v+ = t + r∗, cf. (9.34) - (9.35). These,
in turn, give ingoing and outgoing coordinates, where we relabel (u,v) ≡ (v−,v+), i.e.

(v,r,θ ,ϕ+) ≡ (v+,r,θ ,ϕ+); (u,r,θ ,ϕ−) ≡ (v−,r,θ ,ϕ−). (9.136)

Similar to (9.44) - (9.45), the Kerr metric (9.110) then becomes

g± =−
(

1− 2mr
ρ2

)
dv2
±−

4mar sin2
θ

ρ2 dv± dϕ±+ρ
2dθ

2±2dv± dr

+
Σ
ρ2 sin2

θ dϕ
2
± ∓ 2asin2

θdϕ± dr. (9.137)

This is regular throughout the Kerr space-time (9.116); the coordinate singularities of (9.110)
caused by ∆ = 0 have now been removed. Explicit computation of the geodesic equations is
much more work now than in the Schwarzschild case, but the result is essentially the same (with
ϕ  ϕ±), namely that for constant C± the following formulae define radial lightlike geodesics:

(u(s) = v(0),r(s) = s+C−,θ (s) = θ (0),ϕ− = ϕ−(0)); (9.138)
(v(s) = v(0),r(s) = −s+C+,θ (s) = θ (0),ϕ+ = ϕ+(0)), (9.139)

which are called outgoing and ingoing, respectively, similar to the blue and the green Schwarz-
schild lightlike geodesics drawn in the Kruskal diagram in §9.4. For r > 2m one can also see this
in Boyer–Lindquist coordinates, where a “radial” lightlike geodesic γ(s) = (t(s),r(s),θ (s),ϕ(s))
still has constant θ , but moving ϕ . In terms of the constant energy E = −g(γ̇ ,∂t), one finds

ṫ =
E(r2 + a2)

∆
; ṙ = ±E; θ̇ = 0; ϕ̇ =

aE
∆

, (9.140)

with the upper sign ṙ = +E for outgoing geodesics and the lower sign ṙ = −E for incoming
ones. Both lightlike geodesics in (9.138) - (9.139) are future directed if we time-orient (MK ,gK)
as in the Schwarzschild case, cf. (9.47), namely by declaring L = −∂r in the new coordinates
(v,r,θ ,ϕ∗), which also here is a lightlike vector, to be future directed. For r > 2m this makes ∂t ,
in the original coordinates (t,r,θ ,ϕ), which is timelike in that region, also future directed, as it
should. In the same original coordinates the vector −∂r is fd timelike in the region r− < r < r+.
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In the region r < r− things are more involved. Most remarkably, there is a region near the
ring where the vector field ∂ϕ is timelike,478 so that one has closed timelike loops! Hence Kerr
space-time is acausal, cf. Definition 5.28. Few people are bothered by this, though, since both
physicists and mathematicians trust the Kerr solution only up to r−, beyond which it is supposed
to be unstable (see §10.5 and the corresponding comments at the end of §9.5).

If we vary the starting point (v(0),r(0),θ (0),ϕ+(0)), the ingoing lightlike geodesics (simi-
larly the outgoing ones) form a null congruence, cf. §6.3; the tangent vector field is traditionally
called `. In terms of these, the Kerr metric assumes the amazingly simple Kerr–Schild form

gµν = ηµν +
2mr
ρ2 `µ`ν , (9.141)

where η is the Minkowski metric in whatever coordinates are used. This shows, in particular,
that for m = 0 the Kerr metric is the Minkowski metric, which is not quite obvious from (9.110).

In any case, we may now generalize Theorems 9.1 and 9.2:

Theorem 9.3 Both horizons H± = {(v,r,θ ,ϕ) | r = r±} (where ∆ = 0) are null hypersurfaces,
are homeomorphic to R×S2, and are one-way membranes towards smaller values of r.

Proof. The proof of Theorem 9.1 is easily adjusted. First, since r is constant on H±, the induced
metric g̃ on H± is simply (9.137) without the two terms containing dr, with determinant

det(g̃) = −ρ
2∆ sin2

θ . (9.142)

This vanishes at H± (defined as the locus where ∆ = 0), so that H± are null hypersurfaces. The
other proof of this fact works as well: the normal L± to H± is given by

L± = 2(∂v +Ω±∂ϕ∗); Ω± :=
a

2mr±
=

a
r2
±+ a2 , (9.143)

which is lightlike on H± (we omit the general expression for the normal to a hypersurface r = c).
To prove the one-way membrane property, instead of (9.51) - (9.52), we now have

g(ċ, ċ) < 0 ⇔ ṙ(v̇−asin2
θϕ̇∗)+ 1

2A < 0; (9.144)

g(L, ċ) < 0, ⇔ v̇−asin2
θϕ̇∗ > 0, (9.145)

where we have abbreviated a lengthy expression coming from (9.137) by

A := −
(

1− 2mr
ρ2

)
v̇2− 4mar sin2

θ

ρ2 v̇ϕ̇∗+
Σ
ρ2 sin2

θ ϕ̇
2
∗ +ρ

2
θ̇

2.

At both horizons H±, this expression A somewhat miraculously takes the positive definite form

A|H± =
sin2

θ

ρ2 (av̇−2mr±ϕ̇∗)
2 +ρ

2
θ̇

2, (9.146)

which replaces the terms r2(θ̇ 2+sin2
θϕ̇2) in (9.51), at r = 2m. Since A≥ 0 at H±, the argument

for the Schwarzschild case still applies and hence for timelike fd curves we must have

ṙ < 0, (9.147)
478For θ = 1

2 π the prefactor of dϕ2 in (9.110) equals a2 + r2 + 2ma2/r, which is negative for small negative r.
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at, and therefore also near H±. The final step of the proof also applies here, except that the fd
“rest” photons for the Kerr metric are characterized by r = r± (and hence ṙ = 0), and θ̇ = 0, but

ϕ̇∗ = Ω±v̇; v̇ > asin2
θϕ̇∗. (9.148)

Hence ϕ∗ cannot be constant, as is also clear from the fact that, as for Schwarzschild, these
photons solve ∇L±L± = 0, with L± given by (9.143). Thus they do hover around on S2. �

The interpretation of the horizons H± is the same as for Reissner–Nordström: H+ = H+
E is

the event horizon, whereas H− = H+
C is a Cauchy horizon. The vector field ∂r also behaves

analogously:479 it is spacelike for r > r+ and r < r− and timelike for r− < r < r+. Observers
that cross H+ and subsequently H− can therefore avoid the singularity (although they cannot
return). The singularity is timelike = locally naked, cf. §10.4, but is covered by an event horizon.
We return to these horizons in §10.8; the main point will be that the Killing vector field

X := ∂t +Ω+∂ϕ ; Ω+ := ω(r+) =
2mar+

Σ
=

a
r2
++ a2 , (9.149)

which is timelike outside H+, becomes lightlike at H+, which thence is called a Killing horizon.
A closely related property of a Kerr black hole is its ergosphere.480 We first define the outer

ergosurface E + (also called the stationary limit surface) and inner ergosurface E − by

E ± = {(t,r,θ ,ϕ) | r = r±E (θ )}; r±E (θ ) := m±
√

m2−a2 cos2 θ . (9.150)

Writing gtt as −(r− r+E )(r− r−E )/ρ2, we see that E + is where ∂t changes its causal nature:

• ∂t is timelike at r > r+E (θ ); • lightlike at E +; • spacelike within the ergosphere

E = {(t,r,θ ,ϕ) | r+ < r < r+E (θ )}; (9.151)

• lightlike again at E −; • timelike again for r < r−E (θ ).

In the ergosphere a massive particle cannot be at rest (as it can for r > r+E ), but it can still escape.
Moreover, in the ergosphere the energy E = −g(u,∂t) of a particle with fd four-velocity u can
have either sign (whereas for r > r+E (θ ) is positive, since u must be fd). This allows the extraction
of energy from the black hole via the so-called Penrose process. Here, a particle coming from
infinity with necessarily positive energy Eas > 0 falls into the ergosphere, decays into a pair, one
of positive energy Epos > 0 and one of negative energy Eneg < 0, where Epos +Eneg = Eas. If the
positive-energy particle subsequently escapes, which is dynamically possible, an amount

Epos−Eas = −Eneg > 0 (9.152)

of energy has been extracted from the black hole. This extraction is at the expense of its angular
momentum: since −g(u,X) = E−Ω+L and −g(u,X) > 0 outside H+, we have, outside H+,

E > Ω+L (9.153)

where X is the Killing vector field (9.149). Hence L < E/Ω+, so if the hole absorbs a particle
with Eneg < 0, it absorbs negative angular momentum L < Eneg/Ω+ < 0, i.e., loses it. This
process could continue until the ergosphere disappear and the black hole stops rotating.

479 The vector field ∂θ is spacelike everywhere, whereas ∂ϕ is spacelike for r > 0, timelike in a certain region near
the ring at r = 0, where it gives rise to closed timelike loops, and spacelike again for r sufficiently negative.

480In Schwarzschild space-time the outer ergosurface coincides with the outer event horizon and hence the
ergosphere is empty. The inner event horizon and inner ergosurface both coincide with the (pointlike) singularity.
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Here is a picture of the various geometric structures in or near a Kerr black hole.481

Picture of important r = constant surfaces in slowly rotating Kerr space-time (in Boyer–Lindquist
coordinates) at fixed t, shown for r ≥ 0 (although in fact r ∈R). The event horizons H± where r = r±
are characterized by Theorem 9.3 as one-way membranes: H+ is the outer event horizon of a slowly
rotating Kerr black hole, since it is the boundary inside which future (null) infinity can no longer be
reached. The inner event horizon H− is a Cauchy horizon. Near the singularity ∂t is timelike and ∂r

is spacelike, so it can be avoided. The outer ergosphere is the place where the timelike Killing field ∂t

switches its causal nature from being timelike at r > r+E to lightlike at the outer ergosurface, to spacelike
until one reaches the inner ergosurface, where it becomes lightlike and then timelike once more. The
ergosphere is the region between the outer ergosurface and the outer event horizon; it is the place from
which massive particles (or timelike observers) can no longer be at rest, but can still escape to infinity. In
the extremal case (|a|= m > 0) both horizons H± coalesce, since r+ = r− = m. Furthermore, because
r±E = m(1± sinθ ) the ergosurfaces acquire cusps at θ = 0 and θ = π , at which values all three surfaces
touch each other. Otherwise, since r+E ≥ m≥ r−E (with equalities iff θ = 0 or θ = π), the single horizon
remains enclosed between the outer and inner ergosurfaces. In the fast case (|a|> m > 0) there are no
event horizons and the two ergosurfaces have merged into a single (topological) torus with cusps.482

The same misgivings as to the original or maximally extended Schwarzschild solutions apply to
this picture as well as to its extensions studied below; notably the instability of the inner event
horizon and its extravagant if not crazy causal structure. However, in this case there seems to be
no analogue of the exact Oppenheimer–Snyder solution for a rotating black hole.483

481Redrawn from Visser (2006) by Edith de Jong. Explanations and formulae as in the original.
482See Carter (1973), §7, and Plebański & Krasiński (2006), §20.5 for pictures of the last two cases.
483As a second best see e.g. Nathanail, Most, & Rezzolla (2017) for numerical simulations.
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Kerr space-time is geodesically incomplete, and not just at the ring singularity. Hence (except in
the fast case, where it is already complete) it can be extended (with all the qualifications and
misgivings discussed at the end of §9.5). Here is the relevant Penrose diagram for 0 < |a|< m,
which displays the nature of the (analytic) extension to an inextendible space-time:

r = 0 r = 0

I +I +

I −I −

I +I +

I −I −

H+
C

H−C

H−E

H+
E

II

II

II

II

III III

i0
(r = ∞)

i0
(r = −∞)

i0
(r = ∞)

i0
(r = ∞)

i+i+

i−i−

i−i−

Above: Penrose diagram for the partly extended Kerr solution with 0 < a < m. The complete extension is
an infinite tower: put the part with the green cross on top of the part with the red cross, and put the red
part below the green part, etc. The range of r is now (−∞,∞) instead of (0,∞), so that (at fixed time)
r = 0 is a sphere. Penrose diagrams for space-times that lack spherical symmetry (like Kerr) are less
effective than for those who are (like Schwarzschild and Reissner–Nordström). In particular, the structure
of the (ring) singularity does not come out very well: it is easier for a camel to go through the eye of a
needle (i.e. cross the ring singularity) than for a rich man to enter into the kingdom of God.

Below: Penrose diagram for the partly extended Kerr solution with 0 < |a| = m. Region II has now
disappeared and event horizons and Cauchy horizons coincide, both simply labeled as H± = H±E = H±C .
This time the infinite tower is built by placing the entire diagram shown on top of and below itself in such
a way that the green H− lines match, and repeating this procedure. In this way region III as shown, which
is a black hole for region I shown, becomes a white hole for the new region I NE of the shown region III.
Similarly, the new region III SE of the shown region I is a white hole for the latter (the distinction between
black and white holes thus fades, or rather depends on which region the hole connects with).



Inside the Kerr black hole 255

r = 0

I +

I −

I +

I −
H+

H−

H−

I

I

III

i−

i0 (r = ∞)

i0 (r = −∞)

The maximal (analytic) extensions displayed here can be determined on the basis of the (in)com-
pleteness of radial geodesics alone, so that we may freeze θ and ϕ . Doing this shows that the
situation is very similar to Reissner–Nordström: with u and v defined by (9.34) - (9.35), where
r∗ depends on the particular case, the Reissner–Nordström and Kerr metrics with θ = 0 and
either ϕ+ (ingoing) or ϕ− (outgoing) constant are given by

gRN = −h(r)dudv; h(r) =
(r− rRN

+ )(r− rRN
− )

r2 ; rRN
± := m±

√
m2− e2; (9.154)

gK = −k(r)dudv; k(r) =
(r− rK

+)(r− rK
−)

r2 + a2 ; rK
± := m±

√
m2−a2, (9.155)

respectively; see (9.89), (9.95), (9.137), and (9.117). These horizons look analogous, but (9.154)
has a singularity whereas (9.155) does not. Since the singularity in the actual (full) solutions are
timelike in both cases and therefore can be avoided, this difference turns out not to matter and
the maximal extension of Kerr space-time is essentially the same as for Reissner–Nordström.
The only difference lies in the structure of the diamonds III: the role of the singularity at r = 0 in
Reissner–Nordström is now played by the null infinities I ± at r = −∞.

Apart from satisfying curiosity, the aim of the maximal extension is the following:484

Theorem 9.4 The maximally extended Kerr space-time (M∗K ,g∗K) for 0 < |a| ≤m is geodesically
complete, except for geodesics moving into the ring singularity (9.114), which are all incomplete.
In particular, (M∗K ,g∗K) is (smoothly) inextendible, cf. Proposition 6.2.

For the record, the Kerr–Newman metric is obtained by changing ∆ in the Kerr metric, see
(9.111), by ∆e = r2−2mr+ a2 + e2. This turns out to be a solution to the Einstein–Maxwell
equations with axisymmetric vector potential A = −er(dt−asin2

θdϕ)/ρ2, cf. (9.112).

484See O’Neill (1995), Theorem 4.3.1, with a 100-page proof through an explicit classification of all geodesics.
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