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B Background from formal PDE theory
This appendix collects some background for the study of the (gauged) Einstein equations as
quasi-linear second-order hyperbolic PDEs. This field is huge and we just describe what we need
for chapter 7. To start, all modern (i.e. post 1945) PDE theory is based on distributions.

B.1 Distributions and Sobolev spaces on manifolds
This section collects some basic fact, more or less in staccato style, and without proofs.665

1. Notation. Let n > 0 and x ∈Rn. It is convenient to write x = (x1, . . . ,xn) rather than our
usual (x1, . . . ,xn). Let α = (α1, . . .αn), with αi ∈N (where 0 ∈N). We abbreviate

|α| :=
n

∑
i=1

αi; (B.1)

Dα :=
(

∂

∂x1

)α1

· · ·
(

∂

∂xn

)αn

≡ ∂
α1
1 · · ·∂

αn
n ≡

∂ |α|

∂xα1
1 · · ·∂xαn

n
; (B.2)

xα := xα1
1 · · ·x

αn
n . (B.3)

2. Test functions. For each measurable (usually open) subset Ω ⊂Rn, let D(Ω) be C∞
c (Ω)

as a set, equipped with the topology in which fλ → f iff there is a compact set K ⊂ Ω
such that supp( fλ ) ⊂ K for all λ , and for all multi-indices α one has

‖Dα( fλ − f )‖∞→ 0. (B.4)

This implies supp( f )⊂K also for the limit function. This may be generalized to manifolds
M, as follows. For some given atlas (Ui,ϕi) we say that fλ → f in D(M) = C∞

c (M) iff
for each ψi ∈C∞

c (Ui) and all multi-indices α one has

‖Dα(ψi( fλ − f ) ◦ϕ
−1
i )‖∞→ 0. (B.5)

This turns out to be independent of the choice of the atlas. Elements of D(Rn), D(Ω), or
D(M) are all called test functions.

A rapidly decreasing (test) function f ∈S (Rn) is a function f ∈C∞(Rn) for which the
function x 7→ xαDβ f is bounded for all multi-indices α and β . One often writes

〈x〉 := (1+ ‖x‖2)1/2, (B.6)

and uses x 7→ 〈x〉αDβ f , which of course gives the same space. The topology on S (Rn) is
such that fλ → f iff for all l,m ∈N and multi-indices α and β with |α| ≤ l and |β | ≤ m,

‖xαDβ ( fλ − f )‖∞→ 0. (B.7)

3. Distributions on Ω are elements of the space D ′(Ω) of all continuous maps u : D(Ω)→C.
A linear map u : D(Ω)→C is continuous in the topology just defined iff for each compact
K ⊂Ω there is m ∈N and C > 0 such that for all α with |α| ≤ m,

|〈u, f 〉| ≡ |u( f )| ≤C‖Dα f‖∞. (B.8)

665 For details see for example Hörmander (1990), §6.3, Taylor (1996), §4.3, and Grubb (2009), passim.
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For example, a distribution of order zero (i.e. m = 0 is just a (Radon) measure on Ω.

The space D ′(Ω) carries the weak topology, in which uλ → u iff 〈uλ , f 〉 → 〈u, f 〉 for
each f ∈ D(Ω). In this topology, D(Ω) is dense in D ′(Ω), where u ∈ D(Ω) defines
u ∈D ′(Ω) through the L2 inner product, i.e., 〈u, f 〉= 〈u, f 〉L2(Ω). Adding a middle man
gives a Gelfand triple, in which each embedding is continuous and dense:

D(Ω) ⊂ L2(Ω) ⊂D ′(Ω). (B.9)

Likewise for D(M), provided we equip our manifold M with a measure that in coordinates
has the same null sets as Lebesgue measure.666 For example, any (background) Riemannian
metric on M provides such a measure (7.10). Also in that case we obtain a Gelfand triple

D(M) ⊂ L2(M) ⊂D ′(M). (B.10)

Tempered distributions on Rn are continuous linear maps u : S (Rn)→ C. The (weak)
topology on the ensuing space S ′(Rn) defines convergence uλ → u of nets iff there are
l,m ∈N and C > 0 such that for all α with |α| ≤ l and β with |β | ≤ m one has

|〈u, f 〉| ≤C‖xαDβ f‖∞. (B.11)

Similarly to (B.9), one has a Gelfand triple (i.e. the embeddings are continuous and dense)

S (Rn) ⊂ L2(Rn) ⊂S ′(Rn), (B.12)

and since D(Rn)⊂S (Rn) continuously, and hence S ′(Rn)⊂D ′(Rn), this extends to

D(Rn) ⊂S (Rn) ⊂ L2(Rn) ⊂S ′(Rn) ⊂D ′(Rn). (B.13)

4. Weak derivatives. It will be convenient from now on to write, whenever convenient, 〈u, f 〉
for u( f ). For each multi-index α , the weak derivative Dαu of u ∈D ′(Rn) is defined by

〈Dαu, f 〉 := (−1)|α|〈u,Dα f 〉. (B.14)

This definition comes from the fake formula 〈u, f 〉=
∫

Rn dnxu(x) f (x), which on repeated
partial integration would give (B.14). Any linear partial differential operator may therefore
be regarded as a map L : D ′(Rn)→D ′(Rn), with adjoint L∗ : D(Rn)→D(Rn), i.e.,

〈Lu, f 〉= 〈u,L∗ f 〉. (B.15)

For example, if L = Dα , then L∗ = (−1)|α|Dα . The derivatives in Lu are called weak,
those in L∗ f being classical. Similarly, a solution u ∈ D ′(Rn) of a linear PDE Lu = F
(with initial conditions), i.e. 〈Lu, f 〉= 〈u,L∗ f 〉 for all f ∈D(Rn), is called weak.

The definition (B.14) also applies to u ∈D ′(Rn), at least if Ω is open in Rn,667 as well as
to D ′(M), provided M has no boundary (which indeed is our standing assumption).

666Hörmander’s definition of a distribution on M coincides with the one above if we choose such a measure.
667Be careful with (B.15) if Ω is not open. For example, if Ω = [0,∞)×Rn and L = −�= ∂ 2

t −∆, then (due to
boundary terms in partial integration) the inhomogeneous wave equation Lu = F with initial conditions u(0,x) = f
and u̇(0,x) = g(x) becomes −

∫
∞

0 dt
∫

Rn dnxu� f =
∫

∞

0 dt
∫

Rn dnxF f +
∫

Rn dnxg(x) f (0,x)− f (x) ḟ (0,x).
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5. Sobolev spaces. For any s ∈N, based on (B.9), define the Sobolev space

Hs(Ω) := {u ∈ L2(Ω) | Dαu ∈ L2(Ω)∀α : |α| ≤ s}, (B.16)

where accordingly the derivatives inherent in Dα are weak. Clearly, H0(Ω) = L2(Ω), but
it can be shown that all Hs(Ω) are Hilbert spaces with respect to the inner product

〈u,v〉s := ∑
|α|≤s
〈Dαu,Dαv〉, (B.17)

where ∑|α|≤s means ∑α :|α|≤s, and 〈·, ·〉 is the inner product in L2(Ω). Note the danger
of ambiguous notation here: 〈·, ·〉p often denotes the inner product in Lp, but here 〈·, ·〉s
stands for the inner product in Hs; in our notation the inner product in L2 would be 〈·, ·〉0.

For Ω = Rn a different perspective on Sobolev spaces comes from the Fourier transform

f̂ (ξ ) := (2π)−n/2
∫

Rn
dnx f (x)e−iξ x; (B.18)

f̌ (x) := (2π)−n/2
∫

Rn
dn

ξ f (ξ )eiξ x, (B.19)

which make sense as Lebesgue integrals for f ∈ L1(Rn). If one also has f̂ ∈ L1(Rn), then

ˇ̂f = f . (B.20)

The scope of these formulae may be extended in at least three different ways:668

(a) Eq. (B.18) yields a unitary isomorphism L2(Rn)
∼=→ L2(Rn) of Hilbert spaces.

(b) The Fourier transform also defines a linear homeomorphism S (Rn)
∼=→S (Rn).

(c) Defining f̂ for f ∈S ′(Rn) by 〈 f̂ , f 〉 = 〈 f , f̌ 〉, the Fourier transform (B.18) even
defines a linear homeomorphism S ′(Rn)

∼=→S ′(Rn) of tempered distributions.

Returning to Sobolev spaces, for Ω = Rn may now (re)define, for any s ∈R,

Hs(Rn) := {u ∈S ′(Rn) | ξ 7→ 〈ξ 〉sû(ξ ) ∈ L2(Rn)}, (B.21)

with inner product

〈u,v〉s :=
∫

Rn
dn

ξ 〈ξ 〉2s û(ξ )v̂(ξ ) =
∫

Rn
dn

ξ (1+ ‖ξ‖2)s û(ξ )v̂(ξ ) (B.22)

For s ∈N this reproduces (B.16) as a vector space (a fact that is not obvious), but the
inner products (B.17) and (B.22) are different. Although they induce equivalent norms,
for s ∈N one has to specify which one is used. Either way, we have:

668If one equips C∞
c (R

n) with the unusual norm ‖ f‖0 = max{‖ f‖∞,‖ f̂‖∞}, with associated completion denoted by
C∗0(R

n), then (B.18) yields an isometric isomorphism C∗0(R
n)
∼=→C∗0(R

n) as Banach spaces. For C*-algebra experts

we note that the Fourier transform also yields an isomorphism C∗(Rn)
∼=→C0(Rn) of commutative C*-algebras

(here C∗(Rn) is the completion of C∞
c (R

n) in the operator norm obtained by letting f ∈C∞
c (R

n) act on L2(Rn) by
convolution, whereas C0(Rn) carries the supremum-norm). In this case (which follows from the Riemann–Lebesgue
lemma) the Fourier transform is a special case of the Gelfand transform. See Landsman (2017), §C.15.
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Theorem B.1 1. Sobolev embedding theorem: For m≥ 0 and s > m+ 1
2n, one has

Hs(Rn) ⊂Cm
b (R

n), (B.23)

where the embedding is continuous with respect to the norm ‖u‖m,∞ = ∑|α|≤m ‖Dαu‖∞.

2. Sobolev duality theorem: For any s ∈R one has

Hs(Rn)∗ ∼= H−s(Rn), (B.24)

i.e. Λ ∈ Hs(Rn)∗ linearly, bijectively, and isometrically corresponds to f ∈ H−s(Rn) via

Λ(u) =
∫

Rn
dnx f (x)u(x) ≡ 〈 f ,u〉. (B.25)

3. For s > 0 we have our third Gelfand triple

Hs(Rn) ⊂ L2(Rn) ⊂ H−s(Rn), (B.26)

which analogously to (B.13) may be extended to a “Gelfand quintuple”

S (Rn) ⊂ Hs(Rn) ⊂ L2(Rn) ⊂ H−s(Rn) ⊂S ′(Rn). (B.27)

6. Sobolev spaces can also be defined on manifolds. For u∈D ′(M), we define u∈H2(M) iff
for each chart (Ui,ϕi) and χi ∈C∞

c (Vi), where Vi = ϕi(Ui)⊂Rn, the distribution u◦ϕ
−1
i χi

on D(Rn), defined on f ∈D(Rn) by 〈u◦ϕ
−1
i χi, f 〉= 〈u, (χi f ) ◦ϕi〉, is in Hs(Rn).

Theorem B.2 Let M be a compact Riemannian manifold.

1. For each s ∈R the space D(M) is dense in Hs(M).

2. For each s ∈R we have an isometric (Banach space) isomorphism

Hs(M)∗ ∼= H−s(M), (B.28)

understood in the following way:669 any continuous functional Λ ∈ Hs(M)∗ corresponds
linearly, bijectively, and isometrically to f ∈ H−s(M) via

Λ(u) = 〈 f ,u〉L2(M). (B.29)

3. Sobolev embedding theorem: If s > 1
2n+k, then Hs(M)⊂Ck

b(M), where the embedding
is continuous with respect to the norm ‖u‖m,∞ = ∑|α|≤m ‖Dαu‖∞ on Ck(M).

4. Rellich theorem: For s ∈R and δ > 0, the injection Hs+δ (M) ↪→ Hs(M) is compact.

5. For s > 0 we have our final Gelfand triple, cf. (B.26),

Hs(M) ⊂ L2(M) ⊂ H−s(M). (B.30)
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B.2 Linear wave equations
For the PDEs of interest to GR, Rn will be space, and time needs to be treated separately. Typically,
for fixed time T > 0 one considers Banach spaces like C([0,T ],Hs(Rn)), with norm

‖u‖∞ = sup
t∈[0,T ]

‖u(t)‖s, (B.31)

or C1([0,T ],Hs(Rn)) with analogous norm, or Lp([0,T ],Hs(Rn)), 1≤ p < ∞, normed by

‖u‖p =

(∫ T

0
dt (‖u(t)‖s)

p
)1/p

, (B.32)

or L∞([0,T ],Hs(Rn)), with norm

‖u‖∞ = esssupt∈[0,T ]‖u(t)‖s. (B.33)

Here we define Lp([0,T ],Hs(Rn)), 1 ≤ p < ∞, as the completion of C([0,T ],Hs(Rn)) in
the norm (B.32), and also (avoiding Banach space-valued measurable functions), define the
space L∞([0,T ],Hs(Rn)) as the (Banach) dual of L1([0,T ],H−s(Rn)), in that we identify
f ∈ L∞([0,T ],Hs(Rn)) with the functional Λ f ∈ (L1([0,T ],H−s(Rn)))∗ given by, cf. (B.29),

Λ f (g) =
∫ T

0
dt 〈 f (t),g(t)〉. (B.34)

To see such spaces in action, we consider the free wave equation on Rn+1, i.e.

(−∂
2
t +∆)u = F ; u(0,x) = f ; u̇(0,x) = g(x). (B.35)

For F = 0 and n = 1,3, the (unique) solution (known since the 18th century) is

u(t,x) = 1
2

(
f (x+ t)− f (x− t)+

∫ x+t

x−t
dyg(y)

)
; (n = 1); (B.36)

u(t,x) =
1

4πt2

∫
|y−x|=t

dσ
2(y)

(
tg(y)+ f (y)−

3

∑
i=1

∂i f (y)(xi− yi)

)
; (n = 3). (B.37)

From this, we see that in n = 1 the solution at (t,x) only depends on initial data within its causal
past J−(x, t), intersected with the Cauchy surface Σ = {(x0 = 0,x),x ∈Rn}. Indeed, recall the
causal past J−(t,x), emanating from (t,x), and its boundary E−(t,x), i.e. the past lightcone,

J−(t,x) = {(y0,y) ∈Rn+1, |y0− x0| ≥ |y− x|, y0 ≤ x0}; (B.38)

E−(t,x) = {(y0,y) ∈Rn+1, |y0− x0|= |y− x|, y0 ≤ x0}, (B.39)

cf. (5.90) - (5.91) with y0 ≥ x0 replaced by y0 ≤ x0 (as well as x by (t,x), etc.). In n = 1,

Σ∩ J−(x, t) = {(y0 = 0,y),y ∈ [x− t,x+ t]}. (B.40)

In n = 3 the solution u(t,x) even depends on the initial data at Σ∩E−(x, t) only, since

Σ∩E−(t,x) = {(y0 = 0,y), |y− x|= t}. (B.41)

669Also, Hs(M)∗ ∼= Hs(M) through its own inner product; the pairing in (B.25) is through the L2 inner product.



338 Background from formal PDE theory

An analogous phenomenon holds in the inhomogeneous case F 6= 0, in which case the solution

u(t,x) =
1

4π

∫
E−(t,x)

d3
σ(s,y)

F(s,y)
|(s− t,y− x)|

, (B.42)

for zero initial data for simplicity, only depends on the values of F at the past lightcone E−(t,x).
In other words, F(s,y) only influences u along the forward lightcone emanating from (s,y). The
situation in n = 3 (and also in all higher odd spatial dimensions), in which both initial data f ,g
and the inhomogeneous term F affect the solution only along future light rays is called the
strong Huygens principle. The (ordinary) Huygens principle, then, formalizes the situation in
n = 1,2, and all higher even dimensions, in which the entire causal future of (s,y) affects the
solution–or, equivalently, u(t,x) only depends on data within its causal past.

An explicit solution for any F , f , and g may be written down using the Fourier transform:

û(t,ξ ) = cos(t|ξ |) f̂ (ξ )+
sin(t|ξ |)
|ξ |

ĝ(ξ )+
∫ t

0
ds

sin((t− s)|ξ |)
|ξ |

F̂(s,ξ ); (B.43)

as the notation indicates, the formula (B.18) is only applied to the x-variable, and, within the
function classes to be discussed, the actual solution u(t,x) may be (re)constructed from (B.19).
Although the space-time and causal structure of the solution is not at all obvious from this
formula, the advantage is that (B.43) easily implies an energy inequality: for any s ∈Z,

‖u(t, ·)‖s+1 + ‖u̇(t, ·)‖s ≤Cs,T

(
(‖ f‖s+1 + ‖g‖s)+

∫ T

0
dτ ‖F(τ , ·)‖s

)
, (B.44)

where 0 < T < ∞, provided that F ∈ L1([0,T ],Hs(Rn)), f ∈ Hs+1(Rn), and g ∈ Hs(Rn), so
that the right-hand side makes sense. The proof is an exercise, using the fact that (B.22) implies

‖u(t)‖2
s =

∫
Rn

dn
ξ (1+ ‖ξ‖2)s |û(t,ξ )|2. (B.45)

Corollary B.3 For any T > 0 and s ∈Z, the free wave equation (B.35) with initial conditions
f ∈ Hs+1(Rn) and g ∈ Hs(Rn), and F ∈ L1([0,T ],Hs(Rn)), has a unique solution

u(t,x) ∈C([0,T ],Hs+1(Rn))∩C1([0,T ],Hs(Rn)). (B.46)

Uniqueness follows either from the derivation of the explicit solution (B.43) from the
initial data, or from (B.44): if u1 and u2 both solve (B.35), then u = u1−u2 solves (B.35) for
F = f = g = 0, so that the right-hand side and hence the left-hand side of (B.44) vanishes, etc.

We now turn to linear wave equations of the form Lu = F with initial data (B.35), and

L = gρσ (t,x)∂ρ∂σ + bρ(t,x)pρ + a(t,x). (B.47)

Since we don’t have an explicit solution, the derivation of a suitable energy inequality (to be
used as a lemma for proving existence, uniqueness, and analytic properties of solutions) will
have to be a priori.670 A particularly useful energy inequality for the operator (B.47) is

∑
|α|≤1

‖Dαu(t, ·)‖s ≤C′s,T

(
∑
|α|≤1

‖Dαu(0, ·)‖s +
∫ t

0
dτ ‖Lu(τ , ·)‖s

)
. (B.48)

670These a priori derivations are straightforward but very lengthy, and therefore we simply state the results without
derivation; for (B.48) see Sogge (2008), §I.3 and Luk (undated), §4. See also Ringström (2009) for similar estimates.
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This inequality is valid for any 0 < t < T < ∞, s ∈ Z, and u such that (B.46) holds,671 with
Lu ∈ L1([0,T ],Hs). It immediately gives uniqueness by the same argument as for the free wave
equation, but existence and regularity require a more advanced, functional-analytic argument.672

In order to explain the reasoning, let us first take a simpler situation. For Ω ⊂Rn, let

L : D ′(Ω)→D ′(Ω) (B.49)

be a linear operator, e.g. as in (B.47), with adjoint L∗ : D(Ω)→D(Ω) defined by (B.15). As
already mentioned, the PDE Lu = F (with zero initial conditions for simplicity) then means

〈u,L∗ f 〉= 〈F , f 〉 (B.50)

for all f ∈D(Ω). Throughout the argument, we must assume that, for any net ( fλ ) in D(Ω),

L∗ fλ → L∗ f ⇒ fλ → f . (B.51)

If L∗ is a bijection, and F ∈ D ′(Ω), which is the very least regularity to impose, then we are
done at the coarsest level of proving existence and uniqueness of a solution u ∈D ′(Ω), since its
value at ψ ∈D ′(Ω) is given by finding the unique f ∈D(Ω) for which ψ = L∗ f , and putting

〈u,ψ〉= 〈F , f 〉. (B.52)

The assumption (B.51) then implies that if ψλ → ψ , i.e., L∗ fλ → L∗ f , then fλ → f , and
hence 〈F , fλ 〉 → 〈F , f 〉 since F ∈ D ′(Ω) by assumption, and hence 〈u,ψλ 〉 → 〈u,ψ〉, since
〈u,ψλ 〉= 〈F , fλ 〉. Thus u is a continuous linear functional on D(Ω) and hence u ∈D ′(Ω).

If L∗, still assumed to be injective, merely has dense range ran(L∗)⊂D(Ω), then one still
has existence and uniqueness of u, since for ψ ∈ ran(L∗) eq. (B.52) continues to apply, whereas
for ψ outside the range of L∗ we may write ψ = limλ L∗ fλ and then 〈u,ψ〉= limλ 〈F , fλ 〉.

Finally, if L∗, still injective, does not have dense range, the Hahn–Banach theorem (for locally
convex vector spaces) yields existence of u by extending the solution u : ran(L∗)→C constructed
above to a continuous linear map u : D ′(Ω)→C, but one loses uniqueness. Fortunately, in many
applications to PDEs uniqueness still follows from suitable energy inequalities.

Such inequalities also play a central role in refining the above argument. Suppose one has
two Gelfand(ish) triples D(Ω) ⊂W ⊂ D ′(Ω) and D(Ω) ⊂ Z ⊂ D ′(Ω), where W and Z are
Banach spaces and all inclusion maps are continuous with dense image, and suppose that

‖ f‖Z ≤C‖L∗ f‖W (∀ f ∈D(Ω)). (B.53)

This ‘energy condition’ supersedes the continuity assumption (B.51) within D(Ω), and is also
more powerful in that it clearly implies that L is injective, which is an essential condition for the
whole analysis to apply in the first place. Furthermore, the inequality (B.53) implies:

Provided L∗ is injective, for any F ∈ Z∗ there is a solution u ∈W ∗ to Lu = F .

Note that D(Ω) ⊂ Z implies Z∗ ⊂ D ′(Ω), and similarly D(Ω) ⊂W implies W ∗ ⊂ D ′(Ω).
Compared with the earlier argument where the assumption F ∈D ′(Ω) gave a solution u∈D ′(Ω),

671Moreover, the derivation requires that gµν (t,x), bµ (t,x), and a(t,x) be C∞ with uniform bounds on all
derivatives, where (t,x) ∈ [0,T ]×Rn, as well as ∑µ ,nu |gµν (t,x)−ηµν | ≤ 1

2 , where η is the Minkowski metric.
672The following arguments are adapted from Vasy (2015), chapter 17. The entire book is very useful.
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we have now strengthened the assumption to F ∈ Z∗ ⊂D ′(Ω), and, given (B.53), accordingly
strengthened the conclusion u ∈D ′(Ω) to u ∈W ∗ ⊂D ′(Ω). Indeed, noting that

ran(L∗) ⊂D(Ω) ⊂W , (B.54)

let ψ ∈ ran(L∗), so ψ = L∗ f , and define a linear map u : W → C initially on ran(L∗) ⊂W by

〈u,L∗ f 〉W ∗−W = 〈F , f 〉Z∗−Z . (B.55)

Because of (B.53), if L∗ fλ → L∗ f in W , then fλ → f in Z, and hence on the assumption F ∈ Z∗,
the functional u defined by (B.55) is continuous on ran(L∗) in the (norm) topology of W . Once
again, the Hahn–Banach extension theorem (but this time simply for Banach spaces) gives a
continuous extension u : W → C, i.e. u ∈W ∗, as claimed.

We now show how the energy estimate (B.48) implies an estimate à la (B.53). For any T > 0,
we replace u in (B.48) by f ∈C∞

c ((0,T )×Rn), which certainly satisfies the assumptions vali-
dating (B.48), and replace L by L∗. Then Dαu(0, ·) is replaced by Dα f (0, ·) = 0. Furthermore,
for any multi-index α , s ∈R, k ∈N, and f ∈ Hs, by definition of the Sobolev spaces we have

‖ f‖−s ≤C′ ∑
|α|≤k
‖Dα f‖−s−k. (B.56)

With k = 1, also using the trivial estimate
∫ t

0 dτ g(τ)≤
∫ T

0 dτ g(τ) for 0 < t < T and g(τ)≥ 0,
in this case with g(τ) = ‖L∗ f (τ , ·)‖−s−1, we find, for any s ∈Z and f ∈C∞

c ((0,∞)×Rn),

‖ f (t, ·)‖−s ≤C
∫ T

0
dτ ‖L∗ f (τ , ·)‖−s−1. (B.57)

This is a special case of (B.53), with

W = L1([0,T ],H−s−1(Rn)); Z =C([0,T ],H−s(Rn)); (B.58)

W ∗ = L∞([0,T ],Hs+1(Rn)); Z∗ ⊃ L1([0,T ],Hs(Rn)). (B.59)

The precise form of Z∗ (which is the space of bounded measures on [0,T ] taking values in Hs) is
not needed here. Assuming zero initial conditions for the moment, the abstract argument above
gives a solution u ∈ L∞([0,T ],Hs+1(Rn)) for F ∈ L1([0,T ],Hs(Rn)), which, by the original
energy inequality (B.48) is also unique. More advanced arguments involving elliptic regularity
further push the solution into (B.46).673 Finally, the case of nonzero initial data f ,g can be
reduced to the case f = g = 0 by a standard trick. For given F , let v solve Lv = F for zero initial
data. Define w(t,x) = f (x)+ tg(x). Then u = v+w solves Lu = F for given f ,g. Thus:

Theorem B.4 For any T > 0, let L be defined by (B.47), including all assumption stated
afterwards. For any s ∈Z, the linear wave equation Lu = F, with F ∈ L1([0,T ],Hs(Rn)) and
initial conditions f ∈ Hs+1(Rn) and g ∈ Hs(Rn), see (B.35), has a unique solution

u(t,x) ∈C([0,T ],Hs+1(Rn))∩C1([0,T ],Hs(Rn)). (B.60)

The Sobolev embedding theorem (B.23) then pushes this into the smooth realm:

Corollary B.5 In the setting of the previous theorem, if F, f , and g are smooth, then so is u.

One can also show that the causal properties of the solution relative to F and the initial data f ,g
are the same as for the free wave equation, except that the strong Huygens principle need not
apply. But the ‘ordinary’ one, implying causal propagation of initial data and F , always does.

673See Sogge (2008), p. 20.
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B.3 Quasi-linear wave equations

In either the (naive) wave gauge or its refinement the ĝ-wave gauge, the vacuum Einstein
equations (7.121) have the abstract form Lu = F , where u = gµν and L is like (B.47), with the
difference that in L = gρσ (u)∂ρ∂σ the coefficient of the highest (i.e. second) order derivative
now depends on u, and furthermore F = F(u,∂u) depends on u and ∂u. Such equations (in the
more general case that g and F may depend on u, ∂u, and even (t,x)) are called quasi-linear,
and if the signature of g is Lorentzian, as we of course assume, the PDE is hyperbolic.674

We assume for the moment that u takes values in R; the generalization to u = (gµν) taking
values in R10, is straightforward and will be outlined shortly. It is also sufficient for basic
applications to GR to assume that gρσ : R→R is smooth, as is F : R×Rn+1→R. So we study

gρσ (u)∂ρ∂σ u = F(u,∂u). (B.61)

As opposed to truly nonlinear hyperbolic PDEs, the quasi-linear case is relatively easy because
it can be solved by reduction to the linear case. One can only feel fortunate that the Einstein
equations (at least in a suitable gauge) fall into this category. Here is the basic result:675

Theorem B.6 Let F be smooth and gρσ smooth and not too far from the Minkowski metric.676

1. With f := u(0, ·)∈Hs+1(Rn) and g := u̇(0, ·)∈Hs(Rn), eq. (B.61) has a unique solution

u ∈ L∞([0,T ],Hs+1(Rn)); u̇ ∈ L∞([0,T ],Hs(Rn)), (B.62)

provided s > 1
2n. Here T is either arbitrary (as in the linear case),677 or there exists

T∗ = T∗(‖ f‖s+1,‖g‖s) (B.63)

such that ‖Dαu‖∞ = ∞ on [0,T∗]×Rn, for some |α| ≤ 2.

2. This u depends continuously on the initial data, i.e. if fk→ f in Hs+1(Rn) and gk→ g in
Hs(Rn), then uk→ u in L∞([0,T ],Hs+1(Rn)) with u̇k→ u̇ in L∞([0,T ],Hs(Rn)).

3. If f ∈C∞
c (R

n) and g ∈C∞
c (R

n), then u ∈C∞([0,T ]×Rn), cf. Corollary B.5.

Eq. (B.61) is solved using a generalization of the Picard iteration procedure.678 Take

u0(x) = f (x) = u(0,x), (B.64)

and iteratively define uk+1 as the solution to the inhomogeneous linear PDE

gρσ (uk)∂ρ∂σ uk+1 = F(uk,∂uk), (B.65)

674In fluid mechanics all these dependencies also occur, see e.g. Taylor (1996), chapter 16.
675See Sogge (2008), §I.4, Luk (undated), §6, Choquet-Bruhat (2009), App. III, or Ringström (2009), chapter 9.
676Think of ∑ρ ,σ ‖gρσ −ηρσ‖∞ ≤ 1

2 , as in Sogge (2008). For initial data f ∈ Hs+1(Rn) and g ∈ Hs(Rn), one
can make further (contrived) regularity assumptions on gρσ and F that push u into (B.60). See Ringström, Ch. 9.

677For an example with T∗ < ∞, take (∂ 2
t −∆)u = u3 with u(0,x) = u̇(0,x) = 1 (times a cutoff function), so that

u(t,x) = 1/(1− t) (for small x), and hence T ∗ = 1.
678Recall that an ODE u′(t) = f (t,u(t)) with initial condition u(0) = u0, which is equivalent to the integral equa-

tion u(t) = u0 +
∫ t

0 ds f (s,u(s)), may be solved by iteration from u0(t) = u0 and uk+1(t) = u0 +
∫ t

0 ds f (s,uk(s)).
For suitably regular f , this sequence (uk) uniformly converges to a solution u on some interval [0,T ].
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subject to the initial conditions uk+1(0,x) = f (x) and u̇k+1(0,x) = g(x), as for u itself.679 For
given uk(t,x), eq. (B.65) is the type of PDE studied in the previous section. Hence Theorem B.4
guarantees a solution for any T > 0, but convergence of the iteration and uniformity of the energy
inequality (B.44) in k, gives a less regular solution in Theorem B.6 compared to the linear case.

Theorem B.6 applies to the Einstein equations in the (ĝ-) wave gauge, except that:

• Instead of a single unknown u we now have 10 unknowns gµν , with one equation for each
(but the ensuing system is coupled, since gρσ is a function of all gµν and so is F(g,∂g)).

• The Cauchy surface {t = 0} ⊂Rn+1 is replaced by a 3d (Riemannian) manifold Σ.

• The initial data u(0, ·) = f and u̇(0, ·) = g are replaced by the Cauchy data (g̃, k̃ on Σ.

• Using either local coordinate patches and a partition of unity, or a background metric γ̂

on Σ making the construction coordinate-independent (like the ĝ-wave gauge), one can
define Sobolev spaces Hs(Σ) for any s ∈R (in view of s < 1

2n+1 in Theorem B.6, s ∈N

is enough).680 This construction may be extended from functions on Σ to arbitrary tensors
τ ∈ X(k,l)(Σ), yielding Sobolev spaces Hs

(k,l)(Σ). Thus one may say, e.g., k̃ ∈ Hs
(2,0)(Σ).

• The PDE (B.65) is replaced by the reduced (vacuum) Einstein equations (7.121).

This eventually leads to Theorem 7.16 in §7.6 and its localization Proposition 7.17. Much as
uniqueness is proved from an energy inequality, the localized uniqueness of the above kind is
proved from a localized energy inequality. We merely explain this for the free wave equation
�u = 0 in Rn+1, but the principle is the same also in Lorentzian geometry.681

For any 0≤ t ≤ R, (t,x) ∈Rn+1, and (reasonable) function u(t,x), define

E(t,x,R) = 1
2

∫
|y−x|≤R−t

dny [u̇(t,y)2 +∇u(t,y) ·∇u(t,y)]. (B.66)

This is just the energy of u, restricted to the ball B(x;R− t) ⊂Rn. If �u = 0, then

0≤ s≤ t ⇒ 0≤ E(t,x,R) ≤ E(s,x,R). (B.67)

That is, t 7→ E(t,x,R) is monotonically non-increasing. Fix R > 0, and note that

E(0,x,R) = 1
2

∫
B(x,R)

dny(g(y)2 +∇ f (y) ·∇ f (y)). (B.68)

Eq. (B.68) implies that if f (y) = g(y) = 0 for all y such that |y− x| ≤ R, then E(0,x,R) = 0,
and hence E(t,x,R) = 0 for all 0 ≤ t ≤ R by (B.67), and hence u(t,x) = 0 by (B.68). Taking
R = t shows that if f (y) = g(y) = 0 for all y such that |y− x| ≤ t, then u(t,x) = 0. In other
words, if f = g = 0 within Σ0 ⊂ Σ (defined as the t = 0 hyperplane Rn

0 in Rn+1), then u = 0
within D+(Σ). Equivalently, if u1 = u2 and u̇1 = u̇2 at Σ0, then u1 = u2 in D+(Σ0). In case of
the Einstein equations, u1 = u2 becomes g1

∼= g2 (isometrically), but otherwise the reasoning is
similar, ultimately based on the property g1 = g2 if both metrics are brought into the same gauge.

679This works if f ,g ∈C∞
c (R

n). For initial data f ∈Hs(Rn) and g ∈Hs+1(Rn) one needs to approximate f and g
within the spaces mentioned by sequences ( fk) and (gk) in C∞

c (R
n), respectively, upon which the initial conditions

for (B.65) change into uk+1(0,x) = fk+1(x) and u̇k+1(0,x) = gk+1(x).
680See Taylor (1996), Vol. I, chapter 4, Ringström (2009), chapter 15, or Choquet-Bruhat (2009), Appendix I.
681See Choquet-Bruhat (2009), Appendix III, Theorem 2.15.




