Observables in non-perturbative quantum
gravity
What to measure if space-time is quantum?

This thesis has been financially supported by the Netherlands
organization for Scientific Research (NWO) within the Foundation for
Fundamental Research on Matter (FOM) grant FOM-N-26.

ISBN 978-94-6419-177-6
Copyright Marcus Reitz, 2021
Observables in non-perturbative quantum gravity

Printed by Gildeprint, Enschede
Cover and interior artwork by Giulia Ricci

Observables in non-perturbative quantum
gravity
What to measure if space-time is quantum?

Proefschrift
ter verkrijging van de graad van doctor
aan de Radboud Universiteit Nijmegen
op gezag van de rector magnificus prof. dr. J.H.J.M. van Krieken,
volgens besluit van het college van decanen
in het openbaar te verdedigen op donderdag 22 april 2021
om 16.30 uur precies
door

Marcus Christian Alejandro Reitz
geboren op 31 december 1989
te Amsterdam

Promotor:
Prof. dr. R. Loll
Manuscriptcommissie:
Prof. dr. R.H.P. Kleiss (Voorzitter)
Dr. F.S. Saueressig
Prof. dr. J. Ambjørn
Prof. dr. A. Kempf (University of Waterloo, Canada)
Prof. dr. M. D’ Elia (Università di Pisa, Italië)
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1

Why quantum gravity

Two fundamental questions have always taken up a central position in physics.
What is matter made of and what is the structure of the universe we live in?
These questions relate to the scales that lie at the two extremes from the point
of view of our daily life. The microscopic scales related to the fundamental
building blocks of matter and the large scales of the structure of our universe
lie far beyond our everyday intuition.
The twentieth century has seen tremendous progress in describing physics at
these scales. Quantum theory now governs the small scales of elementary particles and general relativity describes gravity and the physics of space-time as
a whole. The ever more precise confirmation of the standard model of particle
physics and recently firmly established direct measurements of gravitational
waves do not leave much room for doubt that quantum field theory and general
relativity are good descriptions of nature at their respective scale of applicability.
Nonetheless, the atomic scales that are governed by quantum theory and the
astrophysical scales at which general relativity has been tested are far apart.
In an operational sense, these theories therefore have a range of validity that
does not seem to overlap.
Intriguing questions in theoretical physics often appear where well-established
theories cease to be applicable. It is therefore expected that unknown physics
could be discovered at the Planck scale `p . This is the scale where both quantum theory and gravitational physics are relevant, but the standard model and
general relativity are not sufficient. To describe physics at the Planck scale,
it is likely that a theory of quantum gravity is necessary. This characteristic
scale is derived from the fundamental constants of quantum theory and
1
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general relativity and is associated with a length of `p ≈ 1.6 × 10−35 m. Theoretical physics can be a guide to what kind of physics could possibly be
expected there. An example is the dimensional reduction near the Planck
scale that is predicted by various models of quantum gravity [37]. A model of
physics that is well-defined at the Planck scale could also aid in understanding the origin of classical gravity from quantum degrees of freedom, which is
desirable from a fundamental point of view as well.
The Planck scale is so tiny that it is difficult to devise experiments that could
inform us on how gravity should be quantised. It is therefore not surprising
that theoretical physicists have been working towards a theory of quantum
gravity for many decades now and there is no general consensus about which
approach is the right one. Theoretical physics can only partly replace experimental input with theoretical considerations. As theoretical physicists
interested in Planck-scale physics, we are thus confronted with a wide range
of approaches to quantum gravity1 , which do not make predictions that are
possible to validate with current experiments or are not refined enough to
make any predictions at all.
In this thesis I take the point of view that the choice of model of quantum
gravity should be determined by the questions one is interested in asking.
The guiding question of this thesis is whether we can understand the origin of
classical gravity from quantum degrees of freedom. To make progress on this
question it is necessary to construct observables that simultaneously have a
meaningful interpretation around the Planck scale and are a good tool to investigate whether and how a quantum theory of gravity can effectively behave
as a classical space-time on large scales. Finding such observables is the main
goal of this thesis. The research I will present was done in the context of the
model of quantum gravity called Causal Dynamical Triangulations (CDT). In
this introductory chapter I will however take a broader view. I will discuss the
place that CDT takes among other approaches to quantum gravity and will
argue why CDT is a good choice for the central questions of this thesis.
The central equations of general relativity, the well-established classical theory
of gravity, are the Einstein equations,
1
8πG
Rµν − gµν R + Λgµν = 4 Tµν .
(1.1)
2
c
These equations are defined with respect to a Lorentzian manifold M, whose
metric gµν and Ricci tensor Rµν are determined by the matter content of M
1

See for example [78] for a broad overview of existing models of quantum gravity.
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through the energy-momentum tensor Tµν . They contain the cosmological
constant Λ, the Newton constant G and the speed of light c. The quantum
field theories which describe the matter and energy content of the universe tell
us that the energy-momentum tensor at the fundamental level is a quantum
object. Since the curvature of space-time in general relativity is determined
by its matter content, it is crucial to ask how these two theories communicate.
The topic of this thesis is quantum gravity, so it will be assumed that gravity,
at the fundamental level, has a quantum description. We therefore need to
combine the principles of general relativity with the principles of quantum theory. One of the fundamental properties of general relativity is that geometry
itself is dynamical. Space and time are not fixed background structures, but
depend on the matter distribution within space-time. This is in stark contrast with quantum mechanics and quantum field theory, where the evolution
of the dynamical degrees of freedom is defined with respect to a fixed spacetime. An important distinction between theories of quantum gravity has its
roots in this difference between quantum theory and general relativity. Theories of quantum gravity can be formulated perturbatively around an assumed
Minkowskian background ηµν , for example, in the sense of a quantisation of
small metric deviations hµν (x) on ηµν , according to gµν (x) = ηµν + hµν (x),
or non-perturbatively, when there is no such assumption. In non-perturbative
theories of quantum gravity it needs to be addressed how a classical space-time
effectively appears in an appropriate limit of the quantum theory.
There is a broad spectrum of approaches to constructing a theory of quantum
gravity. I will not present an exhaustive or very nuanced categorisation of
theories of quantum gravity, but to understand the context of this thesis it is
useful to discuss a few different schools of thought. Early attempts at defining
a quantum description of gravity tried to follow the methods of perturbative
quantum field theory. Unfortunately, a perturbative treatment of gravity does
not lead to a renormalisable theory as a consequence of one- and two-loop
divergences [70]. To deal with divergences at arbitrarily high energies, the
action needs to be supplemented with counterterms that include terms of all
orders in derivatives of the metric. To fix the associated coupling constants
would require an infinite number of experiments. The predictivity of perturbative quantum gravity therefore breaks down at energies near the Planck scale,
which makes it unsuitable as a fundamental theory. However, the perturbation series can still serve as an effective theory for the low-energy regime of
quantum gravity. In this setting, some universal quantum corrections to the
Newton potential and the Schwarzschild metric have been derived [53].
3
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At the Planck scale, we can imagine various solutions to the breakdown of a
perturbative quantum field theory treatment of gravity. It could be that a
correct description of gravity at high energies needs the introduction of degrees of freedom different from those of the metric of space-time. An example
is string theory, where the fundamental degrees of freedom are the excitations
of string-like extended objects. The spectrum of these strings, among many
other degrees of freedom, contains quanta that carry metric fluctuations. Another possibility is that a theory of quantum gravity can be constructed from
purely metric degrees of freedom, but that non-perturbative methods are necessary for a consistent description at high energies. Examples are the asymptotic safety program [109], (causal) dynamical triangulations [92] and quantum
Regge calculus [129]. An approach that contains metric degrees of freedom
but utilises a non-standard quantisation procedure based on a Poisson algebra
of extended objects is loop quantum gravity [113, 15]. A model closely related
to loop quantum gravity, that goes by the name of spin foams [103], instead
makes use of a path integral formulation. In between introducing new degrees
of freedom and non-perturbative quantum field theory is group field theory
[102], where the Feynman diagrams of Lie group-valued fields can be seen as
generators of discrete geometries. Besides these, there also exist approaches
that take a pre-geometric starting point, like causal sets [119].

The different assumptions underlying these theories are not necessarily incompatible, but emphasise different aspects of quantum gravity. The research in
this thesis has been done in the context of a non-perturbative gravitational
path integral, using only metric degrees of freedom and the symmetries of general relativity. A well-defined notion of gravitational physics at different scales
can be obtained with the renormalisation group. The renormalisation group
is a general tool to study the change of the properties of a physical system
under a change of scale. One approach to quantum gravity where these ideas
are of key importance is the asymptotic safety program originally proposed by
Weinberg [127]. The goal of this program is to find a non-trivial fixed point
of the renormalisation group equations at high energies, where the coupling
constants are not necessarily small. Using the techniques of the functional
renormalisation group, the flow of the coupling constants of all higher-order
curvature terms can in principle be calculated [107]. In practice it is necessary to truncate the number of terms that can appear in the effective action.
Predictivity is obtained if a non-perturbative fixed point exists and the renormalisation group flow has a finite number of attractive directions towards
that fixed point. The requirement of having a non-divergent theory fixes all
coupling constants related to repulsive directions and the remaining coupling
4
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constants can in principle be determined with a finite number of experiments.
Research into the asymptotic safety scenario has revealed evidence for the
existence of such a fixed point [109]. With these results it is possible to calculate the (truncated) effective action at any given energy scale. It is however
in general difficult to subsequently find the vacuum solutions of the effective
action and to study the geometric properties of the theory at that energy scale.
The framework adopted in this thesis is Causal Dynamical Triangulations
(CDT). CDT is a particular lattice regularisation of a path-integral approach
to quantum gravity. It is a non-perturbative model of quantum gravity in
which the gravitational sector is described in terms of geometric degrees of freedom without any fixed geometric background structure. Curved space-time
configurations are approximated by piecewise flat triangulations, amounting
to a discrete regularisation of the gravitational path integral. In this sense
CDT is analogous to lattice quantum chromodynamics (QCD). It should be
noted however that the dynamical degrees of freedom in quantum gravity are
encoded in the geometry and therefore the lattice itself, in contrast to lattice QCD, where the degrees of freedom are defined on a lattice discretisation
of flat space. A dynamical lattice can be implemented by varying the link
lengths of a fixed triangulation, as is done in quantum Regge calculus [64], or
by varying the connectivity while fixing all link lengths to a constant a, as is
done in dynamical triangulations [91]. This edge length a takes the role of an
ultraviolet (UV) cut-off. In CDT, the choice has been made for fixing the link
lengths and varying the connectivity. There are strong indications that the
phase diagram of CDT contains two lines of second-order phase transitions [9].
One can therefore look for evidence for the existence of the conjectured ultraviolet fixed point of the asymptotic safety program in this lattice formulation.
A continuum limit could be obtained in a limit a → 0 when approaching a
second-order phase transition and simultaneously renormalising the coupling
constants appropriately to obtain a divergent correlation length or an analogous suitable observable for gravity.
One important advantage of CDT is that it is possible to directly study geometric properties of the non-perturbative quantum theory using numerical
methods. Similar to lattice QCD, in CDT we can perform Monte Carlo simulations and generate an ensemble of geometries whose distribution is governed
by the gravitational partition function after a Wick rotation. Even if the conjectured fixed point of asymptotic safety cannot be found, CDT appears to
give meaningful results close to the Planck scale for several geometric observables. The model shows properties of a de Sitter universe on larger scales and
5
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exhibits the running spectral dimension that is also found in other theories
of quantum gravity. It therefore seems that properties of quantum gravity
near the Planck scale can be studied in CDT irrespective of the validity of the
asymptotic safety conjecture. Even if the Planck scale description of gravity
requires new degrees of freedom like those of string theory, we still expect that
metric degrees of freedom give a valid effective description for scales larger
than the Planck scale which possibly can be investigated in CDT.
The central question of this thesis is whether we can construct quantum observables that simultaneously describe physics at the Planck scale and have a
well-defined classical limit. We are therefore searching for geometric observables that can be studied over a range of scales. The properties of a theory
of quantum gravity can be determined by studying the expectation values
of observables. The Monte Carlo simulations of causal dynamical triangulations make it possible to numerically determine these expectation values. This
makes the framework of CDT very suitable for addressing the central question
of this thesis. A more detailed description of CDT is contained in the next
chapter.

6

2

Causal Dynamical
Triangulations

The central question of this thesis is whether we can construct quantum observables that simultaneously describe physics at the Planck scale and have
a well-defined classical limit. The model in which this question is studied
is Causal Dynamical Triangulations (CDT) [7]. CDT is a non-perturbative
formulation of quantum gravity, which can be best understood as a lattice
regularisation of a path-integral approach to quantum gravity. The dynamics
of this quantum theory of gravity is governed by the path integral Z, which
is analogous to the path integral for a point particle. The path integral Z
takes the form of a “sum over geometries”. For pure gravity, Z is given1
by a functional integration over all equivalence classes [gµν ] of metrics modulo diffeomorphisms on a fixed differentiable manifold M, weighted by the
Einstein-Hilbert action SEH ,
Z
(2.1)
Z = D[gµν ]eiSEH [gµν ] .
The Einstein-Hilbert action SEH [gµν ] depends on the metric gµν through the
Riemann scalar R and the volume form. In the presence of a non-zero cosmological constant Λ, the Einstein-Hilbert action for pure gravity is given
by
Z
√
SEH [gµν ] = κ
d4 x −g(R − 2Λ).
(2.2)
M

Besides the cosmological constant Λ, the second (bare) coupling constant is
c4
the inverse gravitational coupling κ = 16πG
. The topology of M is chosen to
be fixed. A theory of quantum gravity could in principle include a sum over
topologies as well, but this question will not be discussed further here. For
calculational purposes, we would like to cast the path integral in the form of
1
Here and in the remainder of the text, the reduced Planck’s constant ~ and the speed of
light c are set to 1 and therefore do not appear explicitly in the path integral.
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a probability distribution. In quantum field theory on a Minkowski background this is done by performing a Wick rotation on the time variable t,
t → τ = it. For a general metric gµν , a coordinate-invariant prescription to
perform such an analytical continuation is not known. A strategy introduced
by Hawking [66] is to take Euclidean quantum gravity as the starting point, in
the hope that some properties of the resulting theory can eventually be rotated
back to the physical, Lorentzian sector. The partition function of Euclidean
quantum gravity is given by
Z
Z = D[gµν ]e−SEH [gµν ] ,
(2.3)
where the integration is defined over equivalence classes of Riemannian metrics
with Euclidean signature with respect to gauge orbits generated by diffeomorphisms. The formal expressions in eqs. (2.1) and (2.3) must be regularised
with a cut-off, for example through a lattice regularisation scheme. In other
quantum field theories, lattice regularisations have also been used to study
non-perturbative properties of the theory, a prominent example being lattice
QCD [130].

Figure 2.1: A deficit angle ε(σ 0 ) is shown as it would appear when flattened
on R2 .
One lattice regularisation of the Euclidean path integral for gravity is known
as Dynamical Triangulations (DT) [91]. This regularisation is based on simplicial manifolds. Space-time is approximated by a triangulation T of piecewise
flat simplices σ n , or n-simplex, of dimension n = 4. Simplices are the generalisation of triangles and tetrahedra to higher dimensions. The triangulations
8
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are Euclidean simplicial manifolds which consist of n-dimensional simplices σ n
that are endowed with a flat metric. The condition that these geometries are
manifolds imposes a constraint on the connectivity of the simplices. In the language of simplicial complexes [48], these are called pure simplicial complexes,
with the addition that they are locally homeomorphic to Rn . A discretisation
of general relativity based on simplices was originally proposed by Regge [106].
In n space-time dimensions, the Einstein-Hilbert action SEH can, for small a,
be approximated by the discrete Regge action SR ,
κ X
SR [T ] = 2
(2.4)
2ε(σ n−2 )|σ n−2 | − 2ΛVσn−2 ,
a n−2
σ

∈T

where
ε(σ (n−2) ) = 2π −

X

δ(σ n ; σ n−2 )

(2.5)

σ n σ (n−2)

is the deficit angle around a (n − 2)-dimensional sub-simplex, |σ n−2 | is the
volume of σ n−2 and Vσn−2 is the support volume. The deficit angle ε(σ (n−2) )
measures the difference to flat space of the curvature associated to σ (n−2) . The
deficit angle ε(σ 0 ) is illustrated for the case n = 2 in Fig. 2.1. The triangulation around the yellow vertex σ 0 is “flattened” on R2 . The triangles around σ 0
will either overlap (negative curvature) or will not close (positive curvature)
if the deficit angle around a vertex is not equal to zero. In the triangulation in Fig. 2.1, the excess of the triangles around σ 0 in comparison to flat
space is marked in red and the corresponding negative deficit angle ε(σ 0 ) is
marked with a dotted line. The dihedral angle of a vertex σ 0 inside a triangle
σ 2 is also marked with a dotted line. Note that the definition of the deficit
angle for the Lorentzian setting is more subtle [117]. We will not discuss the
Lorentzian deficit angle because it will not be used in the remainder of the text.
The support volume Vσn−2 is defined as the volume that contains all points in T
that are closer to σ n−2 than to any other (n−2)-dimensional sub-simplex. Fig.
2.2 shows a three-dimensional simplex (tetrahedron) and the support volume
Vσ1 of one of its links.
In three dimensions, the deficit angle ε(σ 1 ) is concentrated at the link σ 1 .
The support volume Vσ1 of the blue link is the red polytope. The red region
contains all points in the tetrahedron that are closer to the blue link than to
any other link. In a general triangulation the support volume Vσ1 is given by
the sum of the volumes corresponding to the red region of all tetrahedra that
contain σ 1 . Although the expression in eq. (2.4) was originally introduced
for Lorentzian simplicial manifolds, it is also valid for simplicial manifolds
9
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Figure 2.2: A tetrahedron and the support volume (red) of one of its links
(blue).
of Euclidean signature. With the Euclidean version of the Regge action, a
regularised expression of the Euclidean gravitational path integral can be constructed. The integration over metrics modulo diffeomorphisms in eq. (2.3)
will be replaced by a sum over a specific subset T of simplicial manifolds T .
The choice of T is an important element of the regularisation. In dynamical
triangulations T = TDT , where TDT is the set of all simplicial manifolds T of a
fixed topology, made of equilateral Euclidean building blocks with a fixed edge
length a. The parameter a is a short-distance cut-off of the theory. To obtain
a finite expression, it is necessary to fix the maximum number of simplices N
as well. Under this regularisation the partition function Z in (2.3) is replaced
by Za,N ,
X 1
Za,N =
e−SR [T ] .
(2.6)
CT
T

The partition function Za,N is real and is a sum over all DT triangulations that
contain at most N simplices, weighted by the exponent of the Regge action
evaluated on T . The factor CT , the order of the automorphism group of T ,
can be understood as the counterpart to the diffeomorphism-invariant DeWitt
measure in the continuum, to which metrics with isometries give a smaller
contribution due to the comparatively smaller size of gauge orbits through
such metrics. To obtain a full theory of quantum gravity, we then look for a
suitable limit as the regulators a and N are removed. With the regularised
10
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partition function Za,N , the expectation value of an observable hOia,N is given
by
1 X 1 −SR [T ]
hOia,N =
e
O(T ).
(2.7)
Za,N
CT
T

In accordance with the logic of the theory of critical phenomena, we would
expect that the full theory does not depend on the details of the regularisation. It should be noted that some care needs to be taken when analysing
an observable hOia,N . Near the cut-off scale scale a, the behaviour of hOia,N
can depend strongly on the choice of regulator which is not physical. Such
effects are called lattice artefacts and one should be careful not to confuse
them with physical properties of the theory. The finite number of simplices N
introduces similar subtleties. Properties of an observable hOia,N at finite volume can strongly depend on the choice of boundary conditions and the global
topology. For sufficiently local observables, these choices should not matter
and the properties of hOia,N that depend on them should not be interpreted
as physical properties of the theory. These considerations are another reason
why it is desirable to find observables that are scale-dependent. For such observables one has some control over the range of scales where one expects a
measurement to produce physical results. A well-known example is the spectral dimension derived from a diffusion process on the discrete geometries [4].
This observable is also a good illustration of the subtleties associated with
finite-size effects and lattice artefacts. The dynamical dimensional reduction
in CDT was derived through finite-size scaling of the behaviour of the spectral
dimension at scales considerably smaller than the finite lattice volume and at
scales sufficiently larger than the cut-off scale. If an observable is not explicitly scale-dependent, a scale may sometimes be introduced by some notion of
coarse-graining on either the underlying geometries or the observable itself.
Causal Dynamical Triangulations is a relatively recent model of quantum gravity, based on a lattice regularisation of the gravitational path integral and
closely follows the scheme of dynamical triangulations. In contrast to dynamical triangulations, the geometries in CDT are (initially) Lorentzian. In that
sense, CDT is a regularisation of the Lorentzian gravitational path integral
in eq. (2.1), with a specific choice for the geometries that appear in the state
sum. CDT therefore has the potential to more closely capture the causal structure of Lorentzian quantum gravity than DT. The space of CDT geometries
is denoted by TCDT . The triangulations T ∈ TCDT contain simplices endowed
with the Minkowski metric. The simplices are chosen to have both space-like
and time-like links. The space-like links all have squared length a2 and the
time-like links have squared length −αa2 , for α > 0.
11
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The asymmetry parameter α introduces an additional parameter into the theory, which in the physically interesting regime becomes a relevant coupling
constant. The triangulations T are simplicial manifolds that carry a foliation
in terms of a discrete notion of proper time. The CDT geometries consist of
space-like slices of Euclidean triangulations of dimension n − 1 at constant integer time τ , which are connected by four-simplices with time-like links. This
is done in such a way that the topology of the spatial slices is constant.
Fig. 2.3 illustrates the situation in three dimensions. In three-dimensional
CDT there are three types of building blocks, characterised by the number of
vertices in the two space-like slices at constant integer proper time that are
connected by the simplex. The (2, 2)-simplex has two vertices in both slices,
the (3, 1)-simplex has three vertices in one slice and three in the other slice,
with the (1, 3)-simplex as its mirror image. Fig. 2.3 shows a space-like slice
at constant proper time τ1 and a space-like slice at constant proper time τ2
with a connecting (2, 2)-simplex and (3, 1)-simplex in red. For clarity, only two
building blocks connecting the space-like slices are shown. In a CDT geometry,
the space between the two slices is filled with three-dimensional simplices.
The simplices are glued together in such a way that the topology is equal for
every spatial hypersurface between the two space-like slices. Although the
links appear to have different lengths due to the graphical representation, all
space-like links have squared length a2 and all time-like links have squared
length −αa2 . The image might also incorrectly suggest that the slices are
quite static and flat. These geometries can however be highly curved locally
and differ strongly from slice to slice.
The building blocks and gluing rules allow for a well-defined Wick rotation.
An analytic continuation α → −α on the length assignments, simultaneously
brings the partition function to the form of eq. (2.6) with T = TCDT and the
metrics on the simplices to Euclidean signature. The α-values for which the
resulting Euclidean simplices satisfy the triangle inequalities in Rd depend on
the dimension. The constraints are α > 14 for n = 2, α > 12 for n = 3 and
7
α > 12
for n = 4. After the Wick rotation and for the special case α = 1,
the space of CDT triangulations TCDT is a proper subset of the Euclidean DT
triangulations TDT .
The discrete geometries in CDT can be seen as approximations of Lorentzian
manifolds that allow for a discrete analogue of a spatial foliation. At first
glance, the preferred foliation of CDT might seem similar to the preferred
foliation of Hořava-Lifshitz gravity [71], which in contrast to the full diffeo12
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Figure 2.3: Two spatial slices at τ1 and τ2 = τ1 +1 of CDT in three dimensions
with two connecting three-simplices of type (3, 1) and (2, 2).

morphism invariance of general relativity is only invariant under foliationpreserving diffeomorphisms. However, in CDT there is no breaking of diffeomorphism invariance, because the theory is defined in terms of geometric
objects without any coordinates. The results related to the classical limit of
CDT are all compatible with general relativity. The question of whether CDT
admits classical limits that are compatible with Hořava-Lifshitz gravity, or yet
something else is not entirely known. In any case, studies of a discrete model
that replaces the global foliation of CDT with a local variant seem to indicate
that the global foliation is not a necessary element of the theory and can be
seen as a regularisation artefact [75]. This point was discussed in detail in a
recent review [92]. In the end, such questions can only be answered after a
thorough examination of the geometric properties of the classical limit(s) in
terms of a suitable set of observables.
One of the main motivations for choosing CDT is that the model is particularly suited to numerical investigations. Using Monte Carlo methods, the
statistical ensemble governed by the Wick-rotated partition function (2.6) can
be sampled. With the set of geometries of such a sampling, expectation values
for a particular observable O can be approximated by an average over the
generated geometries. As a consequence of the finite resources in numerical
modelling, all simulations must necessarily take place at finite volume. The
adopted strategy is to consider geometries with a specific compact topology
and fix the total number of simplices N . This introduces finite-size effects, but
by repeated measurements of observables at different values of N , the infinitevolume limit N → ∞ can be extrapolated from the scaling of the observables.
13
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For fixed N , the parameter Λ is no longer free. The phase structure of the theory at fixed N is studied by fixing the volume and varying the two remaining
bare coupling constants of the action, α, κ. This is essential both for establishing whether there is any region of the phase diagram that has physically
interesting properties and to establish if there exist second- or higher-order
phase transitions. If such a phase transition exists, it might be possible to
define a continuum limit, find a renormalisation group flow in the phase diagram with a UV fixed point at the phase transition as its endpoint and make
contact with the asymptotic safety program.
Most investigations in four-dimensional CDT have been conducted with the
topology S 3 × S 1 . More recently, CDT has also been studied intensively with
T 4 -topology [10]. The phase structure of CDT is rich and the different phases
can be most easily characterised in terms of the volume-profile observable [5].
The volume profile is the three-volume of a spatial slice as a function of the
discrete proper time of the sliced structure. The most recent studies have
identified four phases, which are illustrated in Fig. 2.4 for the topology T 4 .
The diagram is presented for a set of bare coupling constants ∆ and κ0 that
are a combination of the original bare coupling constants α, κ and Λ. The
phase diagram for the topology S 3 × S 1 is qualitatively the same. Phase A is
characterised by uncorrelated fluctuations of the volume. In phase B, all the
volume is concentrated in a single slice. The physically most interesting phase
is phase C.
Phase C is characterised by having a volume profile that is in agreement with
the calculations in a minisuperspace model [6]. The minisuperspace model is a
symmetry-reduced approximation of full gravity in which only the scale factor
of the FLRW metric is dynamical. In this model the average spatial volume
can be calculated as a function of the proper time and quantum fluctuations
around the classical solution can be described perturbatively. In phase C, both
the average volume profile and the fluctuations are in agreement with those of
a minisuperspace model. This is an indication that in phase C there exists a
well-defined (semi)-classical limit for the volume profile observable. It should
be noted that it is highly non-trivial to find classical-like properties at all from
the ensemble averages of random geometries. A recently discovered sub-sector
of phase C, known as the bifurcation phase Cb , shows different behaviour.
In the bifurcation phase, a one-dimensional, string-like sub-structure appears
embedded in the extended geometry. This phase was recently discovered and
has not yet been understood in detail.
14
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Figure 2.4: The phase diagram is shown for CDT in four dimensions for T 4 topology [10].

In summary, causal dynamical triangulation has been shown to exhibit promising features as a theory of quantum gravity. However, it appears necessary to
have access to more observables to study the properties of phase C in greater
detail. These observables should be finite in a continuum limit, have a clear
geometric interpretation in a classical limit and be sensitive to different scales
in the model. The subject of this thesis is the search for and study of such
observables. Ch. 3 discusses a proposal based on Wilson loops, Ch. 4 discusses a proposal based on higher-order Laplace-Beltrami operators and Ch.
5 discusses a proposal based on discrete Killing vector fields.
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3

Gravitational
Wilson Loops

Finding diffeomorphism-invariant observables to characterise the properties of
gravity and space-time at the Planck scale is essential for making progress in
quantum gravity. The holonomy and Wilson loop of the Levi-Civita connection
are potentially interesting ingredients in the construction of quantum curvature observables because they are defined with respect to a path γ of length l.
An observable based on the gravitational Wilson loop could therefore potentially be used to probe a theory at various length scales. The main results of
this chapter are motivated by recent developments in non-perturbative quantum gravity. We have established new relations in three and four dimensions
between the holonomy of a finite loop and certain curvature integrals over
the surface spanned by the loop. They are much simpler than a gravitational
version of the non-abelian Stokes’ theorem, but require the presence of totally
geodesic surfaces in the manifold, which follows from the existence of suitable Killing vectors. We show that the relations are invariant under smooth
surface deformations, due to the presence of a conserved geometric flux. In
addition, we explore the construction of a quantum observable based on the
gravitational Wilson loop on a piecewise flat triangulation of the three sphere
S 3 . Secs. 3.1-3.4.4 of this chapter are based on work published in [P2].
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3.1

Introduction

The motivation and larger context for the work presented here is the search
for observables in non-perturbative quantum gravity. Such observables are key
to understanding the dynamics of gravity and the nature of space-time at the
Planck scale – whichever form these concepts will take in a non-perturbative
regime – and crucial for determining whether a given candidate theory has the
correct classical limit. More specifically, we are interested in quantum observables relating to curvature, a subject about which currently little is known.
One strand of research that is being explored systematically in the context of
Causal Dynamical Triangulations (CDT) is the implementation and measurement of quantum Ricci curvature [80, 81, 82]. The work presented below uses
a different ansatz and takes place on more familiar territory. It investigates
the question of whether gravitational holonomies of the Levi-Civita connection along non-infinitesimal closed curves and their associated Wilson loops
can be used to construct observables from which one can retrieve curvature information about the underlying space, in the spirit of a (perhaps generalised)
Stokes’ theorem.
A natural first step is to examine the answer to this question in classical
gravity, to guide one’s intuition in the quantum theory and to understand
which classical limit should be obeyed by the quantum construction. However,
for classical curved manifolds no relevant and useful results seem to be known
on how to relate the holonomy of finite loops to some form of integrated or
averaged curvature. The reason why one may expect such a relation to exist
in the first place is the presence of the corresponding property for infinitesimal
loops. This is most familiar in the context of gauge field theory, where instead
of the Levi-Civita connection Γ one works with a gauge connection A. In
this case, the holonomy (or path-ordered exponential) Wγ[µν] ,p of A along an
infinitesimal square loop γ[µν] in the (µ, ν)-plane with side length ε and base
point p can be expanded in powers of ε, leading to the well-known expression
Wγ[µν] ,p = P exp

I

a
A = I + ε2 Fµν
(p)Xa + o(ε2 ),

(3.1)

γ[µν]

where the Xa are the generators of the gauge Lie algebra, usually given by
su(N ), and P indicates path-ordering. The important point is the appearance
in eq. (3.1) of the (µ, ν)-component of the field strength tensor F of the connection A, which can be read off directly from the lowest non-trivial order in
the ε-expansion. As we will describe in detail in Sec. 3.3 below, an analogous
relation holds for the holonomy of the connection Γ of an infinitesimal square
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loop on a Riemannian manifold, with Fµν replaced by the corresponding components of the Riemann curvature tensor. In other words, in either case there
is a straightforward relation between holonomy and curvature at the perturbative level.
In both gauge theory and gravity, the key obstacle to extending (3.1) to a
similarly straightforward relation between holonomy and curvature for noninfinitesimal loops is the non-abelian nature of the underlying connection form.
More precisely, there exists a relation of this kind, which in a gauge-theoretic
context usually goes by the name of “non-abelian Stokes’ theorem” [12] and
whose construction we review in Sec. 3.3. However, it is not particularly useful
for our purposes because of its unwieldy, non-local functional form. The main
source of complication is the surface-ordering for the area integral appearing
in the theorem, which is needed because of the non-commuting nature of the
connection and associated field strength or curvature.
The reason why we are primarily interested in loops of finite size comes again
from the quantum theory. Note that derivations in the continuum like that of
eq. (3.1) make crucial use of the smooth structure of the underlying geometry,
which in a Planckian regime will typically not be present. This is certainly
true for candidate theories of quantum gravity that postulate fundamental
discreteness at the Planck scale, but related issues also arise in other nonperturbative formulations. Let us turn again to the framework of CDT for
illustration. Its regularised path integral (i.e. before taking any scaling limit)
is based on ensembles of piecewise flat geometries, where the concept of an
infinitesimal loop is not particularly meaningful or interesting. In this setting,
one could in principle study the smallest loops that have a non-trivial holonomy1 , but they are of the size of the ultraviolet cutoff (the typical edge length
or lattice spacing) and therefore dominated by regularisation-dependent lattice artefacts, rather than containing interesting physical information. If one
is interested in observables involving loop holonomies or their traces, the Wilson loops, one therefore has to deal with loops of finite size (in terms of lattice
units), which are large compared to the lattice cutoff. At the same time, the
geometry on these scales is far from flat, which means that generic holonomies
will not be of the form “unit matrix plus a small perturbation”, in contrast
to eq. (3.1). The example of CDT quantum gravity is particularly relevant,
since – unlike on general curved smooth manifolds – the evaluation of arbitrary
holonomies is computationally straightforward [8]. Therefore, if one was able
1
These are loops that wind around a single curvature singularity located at a subsimplex
of codimension 2, see e.g. [7] for technical details.
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to derive a sufficiently simple relation between holonomies and curvature for
non-infinitesimal loops, these could potentially be used in the construction of
genuine curvature observables on various scales, depending on the size of the
underlying loops.
An important difference between gauge-theoretic and gravitational Wilson
loops is that the former can be directly promoted to quantum observables,
at least formally. Famously, the expectation value of the Wilson loop serves
as an order parameter for confinement in QCD [130, 125]. The situation in
non-perturbative quantum gravity is more involved: the “expectation value of
the Wilson loop of a given loop” is not a meaningful concept, because it is
not possible to identify one and the same loop across the different space-time
configurations that make up the quantum ensemble in which the expectation
value is computed. This is why above we have talked about Wilson loops and
holonomies of the Levi-Civita connection only as possible ingredients in the
construction of quantum observables, and not as observables in themselves,
despite their classical invariance properties.
Additional work is required in the quantum theory to construct genuine observables from them. In a matter-coupled theory, one could mark the location
of the loop in terms of the matter present, before performing an ensemble average over geometries. Such a prescription was followed in [8], which studied
the expectation value of a Wilson loop whose underlying loop coincides with
the worldline of a particle, cyclically identified in time. Note that this construction involved very long, non-contractible loops, whereas in the present
work we are interested in contractible, non-intersecting loops of all sizes that
run along the boundary of a two-dimensional disc. One way how these may
be turned into well-defined quantum observables in pure gravity would be by
averaging over subsets of loops with some specified geometric properties (e.g.
a fixed value of their length and other invariant parameters describing their
shape and size), before performing the path integral over geometries. A proposal for a construction of an observable based on the gravitational Wilson
loop is investigated in Secs. 3.6 and 3.6.2. Secs. 3.2-3.5, focus on an analysis
of the classical case and the search for a relation between the gravitational
holonomies and Wilson loops of finite-sized closed curves and the curvature of
the underlying manifold. This investigation will be conducted on Riemannian
manifolds (M, gµν ) with a positive definite metric gµν , which is the relevant
framework for quantum gravity formulations with a Wick rotation or some
other form of analytic continuation from Lorentzian signature, like CDT.
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Elsewhere in gravity, Wilson loops have appeared in a variety of contexts and
with different motivations. An obvious area of application are gauge-theoretic
formulations of gravity. In the Chern-Simons formulation of three-dimensional
gravity, non-contractible Wilson loops are used to capture its (global) degrees
of freedom in a gauge-invariant manner [132]. Loop quantum gravity derives
its name from Wilson loop variables defined on slices of constant time in spacetime, whose Poisson algebra served as a starting point for a non-perturbative
canonical quantisation in the original version of the theory [111]. A similar
type of canonical loop representation can also be constructed in three spacetime dimensions [14]. In the standard metric formulation of gravity based on
four-metrics gµν , properties of the Wilson loop in perturbative quantum gravity on a Minkowskian background were investigated in [98]. In the context
of quantum Regge calculus, another lattice approach to quantum gravity, an
attempt was made to treat large Wilson loops in an almost-flat setting, and
to perform a strong-coupling analysis of the gravitational Wilson loop along
the lines of what is done in QCD [65].
We are taking a different perspective here by asking whether and how Wilson
loops may be useful in constructing observables in non-perturbative quantum
gravity, beyond a regime where fields are sufficiently weak and/or loops sufficiently small to work with perturbative expressions like eq. (3.1). As outlined
above, this has motivated our analysis of non-infinitesimal loop holonomies
on classical Riemannian manifolds in dimensions three and four, and their
relation to curvature. Not unexpectedly, given the complicated and non-local
functional form of the holonomy, we have not been able to derive a simple
relation between holonomy and curvature for general metrics and loops.2 Instead, we have derived a new relation of this kind in a more restrictive setting,
where the manifolds have symmetries that allow for the presence of so-called
totally geodesic surfaces. While such manifolds are not generic, there are many
examples of Riemannian spaces with Killing vectors that satisfy the required
technical conditions. The main result of this chapter is a relation between the
invariant angle(s) characterising the holonomy of a loop γ lying in one of the
totally geodesic surfaces of such a manifold and a ordinary two-dimensional
curvature integral over a disc bounded by γ.
This chapter is structured as follows. In Sec. 3.2, we recall some details of the
construction and properties of the holonomy of the Levi-Civita connection on a
2

Since curvature is a tensorial quantity, this might have given us new insights into the
notorious “averaging problem” of how to average tensors on a Riemannian manifold in a
covariant way, see [44] for a recent assessment of the ramifications of this issue for general
relativity and cosmology.
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Riemannian manifold, including the important concept of path ordering. This
allows us to relate the holonomy of an infinitesimal loop to the local Riemann
tensor in Sec. 3.3, and to rederive the so-called non-abelian Stokes’ theorem,
which expresses the holonomy of a finite loop in terms of a surface-ordered
area integral depending on the curvature in a non-local way, a construction
that goes back almost a hundred years. Sec. 3.4 contains the core of our work.
We demonstrate that a large class of three- and four-dimensional Riemannian
manifolds with isometries possess non-infinitesimal loops whose holonomy is
abelian and can be expressed in terms of standard surface integrals of suitable
curvature scalars. The holonomy group of the underlying manifold M need
not be abelian, but the loops must lie in a leaf of a foliation of M by a
family of totally geodesic surfaces. We show in Sec. 3.4.1 how the invariant
angle characterising the holonomy of such a loop in three dimensions can be
expressed as a surface integral, built up from infinitesimal area contributions.
The explicit computation of the surface integrals in three and four dimensions
is performed in Secs. 3.4.2 and 3.4.4 respectively. For illustration, we apply
the construction to a specific curved manifold, the round three-sphere, in
Sec. 3.4.3. Interestingly, it turns out that the surface integrals in both three
and four dimensions are invariant under smooth surface deformations that
leave the boundary loop invariant. We show that this property is related to
the existence of a conserved “geometric flux” constructed from the Killing
vector(s) and the Riemann tensor of M. Sec. 3.5 discusses how the derived
expression simplifies in two-dimensions and manifests itself in the setting of
two-dimensional simplicial manifolds. In Sec. 3.6, a proposal for an observable
based on the gravitational Wilson loop is discussed. As a proof of concept
this proposal is evaluated on the three-sphere. In Sec. 3.6.2 it is explored
if this observable can be implemented on a piecewise flat approximation of
the three-sphere. The final Sec. 3.7 contains a summary and a discussion of
possible applications of our results.

3.2

Holonomies and Wilson loops in gravity

Given a d-dimensional manifold M with d ≥ 2 and metric gµν , we will be
interested in the holonomy Uγ [Γ], depending on the metric-compatible LeviCivita connection Γκµλ associated with gµν , and on a parametrised path γ :
I → M, τ 7→ γ(τ ), where I denotes an interval I = [τ0 , τ1 ] on the real line.
We will deal with the Riemannian case, corresponding to either Euclidean
gravity or “gravity after a Wick rotation”, as is the case in CDT, say.
22

3.2. Holonomies and Wilson loops in gravity

The holonomy Uγ (τ, τ0 ) is the solution to the differential equation
d
dγ µ (τ )
Uγ (τ, τ0 ) = −Γµ (γ(τ ))
Uγ (τ, τ0 ), τ0 ≤ τ ≤ τ1 ,
dτ
dτ

(3.2)

subject to the initial condition Uγ (τ0 , τ0 ) = I, the unit matrix. Note that
(3.2) is a matrix equation, with (Γκ )µ ν := Γµκν . The holonomy takes values in
GL(d, R) and describes how a vector v at some initial point x0 = γ(τ0 ) ∈ M
behaves under parallel transport along the curve γ to some final point x1 =
γ(τ1 ), namely, according to the linear transformation
v µ (x1 ) = Uγ (τ1 , τ0 )

µ

ν

v ν (x0 ).

(3.3)

It follows from the parallel-transport property that the inverse path γ −1 is
associated with a holonomy that is the matrix inverse Uγ−1 of Uγ (see, for
example, [90]). Difficulties in computing the holonomy explicitly for a given
connection Γ and curve γ come from the fact that the contraction A(τ ) of the
connection with the tangent vector γ̇ = dγ/dτ to the curve,
Aµ ν (τ ) := −Γµκν (γ(τ ))γ̇ κ (τ ),

(3.4)

takes values in the non-abelian Lie algebra gl(d, R), where two fields A(τ ) for
different values of τ will in general not commute. In other words, we have to
keep track of the factor order when integrating A(τ ) along a path γ to obtain
the holonomy Uγ . This explains the occurrence of the path-ordering symbol
“P” in the standard notation for the holonomy,
−

(Uγ (τ1 , τ0 ))µ ν = P e

Rτ

1
τ0

dτ γ̇ κ (τ )Γκ (τ ) µ

ν

≡ Pe

Rτ

1
τ0

dτ A(τ ) µ

ν,

(3.5)

also called the path-ordered exponential of the Levi-Civita connection Γ along
the path γ. The right-hand side of (3.5) can be defined as an infinite sum of
nested integrals,
Pe

Rτ

1
τ0

dτ A(τ )

:= I +

∞ Z
X

n=1

τ1

τ0

dt1

Z

τ1

t1

dt2 · · ·

Z

τ1

dtn A(tn )A(tn−1 ) . . . A(t1 ),

tn−1

(3.6)
where the factors of A(ti ) in the integrand of the nth term in the sum are pathordered from right to left since τ0 ≤ t1 ≤ t2 ≤ · · · ≤ tn−1 ≤ tn ≤ τ1 is enforced
by the integration limits. An alternative way of defining the holonomy employs
a limiting process with ever finer finite approximations of the path γ,
Uγ (τ1 , τ0 ) := lim (I + A(tn )∆n )(I + A(tn−1 )∆n−1 ) . . . (I + A(t1 )∆1 ), (3.7)
n→∞
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where ∆i is defined as ∆i = ti − ti−1 , the parameters are again arranged in
increasing order, τ0 < t1 < t2 < · · · < tn = τ1 , and sup ∆i → 0 as n → ∞.
The functional form (3.7) is that of a so-called product integral, of the type
first introduced by the mathematician Volterra in the late 1800s.3 Yet another
way of expressing the holonomy (see, for example, [39]) is as the limit
Uγ = lim e A(tn )∆n e A(tn−1 )∆n−1 . . . e A(t1 )∆1 .
n→∞

(3.8)

From this variant of (3.7) it is straightforward to read off how U (γ) simplifies
if for some reason the fields A(ti ) all commute with each other. In this case,
one has
R
P
(abelian case)
(3.9)
Uγ = lim e i A(ti )∆i = e dt A(t) ,
n→∞

by virtue of the Baker-Campbell-Hausdorff formula, resulting in the exponentiation of an ordinary integral of A(t).
As already mentioned in the introduction, path-ordered integrals of gauge connections have been used in SU (N )-gauge field theory, where the analogue of
the field A of eq. (3.4) is su(N )-valued, and is obtained by contracting the
gauge potential of the theory with the tangent vector to the curve γ. One
attractive feature of using holonomies in gauge theory is the fact that one
can use them to construct gauge-invariant – albeit non-local – observables in
terms of so-called Wilson loops, given by traces of holonomies of closed curves
(loops).
Coming back to the gravitational case, to distinguish the holonomy of a closed
curve γ, with a single base point x0 = γ(τ0 ) = γ(τ1 ), from that of a general
curve given in eq. (3.5) above, we will use the notation W instead of U , that
is,
H
µ
κ
(Wγ,x0 )µ ν = P e− γ dτ γ̇ (τ )Γκ (τ ) ν .
(3.10)

Since this holonomy describes the parallel transport of a vector v ∈ Tx0 M
around γ, ending up in the same tangent space, and since the parallel transport preserves the vector’s norm, its effect on the vector is that of an SO(d)rotation.4 If the basis of tangent space is chosen orthonormal, any holonomy
(Wγ )µ ν is of the form of a d × d rotation matrix in the defining representation
of SO(d).
3

see [116] for a detailed account of the historical development of this notion
Here and in what follows, we only consider contractible loops γ. In other words, we work
with the so-called restricted holonomy group.
4
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Irrespective of any choice of basis, if two closed paths γ1 and γ2 share a common
base point, we can compose them into a single loop γ2 ◦ γ1 with respect to a
suitably chosen common parameter τ , which first runs through γ1 and then γ2 .
The corresponding holonomy is obtained by simply multiplying the matrices
of the individual loop holonomies,
Wγ2 ◦γ1 = Wγ2 Wγ1 ,

(3.11)

where in terms of notation we have suppressed the explicit reference to the
common base point.
As discussed in detail in [8], under a diffeomorphism of M the gravitational
holonomy Uγ (τ1 , τ0 ) transforms non-trivially at its two endpoints. This is still
true when considering a loop holonomy Wγ,x0 with base point x0 , but taking
the matrix trace Tr Wγ,x0 removes this part of the diffeomorphism dependence
(as well as the dependence on the base point x0 ) because of the cyclicity of the
trace. The resulting quantity is the gravitational Wilson loop, schematically,
Tr Wγ = Tr P e−

H

γ

Γ

.

(3.12)

In a purely classical context, there is no specific need to consider the trace,
since the loop holonomy can be thought of as an invariant (1,1)-tensor. Taking the trace is primarily motivated by quantum considerations, where neither
the location of a specific base point nor the choice of a specific frame are
meaningful concepts in an ensemble average over space-time geometries. As
already mentioned in the introduction, there are various ways in which one
can envisage turning the gravitational Wilson loop into a genuine observable,
for example, by performing some averaging over its location in space, or by
marking its location with external matter. The measurement of a Wilson loop
observable in four-dimensional CDT quantum gravity in [8] considered an ensemble of loops along the world-line of a massive particle, identified cyclically
in time.
Since the holonomies of loops on general d-dimensional Riemannian manifolds
take values in SO(d), the corresponding Wilson loops can be parametrised by
r angles αj , j = 1, . . . , r, where r equals the rank of the group, given by d/2
for even d and (d − 1)/2 for odd d. In three dimensions, the Wilson loop has
the form
Tr Wγ = 1 + 2 cos(αγ ),
(3.13)
where αγ is the angle of rotation around some fixed axis, and it should be kept
in mind that this quantity has a non-local functional dependence on the loop
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γ and the field A along it. In four dimensions, the Wilson loop depends on
two angles,
Tr Wγ = 2 cos(αγ ) + 2 cos(βγ ),
(3.14)
parametrising independent rotations in two mutually orthogonal planes.
Our central aim will be to express the gauge-invariant content of the gravitational holonomy and the Wilson loop (3.12) in terms of surface integrals
over local curvature and to identify conditions under which this can be done.
To express the angles αγ and βγ as functions of curvature we first need to
understand the behaviour of the corresponding holonomies. As mentioned
earlier, a key obstacle to computing holonomies like eq. (3.5) on a general
curved manifold (M, gµν ) in dimension d ≥ 3 and relating them to surface
integrals is the non-abelian character of the field A(t). We will treat the cases
d = 3 and d = 4 in Sec. 3.4 below, without requiring that the holonomy group of
the manifold M be abelian, which would render the discussion trivial. Before
turning to this explicit construction, in Sec. 3.3 we will review the derivation
of the non-abelian Stokes’ theorem for Riemannian manifolds, since it contains
some elements we will be needing later.

3.3

Geometric construction of the non-abelian
Stokes’ theorem

As outlined above, our main aim is to retrieve information about the curvature of a manifold from measuring finite holonomies or their associated Wilson
loops. This is motivated by the well-known relation between local curvature
at a point p ∈ M and the holonomy of an infinitesimal loop based at p. Let us
recap briefly how this comes about. Consider two linearly independent tangent
vectors v and w in Tp M, which for simplicity are chosen mutually orthogonal.
They determine a two-dimensional surface S locally, consisting of geodesics
starting at p whose tangent vector at p lies in the span of v and w. Next, set
up a local Riemann normal coordinate system {xi } based at p = (0, 0, . . . ),
such that v and w point along the positive x1 - and x2 -direction, respectively.
For sufficiently small ε > 0, one can construct geometrically a small square
surface of linear size ε in S, which consists of all points xµ (σ, τ ) = (σ, τ, ~0),
σ, τ ∈ [0, ε], with ~0 denoting the d − 2 vanishing coordinates in the remaining
directions.
One can use the same coordinates to describe a closed oriented path γε (λ)
that runs along the boundary of the small square, starting from the origin in
positive x1 -direction (see Fig. 3.1). The loop γε (λ) can be decomposed into
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Figure 3.1: Infinitesimal square loop γε (λ) of side length ε in Riemann normal
coordinates x1 and x2 , as described by eqs. (3.15).
path segments along the four sides of the square, γε = γ4 ◦ γ3 ◦ γ2 ◦ γ1 , which
in terms of the Riemann normal coordinates of the local 1-2-“plane” can be
parametrised by
γ1 (λ) = (λ, 0),
γ2 (λ) = (ε, λ − ε),

λ ∈ [0, ε],

λ ∈ [ε, 2ε],

γ3 (λ) = (3ε − λ, ε), λ ∈ [2ε, 3ε],

γ4 (λ) = (0, 4ε − λ), λ ∈ [3ε, 4ε].

(3.15)

Following eq. (3.11), the holonomy Wγε around the infinitesimal square is given
by the product of the individual edge holonomies,
Wγε = Uγ4 Uγ3 Uγ2 Uγ1 .

(3.16)

To exhibit the dependence of this holonomy on the Riemann tensor, one can
now perform an ε-expansion of (3.16), for example, by using the nested integral
form (3.6) of the holonomy as a starting point, substituting the field A by the
contraction of the Levi-Civita connection with the tangent vector to γε . To
lowest non-trivial order in ε, one finds
(Wγε )κ λ = Iκ λ − ε2 Rκ λ12 (p) + o(ε2 ) ≡ (e−ε

2R
12

)κ λ + o(ε2 ).

(3.17)

This illustrates that all information about the curvature at p can be obtained
by considering holonomies associated with infinitesimal square loops in general
i-j-planes through p.
There have been attempts to generalise the result (3.17) to a non-infinitesimal
surface S, by relating the loop holonomy Wγ of the loop γ with image ∂S to
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a curvature integral over S. In the context of Yang-Mills theory, this usually
goes by the name of non-abelian Stokes’ theorem. An example is the classic reference [12], where one re-expresses the (path-ordered) holonomy of a
non-abelian su(N )-gauge connection A of a square loop on flat, Minkowskian
space-time in terms of a two-dimensional surface-ordered integral of the corresponding non-abelian field strength tensor F [A] over the surface enclosed by
γ (for related later references, see e.g. [57, 62]).
However, there is a much earlier and apparently little-known discussion of
the Riemannian case and the Levi-Civita connection due to Schlesinger [115],
which is more relevant to our case and closely parallels the more recent physics
applications involving gauge connections in QCD. The key result one is after
in both cases is an analogue of Stokes’ theorem for surfaces,
I
Z
A=
dA,
(3.18)
∂S

S

for the case that the smooth one-form A and the curvature two-form, given
by its exterior derivative dA, are matrix-valued. Recall that Stokes’ theorem
also holds for surfaces with corners and that the orientation of ∂S must be
the appropriate one induced from the orientation of S such that eq. (3.18) is
valid without a relative minus sign between the two sides of the equation (see,
for example, [87]).
We will briefly review the derivation of the generalised Stokes’ theorem for Riemannian manifolds, because we will use elements of the proof in our construction in Sec. 3.4 of an alternative relation between Wilson loops and curvature.
Besides the original paper [115], a useful reference for this material is [39],
which deals with the closely related case where the one-form A takes values
in a finite-dimensional matrix Lie algebra. The non-abelian character of this
algebra makes the construction non-trivial. Analogous to the need for path
ordering when integrating a non-abelian connection along a one-dimensional
path, as in eq. (3.5) above, integrating a non-abelian curvature over a twodimensional surface will require a prescription of surface ordering. In addition,
one needs a scheme of parallel transport to a common base point at which the
contributions from individual infinitesimal surface elements can be composed
by matrix multiplication. Unfortunately, the construction of the non-abelian
Stokes’ theorem does not suggest a useful notion of averaged or coarse-grained
curvature, at least none we have been able to discern. This has motivated
us to look for an alternative prescription, where under suitable circumstances
holonomies or Wilson loops capture average curvature in a more straightforward way.
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Figure 3.2: The surface S embedded in M inherits a grid structure from
the flat unit square I × I, consisting of N 2 plaquettes Sij , i, j = 0, . . . N − 1.
Each of them is associated with a plaquette loop γij , based at xij and running
counter-clockwise along its boundary ∂Sij .
In order to establish the non-abelian Stokes’ theorem, suppose we are given a
smooth embedding Φ(σ, τ ) : U → M from some open subset U ⊂ R2 into the
manifold M. Consider a unit square I × I ⊂ U parametrised by σ, τ ∈ [0, 1]
and contained in U . Its image in M under the embedding is a “rectangular”
surface5 S, whose boundary ∂S is the image of the boundary of I × I. We
will consider a tiling of the surface by N × N elementary rectangles Sij –
referred to as “plaquettes” in what follows – whose lower left-hand corner is
located at the point xij := Φ(i/N, j/N ), i, j = 0, . . . , N − 1 (see Fig. 3.2).
The small rectangular loop based at xij and running counterclockwise along
the boundary ∂Sij of the plaquette Sij will be called a “plaquette loop” and
denoted by γij . It is the image in M under the map Φ of a small square loop
in I × I with edge length 1/N , based at (σ, τ ) = (i/N, j/N ), whose straight
edges lie along coordinates lines of constant τ or constant σ. Its associated
holonomy Wij is related to the Riemann curvature tensor R at xij by
1
R(Φ̇, Φ0 ) + o(N −2 )
N2
1
= I − 2 R(xij ). .µν Φ̇µ (xij )Φ0ν (xij ) + o(N −2 ),
N

Wij := Wγij = I −

(3.19)

where the tangent vectors in the two coordinate directions are defined as
Φ̇ := ∂Φ/∂σ and Φ0 := ∂Φ/∂τ .
Loop holonomies associated with different plaquette loops cannot be composed
5

We mean a surface with four corners, not a metric rectangle in flat Euclidean space.
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Figure 3.3: (a): To compose the plaquette holonomies Wij at the common base
point x00 , we must choose for each plaquette loop γij a path hij connecting
x00 and xij . (b): The holonomy W̃ij of the resulting loop γ̃ij is obtained by
.
multiplying together the individual holonomies Wij , Uhij and Uh−1
ij
because they are based at different points and therefore refer to different tangent spaces. However, we can parallel-transport them to a common base point,
which we choose to be x00 = Φ(0, 0), and compose them there. This involves
the choice of a path hij in S connecting the base point x00 to the origin xij of
a given plaquette loop γij , leading to a closed path
γ̃ij = h−1
ij ◦ γij ◦ hij

(3.20)

based at x00 . The associated loop holonomy will be denoted by W̃ij , where
Wij Uhij .
W̃ij := Wγ̃ij = Uh−1
ij

(3.21)

Our choice for the piecewise smooth path hij in M is the image under the
map Φ of the path in I × I that starts at (σ, τ ) = (0, 0), proceeds along the
τ -axis to the point (0, j/N ) and from there runs parallel to the σ-axis until it
reaches the point (i/N, j/N ), see Fig. 3.3. Expanding the parallel-transported
plaquette holonomy for small 1/N gives
W̃ij = I −

1 −1
1
Uhij R(Φ̇, Φ0 ) Uhij + o(N −2 ) =: I − 2 R̃(xij ) + o(N −2 ), (3.22)
2
N
N

from conjugating eq. (3.19) by the path holonomy Uhij . Note that the paralleltransported curvature R̃(xij ) := Uh−1
R(xij ) Uhij in eq. (3.22) is no longer a
ij
local expression at the point xij , but also depends in a non-local way on the
path hij . (For compactness we suppress this dependence in the notation.)
Moreover, R̃(xij ) acts by SO(d)-rotation on tangent vectors at the base point
x00 .
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The next step in the construction is to compose the N 2 plaquette holonomies
W̃ij in such a way that their ordered product is equal to Wγ , where γ denotes
the closed path running along the boundary ∂S of the original surface S in
counterclockwise direction. To demonstrate that this is possible recall from
our remarks after eq. (3.3) that if in the composition of loops γ̃mn ◦ γ̃kl ◦· · ·◦ γ̃ij
some path segment p is followed immediately by the path segment p−1 with
opposite orientation, their associated holonomies are inverses of each other and
therefore cancel, Up−1 Up = I. There are many ways of choosing an ordering
prescription for the holonomies W̃ij such that all holonomies associated with
internal path segments in S cancel. Any particular choice determines the type
of surface ordering that will appear on the right-hand side of the non-abelian
Stokes’ theorem.

Figure 3.4: Simple example of the ordering prescription for the paralleltransported plaquette holonomies W̃ij , for the case N = 2. The total holonomy
is obtained by composing the four plaquette holonomies in the order indicated,
Wγ = W̃01 W̃11 W̃00 W̃10 . Holonomies associated with “backtracking” internal
lines cancel each other.
The simple ordering prescription we will adopt starts from the plaquette with
labels (i, j) = (N − 1, 0) in the lower right-hand corner, and then moves to
the left until the plaquette (0, 0) is reached and the bottom row is filled. One
then proceeds to the plaquette on the far right in the second row from the
bottom, labelled (N − 1, 1), followed by the plaquette (N − 2, 1) to its left, and
continues until this row is filled (see Fig. 3.4 for illustration). This process is
repeated by filling each subsequent row from right to left until finally the last
row is completed. It is convenient to introduce the “row holonomy” W̃Rj for
the jth row, j = 0, . . . , N −1, by multiplying together the individual plaquette
holonomies in the way just described,
W̃Rj := W̃0j W̃1j . . . W̃N −2,j W̃N −1,j .
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One easily convinces oneself that with the given ordering the holonomies of
all path segments internal to the outer loop γ cancel, leading to the desired
identity
Wγ = W̃RN −1 W̃RN −2 . . . W̃R1 W̃R0 .
(3.24)
The challenge now is to demonstrate that relation (3.24) can be rewritten such
that it assumes the form of (a non-abelian, exponentiated
version of) Stokes’
H
− γΓ
theorem, eq. (3.18). The left-hand side Wγ = P e
already has the desired
form, but for the right-hand side this remains to be shown.
By a judicious rearrangement of the terms appearing in the joint expansions
of the type (3.6) and (3.7) of the plaquette holonomies contributing to a given
row [39, 12], and taking a continuum limit in the σ-direction (allowed by virtue
of the absolute convergence of all expressions), the row holonomy W̃Rj can be
rewritten as
Z
1 1
1
W̃Rj = I −
dσ R̃(Φ(σ, j/N )) + o(N −1 ) =: I − A(j/N ) + o(N −1 ). (3.25)
N 0
N
It turns out that only terms up to order 1/N will contribute to the final result.
Note that there are no factor-ordering ambiguities at this order, but that row
holonomies (3.25) for different values of j will in general not commute with
each other. The new symbol A has been adopted for compactness of notation
only. Next, we apply the standard path ordering – in the sense of the earlier
introduced product integration – to the product of the non-commuting row
holonomies in the τ -direction, to obtain
Z
1  N −1 
1
P exp(− dτ A(τ )) = lim (I −
A
) . . . (I −
A(0))
(3.26)
N →∞
N
N
N
in the limit of infinite N , where the integrand A(τ ) in the exponent is itself
of the form of an integral,
Z 1
A(τ ) =
dσ R̃(Φ(σ, τ )).
(3.27)
0

Introducing a new symbol “P” to indicate surface or area ordering, the righthand side of eq. (3.26) can be written as
 Z 1 Z 1

P exp − dτ
dσ R̃(Φ(σ, τ )) .
(3.28)
0

0

The definition of P is inherited directly from our choice of plaquette ordering: for factors of R̃ with identical τ -argument, the one with the smaller
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σ-argument always appears ordered to the left, while for factors of R̃ with
different τ -argument, the one with the bigger τ -argument always appears ordered to the left, independent of the values of σ. However, as already noted
in connection with eq. (3.25), it turns out that with our particular choice of
plaquette ordering the ordering ambiguities with respect to the parameter σ
drop out in the limit as N → ∞.
Writing the expression (3.28) as an infinite expansion analogous to eq. (3.6),
Z

Z 1
(3.28) =I − dτ dσ R̃(Φ(σ, τ ))
0
0
Z 1 Z τ2 Z 1 Z 1
+ dτ2 dτ1 dσ2 dσ1 R̃(Φ(σ2 , τ2 ))R̃(Φ(σ1 , τ1 )) + . . . ,
0

1

0

0

(3.29)

0

the surface ordering is reflected in the non-trivial integration limit of the parameter τ1 in the third term, with a similar nesting of the multiple integrals
in the higher-order terms not written explicitly in eq. (3.29).
Putting together eqs. (3.24), (3.25), (3.26) and (3.28), we have finally arrived
at the non-abelian Stokes’ theorem, which schematically reads
P e−

H

∂S

Γ

= P e−

R

S

R̃

.

(3.30)

Let us recapitulate how this relation differs from its standard, abelian counterpart. Firstly, (3.30) is a matrix-valued equation, reflecting the non-trivial
index structure of the Levi-Civita connection Γ and its associated curvature
R. Secondly, the non-abelian nature of the holonomy group requires a path
ordering on the left-hand side and a surface ordering on the right-hand side of
the identity. While the former is unique for a given path, the surface ordering
is not. However, the invariance of (3.30) under a change of surface ordering
scheme is not manifest. For example, even the rather simple scheme we used
treats the σ- and τ -direction in a very asymmetric manner. Thirdly, the construction leading to (3.30) depends on a base point Φ(0, 0), and both sides
still transform non-trivially under a change of frame at this point. If desired,
the dependence on this base point can of course be removed by taking the matrix trace on both sides of the equation. Fourthly, although the left-hand side
of (3.30) only depends on the boundary ∂S, the invariance of the right-hand
side under smooth deformations of S in M leaving ∂S invariant (for the case
d ≥ 3) is not obvious. Lastly, and most relevant for our purposes, the expression in the exponent of the right-hand side of the non-abelian Stokes’ theorem
is not an ordinary surface integral of a local integrand. Instead, R̃ encodes
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information about the Riemann tensor in a complicated, non-local and seemingly path-dependent way. In general, this makes it difficult to interpret the
right-hand side of (3.30) in terms of an averaged or coarse-grained curvature
or some other familiar quantity. Unsurprisingly, the situation becomes much
simpler when the holonomy group is abelian, as happens for example in d = 2.
In this case there is no need for path or surface ordering, and the integrand of
the surface integral becomes local.
This raises the question of whether and under what circumstances one may
be able to establish a relation between the holonomy of a finite loop and some
notion of integrated or averaged curvature on a manifold with d ≥ 3 whose
holonomy group is not necessarily abelian. In Sec. 3.4, we will construct such
a relation, starting in d = 3. It is still not applicable to general Riemannian
manifolds, but only those that possess special symmetries, and only holds for
a selected class of loops. However, unlike the non-abelian Stokes’ theorem,
its interpretation in terms of an integrated local curvature and its invariance
under smooth surface deformations will be explicit and straightforward.

3.4

Holonomies on totally geodesic surfaces

We saw in Sec. 3.3 that the non-abelian character of the (restricted) holonomy
group SO(d) for a general Riemannian manifold with d > 2 leads to serious
complications when trying to interpret the holonomy of a non-infinitesimal
loop as a measure of average curvature. As already alluded to in the introduction, this can be seen as part of a more general problem, that of averaging
tensorial quantities on a curved space where parallel transport is non-trivial.
In the derivation of the non-abelian Stokes’ theorem, this was reflected in
the need for choosing a particular, non-unique surface ordering, obscuring the
geometric meaning of the result. While it is interesting and non-trivial that
this theorem can be derived, it does not seem to be of practical use for our
purposes, and to the best of our knowledge has only found limited application
elsewhere in physics or mathematics.
In the following, we will focus on a particular class of curved Riemannian
manifolds, which contain so-called totally geodesic surfaces. There are many
examples of such manifolds, but they are not generic. Loosely speaking, they
possess special symmetry properties, examples of which will be given below.
Their holonomy groups are not necessarily abelian, but the crucial property we
will use is that if a loop is confined to lie completely inside a totally geodesic
surface, its holonomy assumes a particularly simple form. For the cases that
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have our particular interest, namely, d = 3 and d = 4, the holonomy turns out
to be abelian, and we can relate it to curvature-dependent surface expressions
that do not need any surface ordering. – After introducing totally geodesic
surfaces and their geometric properties, we will examine the three-dimensional
case in Sec. 3.4.1. We relate the holonomy of a loop γ in a totally geodesic surface Stg with a curvature integral over the part S ⊂ Stg of the surface that is
enclosed by γ ∼ ∂S. In Sec. 3.4.2 we demonstrate that this curvature integral
is invariant under smooth deformations of S away from the totally geodesic
surface Stg , but which leave γ fixed. Sec. 3.4.3 illustrates the construction
with a non-trivial example.
A two-dimensional manifold S embedded in a d-dimensional Riemannian manifold (M, gµν ), together with the metric g̃µν induced by gµν , constitutes a Riemannian submanifold of M. Such a submanifold is called a totally geodesic
surface if every geodesic of (S, g̃µν ) is also a geodesic of the ambient manifold
(M, gµν ).6 It follows that parallel transport in M, when applied to curves γ
in Stg , preserves the splitting
T M = T Stg ⊕ N Stg

(3.31)

of the tangent space to M into the direct sum of the tangent space to Stg and
its orthogonal complement N Stg . In other words, parallel transport of a vector
v ∈ Tp Stg along a closed curve γ in Stg will result in another tangent vector
v 0 ∈ Tp Stg , while parallel transport of any vector n ∈ Np Stg along the same
curve will result in another normal vector n0 ∈ Np Stg [38, 24]. Accordingly,
the holonomy Wγ of a loop γ in Stg takes values in the direct product,
Wγ ∈ SO(2) × SO(d − 2) ⊂ SO(d),

(3.32)

which is an abelian group for both d = 3 and d = 4.
Totally geodesic surfaces or, more generally, totally geodesic submanifolds
occur in Riemannian manifolds with symmetries [24]. For example, spaces
of constant curvature can have many totally geodesic submanifolds. Also,
any connected component of the fixed point set of an involutive isometry s
of (M, gµν ) (an isometry whose square is the identity, s ◦ s = Id) is a totally
geodesic submanifold. If the manifold M is flat Euclidean space, all two-planes
are totally geodesic surfaces, as follows immediately from both the criterion for
geodesics and the one on involutive isometry. For general, curved manifolds
M, totally geodesic surfaces are the closest analogues of such planes in terms
6
Totally geodesic submanifolds are covered by many textbooks and standard references
on Riemannian geometry, see, for example, [67].
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of their curvature properties as embedded subspaces. These properties are
conveniently captured by the so-called second fundamental form II associated
with the surface.
For a given two-dimensional surface S, the second fundamental form provides
a measure for the difference between geodesics in S with respect to the induced metric g̃ and geodesics in the ambient space (M, g) that share the same
initial conditions. At a given point p ∈ S the second fundamental form is a
symmetric bilinear form that maps a pair of tangent vectors into a normal
vector according to
˜ v w,
IIp : Tp S × Tp S → Np S, II(v, w) := ∇v w − ∇

(3.33)

˜ denote the covariant derivatives associated with the metrics
where ∇ and ∇
g and g̃ respectively. Choosing a local orthonormal basis of vectors n̂i , i ∈
{1, ..., d − 2} for the (d − 2)-dimensional normal space N S in a neighbourhood
of p in S, we can write the second fundamental form as
II(v, w) =

d−2
X
i=1

hn̂i , ∇v win̂i ,

v, w ∈ T S,

(3.34)

where h·, ·i = g(·, ·) denotes the inner product on T M. From the definition of
a totally geodesic surface in terms of the behaviour of its geodesics it follows
that a surface S is totally geodesic if and only if its second fundamental form
vanishes identically,
IIp (v, w) = 0, ∀v, w ∈ Tp S, ∀p ∈ S.

(3.35)

Note that being a totally geodesic surface is a stronger condition than being a
minimal surface, which would require only the trace of the second fundamental
form to be zero. The vanishing of II implies that the Riemann curvature tensor
R̃ of a totally geodesic surface Stg coincides with the Riemann curvature tensor
R of the ambient space when evaluated on vectors tangent to Stg ,
hR(u, v)w, zi = hR̃(u, v)w, zi,

u, v, w, z ∈ T Stg .

(3.36)

In Sec. 3.4.1 we will use the abelian nature of the holonomies on totally
geodesic surfaces in three-dimensional Riemannian manifolds M to relate the
holonomy to a surface integral of curvature, in the spirit of the construction of
the non-abelian Stokes’ theorem, but without the complications arising from
non-commutativity.
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3.4.1

Holonomies on totally geodesic surfaces in three dimensions

The holonomies of contractible loops in three dimensions take values in the
rotation group SO(3), whose elements are characterised by a rotation axis in
R3 and a rotation angle around that axis. We will now consider holonomies of
curves γ with base point p that lie inside a totally geodesic hypersurface Stg
of some three-dimensional Riemannian manifold M. We can always choose
local coordinates (x1 , x2 , x3 ) in a neighbourhood of p such that Stg is given by
x3 = 0 and the normal vector n̂ to the surface points along the positive x3 direction. It follows from our discussion in Sec. 3.4 above that the holonomy
matrix of any closed loop γ(τ ) in Stg based at the point p ∈ Stg has the form


− sin αγ
cos αγ
0

cos αγ
Wγ =  sin αγ
0


0
0 
1

(3.37)

with respect to an orthonormal basis of the tangent space Tp M, where the
angle αγ is measured counterclockwise from the x1 -axis in the x1 -x2 -plane.
In other words, all such holonomies lie in the SO(2)-subgroup of rotations
that leave the normal direction to the surface Stg invariant. As a result, the
holonomies of any pair γ1 , γ2 of such loops commute,
[Wγ1 , Wγ2 ] = 0,

γ1 (τ ), γ2 (τ ) ⊂ Stg .

(3.38)

While the form (3.37) of the holonomy matrix still depends on the choice of
basis in Tp M, its trace
Tr Wγ = 1 + 2 cos αγ
(3.39)
does not. It allows us to extract the rotation angle αγ up to a sign.
Next, we follow the steps of the derivation of the non-abelian Stokes’ theorem
in Sec. 3.3 to establish a relation between the holonomy of a finite-sized rectangular loop γ ⊂ Stg and a curvature integral over the surface Stg ⊂ Stg enclosed
by γ. As before, we subdivide the rectangular surface Stg into N × N elementary plaquettes, with associated elementary loops γ̃ij based at p and their
holonomies W̃ij (cf. eqs. (3.20) and (3.21) above). Because of the abelian nature of the holonomies, we can multiply them together in any order to obtain
the holonomy of γ,
N
−1
Y
Wγ =
W̃ij .
(3.40)
i,j=0
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The total rotation angle αγ , associated to Wγ according to eq. (3.37), is simply
given by adding the individual angles,
αγ =

N
−1
X

αγ̃ij mod 2π,

(3.41)

i,j=0

which is an exact relation independent of N . The angles αγ̃ij in eq. (3.41) can
be related easily to the corresponding angles αγij of the plaquette loops γij .
Since the three-dimensional metric can be made block-diagonal, and since the
surface Stg has the topology of a disc, the two-dimensional metric of the surface
can without loss of generality be chosen conformally flat, i.e. of the form eφ δab ,
where δab is the two-dimensional Euclidean metric and φ(x1 , x2 ) a conformal
factor. For any such choice, the holonomy of any loop in Stg will have the
canonical form (3.37). Moreover, since for a given (i, j) the holonomies Wij
and W̃ij are related by conjugation, the corresponding rotation angles αγij and
αγ̃ij must be equal up to a sign. However, since we are working with frames
that all have the same orientation (relative to the normal vector n̂) along Stg ,
those two angles must be identical, and therefore the same must be true for
their corresponding holonomy matrices, W̃ij = Wij . We thus obtain
αγ =

N
−1
X

αγij mod 2π.

(3.42)

i,j=0

Our next task will be to express the rotation angle αγij for a small plaquette
loop γij as a function of the Riemann curvature tensor at its base point xij .
Let us first derive this relation for an arbitrary infinitesimal rectangular loop
at xij and then return to the case at hand. We will use a variant of eq. (3.19)
that is slightly more convenient for our purposes. Consider a right-handed,
orthonormal basis (ê1 , ê2 , n̂) of the tangent space Txij M, where ê1 and ê2 are
tangent to the surface Stg . Pick two linearly independent vectors u and v in
the span of ê1 and ê2 or, equivalently, the span of Φ̇ and Φ0 at xij such that
the pair (u, v) is positively oriented, i.e. u1 v 2 − u2 v 1 > 0. For small ε > 0,
consider the small loop γε ⊂ Stg of side length ε spanned by the vectors εu and
εv, which is defined as the image under Φ of the small parallelogram spanned
by the pullbacks of these vectors. Assume its orientation is counterclockwise,
starting from xij in the direction of u. To lowest non-trivial order in ε, its
holonomy is then given by
Wγε = I − ε2 R(u, v) + o(ε2 ) = I − ε2 R(xij )· ·µν uµ v ν + o(ε2 ).

(3.43)

Since we have chosen an orthonormal tangent space basis at xij , Wγε is an
(infinitesimal) rotation in standard form (3.37), which for a small angle αγ
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can be expanded as


 
1 0 0
0
Wγ =  0 1 0  +  αγ
0 0 1
0

−αγ
0
0


0
0  + O(αγ2 ).
0

(3.44)

In order to extract the small angle αγε associated with the loop holonomy
(3.43), we consider the parallel transport of the vector u ∈ Txij M around the
loop spanned by εu and εv, and project the result onto v ∈ Txij M. From eq.
(3.43), one finds
hv, Wγε ui = hv, ui − ε2 hv, R(u, v)ui + . . . ,

(3.45)

while evaluating the same expression in the given basis and using (3.44) gives
hv, Wγε ui = u1 v 1 + u2 v 2 + αγε (u1 v 2 − u2 v 1 ) + . . . .

(3.46)

The first two terms in (3.46) are simply the scalar product hv, ui in the given
orthonormal basis, and the term multiplying the angle αγε is the area in tangent space of the flat parallelogram spanned by u and v. It follows that the
small-αγε expansion (3.46) can be written in an invariant way, which does not
depend on the choice of basis in the tangent space, namely,
p
hv, Wγε ui = hv, ui + αγε hu, uihv, vi − hu, vi2 + O(αγ2ε ).
(3.47)

Taking into account that the contraction of the Riemann tensor appearing in
eq. (3.45) is related to the so-called sectional curvature Ks (u, v) of the surface
Stg via
hv, R(u, v)ui
Ks (u, v) = −
(3.48)
hu, uihv, vi − hu, vi2

(see e.g. [67]), we can to lowest order in ε express the rotation angle αγε as a
function of the sectional curvature by combining relations (3.45) and (3.46),
yielding
p
αγε = ε2 hu, uihv, vi − hu, vi2 Ks (u, v) + o(ε2 ).
(3.49)

Recall that the sectional curvature Ks (u, v) depends on the two-dimensional
plane in Txij M spanned by the vectors u and v, but not on the specific choice
of the spanning vectors. Moreover, for the special case that the plane is tangent to a totally geodesic surface Stg , as we are currently considering, the
sectional curvature coincides with the Gaussian curvature KG (xij ) of Stg at
this point. This reflects the fact that a totally geodesic surface only carries
intrinsic curvature, but is not curved extrinsically with respect to the embedding manifold (M, gµν ). Note furthermore that the prefactor of the sectional
39

3.4. Holonomies on totally geodesic surfaces

curvature Ks on the right-hand side of eq. (3.49) is the area of a small parallelogram spanned by the vectors εu and εv. To leading order in ε, this coincides
with the area A(γε ) enclosed by the small rectangular loop γε in Stg . Because
of the linear dependence of (3.49) on the lengths of the two vectors u and v,
if we had chosen a parallelogram with unequal sides ε1 and ε2 , the factor ε2
would simply have been replaced by the product ε1 ε2 .
We therefore have arrived at a straightforward geometric expression for the
infinitesimal rotation angle αγε associated with the parallel transport around
an infinitesimal rectangular loop γε in a totally geodesic surface Stg embedded
in a three-dimensional Riemannian manifold. The angle is given simply by
the value of the sectional curvature at the base point of γε , multiplied by the
area enclosed by the loop,
αγε = A(γε )Ks (u, v) + o(ε2 ).

(3.50)

Note that unlike the Wilson loop (3.39), obtained by taking the trace of the
holonomy, formula (3.50) is sensitive to the sign of the infinitesimal rotation
angle. If the Gaussian curvature of Stg at the point xij is positive (like that of
a two-sphere, say), the rotation angle is also positive. Conversely, if the surface has negative Gaussian curvature, which means that the geometry around
xij resembles a saddle point, the rotation angle will be negative.
We can now return to our tiling of a macroscopic piece Stg of a totally geodesic
surface, enclosed by a rectangular loop γ. Approximating the rotation angle
αγij of each of the N 2 oriented plaquette loops in the sum (3.42) by the leadingorder contribution of eq. (3.50), and taking the limit N → ∞, as we did in Sec.
3.2 when deriving the non-abelian Stokes’ theorem. This leads to a continuum
expression for the total rotation angle in terms of an area integral, namely,
Z
αγ =
Ks (u, v)dA mod 2π,
(3.51)
Stg

where u and v refers to an arbitrary choice of a pair of smooth and everywhere linearly independent tangent vector fields. While for simplicity we have
focused on a rectangular surface, it is clear that an embedded surface of any
shape and with a suitably regular boundary can be decomposed into small
rectangular tiles like the ones used above, possibly up to smoothing out some
corners along boundaries.7 This will affect neither the loop nor the area integrations, so that eq. (3.51) will continue to hold.
7

We do not consider curves with cusps.
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As a final remark, since the integral (3.51) is over a non-infinitesimal surface
Stg , note that the resulting angle αγ will in general not be small, unless the
curvature Ks satisfies appropriate bounds on Stg . Because of the compact
range of the angle, it is then no longer meaningful to distinguish between positive and negative curvature. This is of course a general feature of holonomies
of compact groups, independent of their abelian or non-abelian character. –
In Sec. 3.4.2 we will show when and how eq. (3.51) can be generalised to an
expression that is invariant under deformations of the surface enclosed by the
loop γ.

3.4.2

Surface-independence and geometric flux in three dimensions

The presence of a totally geodesic surface Stg enabled us in Sec. 3.4.1 to establish a relation between the (oriented) rotation angle of the holonomy of an
arbitrary, non-selfintersecting closed curve γ contained in Stg and the total
curvature of the totally geodesic surface Stg ⊂ Stg enclosed by γ. Taking this
as a starting point, we will now show how one can generalise this to a more
powerful relation, in the spirit of Stokes’ theorem. For the construction to apply, we need not just an isolated totally geodesic surface, but a one-parameter
family, in the form of a foliation of M into totally geodesic surfaces. Our
discussion will be local in nature and will therefore not address the question
when such a foliation exists globally in a given Riemannian manifold.
An important example of a situation where such a foliation occurs is in the
presence of a hypersurface-orthogonal Killing vector field ξ µ on M. It is not
the most general case of a foliation into totally geodesic surfaces, but it has the
advantage of being familiar from many physics applications. We will present
a surface-independent version of eq. (3.51) for this case below. The condition
of hypersurface-orthogonality means that the distribution orthogonal to the
Killing vector ξ µ (the collection of subspaces in Tp M orthogonal to ξ for all
points p) is integrable. A necessary and sufficient condition for a Killing vector
field ξ to be hypersurface-orthogonal is
ξ[λ ∇µ ξν] = 0,

(3.52)

which is a version of Frobenius’ theorem [126]. The square brackets in eq.
(3.52) denote a total antisymmetrisation over the three indices. It is easy to
see that the hypersurfaces orthogonal to the Killing vector are totally geodesic.
Consider a point p in some two-dimensional hypersurface S ⊂ M and a vector
up ∈ Tp M that is tangent to S and therefore satisfies hξ, up i = 0 at p. On
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the one hand, the initial values (p, up ) determine a geodesic γ̃(τ ) in S with respect to the metric g̃ induced on S from (M, g). On the other hand, they also
determine a unique geodesic γ(τ ) in M, satisfying γ(0) = p and γ̇(0) = up .
However, because of the Killing vector property, the scalar product hξ, γ̇(τ )i of
the Killing vector and the tangent vector to the geodesic stays constant along
γ. Since at the initial point we have hξ, γ̇(0)i ≡ hξ, up i = 0, the geodesic’s
tangent vector is orthogonal to the Killing vector everywhere along γ. This
implies that the geodesic stays inside the hypersurface S and is identical with
the previous geodesic γ̃, thus proving that S is totally geodesic.
Let us assume the presence of a hypersurface-orthogonal Killing vector field ξ
and consider a surface Stg with the topology of a disc that lies in one of the
totally geodesic hypersurfaces, Stg , of the associated foliation of M. Denote
by γ the loop that runs counterclockwise along the boundary ∂Stg , with some
arbitrarily chosen base point p, just like described in Sec. 3.4.1. We will
generalise the relation (3.51) such that it applies to any surface S that can be
obtained from Stg by a smooth deformation, while leaving the boundary fixed.
The explicit expression is
Z
ξ µ n̂µ
αγ :=
Ks (u, v)
dA mod 2π,
(3.53)
|ξ|
S

where n̂µ is the unit normalpvector to the surface S, dA is the invariant area
element on S, and |ξ| :=
hξ, ξi denotes the norm of the vector ξ. The
smooth vector fields u and v are chosen arbitrarily, such that they span the
space tangent to the leaves of the foliation and therefore are orthogonal to
the Killing vector ξ everywhere. The new, deformed surface S will in general
not be totally geodesic; only its boundary will remain in Stg . Nevertheless,
the two-dimensional integration over S on the right-hand side of eq. (3.53) is
well defined and moreover can be shown to be independent of S. Because the
vectorial quantity projected onto the normal vector in the integrand depends
only on the metric, we refer to the integrand of eq. (3.53) as a “geometric flux”
(see Fig. 3.5 for illustration).

For the special choice S = Stg , expression (3.53) reduces to the previous relation (3.51), because the inner product hξ/|ξ|, n̂i of the normalised Killing
vector and the normal vector n̂ equals unity. Recall from Sec. 3.4.1 that the
normal vector n̂ points in the 3-direction of a positively oriented frame associated with the totally geodesic surface. Furthermore, we choose the direction
of the Killing vector field such that it is aligned with that of n̂ on any of the
totally geodesic leaves of the foliation. Whenever Stg is deformed into another
surface S, the normal vector n̂ is deformed smoothly with it. Of course, at a
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Figure 3.5: Quantities associated with the derivation of the geometric flux
formula (3.53). The only foliation leaf shown is the one containing the loop
γ, whose holonomy matrix is characterised by the angle αγ . The area integral
that equals αγ can be taken over the totally geodesic surface Stg in the leaf of
γ or any other smoothly deformed surface S, as along as its boundary remains
fixed. The Killing vector ξ is everywhere perpendicular and the pair of vectors
(u, v) is everywhere tangent to the leaves of the foliation.
general point of the deformed surface S, its normal n̂ will generally no longer
be parallel to the Killing vector ξ.
To demonstrate the surface-independence of eq. (3.53), we invoke the standard Stokes’ theorem for a three-dimensional compact oriented Riemannian
manifold N with boundary ∂N , which in Gauss law form reads
Z
Z
µ
(∇µ X ) dV =
(n̂µ X µ ) dA
(3.54)
N

Xµ

∂N

n̂µ

for a vector field
on N , where
is the outward-pointing unit normal
vector on the boundary ∂N , and dV and dA denote the invariant volume
elements on N and ∂N respectively. In the case at hand, the vector X µ in eq.
(3.54) is given by
ξµ
X µ = Ks (u, v) ,
(3.55)
|ξ|
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and proving surface-independence is tantamount to showing that the divergence of the vector (3.55) vanishes,
∇µ Ks (u, v)

ξµ
ξµ
ξµ
≡ Ks (u, v)∇µ
+ ∇µ Ks (u, v) = 0.
|ξ|
|ξ| |ξ|

(3.56)

The first term on the right-hand side of eq. (3.56) vanishes by virtue of the
Killing equation, since


1 µν
1 µ ν
ξµ
=
g − 3 ξ ξ ∇ µ ξν
∇µ
|ξ|
|ξ|
|ξ|


1 µ ν 1
1 µν
g − 3ξ ξ
(∇µ ξν + ∇ν ξµ ) = 0.
=
|ξ|
|ξ|
2

(3.57)

The vanishing of the second term in eq. (3.56) is easiest to demonstrate in
a particular coordinate system, which implies its vanishing in general. The
existence of a hypersurface-orthogonal Killing vector means that there exist
local coordinates adapted to the foliation in which the metric takes the blockdiagonal form


E(x1 , x2 ) F (x1 , x2 )
0

0
gµν =  F (x1 , x2 ) G(x1 , x2 )
(3.58)
0
0
H(x1 , x2 )

and the Killing vector is given by ξ µ = (0, 0, c), for some real constant c. Since
the scalar quantity Ks (u, v) only depends on x1 and x2 , one easily verifies that
ξ µ ∇µ Ks = 0, thus showing that the expression (3.56) vanishes, as asserted earlier. We have therefore derived a continuity equation for the geometric flux
of the vector quantity Ks ξ µ /|ξ|, which implies the surface-independence of eq.
(3.53). Note that in the more general case where we have a foliation by totally geodesic surfaces, but no Killing vector, the metric can be brought into
the same block-diagonal form (3.58), but with H(x1 , x2 ) replaced by a more
general function H(x1 , x2 , x3 ) [38]. In this case we can still compute the angle
αγ by integrating over the surface Stg according to eq. (3.51), but there is no
immediate analogue of the proof of surface-independence.
To summarise, for a three-dimensional Riemannian manifold that allows for
a foliation by totally geodesic surfaces, we have established a new relation,
eq. (3.53), between the rotation angle of the holonomy of a macroscopic loop
γ lying in a leaf Stg of the foliation and a surface integral over the sectional
curvature of the surface S ⊂ Stg with boundary γ. By virtue of the existence
a conserved geometric flux, the surface integral is invariant under smooth
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deformations of the surface S away from the leaf Stg . In Sec. 3.4.3, we will
present a non-trivial example in three dimensions, where both sides of the
geometric flux formula (3.53) can be computed, including a surface integral
over a non-totally geodesic surface S.

3.4.3

A three-dimensional example

As an illustration of the general construction of the conserved geometric flux
we will now discuss a non-trivial example, where the underlying curved manifold is the three-sphere S 3 of constant positive curvature. There are two
convenient ways of parametrising points on the three-sphere, either in terms
of coordinates (x1 , x2 , x3 , x4 ) ∈ R4 satisfying x21 + x22 + x23 + x24 = r2 , where the
radius r > 0 of the submanifold S 3 ⊂ R4 sets the scale for the scalar curvature
R = 6/r2 , or in terms of three angular variables (ψ, θ, φ), which are related to
the Cartesian coordinates xi by
x1 = r cos ψ, x2 = r sin ψ cos θ,
x3 = r sin ψ sin θ cos φ, x4 = r sin ψ sin θ sin φ,

(3.59)

with ranges 0 ≤ ψ ≤ π, 0 ≤ θ ≤ π and 0 ≤ φ < 2π. In terms of the latter, the
metric on S 3 reads
 2

r
0
0
,
0
(3.60)
gµν (ψ, θ, φ) =  0 r2 sin2 ψ
2
2
2
0
0
r sin ψ sin θ

which exhibits the usual coordinate singularities at ψ = 0, π and θ = 0, π.
The three-sphere is an example of a maximally symmetric space and has six
Killing vectors fields ξ µ , satisfying Killing’s equation
∇(µ ξν) := ∇µ ξν + ∇ν ξµ = 0.

(3.61)

They can be identified with the six generators of the global SO(4)-isometry,
which in Cartesian coordinates take the familiar form ξi,j = xi ∂j − xj ∂i , i 6= j,
for a rotation in the i-j plane. Since these vector fields are tangent to spherical
shells in R4 , they reduce on S 3 to sections of the tangent bundle T S 3 .
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Their explicit form in angular coordinates is given by
µ
ξ1,2
µ
ξ1,3
µ
ξ1,4
µ
ξ2,3
µ
ξ2,4
µ
ξ3,4

= (cos θ, − cot ψ sin θ, 0),
= (sin θ cos φ, cot ψ cos θ cos φ, − cot ψ sin φ/ sin θ),
= (sin θ sin φ, cot ψ cos θ sin φ, cot ψ cos φ/ sin θ),
= (0, cos φ, − cot θ sin φ),
= (0, sin φ, cot θ cos φ),
= (0, 0, 1).

(3.62)

Taking into account the Christoffel symbols Γ, which in matrix notation
(Γµ )λ ν := Γλµν take the form





0
− cos ψ sin ψ
0
0
0
0
0
0  , Γψ = 0 cot ψ
0 ,
Γθ = cot ψ
0
0
cot θ
0
0
cot ψ


2
0
0
− cos ψ sin ψ sin θ
0
− cos θ sin θ  ,
Γφ =  0
(3.63)
cot ψ cot θ
0

one easily verifies that the vectors (3.62) satisfy the Killing eqs. (3.61).
Also the non-vanishing components of the Riemann tensor Rκ λµν of S 3 can be
written in a compact matrix form, with (Rµν )κ λ := Rκ λµν (not to be confused
with the Ricci tensor Rµν := Rκ µκν ), namely,





0 0 sin2 ψ sin2 θ
0 sin2 ψ 0
 , Rψθ = −1
0
0
0 ,
Rψφ =  0 0
−1 0
0
0
0
0


0
0
0
0
sin2 θ sin2 ψ  .
Rθφ = 0
0 − sin2 ψ
0

(3.64)

The two-dimensional totally geodesic submanifolds of the round S 3 are “equatorial” two-spheres, which in the embedding in R4 are intersections of threedimensional planes through the origin with the three-sphere. An example
are all points on the three-sphere satisfying x1 = 0. They form a totally
geodesic submanifold because they are the fixed point set of an involutive
isometry (i.e. an isometry that is its own inverse), in this case, the map
(x1 , x2 , x3 , x4 ) 7→ (−x1 , x2 , x3 , x4 ) on S 3 [24, 79]. However, due to symmetry,
any plane obtained from this one by an SO(4)-rotation is of course also a
totally geodesic submanifold.
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To illustrate the geometric flux construction, we will without loss of generality
consider a family of geodesic surfaces perpendicular to the Killing vector field
ξ1,2 of the set (3.62). Because the Killing vector vanishes at all points with
ψ = π/2 and θ = π/2, we confine ourselves to a simply connected region of
S 3 where ξ1,2 does not vanish, and its induced flow between the two surfaces
depicted schematically in Fig. 3.5 is well defined. Despite the fact that we
therefore do not have a global foliation of the manifold into totally geodesic
surfaces, all necessary ingredients of our derivation in Sec. 3 are present in this
finite region, and give rise to a conserved flux.
The loop γ we consider for the construction is given by
γ(λ) ≡ (ψ(λ), θ(λ), φ(λ)) = (ψ0 , π/2, λ), λ ∈ [0, 2π[,

(3.65)

where the angle ψ has been fixed to a value ψ0 in the range π/2 < ψ0 < π.
The curve (3.65) runs along the boundary of a totally geodesic disc Stg defined
by
Stg (σ, τ ) = (σ, π/2, τ ), σ ∈ [ψ0 , π], τ ∈ [0, 2π[.
(3.66)
Comparing with the coordinate expressions (3.59), we see that all points of
(3.66) satisfy x2 = 0 and Stg therefore lies in a totally geodesic surface and is
µ
reduces
a totally geodesic disc as defined earlier. Since the Killing vector ξ1,2
to (0, − cot ψ, 0) on the disc Stg , it is perpendicular to it everywhere. (Note
that − cot ψ is positive in the range considered.) We choose the orientation of
the unit normal vector n̂µtg to Stg to coincide with that of the Killing vector,
to yield
1
µ
µ
n̂µtg := ξ1,2
/|ξ1,2
| = (0,
, 0).
(3.67)
r sin ψ
on Stg . The orientation of the curve γ in (3.65) has been chosen such that the
normal ntg , the tangent vector γ̇ and the inward-pointing normal vector to γ
tangent to Stg form a right-handed reference frame.
We can verify the totally geodesic property by computing the second fundamental form II(v, w) of eq. (3.34) on Stg . Since in three dimensions there is
only a single normal vector, it suffices to establish that
hn̂tg , ∇v wi = 0,

∀v, w ∈ T Stg ,

(3.68)

which is straightforward, using v = (v ψ , 0, v θ ), w = (wψ , 0, wθ ), the Christoffel
symbols (3.63) and the fact that θ = π/2.
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The induced metric on the totally geodesic surface in terms of the coordinates
(ψ, φ) is given by
 2

r
0
gtg (ψ, φ) =
.
(3.69)
0 r2 sin2 ψ
The area Atg of the geodesic disc Stg is
Atg =

Z

0

2π

dφ

Z

π

dψ

ψ0

p
det gtg = 2πr2 (1 + cos ψ0 ).

(3.70)

Noting that the sectional curvature Ks is constant throughout S 3 , Ks = 1/r2 ,
the angle αγ of eq. (3.51) is easily computed as
αγ =

1
Atg = 2π(1 + cos ψ0 ).
r2

(3.71)

Next, we will consider a non-totally geodesic surface Sntg that shares the
boundary loop γ(λ) of eq. (3.65). It is given by
Sntg (σ, τ ) = (ψ0 , σ, τ ),

σ ∈ [π/2, π], τ ∈ [0, 2π[,

(3.72)

where ψ0 was defined above in connection with eq. (3.65). Like the surface
Stg , this disc is also part of a two-sphere, but with a radius (in the embedding
space) strictly smaller than r. This implies that its geodesics, the great circles,
are not geodesics of S 3 . The unit normal vector n̂ntg to Sntg is given by
1
n̂µntg = (− , 0, 0).
r

(3.73)

µ
It is no longer collinear with the Killing vector ξ1,2
, but the two vector fields
are still aligned in the sense that their scalar product on Sntg ,

hn̂ntg , ξ1,2 i = −r cos θ ≥ 0,

(3.74)

is positive inside the disc and vanishing along its boundary.
As a cross check, let us compute the second fundamental form on Sntg . The
analogue of eq. (3.68) evaluates to
hn̂ntg , ∇v wi = r sin ψ0 cos ψ0 (v θ wθ + sin2 θ v φ wφ ),

(3.75)

which does not vanish for general tangent vectors v, w ∈ T Sntg , confirming
that the surface is not totally geodesic. The induced metric on Sntg is
 2 2

r sin ψ0
0
gntg (θ, φ) =
.
(3.76)
0
r2 sin2 ψ0 sin2 θ
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In terms of the ingredients needed for the arguments of Sec. 3 to apply, we
still need to establish the existence of a smooth deformation of Stg to Sntg , as
illustrated in Fig. 3.5. We will not present an explicit map (which at any rate
is highly non-unique), but argue that there are natural deformations, which
are obtained by moving along the flow lines of the Killing vector ξ1,2 . The first
thing to note is that both discs, and the three-volume they enclose lie in a region away from any zeros of ξ1,2 , where therefore a well-defined local foliation
perpendicular to ξ1,2 exists. On this region we could in principle introduce
a local coordinate system adapted to the foliation to simplify calculations.
However, in the case at hand this would not lead to a further simplification
because of the constancy of the sectional curvature.
The flow of ξ1,2 allows us to uniquely associate every point p ∈ Sntg with a
point p0 ∈ Stg that lies on the same orbit with regard to a rotation in the x1 -x2
plane, restricted to S 3 , generated by ξ1,2 . For a given point p = (ψ0 , θ, φ) ∈
Sntg , the angle ω(θ, φ) of the rotation by which it can be reached from the
corresponding point p0 ∈ Stg on the same orbit is given by
ω(θ, φ) = arctan(cos θ tan ψ0 ),

(3.77)

which varies smoothly over the range ω ∈ [0, π − ψ0 ] as a function of the angle
θ ∈ [π/2, π], and is independent of φ. As one would expect, dω/dθ → 0 as
one approaches the apex or centre of the spherical cap Sntg , θ → π. Since the
rotation angle depends on θ, one way of constructing a smooth deformation,
parametrised by some ρ ∈ [0, 1], would be by adjusting the rotation speed
along each orbit, such that – starting on Stg at ρ = 0 – all points on Sntg are
reached simultaneously at ρ = 1.
Given the existence of a smooth deformation between Stg and Sntg , our next
task is to compute the angle of formula (3.53) by integrating over Sntg . On this
µ
disc, the Killing vector ξ1,2
= (cos θ, − cot ψ0 sin θ, 0) has the squared norm
|ξ1,2 |2 = r2 (cos2 θ + sin2 θ cos2 ψ0 ).

(3.78)

Combining this with the volume element of the induced metric (3.76) and the
scalar product (3.74), one obtains the angle αγ of eq. (3.53) as
Z

Z

p
hn̂ntg , ξ1,2 i
dθ det gntg
Ks (u, v)
|ξ1,2 |
0
π/2
Z π
− sin θ cos θ
= 2π sin2 ψ0
dθ p
= 2π(1 + cos ψ0 ), (3.79)
2
cos θ + sin2 θ cos2 ψ0
π/2

αγ =

2π

dφ

π
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in agreement with our previous result (3.71) for the analogous quantity on Stg .
Lastly, let us compute the holonomy matrix Wγ associated with the closed
loop γ(λ) of eq. (3.65) for comparison. Noting that the tangent vector is given
by γ̇ µ = (0, 0, 1), one finds
Wγ = e −

R 2π

λ=0

dλ γ̇ φ Γφ

= e−2πΓφ .

(3.80)

Since the matrix Γφ of (3.63) does not depend on the position along γ, there
is no need for any path ordering in eq. (3.80). Explicitly, the holonomy matrix
reads


cos (2π cos ψ0 ) 0 sin (2π cos ψ0 ) sin ψ0


0
1
0
Wγ = 
(3.81)
,
sin (2π cos ψ0 )
− sin ψ0
0
cos (2π cos ψ0 )

which shows that it is a rotation with angle
αγ = 2π cos ψ0

mod 2π,

(3.82)

in agreement with the results (3.71) and (3.79). The rotation matrix does not
have standard form because the coordinate basis for the tangent space we are
using is not orthonormal. As one would expect for parallel transport along
a totally geodesic surface Stg , the rotation only affects vectors in the tangent
space T Stg to the surface, while leaving the normal direction invariant.

3.4.4

Surface-independence and geometric flux in four dimensions

As a further step, we will try to generalise the construction of Secs. 3.4.1 and
3.4.2 to a four-dimensional orientable Riemannian manifold (M, gµν ). We will
assume the existence of two Killing vectors ξ µ and η µ on M, such that there
exists a family of two-surfaces orthogonal to the group orbits generated by the
Killing vectors.8 This case is characterised by a pair of conditions, namely,
(∇[κ ξλ )ξµ ην] = 0 ∧ (∇[κ ηλ )ηµ ξν] = 0.

(3.83)

A stronger condition that implies (3.83) is the hypersurface-orthogonality of
both Killing vectors,
ξ[λ ∇µ ξν] = 0 ∧ η[λ ∇µ ην] = 0,

(3.84)

8
Such a group action is called “orthogonally transitive”, see [118] for a detailed discussion
in a Lorentzian context.
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which we have encountered earlier in the context of a single hypersurfaceorthogonal Killing vector in three dimensions, eq. (3.52). In what follows, we
will focus on the case where the two Killing vectors ξ and η do not commute,
and therefore generate a non-abelian group of isometries on M.9 If eqs. (3.83)
are satisfied, one can introduce local coordinates (x1 , x2 , x3 , x4 ) in which the
metric takes the block-diagonal form
 M

e
0
0
0
 0 eM

0
0
,
gµν =
(3.85)
Ψ
−2x
Ψ
−x
4
4
 0

0 We e
ΩW e e
0
0 ΩW eΨ e−x4 W (e−Ψ + eΨ Ω2 )
where the functions M , W , Ψ and Ω depend only on the first two coordinates
(x1 , x2 ) and the function W > 0 is given by
W 2 = 2 e2x4 ξ[µ ην] ξ µ η ν ,

(3.86)

in terms of the two Killing vectors ξ = ∂3 and η = x3 ∂3 + ∂4 . The ordered
pair (ξ, η) forms a positively oriented zweibein in the 3-4 plane. Note that for
hypersurface-orthogonal Killing vectors satisfying (3.84) we can set Ω = 0, so
that the metric (3.85) becomes diagonal.
It is straightforward to see that the two-surfaces orthogonal to the group orbits spanned by the Killing vectors are totally geodesic, by the same argument
we used in the three-dimensional case. Consider a point p in such a surface
S ⊂ M and a vector up ∈ Tp M that is tangent to S and therefore satisfies
hξ, up i = 0 and hη, up i = 0 at p. Then the geodesic γ with velocity vector up
starting at p must remain in S, because the scalar product of its tangent vector
with each of the two Killing vectors stays constant along γ. In the adapted
coordinates (x1 , x2 , x3 , x4 ), each totally geodesic surface S is parametrised by
the two coordinates x1 and x2 .
Let us now consider a closed, non-selfintersecting contractible curve γ(τ ) lying
in one of these totally geodesic surfaces Stg ⊂ M, with base point p. Following
our earlier treatment in Sec. 3.4.1, we would like to relate the holonomy of
γ to a curvature integral over the totally geodesic disc Stg ⊂ Stg enclosed by γ.
To compute the sectional curvature Ks (u, v) of the surface Stg , one makes an
arbitrary choice of a pair (u, v) of linearly independent tangent vectors to Stg
and uses formula (3.48), yielding
1
Ks (u, v) = − e−M (∂12 + ∂22 )M.
(3.87)
2
9

The abelian case can be treated along the same lines in a straightforward way.
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As we argued at the beginning of Sec. 3.4, parallel transport around the curve
γ will never mix tangent vectors in T Stg with normal vectors in N Stg , which
for a four-dimensional manifold M implies that the holonomy matrix Wγ takes
values in the abelian product group
Wγ ∈ SO(2) × SO(2).

(3.88)

k

We will call αγ the rotation angle associated with the tangent directions (x1
and x2 ) and αγ⊥ the rotation angle associated with the normal directions (x3
and x4 ). In complete analogy with the corresponding construction in three
dimensions, eq. (3.51), we find for the former
Z
k
αγ =
Ks (u, v) dA mod 2π.
(3.89)
Stg

To determine the angle αγ⊥ , we use the same decomposition of the disc Stg
into infinitesimal area elements and their associated plaquette loops. The
small angle αγ⊥ε associated with the holonomy Wγε of a small loop γε ⊂ Stg of
side length ε spanned by (suitably rescaled versions of) the tangent vectors u
and v can be extracted from the action of the holonomy on the Killing vectors
ξ and η, which span the normal spaces N Stg . The analogue of relation (3.45)
one needs to consider is
hη, Wγε ξi = hη, ξi − ε2 hη, R(u, v)ξi + . . . .

(3.90)

Note that the holonomy matrix Wγε , when restricted to the x3 - and x4 directions, does not have the standard form of a rotation matrix, because
the metric (3.85) is not orthogonal in these directions. Instead, it will have
the form




0 −αγ⊥ε
⊥ 2
Wγε |3,4 = G I +
+
O((α
)
)
G−1
γ
ε
αγ⊥ε
0


0 −αγ⊥ε
=I+G
G−1 + O((αγ⊥ε )2 ),
(3.91)
αγ⊥ε
0
for some matrix G ∈ GL(2, R), where the conjugation with G of the standard
SO(2)-generator will in general produce a matrix with non-vanishing entries
on the diagonal. However, this does not lead to any additional complications
when extracting the rotation angle, which appears in an invariant relation
analogous to eq. (3.47),
p
hη, Wγε ξi = hη, ξi + αγ⊥ε hξ, ξihη, ηi − hξ, ηi2 + O((αγ⊥ε )2 ).
(3.92)
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We define a new function K⊥ (u, v) by
hη, R(u, v)ξi
p
,
K⊥ (u, v) := − p
hu, uihv, vi − hu, vi2 hξ, ξihη, ηi − hξ, ηi2

(3.93)

where we have suppressed the dependence on the two Killing vectors in the
notation. Like the corresponding expression (3.48) for the sectional curvature
Ks (u, v), also K⊥ (u, v) does not depend on the particular vectors u and v, as
long as they span the tangent space T Stg . By using the new quantity K⊥ (u, v)
and combining eqs. (3.90) and (3.92), we can rewrite eq. (3.92) as
p
αγ⊥ε = ε2 hu, uihv, vi − hu, vi2 K⊥ (u, v) + o(ε2 ).
(3.94)
From the metric (3.85), one computes


1
K⊥ (u, v) = − e−M eΨ) (∂1 Ω)(∂2 Ψ) − (∂2 Ω)(∂1 Ψ) .
2

(3.95)

Integrating up all infinitesimal angle contributions (3.94), the rotation angle
for the normal directions associated with the finite holonomy Wγ is given by
the surface integral
Z
αγ⊥ =
K⊥ (u, v) dA mod 2π.
(3.96)
Stg

k

Note that the two rotation angles αγ and αγ⊥ are not related. In particular,
when the Killing vector fields ξ and η are individually hypersurface-orthogonal,
we have Ω = 0 and therefore any vector normal to the geodesic surface Stg is
unchanged after parallel-transporting it along the loop γ.
Similar to what we did in three dimensions, also in four dimensions we can
k
show that the surface integral (3.89) for the rotation angle αγ for the tangential
directions does not change under a smooth deformation of the integration
surface away from the totally geodesic surface Stg , as long as the boundary
of the disc Stg remains fixed. One only needs to recognise that the integral
(3.89) can be viewed as the right-hand side of the Stokes’ theorem
Z
Z
dω =
ω,
(3.97)
N

∂N

involving a three-dimensional compact oriented Riemannian manifold N with
boundary ∂N , a two-form ω and its exterior derivative, the three-form dω.

53

3.4. Holonomies on totally geodesic surfaces

Eq. (3.97) is equivalent to eq. (3.54) above, but written in terms of differential
forms.
In the case at hand, the two-form ω is most conveniently expressed in terms
of the Hodge dual ?B of the two-form B on the four-dimensional manifold M,
which is defined by
ξµ ην
B := p
Ks (u, v) dxµ ∧ dxν
hξ, ξihη, ηi − hξ, ηi2

(3.98)

in terms of the two Killing vectors and the sectional curvature of Stg . The
corresponding dual two-form ?B is given by
?B =

1
Ks (u, v)
κλµν ξ κ η λ p
dxµ ∧ dxν ,
2
hξ, ξihη, ηi − hξ, ηi2

(3.99)

where the totally antisymmetric coefficients κλµν are the components of the
four-form
√
 = g κλµν dxκ ∧ dxλ ∧ dxµ ∧ dxν ,
(3.100)
which is the natural volume element on (M, gµν ). It is straightforward to see
that the vanishing of the exterior derivative of a dual two-form, d ? B = 0, is
equivalent to the vanishing of the divergence
∇µ B µν = 0,

(3.101)

expressed in terms of the components of the original two-form B. For the twoform (3.98) at hand, eq. (3.101) can be verified easily by explicit calculation in
the particular coordinate system we have been working with, and is therefore
satisfied in general. Having established that the two-form d ? B vanishes on
the four-dimensional manifold M implies that its pullback on every embedded
submanifold of M also vanishes. At the same time, the two-form ?B given by
eq. (3.99) also pulls back to any submanifold of M.
The relevance of these considerations for proving the invariance of the integral
(3.89) under smooth surface deformations comes from the fact that pulling
back ?B to the totally geodesic surface and integrating it over the disc Stg
reproduces the integral on the right-hand side of eq. (3.89). Imagine a smooth
deformation of the surface Stg to some new surface S, obtained by moving each
point of Stg along one of a two-parameter family of flow lines to S while keeping
the boundary ∂Stg fixed. Assuming for simplicity that S and Stg only intersect
along their common boundary, the flow lines sweep out a simply connected
three-dimensional submanifold N of M, with boundary ∂N = S ∪ Stg . We
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can then apply Stokes’ theorem (3.97), with a vanishing left-hand side and
substituting ω = ?B|∂N on the right-hand side, thereby proving the surfacek
independence of the computation of the angle αγ , eq. (3.89). In other words,
we can write
Z
k
αγ =
?B mod 2π, (∂S = γ)
(3.102)
S

with ?B given by eq. (3.99) and the understanding that S is obtained from Stg
through a smooth deformation. Like in the three-dimensional case, one can
in principle identify a geometric flux through these two-dimensional surfaces,
but it will depend on the choice of N and is therefore a less immediate concept.
The same construction goes through for the rotation angle αγ⊥ for the normal
directions, using the function K⊥ (u, v) instead of Ks (u, v) in the formulas.
The counterpart of the two-form B of eq. (3.98) is the two-form
ξµ ην
C := p
K⊥ (u, v) dxµ ∧ dxν .
2
hξ, ξihη, ηi − hξ, ηi

(3.103)

The proof of the vanishing of the divergence, ∇µ C µν = 0, goes through because
K⊥ – like Ks – depends only on the coordinates x1 and x2 , and not on x3
and x4 . We conclude that the rotation angle can be obtained by integrating
over any surface S that can be reached from the totally geodesic surface by a
smooth deformation, yielding
Z
αγ⊥ =
?C mod 2π, (∂S = γ)
(3.104)
S

in complete analogy with eq. (3.102).
To summarise, we have considered a four-dimensional Riemannian manifold
(M, gµν ) with two non-commuting Killing vectors, generating group orbits
that are perpendicular to a family of two-dimensional surfaces. We first showed
that these surfaces are totally geodesic, and then considered the holonomy of a
non-infinitesimal loop γ ⊂ Stg contained in one of them. The holonomy Wγ is
k
characterised invariantly by two rotation angles, an angle αγ associated with
a rotation of the tangent vectors in T Stg , and an angle αγ⊥ associated with a
rotation of the normal vectors in N Stg . The associated Wilson loop is given
by
Tr Wγ = 2 cos(αγk ) + 2 cos(αγ⊥ ),
(3.105)
which is seen to be a combined function of the two angles, and not sensitive
to their signs. We demonstrated that both angles can be expressed as surface
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integrals of two-forms, eqs. (3.89) and (3.96), depending on the Riemann curvature tensor via eqs. (3.48) and (3.93) respectively. Like in three dimensions,
we were able to show that the integrations do not depend on the choice of
surface spanning the loop γ.

3.5
3.5.1

Simplification in two dimensions
Tensorial Gauss-Bonnet theorem

For the special case of a two-dimensional manifold M the geometry is constrained by a topological relation that is given by the Gauss-Bonnet theorem.
In this special situation we can use this to find the relation between Wilson
loops and a true surface integral expression. The Gauss-Bonnet theorem relates the integral over a surface S of the scalar curvature R to the integral of
the geodesic curvature kg on the boundary γ of S and the Euler characteristic
χ(S) of the surface according to
Z
Z
R
kg dγ +
dS = 2πχ(S).
(3.106)
γ
S 2
The geodesic curvature kg of a parametrised curve γ(t) is a measure for the
deviation of the tangent vector γ̇ = ∂t γ(t) to the geodesic corresponding to γ̇.
It is given by
√
g
kg =
εµν ∇ρ (γ̇ µ )γ̇ ν γ̇ ρ .
(3.107)
|γ̇|3
As stated before, our goal is to find an explicit relation between the curvature
on S and the holonomy along γ, however, the holonomy is tensorial. So if
we want to use the Gauss-Bonnet theorem, which is a relation between scalar
quantities, we need another ingredient. In two dimensions it is always possible
to make a coordinate transformation that brings a general metric g̃ into a
conformally flat metric g,


φ(x) 1 0
g=e
,
(3.108)
0 1
where eφ(x) is the conformal factor dependent on the coordinates x = {x1 , x2 }
on M. This simplifies the form of the Wilson loop significantly. The Christoffel
matrices in conformally flat coordinates are




1 ∂2 φ(x) −∂1 φ(x)
1 ∂1 φ(x) ∂2 φ(x)
,
Γ2 =
.
(3.109)
Γ1 =
2 −∂2 φ(x) ∂1 φ(x)
2 ∂1 φ(x) ∂2 φ(x)
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The indices on the partial derivatives relate to the coordinates x1 and x2
respectively. These Christoffel matrices can be rewritten in terms of the unit
matrix I and the generator L of the rotation group SO(2) in two dimensions,


0 −1
L=
.
(3.110)
1 0
The matrices L and I form an abelian algebra. This implies that the pathordering in calculating the holonomy Wγ (eq. (3.5)) is trivial. The holonomy
will therefore factorise into a scaling and a rotation. For closed loops the
scaling must be trivial because their holonomies are length-preserving. This
results in a compact form for holonomies along arbitrary closed paths γ on a
general two-dimensional manifold in conformally flat coordinates, namely,
(Wγ )κλ = (eα(γ,φ(x))L )κλ ,

(3.111)

where the angle of rotation α(γ, φ(x)) is a scalar functional of the path γ and
the conformal factor φ(x). For an explicit parametrisation of the path


a(λ)
,
(3.112)
γ(λ) =
b(λ)
the angle of rotation is given by
I
1
α(φ(λ), γ(λ)) = −
(ḃ(λ)∂1 φ(λ) − ȧ(λ)∂2 φ(λ)) dλ.
2 γ

(3.113)

To use the Gauss-Bonnet theorem we want to compare the rotation angle
α to the geodesic curvature kg . Eq. (3.107) written out explicitly in these
coordinates has the form
I
kg = 2π + α(φ(λ), γ(λ)) − eφ (äḃ − b̈ȧ).
(3.114)
γ

The angle of rotation is therefore equal to the geodesic curvature up to a
multiple of 2π, because rotations are periodic in 2π. Using the Gauss-Bonnet
theorem and eq. (3.111) we can therefore write
Wγ = eL

R

R
S 2 dS

,

(3.115)

concluding that the angle of rotation of a holonomy on any two-dimensional
manifold is given by the surface integral of the intrinsic curvature enclosed by
the holonomy,
Z
R
αγ =
dS,
(3.116)
S 2
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Looking back at the construction in Sec. 3.3, this is the result we expected.
Because all holonomies take values in an abelian group, the tail contributions
Uhij and Uh−1
of eq. (3.22) cancel and the integrand reduces to the Riemann
ij
tensor. In conformally flat coordinates it becomes explicit that the integrand
is equal to the intrinsic curvature R/2 times the generator of two-dimensional
rotations L. This conclusion was also reached in an old study by Schlesinger
[115]. He furthermore showed that the right-hand side of eq. (3.115) transforms
in the same way as the left-hand side. Eq. (3.30) is therefore nothing but the
tensorial version of the Gauss-Bonnet theorem for the special case of twodimensional manifolds.

3.5.2

Gauss-Bonnet on a lattice in simplicial variables

Two-dimensional geometries obey the Gauss-Bonnet theorem,
Z
Z
R−
kg = 2πχ(M).
S

(3.117)

∂S

In the context of causal dynamical triangulations (CDT) it is interesting to
investigate how the results of the previous sections carry over to discrete geometries. In causal dynamical triangulations curved space-times are approximated by piecewise flat geometries, more specifically, by a triangulation of
identical simplices. Fig. 3.6 gives an example in two dimensions.

Figure 3.6: A typical geometry in an ensemble of 2D CDT on a torus.

To investigate how holonomies on such geometries relate to curvature we will
consider the generalisation of eq. (3.117) to discrete geometries. For simplicity we ignore the causality condition of CDT and consider general Euclidean
58

3.5. Simplification in two dimensions

triangulations built from equilateral triangles. The analogue of the GaussBonnet theorem for discrete two-dimensional simplicial geometries Sd is the
topological relation
X (b) X (i)
δj +
δj = 2πχ(Sd ),
(3.118)
vb

vi

(i)
where δj is the internal deficit angle around
(i)
(b)
vertices vj and δj is the boundary deficit
(b)
j
N(0,b)
boundary vertices vj ,

j
one of a total of N(0,i)
internal

angle around one of a total of

(i)

(b)

δj = 2π − N1j π/3,

δj = π − N1j π/3,

(i)

(3.119)

(b)

where N1j is the number of edges that share vertex vj or vj respectively. We
assume that the surface Sd has the topology of a disc such that χ(Sd ) = 1.
This assumption implies the existence of a well-defined boundary and a simply
connected interior.
The next step is to define a set of variables that correspond to the eleven
different possible geometric elements in a triangulation of a disc. These are,
in increasing dimensionality, the numbers of internal and boundary vertices
N(0,i) and N(0,b) , the numbers of internal and boundary edges N(1,i) and N(1,b)
and the numbers of triangles N(2,k,l) which come in seven different types. The
triangles N(2,k,l) are labelled by k ∈ {0, 1, 2}, denoting the number of edges
of the triangle that are part of the boundary and l ∈ {0, ..., 3}, the number
of vertices of the triangle that are part of the boundary. They are related by
2k ≤ l ≤ 3. Fig. (3.7) illustrates this set of variables.
This set of variables is dependent and we can choose which subset to use.
To do this we will first establish the linear, algebraic relations between these
variables. There are four relations. The number N(1,b) of boundary edges and
the number N(0,b) of boundary vertices is equal because the boundary forms
a closed loop. The number N(1,b) of boundary edges can straightforwardly be
counted from the triangle variables N(0,k,l) shown in Fig. (3.7). Together this
gives
N(0,b) = N(1,b) = N(2,1,2) + N(2,1,3) + 2N(2,2,3) .
(3.120)
Another relation can be found when counting the internal edges N(1,i) of the
triangle variables N(0,k,l) and realising that they are shared by two triangles.
The result is relation
1
N(0,i) = (N(2,0,0) + N(2,0,1) + N(2,0,2) + N(2,0,3) − N(2,2,3) ) + 1.
2
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Figure 3.7: The triangle variables N (2,k,l) . Filled-in vertices are internal vertices, while empty vertices are part of the boundary. The links are solid if they
lie in the interior of the disc and are dotted if they are part of the boundary.

The last relation is obtained from Euler’s formula
N(0) − N(1) + N(2) = χ(Sd ) = 1,

(3.122)

which is related to the discrete Gauss-Bonnet theorem of eq. (3.118),
3
N(1,i) = (N(2,0,0) + N(2,0,1) + N(2,0,2) + N(2,0,3) )
2
1
+ N(2,1,2) + N(2,1,3) + N(2,2,3) .
2

(3.123)

All in all this leaves us with seven variables. To determine whether these are
independent, we can consider all possible inequivalent homeomorphic moves
on a given triangulation of the disc and calculate the rank of the transformation matrix on these variables. These moves are known as Pachner moves or
bistellar flips. In two dimensions, they consist of topology-preserving internal
and external insertions or destructions of vertices and edges. These moves can
be represented as a matrix that acts on the space spanned by the seven variables described above. We found that the rank of this transformation matrix
is equal to seven, implying that the set of seven triangle variables N(2,k,l) is
linearly independent and cannot be reduced further. In the following, we will
express the holonomy of a closed loop along the boundary of a triangulated
disc in terms of these variables.
Holonomies on piecewise flat geometries are straightforward to calculate. The
contribution of the path in the interior of a simplex is trivial because they are
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flat. In two dimensions, the only non-trivial behaviour therefore originates
from the holonomy crossing an edge. One approach for arbitrary dimension
is to assign a coordinate system to every n-simplex and calculate the trans(n)
formation matrix Wi,i+1 associated to the transition of the n-simplex σi to
(n)
σi+1 . The labelling refers to a path γ that traverses a number Nγ of simplices
(n)

(n)

(n)

vi for increasing i ∈ {1, ..., Nγ }. For a closed loop this implies σ0 = σNγ .
The holonomy Wγ is then simply the product of all transformations belonging
QN −1
to the transitions of the loop γ, i.e. Wγ = i γ Wi,i+1 . An explicit scheme
to calculate this holonomy was discussed in [8].
For the special case of two dimensions there is an alternative approach. As was
discussed for the continuum, the holonomy Wγ takes values in SO(2). This
is still true for discrete geometries. The coordinate systems of neighbouring
triangles can be chosen such that they only differ by a rotation over an angle
of the values −π/3 and π/3. The angle of rotation αγ associated to the
holonomy Wγ therefore takes one of the discrete values {0, π/3, 2π/3, π}. The
angle of rotation can be fully determined by the difference in the number of
directly neighbouring vertices on the interior and the number of vertices on the
boundary multiplied by π/3. Inspecting eq. (3.119) we conclude that the angle
P (b)
of rotation αγ is equal to the boundary contribution vb δj of the discrete
Gauss-Bonnet theorem. Eq. (3.118) implies
αγ = 2π +

X

(i)

δj ,

(3.124)

vi

which is a discrete analogue of Eq. (3.116). We can derive a more explicit
relation if we express the boundary deficit angles in terms of the previously
introduced triangle variables N(2,k,l) , yielding
X
vi

(i)

δj =

π
(N
+ 3N(2,2,3) + N(2,0,1) − 2N(2,0,2) − 3N(2,0,3) ).
3 (2,1,2)

(3.125)

We can now explicitly see that a discrete Wilson loop on Sd does not depend
on the number N2,0,0 of fully internal triangles. It does also not depend on
the number N(2,1,3) of triangles with one boundary edge and three boundary
vertices. This expression can be of help when calculating holonomies in the
setting of discrete two-dimensional geometries. It gives an alternative to using
explicit coordinate choices for the simplices and shows that the Wilson loop
only contains information on a subset of the geometric variables that determine
the triangulation.
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Towards a geometric observable

As was argued in Sec. 3.1, an observable constructed from Wilson loops could
be obtained by an average over geometrically constructed loops. In this section
we explore one such construction. For simplicity we take a smooth three-sphere
M = S 3 of radius r as the starting point.
We will construct a loop γ with length l(δ) in an explicitly coordinate-invariant
way, as the intersection of a pair of two-spheres S 2 of radius δ. We choose
the respective centres of the spheres to be a geodesic distance δ apart as well.
The intersection of these two spheres forms a circular curve γ on S 3 with a
circular radius c(δ),


1
2l(δ)2
−1
c(δ) = cos
1−
,
(3.126)
2
(2πr)2
around the point on the three-sphere10 that is half-way on the geodesic connecting the two centres of the two-spheres. The length of the loop l is related
to the geodesic separation δ of the centres by
s
1 + 2 cos (δ)
sin (δ).
(3.127)
l(δ) = πr
cos (δ/2)4
The construction of two intersecting two-spheres is illustrated in Fig. 3.8.
For the specific case of S 3 , due to the symmetries of the geometry, the Wilson
loop is the same for all pairs of points and will only depend on the geodesic
distance δ. This construction is partly motivated by the fact that it can be
implemented in a straightforward way in the setting of discrete geometries.
Distances are easy to calculate in discrete geometries, in terms of the link or
dual link distance. We will make use of the dual link distance. With the
dual link distance, it is straightforward to define the analogue of a sphere on
a simplicial manifold as the set of all dual vertices at link distance δ from a
central dual vertex. Defining the intersection of two geodesic spheres is however not that straightforward. This issue will be discussed further in Sec. 3.6.2.
To make the calculations explicit in the smooth case, it is easiest to express the
three-sphere as an embedding in R4 in Cartesian coordinates. The coordinates
10

A useful result is the expression for the general geodesic distance δ between two arbitrary
points ~ri , ~rj on a three-sphere. This can be derived from the geodesic distance between two
~
r ·~
r
arbitrary points in spherical coordinates on R4 by using cos(δ/r) = ir2 j . The result is
cos(δ/r) = sin(ψi ) sin(ψj )(sin(θi ) sin(θj ) cos(φi − φj ) + cos(θi ) cos(θj )) + cos(ψi ) cos(ψj ).
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Figure 3.8: The loop γ is constructed as the intersection of the two spheres
of radius δ, that are centred around two points at geodesic distance δ from
each other. An average over the manifold M of the Wilson loop of γ for all
pairs of points for fixed δ would be an example of a geometric observable that
is invariant under active diffeomorphisms. Such an observable could therefore
be interesting to study in quantum gravity.

are given by
x = r sin(ψ) sin(θ) cos(φ)

(3.128)

y = r sin(ψ) sin(θ) sin(φ)
z = r sin(ψ) cos(θ)
w = r cos(ψ),

(3.129)

as functions of the three angles
0 ≤ ψ ≤ π, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π.

(3.130)

A point on the three-sphere is given by a coordinate ~r in a coordinate basis,
 
ψ

θ .
~r =
(3.131)
φ

Without loss of generality, using the symmetries of the three-sphere, we choose
the centre of one of the two-spheres to lie in the x-y plane. For the angular
coordinates this means that ψ = ψδ and θ = θδ are constant and the loop
γφ (λ) runs around the φ coordinate,
 
ψδ
γ φ =  θδ  .
(3.132)
λ
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The values of ψδ and θδ depend on the relative distance δ of the spheres.
The next step is to find the Christoffel symbols, that is, to calculate the objects
(Γµ )κν = Γκµν that enter in the holonomy calculation. In spherical coordinates
they are given by eq. (3.133),




0
0
0
0
− cos(ψ) sin(ψ)
0
0  , Γθ = cot(ψ)
0
0 ,
Γψ = 0 cot(ψ)
0
0
cot(ψ)
0
0
cot(θ)


0
0
− sin(θ)2 sin(ψ) cos(ψ)
.
0
− sin(θ) cos(θ)
(3.133)
Γφ =  0
cot(ψ) cot(θ)
0
Now it is clear why this particular construction was chosen. The integration
and therefore the path ordering in the holonomy
Wφ = Pφ (e−

R 2π
0

dφ Γφ

)

(3.134)

becomes trivial, since the loop only varies in φ and all Christoffel symbols
are independent of this coordinate. If the Wilson loop constructed from this
holonomy is geometric it should only depend on geometric invariants such as
the length of the path l(δ). Explicitly, the holonomy Wφ is given by
p
sin(2π 1 − sin(ψ)2 sin(θ)2 )
p
Wφ =I −
Γφ
1 − sin(ψ)2 sin(θ)2
p
cos(2π 1 − sin(ψ)2 sin(θ)2 ) − 1 2
Γφ .
(3.135)
−
1 − sin(ψ)2 sin(θ)2
Expressed in the path length l(δ) this takes the form
q
q
l(δ)2
l(δ)2
sin(2π 1 − (2πr)
)
cos(2π
1 − (2πr)
2
2) − 1
q
Wφ = I −
Γ
−
Γ2φ .
φ
l(δ)2
l(δ)2
1 − (2πr)2
1 − (2πr)2

(3.136)

The holonomy Wφ is an element of SO(3) since parallel transport along a
closed loop can only rotate a vector. However, because the tangent vectors in
a coordinate basis are not normalised this is slightly obscured. In this basis the
generators of SO(3) are not necessarily antisymmetric. This is easily cured by
a transformation to the corresponding normalised basis, i.e. Wφ → U Wφ U −1 .
The necessary transformation U is given by


1
0
0
.
0
U = 0 sin(ψ)
(3.137)
0
0
sin(ψ) sin(θ)
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As mentioned above, the actual object of interest is the Wilson loop, which is
given by the trace of the holonomy,
s
!
l(δ)2
Tr Wφ = 1 + 2 cos 2π 1 −
.
(3.138)
(2πr)2
We conclude that it is indeed true that the Wilson loop of our geometrically
constructed loop only depends on the length l(ψ, θ). We recognise the righthand side of eq. (3.138) as the trace of a SO(3)-rotation with an angle of
rotation αγ (δ). We therefore conclude that the rotation angle of a circular
Wilson loop Wφ on the three-sphere is
s
l(δ)2
αγ (δ) = 2π 1 −
+ 2πk, k ∈ Z.
(3.139)
(2πr)2
Fig. 3.9 shows αγ as a function of the separation of the centres of two intersecting spheres δ. The angle of rotation obtained from the Wilson loop can
only be determined uniquely in the range from 0 to π. The angle of rotation
αγ is multiply defined over the range of δ. It is therefore useful to identify
a domain on which αγ is single-valued. The boundary of the first domain of
unique values of αγ is marked with a red line.
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Figure 3.9: The angle of rotation αγ , obtained from the trace of the holonomy
Wγ for γ constructed from two intersecting spheres, is shown as a function of
the separation of the centres of the spheres δ. The red line p
shows the boundary
−1
of the first domain of unique values of αγ at δ = 4 tan ( 2 − (11/3)1/2 ).

A general SO(3)-rotation is determined by a rotation angle and a rotation axis.
It is therefore interesting to define the rotation axis of a holonomy. This can
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be done for example for the geometrically constructed loops γ with constant
values of ψ and θ. There exist such loops for all values of ψ and θ except for
the poles. For a general SO(3)-rotation the rotation axis ni is given by
ni = −ij k (Wl )j k .

(3.140)

The components of ij k are the same as the Levi-Civita symbol in three dimensions. The norm of the rotation axis is |ni | = 2 sin(αs ). This enables us
to write the unit rotation axis n̂,


− cos(θ)
r

 1− l(δ)22 
(2πr) 


sin(θ)  .
n̂ =  cos(ψ)
r

 1− l(δ)2 

(2πr)2 
0

3.6.1

(3.141)

Construction in hyperbolic space

The same construction can be performed for a three-dimensional hyperbolic
space11 H 3 , which can be described by the hypersurface in R4 given by x2 +
y 2 +z 2 −w2 = −r2 . A point on H 3 is given by a coordinate ~r in the coordinate
basis,
 
ψ
~r =  θ  ,
(3.142)
φ
as function of the three angles

0 ≤ ψ ≤ ∞, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π.

(3.143)

The metric of H 3 is
gµν




1
0
0
.
0
= 0 sinh(ψ)
0
0
sinh(ψ) sin(θ)

(3.144)

The construction and all calculations follow the same logic as in the case of
S 3 . The only difference with the three-sphere is that the function sin(ψ) is
replaced by the function sinh(ψ) in all expressions. This leads to a change of
the sign in the argument of the square root in the expression for the rotation
11

Chosen such that it has a positive definite metric.
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q

2

l(δ)
angle αh (l) of the Wilson loop on the hyperbolic space, αh (l) = 1 + (2πr)
2.
The length of the geometrically constructed path on the hyperbolic space is
l = 2π sinh(ψ) sin(θ). The path γφ after the construction is expressed by
 
ψδ
γ φ =  θδ  .
(3.145)
φ

The Christoffel symbols are



0
0
0
0
− cosh(ψ) sinh(ψ)
0  , Γθ = coth(ψ)
0
Γψ = 0 coth(ψ)
0
0
coth(ψ)
0
0


2
0
0
− sin(θ) sinh(ψ) cosh(ψ)
.
0
− sin(θ) cos(θ)
Γφ =  0
coth(ψ) cot(θ)
0


0
0 ,
0
(3.146)

Although the space is hyperbolic, the loop holonomy still takes values in
SO(3). The holonomy of the φ-loop is equal to
q
q
l(δ)2
l(δ)2
cos(2π 1 + (2πr)
sin(2π 1 + (2πr)
2)
2) − 1
q
Γ
−
(3.147)
Γ2φ .
Wφ = I −
φ
2
l(δ)
l(δ)2
1 + (2πr)2
1 + (2πr)2
The Wilson loop is also easily obtained and yields
r
l(δ)2
Tr Wφ = 1 + 2 cos(2π 1 + 2 2 ).
2π r

(3.148)

The rotation axis is again obtained by computing eq. (3.140) for the hyperbolic
case. The normalised rotation axis as a function of θ and ψ is


− cos(θ)
r

 1+ l(δ)22 
(2πr)



sin(θ)  .
n̂ =  cosh(ψ)
r

 1+ l(δ)2 

(2πr)2 
0

(3.149)

We have now derived the holonomy Wγ and rotation angle αγ corresponding
to the circular loop γ of two intersecting spheres of radius δ, constructed
from two center points also at a distance δ on S 3 and H 3 . These quantities
are relatively simple expressions in terms of δ and are therefore defined in a
coordinate-independent way. The angle of rotation αγ can potentially serve as
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an observable in quantum gravity. The expressions derived here for the threesphere S 3 can be used to compare with future results of an implementation
in quantum gravity. If in a theory of quantum gravity, the expectation value
of αγ shows a similar dependence on δ as eq. (3.139) at some scale, it could
be a signal of an effective presence of a geometry close to S 3 . To explore the
idea of implementing this observable in CDT further, we need to generalise
the construction of intersecting spheres to simplicial manifolds.

3.6.2

Triangulating the three-sphere

A first step towards an implementation of the Wilson loop observable based on
intersecting spheres in dynamically triangulated quantum gravity is to explore
its construction on a discrete triangulation of the metric three-sphere. We will
consider a triangulation built out of equilateral flat Euclidean tetrahedra, as
they appear in DT quantum gravity and in the spatial slices of CDT quantum
gravity.
Equilateral tetrahedra have a dihedral angle θ = arccos 1/3. For equilateral
triangulations, the deficit angle δ(σ 1 ) associated to a link can only take values
that are multiples of θ. The possible values of δ(σ 1 ) do not allow for the construction of a triangulation consisting of equilateral tetrahedra whose vertices
are all embedded in the three-sphere. The strategy that we adopt is to first
construct a triangulation of S 3 that consists of tetrahedra with variable link
lengths, but is as close to equilateral as possible. We then set all edge lengths
to a constant while keeping the connectivity of the triangulation intact. The
resulting triangulation can be expected to be a equilateral approximation of
the round three-sphere S 3 .
A triangulation can be generated from a collection P of points on S 3 . To
obtain a triangulation that is close to equilateral, the points should be distributed evenly. The method we have used applies to a general (d − 1)-sphere.
A vector x ∈ Rd with normally distributed components xi with mean equal
to zero and equal variance can be projected on the (d − 1)-dimensional sphere
around the origin by normalising x. It has been shown in [94] that this procedure generates a uniform distribution of vertices on the (d − 1)-sphere. In
addition, we have rejected vertices that lie within a minimal distance smin of
existing vertices.
There are many possible triangulations of S 3 that can be constructed from
the generated set P of points. We will consider the Delaunay triangulation
[101]. A Delaunay triangulation T of P is defined as the triangulation for
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which no point p ∈ P lies inside the circumsphere of any of the tetrahedra of
T . Delaunay triangulations therefore do not contain very elongated simplices
that are far from equilateral. The Delaunay triangulation of S 3 is related to
the convex hull of the set P embedded in R4 . For the case at hand, the embedding is trivial, because the points on S 3 were generated with coordinates
in R4 . The convex hull of P is the unique minimal convex volume in R4 that
includes all p ∈ P . The boundary of this convex hull is a Delaunay triangulation as long as the boundary consists of simplices. This is true if there is no
subset of six points of the generated set P which lie on a three-dimensional
hypersphere that does not enclose any other point p. If a Delaunay triangulation can be constructed from a four-dimensional convex hull the triangulation
is also unique. There are efficient methods available in arbitrary dimensions
to construct a convex hull from a given set of points [101]. After generating
a Delaunay triangulation of S 3 we replace all links of the triangulation with
equilateral links. The resulting simplicial manifold T will in general be no
longer embeddable in R4 and further away from approximating S 3 , but will
be a discrete geometry from the space TDT of DT geometries and the configuration space of the spatial slices of CDT.
To generalise the construction of a loop based on two intersecting spheres on
the metric three-sphere, we will consider the dual triangulation ?T of T . The
vertices in the dual complex correspond to the three-dimensional simplices
in T . For neighbouring simplices, the corresponding dual vertices ?σ 3 are
connected by dual links. The dual vertices and links together form the dual
graph. On the dual graph we can define a discrete two-sphere S1 (δ) of radius
δ around a dual vertex ?σ1d by collecting all the dual vertices at dual link
distance δ of ?σ 3 . The growth of the number of dual vertices at distance δ as
a function of δ depends on the geometry of T . Fig. 3.10 shows these relations
for a particular example of such a discretised three-sphere and a comparison to
the corresponding quantities of the continuum three-sphere. The good match
between the continuum behaviour and that of the triangulated S 3 indicate that
the generated geometry is a good approximation of the round three-sphere.
Some discrepancies are visible for the smallest and largest values of δ, where
discretisation artefacts are expected to be most significant.
A second dual vertex ?σ23 is chosen at a distance δ from ?σ13 . The vertex ?σ23
defines the discrete two-sphere S2 (δ) of discrete radius δ centred at ?σ23 . In
the continuum, two spheres constructed in this way will intersect in a closed
circular loop. The discrete intersection S1 (δ) ∩ S2 (δ) is however in general
not a connected set of dual vertices, but will in general consist of a collection
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Figure 3.10: For the two-sphere of radius δ around a point on the unit threesphere, the blue line in the left figure is the analytic value of the area S(δ)
of the two-sphere and the blue line on the right is the analytic value of the
volume V (δ) enclosed by S(δ). The black data points show the area and
volume of the discrete analogue of such two-spheres, averaged over a single
randomly generated triangulation T . These data points where obtained for a
triangulation of S 3 with 6448 tetrahedrons. The data of the two-spheres at
fixed δ are averaged over all dual vertices in the triangulation as the center
point. The variation of the discrete area and volume is smaller than the data
points. The red line corresponds to the domain where αγ is single-valued in
Fig. 3.9.
of disjoint sets of dual vertices of which only some are connected by dual links.
It is a non-trivial task to construct the analogue of the circular path in the
continuum from these disjoint components. The construction we chose was
to connect the disjoint components by shortest paths, ordered in the distance
from a random starting point in one of the components. The obtained set of
dual vertices will form a discrete circular loop γ on the dual graph, which is
the discrete analogue of the circular loop γφ of eq. (3.132). Our construction
allows for self-intersecting loops, but their occurrence is rare.
Fig. 3.11 shows that the discrete analogue of the length l and the circular
radius c for these discrete circular paths γ matches the continuum values
given in eqs. (3.127) and (3.126) very well. The discrete analogue of l is the
length of the path γ on the dual graph. A data point of this discrete length
was obtained as an average over a random collection of discrete circular loops
γ for fixed δ and normalised to fit a unit three-sphere. The discrete analogue
of c is the minimal dual link distance between a fixed point of the loop and the
other point on the loop for which the minimal dual link distance is maximal.
This discrete analogue of c depends on the point that was fixed. The discrete
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Figure 3.11: The black data points show the average length l and average
circular radius c with standard deviation of a collection of 1000 discrete circular
loops γ constructed from random pairs of points at fixed distance δ. These data
points where obtained for a single triangulation of S 3 with 6448 tetrahedrons.
The blue line in the left figure is the length l as a function of δ given in eq.
(3.127) for circular loops γ on S 3 as a function of δ. The blue line on the right
shows the circular radius c for γ as a function of δ given in eq. (3.126). The
red line corresponds to the domain where αγ is single-valued in Fig. 3.9.
analogue of c was therefore averaged over possible choices of the point that
is fixed on the loop. The discrete value of c is also averaged over a random
collection of discrete loops γ for fixed δ. The match of c to the analytical
value is not perfect, but it should be emphasised that the standard deviation
of the discrete radius c along the loop is rather small. The interpretation of
these loops as the discrete analogue of circular loops on S 3 therefore appears
to be justified, even if the method of their construction was rather crude. For
smaller loops, for which the relative error of c is larger, it can occur that γ is
self-intersecting. We choose an algorithm that is straightforward to implement
at the cost of the possibility of a path that can contain self-intersections. The
rationale is to investigate if averages of Wilson loops constructed this way
approximate eq. (3.138), even if the path γ is only circular in an averaged
sense.
How to calculate a holonomy Wγ of a discrete path γ on a d-dimensional simplicial manifold T was described in [8]. The Wilson loop is defined by eq. (3.12),
just as in the continuum, but special care needs to be taken at the points of
the path where the metric is discontinuous. The interior of the simplices is
flat. It implies that there is no contribution to the holonomy Wγ from sections
of γ that lie in the interior of a simplex. All non-trivial contributions originate
from crossing boundaries between adjacent three-simplices. The discrete version of eq. (3.10) will take the form of a product of holonomies associated with
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the crossing of a boundary two-simplex. It is best to define γ as a sequence
of three-simplices that are traversed by γ, or equivalently by the sequence
of boundary sub-simplices that are crossed. The holonomy corresponding to
the crossing of a two-dimensional sub-simplex σi2 shared by two neighbouring
simplices is denoted by Ui . We will choose a Cartesian coordinate system for
the interior of each three-simplex, such that the coordinate systems of two
neighbouring simplices will be related by a rotation and a linear translation
and the Ui are group elements of SO(3) in the defining representation. The
holonomy Wγ corresponding to the entire path γ is the ordered product of the
group elements associated to the traversed boundary sub-simplices σi ,
Wγ =

Y

Ui .

(3.150)

i

The order in the product of rotations Ui is determined by the sequence of
σi traversed by γ. The order is defined in such a way that group elements
corresponding to sub-simplices σi that are crossed earlier appear to the right
of group elements corresponding to sub-simplices that are crossed later. The
Wilson loop is defined as the trace of the holonomy Wγ , exactly as in the
continuum.
To calculate the value of Ui , the Cartesian coordinate system for the initial
simplex is denoted with x and the coordinate system of the following simplex
with x0 . The group element Ui is defined by
x0 = Ui x + z,

(3.151)

where z is the vector between the two barycentres of the neighbouring simplices. The Wilson loop is independent of the particular coordinate choice.
A consistent choice that is easy to implement is a barycentric coordinate system based on the labelling of the vertices. All vertices in the triangulation
will be given a unique integer label. For every simplex, the barycentre will
be chosen as the origin and the vertices will be given a specific coordinate in
increasing order of the vertex labels in the simplex. This construction does
not preserve the orientation of two neighbouring coordinate systems, which
causes the group elements Ui to take values in the orthogonal group O(3) instead. However, the orientation will always change an even number of times
for the closed loops we consider and the holonomy Wγ will be an element of
SO(3). A barycentric set of coordinates for the vertices pj , j ∈ {0, ..., 3}, in
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an equilateral tetrahedron are
 √2 
2√ 
−
q3 
3 2

p0 =  0  , p1 =  2  ,
3
− 31
−1
3



√ 
−q32


p2 = − 2  ,
3
− 13

 
0
p3 = 0 . (3.152)
1

Coordinate systems x and x0 constructed this way can only appear in a finite number of pairs. Up to equivalent permutations there are eight possible
values for Ui . The value of Ui for a triangle σi2 can be determined from the
relative permutation of the vertices of the two tetrahedra containing σi2 . The
holonomy Wγ for a given path γ is obtained from eq. (3.150).
To analyse the holonomies of the circular loops, it is necessary to have some
analytical idea of what can be expected. The group manifold of SO(3) can be
parametrised in terms of an angle of rotation α and an axis of rotation n̂ of unit
length. In this parametrisation, a general group element R(α, β1 , β2 ) ∈ SO(3)
is given by
R(α, β1 , β2 ) = I + sin(α)K(β1 , β2 ) + (1 − cos(α))K 2 (β1 , β2 ),

(3.153)

where I is the unit matrix in three dimensions. The matrix K(β1 , β2 ) is given
in terms of the axis of rotation n̂ = (n̂1 , n̂2 , n̂3 ) of unit length,


0
−n̂3 n̂2
0
−n̂1  ,
K(β1 , β2 ) =  n̂3
(3.154)
−n̂2 n̂1
0

where the dependence of n̂ on β1 and β2 is suppressed. The dependence of the
axis of rotation n̂(β1 , β2 ) on β1 and β2 is given by


sin(β1 ) cos(β2 )
(3.155)
n̂(β1 , β2 ) =  sin(β1 ) sin(β2 )  .
cos(β1 )

The rotation matrix R(α, β1 , β2 ) corresponds to a rotation of an angle α around
the axis n̂(β1 , β2 ). From eq. (3.153) we see that in this parametrisation, the
trace TrR(α, β1 , β2 ) of the rotation element is
TrR(α, β1 , β2 ) = 1 + 2 cos(α).

(3.156)

The definition of the angle of rotation α in this parametrisation is therefore
equal to the definition of an angle of rotation we have previously considered.
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Integrating the Haar measure of SO(3) in this parametrisation over β1 and β2
leads to the distribution P (α) of α that corresponds to a uniform distribution
over the group manifold of SO(3). We find
α
P (α) = C sin( )2 ,
2

(3.157)

where C is a constant that depends on the choice of normalisation, which is
irrelevant for our purposes.
We can now compare the rotation angle (modulo 2π) of the holonomies of the
circular loops γ for fixed δ with the distribution P (α). We find a very good
agreement that is independent of δ. The conclusion is that the distribution
of the rotation angle of the circular holonomies is compatible with a uniform
distribution over the group manifold of SO(3). Fig. 3.12 shows a comparison
between the numerical and analytical distribution P (α) for a fixed value δ.
Except for the smallest loops where self-intersections are common, the fits are
within numerical precision indistinguishable for different values of δ.
The expected behaviour of the distribution of αγ from the continuum would
be an approximate delta peak at αγ (δ) given in eq. (3.139). It seems that
the construction of a circular loop described in this section introduces too
many random contributions to the holonomy and does not serve as a good
approximation of the continuum behaviour.

3.7

Summary and outlook

The investigations presented in this chapter were prompted by the search for
observables in non-perturbative quantum gravity that can capture information about the curvature of (quantum) space-time. Because of a number of
tantalising properties, Wilson loops seem excellent candidates for such a role.
Firstly, the holonomies on which they depend contain the complete information on local curvature, as is clear from eq. (3.17). Secondly, gravitational
Wilson loops are scalars with respect to diffeomorphisms (coordinate transformations), although for the purpose of constructing quantum observables the
loops on which they depend still need to be specified appropriately. Thirdly,
the loops are associated with length scales, like their intrinsic length or their
diameter with respect to the ambient space. Determining the behaviour of
suitable Wilson loop or holonomy operators as a function of scale in the quantum theory could allow us to interpolate between a Planckian, short-scale
regime and a large-scale regime, where one would look for evidence of a welldefined classical limit. The blueprint for such an analysis is that of another
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Figure 3.12:
of the angle αγ ∈ [0, π] extracted from measurements

 Distribution
TrWγ −1
−1
at δ ≈ 0.48 for 1000 circular loops γ. The distribution of αγ
of cos
2
does not differ significantly for other values of δ at this level of refinement of the
triangulation. The circular loops are constructed from random pairs of points
at distance δ on a triangulation of the three-sphere with 6448 tetrahedrons.
The value δ ≈ 0.48 lies within the domain to the left of the red line in Fig.
3.9. The red line is the distribution of the rotation angle α given in (3.157)
which corresponds to a uniform distribution of α over the group manifold of
SO(3).
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scale-dependent operator, the spectral dimension, which in CDT quantum
gravity was shown to exhibit a characteristic “dynamical dimensional reduction” near the Planck scale, as well as a correct classical limit on larger scales
[4, 5]12 . Lastly, although holonomies on curved manifolds are usually impossible to compute in practice13 (because of the need for path ordering), this
is not true for the piecewise flat geometries that appear in the path integrals
of quantum gravity approaches based on simplicial manifolds, like (C)DT and
quantum Regge calculus. This comes from the fact that the triangular building blocks are flat in their interior, which means that non-trivial contributions
to a holonomy can only arise at points where the associated path crosses from
one simplicial building block to an adjacent one. The biggest simplification
occurs in the framework of Causal Dynamical Triangulations, because of the
equilateral nature of its building blocks [8].
To put these considerations on a firmer footing, we went in search of a relation
between the holonomy of a macroscopic loop and the curvature of a classical,
Riemannian manifold, preferably of a simpler functional form than the already
known non-abelian Stokes’ theorem. For a class of curved manifolds with suitable isometries we were able to derive a set of new, exact relations that express the invariant angles characterising the holonomy of a non-intersecting,
contractible loop on a totally geodesic surface in three and four dimensions
as two-dimensional curvature integrals, eqs. (3.53), (3.89) and (3.96). We also
demonstrated the existence of a geometric flux in either dimension, which is
responsible for the invariance of the area integrals under smooth surface deformations. We have identified sufficient conditions on the Killing vectors for
our construction to go through, eqs. (3.52) and (3.83). It would be interesting to investigate in more detail to what extent these conditions can be relaxed.
Another potentially interesting generalisation is to Lorentzian manifolds, whose
holonomy groups are subgroups of the non-compact group SO(1, d − 1). Here,
one will have to distinguish between several cases, depending on the signature
of the induced metric on the totally geodesic surfaces. At least in simple cases,
the Riemannian analysis should essentially go through, with some of the compact abelian subgroups substituted by their non-compact counterparts and
some trigonometric functions substituted by hyperbolic ones. Light-like directions will require special attention, as is illustrated by an expression like eq.
(3.53), which is no longer well defined when the Killing vector ξ is light-like.
12

See [37] for a summary of related developments in other quantum gravity approaches.
This can only be done for simple metrics gµν and simple paths γ; an explicit example
we have come across in the literature is a computation for circular loops on a Schwarzschild
space-time [98, 58].
13
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Away from the spaces with symmetries we have studied, the non-abelian nature of the connection and the associated curvature tensor remains the main
obstacle to establishing simple relations between holonomy and curvature. Although we have exploited the fact that in three and four dimensions holonomies
along totally geodesic surfaces are abelian, it should be emphasized that our
setting is not purely abelian, in the sense that the holonomy of the manifold
(M, gµν ) is not required to be abelian, as illustrated by the example in Sec.
3.4.3, and also the holonomies lying on surfaces smoothly deformed away from
the totally geodesic ones are not necessarily abelian. Note also that the curvature information captured by the invariant angles we have computed is not
k
purely two-dimensional. While the angle αγ of eqs. (3.53) and (3.89) is the
averaged sectional curvature Ks of the two-planes orthogonal to the Killing
vector(s), the rotation angle αγ⊥ of eq. (3.96), describing the effect of parallel transport on the normal directions in four dimensions, involves also other
components of the Riemann tensor, as is clear from the explicit functional
form of its integrand K⊥ in eq. (3.95).
Returning to our original motivation, the general lack of observables in nonperturbative quantum gravity, how can the insights gained in our investigation
be used profitably in this context? Setting aside the question of how to average over loops to obtain well-defined quantum observables, several other issues
still need to be addressed to make the construction meaningful in the quantum theory. For definiteness, let us consider what would be required in the
case of CDT quantum gravity, where we already know that holonomies and
Wilson loops can be defined and measured easily. The most important ingredient will be a suitable implementation on CDT’s piecewise flat manifolds of
the concept of a totally geodesic surface. This should take into account that
individual geodesics, although they can be defined in fairly straightforward
ways, e.g. as shortest curves with respect to (dual) link distance, are not very
convenient to work with, since the curvature singularities of the triangulations lead to caustics and non-uniqueness already at the scale of the cut-off.
More promising than some discretised version of a tensorial criterion involving
the second fundamental form, eq. (3.33), may be a definition that involves surfaces perpendicular to one or more Killing vectors. Although general simplicial
space-times contributing to the path integral will not have any symmetries,
it is plausible that any ground state of geometry emerging from the quantum
theory does possess such symmetries at a sufficiently coarse-grained level. This
should in turn be reflected in the existence of (approximate) Killing vectors,
likewise at a sufficiently coarse-grained length scale, a non-trivial concept that
is the topic of Ch. 5.
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After defining a notion of totally geodesic surfaces for the simplicial geometries, a set of loops should be selected. A simple choice would be to make them
circular, invoking the geodesic link distance from a given centre point, as we
did in Sec. 3.6. The behaviour of the associated holonomies or Wilson loops
could then be measured as a function of the radius of these circles. From this,
it would be interesting to understand whether one can identify a length scale
where the expectation values of the invariant angles become small (relative to
π), which could be a signature of quasi-classical behaviour. Whether suitable
“quantum holonomies” can exhibit a behaviour where large Planckian fluctuations effectively average out and reproduce aspects of some classical geometry
remains at this stage an open question. Answering it in the affirmative may
require some ingenuity. Although it would be highly desirable, there is of
course no a priori guarantee that gravitational holonomies and Wilson loops
can be used to understand the quasi-local properties of gravity and space-time
in a non-perturbative regime.
As a preparation for the construction of circular loops we have examined a
specific construction on the round three-sphere, where the intersection of two
geodesic balls of radius δ, centred at two points at a geodesic distance δ from
each other, is a circular loop γ. The loop γ, expressed for a specific choice of
coordinates in eq. (3.132), is contained in a totally geodesic surface of S 3 . In
Sec. 3.6.2, we presented a generalisation of this construction on a piecewise
flat triangulation of the three-sphere. Fig. 3.11 illustrates that these circular
loops show properties very close to the circular loops in the continuum, although this is only true for the average length l and average circular radius
c. Individual discrete circular loops are only rough approximations to their
continuum counterparts, especially for shorter loops.
Within the level of refinement of the triangulation, the Wilson loops of these
circular loops do not follow the expected continuum dependence (3.138) on
the length l(δ) of the loop. Instead, the distribution of the rotation angles in
eq. (3.12) is compatible with a uniform distribution over the group manifold
of SO(3). It could have been the case that holonomies of circular loops at
a given value of δ on a triangulated three-sphere behave similar to those on
a smoooth three-sphere, effectively smoothing out the discretisation. Such
averaging properties would be desirable from the point of view of the search
for observables for quantum gravity. However, it seems that the holonomy of
the constructed circular loops does not display such behaviour. It could be that
the method of connecting the disjoint set of dual vertices of the intersection
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3.7. Summary and outlook
S1 (δ) ∩ S2 (δ) of two discrete two-spheres is too imprecise to be the basis
for a curvature observable in CDT that can uncover quasi-local properties of
gravity and space-time in a non-perturbative regime. A similar conclusion was
drawn for the Wilson loops attached to particle world lines in [8], although
the discrete circular loops and the underlying geometry studied here are much
more regular than the loops considered in that study. The loops studied here
are also much shorter. It should be noted that with an increased refinement
of the triangulation, especially within the range where αγ is single-valued, the
picture for the circular loops could still change. Another improvement would
be to prevent self-intersections for small discrete loops γ. Such a requirement
would presumably need a more involved construction of the circular loops than
was described in Sec. 3.6.2.
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4

Higher-order
Laplacians

The simplicial manifolds studied in Causal Dynamical Triangulations are a
subset of a more general class of structures called simplicial complexes. The
topological building blocks of simplicial complexes are simplices, but the resulting objects are not necessarily manifolds. Network topology is the field
that studies these discrete topological structures. Network topology is a flourishing interdisciplinary subject that is relevant for different disciplines including quantum gravity and brain research. The (dual) graph-Laplacian and the
corresponding spectral dimension have been used in CDT to find the wellknown phenomenon of dynamical dimensional reduction [4]. The work in this
chapter investigates a generalisation of the Laplace operator on simplicial complexes to studying higher-order tensor fields and possibly opens up the road
to study higher order diffusion in CDT. Higher-order Laplacians are topological operators that describe higher-order diffusion on simplicial complexes
and constitute the natural mathematical objects that capture the interplay
between network topology and dynamics. The main results in this chapter
show that higher-order up-and down-Laplacians can have a finite spectral dimension, which characterises the long-time behaviour of diffusion processes on
simplicial complexes. The derived spectral dimension depends on the order m
of the Laplacians. We provide a renormalisation group theory for the calculation of the higher-order spectral dimension of a deterministically generated
discrete space: the Apollonian simplicial complex. We show that the RG flow
is affected by the fixed point at zero mass µ, which determines the higher-order
spectral dimension dS of the Laplacians of order m with m ≥ 0. This chapter
is based on work published in [P2].
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4.1

Introduction

The simplicial manifolds that are studied in Causal Dynamical Triangulations
(CDT) can be seen as a subset of a more general type of structure that are
known as simplicial complexes [25, 114, 43]. Simplicial complexes are formed
by abstract vertices, links and simplices of higher dimensions such as triangles, tetrahedra and so on, but are not necessarily manifolds. That is, the
simplices are topological objects. Another way of seeing simplicial complexes
is as generalised networks. As such, they can capture many-body interactions
in a very wide range of settings. Being build from topological building blocks,
simplicial complexes are the ideal discrete structures to investigate emergent
network properties [27, 26] and can be described by discrete algebraic and
combinatorial topology. There is an increasing interest in revealing the role
that the higher-order interactions of simplicial complexes have on their dynamics [19, 73, 13].
The network Laplacian is fundamental to understand the interplay between
topology and dynamics and its spectral properties are known to affect diffusion. In particular, the spectral dimension, going back to [2], characterises the
spectral properties of networks with distinct geometrical features and determines the late-time behavior of diffusion and more general dynamical processes
on networks [17]. The spectral dimension can also be defined on simplicial
complexes [29] by focusing on their skeleton (the network obtained from a
simplicial complex by retaining only its vertices and links). The spectral dimension has a history of being studied in models of quantum gravity [74]. The
spectral dimensions is considered a key mathematical object for investigating
the effective dimension of a simplicial quantum geometry as felt by diffusion
processes. The well-known result of dynamical dimensional reduction, one of
the important results in the framework of CDT, was obtained studying the
spectral dimension of the dual graph-Laplacian [4, 5, 22, 23].
On a continuum manifold M, diffusion can be described with the heat equation
for a probability density K(x, x0 , t) that gives the chance of a particle moving
from x0 to x after a time t on a manifold M with metric g,
∂
K(x, x; t) = ∆g K(x, x; t).
∂t

(4.1)

The distribution K(x, x0 , t) is called the heat kernel. The solution for a delta
function distribution at x0 as the initial condition is known in the form of an
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asymptotic expansion,
K(x, x0 ; t) ∼ t

−d/2 −d(x,x0 )2 /4t

e

∞
X

ar (x, x0 )tr ,

(4.2)

r=0

where d is the dimension of M and d(x, x0 ) is the distance between x and
x0 and ar (x, x0 ) are in general complicated functions of the curvature. The
return probability P (t) is defined as the average of the probability that a
particle starting at a random point returns to that same point after a time t.
The leading-order contribution to P (t) is
Z
p
1
1
P (t) =
dd x detg K(x, x; t) ∼ d/2 (1 + O(t)).
(4.3)
V
t

The physical dimension d can be extracted from this expression. One way the
spectral dimension ds (t) can be defined is in relation to this expansion of P (t),
ds (t) ≡ −2

dlog(P (t))
= d + Corrections.
dlog(t)

(4.4)

This definition of ds can be generalised to a simplicial geometry T and its
dual complex ∗T , giving a notion of dimension as felt by a diffusion process
on T . The discrete heat kernel KT (∗σ, ∗σ0 ; t + 1) gives the probability to find
a particle starting at the dual simplex ∗σ0 ∈ ∗T , at the dual simplex ∗σ ∈ ∗T
at time t + 1. The heat kernel KT (∗σ, ∗σ0 ; t + 1) at time t + 1 is determined by
the heat kernel KT (∗σ̃, ∗σ0 ; t) at time t for all ∗σ̃ ∈ ∗T . The discrete analogue
of the heat equation is
KT (∗σ, ∗σ0 ; t + 1) =

X
1
KT (∗σ̃, ∗σ0 ; t),
d+1

(4.5)

∗σ→∗σ̃

where the sum on the right-hand side runs over the neighbours ∗σ̃ of ∗σ. The
discrete return probability PT (t) then is,
PT (t) =

1 X
KT (∗σ, ∗σ; t),
Nd

(4.6)

∗σ∈T

where Nd is the number of d-simplices in T . For a given geometry T , the time
dependence can be found by iteratively solving the equation for KT (∗σ, ∗σ; t).
The expectation value of the spectral dimension hds (t)i was then calculated as
the average over an ensemble generated with Monte Carlo methods, approximating
1 X −S d
hds (t)i =
e EH ds (t)[T ].
(4.7)
Z
T ∈T
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The result is the well-known running of the spectral dimension that was later
found in other approaches to quantum gravity as well [37]. The values that
were obtained are ds (t → ∞) = 4.02 ± 0.1 and ds (t → 0) = 1.80 ± 0.25.
The spectral dimension can also be calculated directly from the spectrum of
the Laplace operator ∆, see for example [17]. The Laplacian displays a finite
spectral dimension dS when the regular part of its density of eigenvalues ρ̄(µ)
obeys the asymptotic behaviour
ρ̄(µ) ∼
= CµdS /2−1 ,

(4.8)

where µ  1 and C is independent of µ. The advantage of this definition is
that it can be generalised to higher-order fields than scalars. In the context
of CDT, it could be interesting to study if diffusion of tensor fields of various
ranks behaves differently. The work in this chapter explores if there is a difference in spectral dimension of various degrees in a model of discrete geometry
were analytical methods are available. We focus on a type of d-dimensional
space called an Apollonian simplicial complex,[11, 137, 61]. The Apollonian
simplicial complexes are deterministic hyperbolic d-dimensional manifolds that
are obtained by an iterative process, whose limit converges to an infinite hyperbolic lattice.
The Apollonian simplicial complex is generated iteratively by a deterministic
algorithm, while geometries in CDT are the outcome of a stochastic process.
Simplicial complexes that are related to networks in the real world also generally have more random properties. However, the fact that Apollonian simplicial complexes are highly geometrical, deterministic and hierarchical, makes
these structures very suitable for analytical renormalisation group (RG) methods. Examples of dynamical processes already studied with RG methods in
related simplicial complex models include percolation [30, 16, 28], spin models
[31] and Gaussian models [29]. The results on Apollonian simplicial complexes
presented in this chapter can possibly be a starting point for future investigations on the spectral dimension of various orders in CDT and related models.
In this chapter we investigate the properties of higher-order Laplacians [60, 72]
on the considered simplicial complexes. The higher-order Laplacians describe
diffusion processes occurring on higher-order simplices. Laplacians of order
m = 1 are also closely related to approximate Killing vector fields, which are
the topic of Ch. 5.
It has recently been shown with numerical methods [123] that the higher-order
up-Laplacian and down-Laplacian can display a finite spectral dimension. Here
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we use renormalisation group (RG) theory [29] to analytically calculate the
spectral dimension of higher-order up-Laplacians of Apollonian simplicial complexes. We find that each simplicial complex belonging to the considered class
of models is characterised by a set of analytically predicted spectral dimensions. Each spectral dimension corresponds to the spectrum of a higher-order
up-Laplacian of different order m. The values of the predicted spectral dimensions are compared to direct numerical results for d = 3 and d = 4 simplicial
complexes.
The chapter is structured as follows: in Sec. 4.2 we introduce simplicial complexes and their higher-order Laplacians, in Sec. 4.3 we present the hyperbolic
simplicial complex model considered in this work; in Sec. 4.4 we give the necessary background for deriving the higher-order spectrum of the Apollonian
simplicial complex using the RG approach. In Sec. 4.5 and in Sec. 4.6 we derive
the RG equations and the RG flow for the Apollonian simplicial complexes. In
Sec. 4.7 we summarise the main analytical results and we will compare with
numerical results on all the considered simplicial complex models. Finally, in
Sec. 4.8 we will provide the conclusions.

4.2
4.2.1

Simplicial complexes and higher-order Laplacians
Simplicial complexes

A m-simplex r includes m + 1 vertices and can be indicated as
r = [v0 , v1 , . . . , vm ].

(4.9)

Therefore, a 0-simplex is a vertex, a 1-simplex is a link, a 2-simplex a triangle, a
3-simplex a tetrahedron and so on. A m0 -dimensional face q of a m-dimensional
simplicial complex r is a m0 < m simplex formed by a subset of m0 + 1 vertices
belonging to the simplex r. We also define the simplices with an orientation.
Two m-simplices differing only by the order in which their vertices are listed
are therefore related by
[v0 , v1 , . . . , vm ] = (−1)σ(π) [vπ(0) , vπ(1) , . . . , vπ(m )],

(4.10)

where σ(π) indicates the parity of the permutation π of the m + 1 indices of
the vertices.
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A simplicial complex is formed by a set of simplices with the property that
the simplicial complex is closed under inclusion of the faces of any of its simplices. A d-dimensional simplicial complex is a simplicial complex for which
the maximum dimension of its simplices is d. Here we are exclusively interested in pure d-dimensional simplicial complexes, which are formed by a set
of d-dimensional simplices and all their faces. The skeleton of a simplicial
complex is the network formed by the set of all the vertices and links of the
simplicial complex. Given a d-dimensional simplex, we indicate the number of
its m-simplices with Nm with 0 ≤ m ≤ d.

4.2.2

Boundary map and incidence matrices

Given a simplicial complex, a m-chain consists of the elements of a free abelian
group Cm with basis formed by the set of all m-simplices of the simplicial
complex. Every element a ∈ Cm can therefore uniquely be expressed as a
linear combination of basis elements with coefficients given by cr ∈ Z2 , i.e.
h
i
X
(r) (r)
(r)
a=
cr v0 , v1 , . . . , vm
,
(4.11)
r∈Qm

where cr ∈ {1, −1}. Here Qm indicates the set of all m-simplices of the simplicial complex and each m-simplex r ∈ Qm of the simplicial complex is indicated
(r) (r)
(r)
by r = [v0 , v1 , . . . , vm ].
The boundary map ∂m is a linear operator ∂m : Cm → Cm−1 whose action
is determined by the action on each m-simplex of the simplicial complex. In
particular, the boundary map ∂m applied to the m-simplex r = [v0 , v1 , . . . , vm ]
gives
∂m [v0 , v1 . . . , vm ] =

m
X
(−1)j [v0 , v1 , . . . , vj−1 , vj+1 , . . . , vm ].

(4.12)

j=0

In words, the boundary map applied to a m-simplex gives a linear combinations of its (m − 1)-dimensional faces.
We say that two m-faces r and q of a simplicial complex are upper adjacent
if there is a (m + 1)-simplex τ of which both r and q are faces. The m-faces
r and q are upper adjacent with similar orientation if the simplicial complex
contains a (m + 1)-dimensional simplex τ such that
hr, ∂m+1 τ i = hq, ∂m+1 τ i,
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where ha, bi indicates the inner product on Cm . Conversely, they are upper
adjacent with opposite orientation if the simplicial complex contains a (m+1)dimensional simplex τ such that
hr, ∂m+1 τ i = −hq, ∂m+1 τ i.

(4.14)

From the definition of the boundary map ∂m given by eq. (4.12), it follows
immediately that for every m-dimensional simplex r
∂m−1 ∂m r = 0,

(4.15)

which is an important topological property that can be expressed in words
with the sentence “the boundary of a boundary is null”.
Given a simplicial complex with Nm m-dimensional simplices we can choose
a base for Cm by taking an ordered list of its m simplices. If we fix both
the base of Cm and Cm−1 we can represent the boundary operator ∂m by
a Nm−1 × Nm incidence matrix Bm . In Fig. 4.1 we show an example of a
simplicial complex. We choose as bases for C0 , C1 and C2 the ordered list
of vertices {[1], [2], [3], [4]}, links {[1, 2], [1, 3], [2, 3], [3, 4], [2, 4]} and triangles
{[123], [234]}. With this choice of bases, the boundary maps ∂1 and ∂2 can be
represented by the incidence matrices B1 and B2 with,


1
0
−1 −1 0
0
0
 −1 0
 1

0 −1 0 −1 
 , B2 =  1
1
B1 = 

 0

1
1 −1 0
 0
1
0
0
0
1
1
0 −1


4.2.3





.



(4.16)

Higher-order Laplacian matrices of simplicial
complexes

The graph Laplacian or 0-Laplacian describes diffusion over vertices and links.
The 0-Laplacian on a simplicial complex can be represented by a N0 × N0
matrix and can be expressed in terms of the incidence matrix B1 ,
L0 = B1 B>
1.

(4.17)

While on networks only the graph Laplacian and its normalised versions can be
defined, in simplicial complexes it is possible to define higher-order Laplacians
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Figure 4.1: An example of a small simplicial complex with the orientation of
the simplices induced by the labelling of the vertices.
describing diffusion taking place between higher-order simplices. The higherorder Laplacian Lm with m > 0 (also called combinatorial Laplacians) can be
represented as a Nm × Nm matrix given by
Lm = Ldown
+ Lup
m
m,

(4.18)
(4.19)

where Ldown
and Lup
m are the down-Laplacian and the up-Laplacian of order
m
m and are defined as
Ldown
= B>
m
m Bm ,
>
Lup
m = Bm+1 Bm+1 .

(4.20)

The down-Laplacian Ldown
of order m describes a diffusion process taking
m
place among m simplices across (m − 1) shared simplices. For instance, the
down-Laplacian of order m = 1 describes diffusion from link to link across
shared vertices. The up-Laplacian Lup
m of order m describes diffusion processes taking place among m simplices across shared (m + 1) simplices. The
up-Laplacian of order m = 1, for example, describes the diffusion from link
to link across shared triangles. Interestingly, the spectral properties of the
higher-order Laplacians can be proven to be independent on the orientation of
the simplices as long as the orientation is induced by a labelling of the vertices.
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One of the main results of Hodge theory [60, 19, 123] is that the degeneracy
of the zero eigenvalues of the m- Laplacian Lm is equal to the Betti number
βm . A standard result is that the 0-Laplacian L0 has a single zero eigenvalue
that is not degenerate while all the higher-order Laplacians Lm with m > 0
do not have any zero eigenvalue, if the simplicial complex has trivial topology,
i.e. it is formed by a single simply connected component.
Let us observe here that eq. (4.15) can be expressed in terms of the incidence
matrices as
Bm−1 Bm = 0,
>
B>
m Bm−1 = 0.

(4.21)

From these relations it can be easily shown that the eigenvectors associated to
>
the non-null eigenvalues of Lup
m = Bm+1 Bm+1 are orthogonal to the eigenvec= B>
tors associated with the non-null eigenvalues of Ldown
m Bm . Hodge theory
m
therefore demonstrates (see for instance [19] for a gentle introduction) that the
spectrum of the m-Laplacian includes all the non-null eigenvalues of the mup-Laplacian and all the non-null eigenvalues of the m-down Laplacian. The
other eigenvalues of the m-Laplacian can only be zero and their degeneracy is
given by the Betti number βm . Therefore the spectrum of the m-Laplacian is
completely determined once the spectra of both the m-up-Laplacian and the
m-down-Laplacian are known.
Finally, we observe that the up-Laplacians and the down-Laplacians are related by transposition
down >
Lup
m = [Lm+1 ] .

(4.22)

Therefore the spectrum of the m-up Laplacian is equal to the spectrum of
the (m + 1)-down Laplacian. Taking all these consideration together it follows that in order to know the spectrum of all higher-order Laplacians of a
simplicial complex it is sufficient to know the spectrum of all its higher-order
up-Laplacians. Without loss of generality, we will focus on the spectral properties of m-up-Laplacians of pure d-dimensional simplicial complexes with order
0 ≤ m < d − 1.

4.2.4

Up-Laplacians and their spectral dimension

For a simplicial complex of dimension d > m it is possible to define both
a normalised and an un-normalised higher-order up m-Laplacian. The un89
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>
normalised higher order up-Laplacian Lup
m = Bm+1 Bm+1 has elements

 
r
[Lup
]
=
k
δ
−
a↑↓
rq
r,q
m
m+1
m

rq

 
,
+ a
m
rq

(4.23)

where δx,y indicates the Kronecker delta. In eq. (4.23) we have used the ori

ented upper incidence matrices a↑↓
m and am defined as follows: (am )rq = 1 if
the two m-dimensional faces r and q are upper adjacent (they are both incident to a (m+1)-dimensional simplex) and have similar orientation, otherwise
↑↓
(a
m )rq = 0; similarly (am )rq = 1, if the two m-dimensional faces r and q are
upper adjacent (they are both incident to a (m + 1)-dimensional simplex) and
r
have dissimilar orientation, otherwise (a↑↓
m )rq = 0. Finally, km+1 indicates the
number of (m + 1)-dimensional simplices incident to the m-dimensional simplex r.
Let us define the Nm × Nm matrix Km as the diagonal matrix with diagoup
nal elements [Km ]rr = [Lup
m ]rr . The normalised m-up-Laplacian L̂m can be
defined as
−1/2 up −1/2
L̂up
Lm Km ,
m = Km

(4.24)

where we note that in this expression we use the convention 0/0 = 0. The
normalised m-up-Laplacian L̂up
m has elements
 
 
1
1
↑↓
q
q
[L̂up
]
=
δ
−
a
+
a
.
r,q
m rq
m
m
q
q
rq
rq
r
r
km+1 km+1
km+1 km+1

(4.25)

In this work we will focus on the spectral properties of the normalised upLaplacians. The spectrum of the normalised and un-normalised m-up-Laplacians
r is dependent on r.
is in general distinct for simplicial complexes in which km
However, we anticipate that when they both display a spectral dimension,
their spectral dimension is the same [33].
The density of eigenvalues ρ̄(µ) of the normalised m-up-Laplacian has a density
of eigenvalues that includes a singular part formed by a delta function at µ = 0
and a regular part ρ(µ), i.e.
ρ̄(µ) = ρ̄(0)δ̂(µ) + ρ(µ),

(4.26)

where we use δ̂(x) to denote the delta function. The emergence of the delta
peak at µ = 0 can be easily explained. Firstly, let us observe that eq. (4.24) implies that the number of zero eigenvalues of the normalised and un-normalised
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m-up-Laplacians is the same. Secondly, let us note that the spectrum of the
m-up-Laplacian Lup
m can contain a highly degenerate zero eigenvalue. Given
>
the definition of the m-up-Laplacian Lup
m = Bm+1 Bm+1 it follows that the
eigenvalues of the m-up-Laplacian are the square of the singular values of
the incidence matrix Bm+1 . Since the incidence matrix Bm+1 is a rectangular Nm × Nm+1 matrix, the non-zero singular values cannot be more than
min(Nm , Nm+1 ). In particular, for simplicial complexes with trivial topology,
the Hodge decomposition [19] implies that the number of non-zero eigenvalues
of the m-up-Laplacian with m > 0 is given by N̂m = min(Nm , Nm+1 ). It
follows that all the other eigenvalues are zero. Therefore for m > 0 the degeneracy of the zero eigenvalue can be extensive, while for m = 0 the degeneracy
of the zero eigenvalue is given by the Betti number β0 , where β0 = 1 for a
trivial topology. For a trivial topology the density of eigenvalues at µ = 0 of
the graph Laplacian (m-up-Laplacian with m = 0) is zero in the large-network
limit, while it can be greater than zero for m > 0.
The normalised m-up Laplacian displays a finite spectral dimension dS when
the regular part of its density of eigenvalues ρ̄(µ) obeys the asymptotic behaviour
ρ(µ) ∼
= CµdS /2−1 ,

(4.27)

where µ  1 and C is independent of µ. From this scaling it directly follows
that the cumulative distribution ρc (µ) of the regular part of the density of
eigenvalues ρ(µ), which is the integral of the density of eigenvalues 0 < µ0 ≤ µ,
follows the scaling
ρc (µ) ∼
= C̃µdS /2 ,

(4.28)

for µ  1. This relation will prove useful in the following, when we will numerically compare the predicted spectral dimension with the numerical results.

4.3
4.3.1

Simplicial complexes under consideration
Apollonian simplicial complexes of any dimension

A d-dimensional Apollonian simplicial complex [11, 137] (with d ≥ 2) is generated iteratively by starting from a single d-simplex at generation n = 0 and
adding a d-simplex at each generation n > 0 to every (d − 1)-dimensional
face introduced at the previous generation. In Fig. 4.2 we show Apollonian
simplicial complexes of dimensions d = 2 and d = 3, at iterations n = 2 and
n = 3.
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Figure 4.2: The d = 2 dimensional Apollonian simplicial complexes are shown
at iteration n = 2 (panel (a)) and at iteration n = 3 (panel (c)). The d = 3
dimensional Apollonian simplicial complexes are shown at iteration n = 2
(panel (b)) and at iteration n = 3 (panel (d)). The large central yellow sphere
is added for contrast. The vertices added at iteration n = 0 are shown in blue,
those added at n = 1 in green, those added at n = 2 in red and those added
at n = 3 in yellow.

4.3.2

Higher-order Laplacian matrices of simplicial
complexes
[0]

At generation n = 0 there are Nm m-dimensional simplices in the simplicial
complex with

0
Nm

=




d+1
.
m+1
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[n]

The number Nm of m-dimensional faces at generation n is given by
 
[n]
n−1 d
Nm = (d + 1)d
.
m

(4.30)

[n]

In these Apollonian simplicial complexes, there are Nm m-dimensional simplicial complexes at generation n with
[n]
Nm

=

[0]
Nm

+

n
X

n0 =1

[n0 ]
Nm



dn − 1
1
= (d + 1)
+
d−1
m−1

 
d
. (4.31)
m

We note here that in the following we will use the notation Qm to indicate the
set of m-simplices of the Apollonian simplicial complex. The Apollonian simplicial complexes are small-world, i.e. their skeleton has an infinite Hausdorff
dimension dH ,
dH = ∞,

(4.32)

therefore at each generation their diameter grows logarithmically with the total number of vertices of the network. Moreover, the Apollonian simplicial
complexes of dimension d are manifolds that define discrete hyperbolic lattices, including for d = 2 the Farey graph.
We will give a pair of combinatorial properties of Apollonian simplicial complexes that will be useful later. At each generation n we call simplices of type
` the simplices added at generation n0 = n − `. At generation n, the number of
d-simplices of generation n attached to simplices of dimension m (with m < d)
of type ` > 0 is given by
`
wm
= (d − m)(d − m − 1)`−1 .

(4.33)

Moreover, we observe that the number of (m + 1)-dimensional simplices of
generation n incident to m-simplices added at generation n0 = n − ` is given
` for ` > 0 and w ` = d − m for ` = 0.
by wm
m

4.4
4.4.1

Gaussian model and the RG approach
The ensemble of weighted normalised Laplacians

In this section we will present the theoretical framework of a real-space RG approach to calculate the spectrum of the normalised m-dimensional up-Laplacian
of the Apollonian simplicial complex. The renormalisation group acts on a
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weighted simplicial complex in which we attribute a weight pτ to each (m + 1)dimensional simplex τ while the topology of the simplicial complex remains
fixed. Therefore in the RG approach we investigate the RG flow defined over
the ensemble of weighted normalised up-Laplacian matrices L̂up
m of elements


1
1
m
m
[L̂up
m ]rq = δr,q − p m m pτ (r,q) a↑↓ rq + p m m pτ (r,q) a rq ,
sr sq
sr sq

(4.34)

where pτ (qr) indicates the weight of the (m+1)-dimensional simplex τ incident
to both r and q and sr indicates the strength of the simplex r, i.e. sr =
[n]
PNm+1
τ ⊃r pτ . From here on, we will focus on finding the density of eigenvalues
of the up-Laplacian of order m. In the following sections we will therefore
adopt a simplified notation, dropping the indication “up” and the index m in
most of the relevant mathematical quantities. We will therefore indicate L̂up
m
[n]
m as a and so on.
simply as L̂, Nm as N [n] , am
as
a
,
a

↑↓

↑↓

4.4.2

Gaussian models and Laplacian spectrum

The density of eigenvalues of a symmetric matrix can be derived analytically
using the properties of the Gaussian model following a standard procedure,
common in Random Matrix Theory [96, 89]. Therefore if we want to derive
the density of eigenvalues of the m-dimensional up-Laplacian L̂ which for
generation n will be a N [n] × N [n] symmetric matrix we should consider the
Gaussian model whose partition function reads
Z(µ) =

Z

"

Dψ exp iµ

X

ψr2

r

−i

X

L̂rq ψr ψq

rq

#

[n]

(iπ)N /2
= pQ
,
r (µ − µr )

(4.35)

where µr are the eigenvalues of the normalised up-Laplacian matrix L̂ and the
differential Dψ stands for
Dψ =

[n]
N
Y

r=1

dψ
√ r
2π



.

(4.36)

√
By changing variables and putting φ = ψ/ sr the partition function can be
rewritten as
Z(µ) =

[n]
N
Y

r=1

√

sr

Z
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with
H({φ}) =

X

τ ∈Qm+1



pτ −(1 − µ)

X

φ2r + 2

r⊂τ

X





(a↑↓
rq − arq )φr φq ,

r<q|r,q⊂t

(4.38)

where r, q are both m-simplices, i.e. r, q ∈ Qm . The spectral density ρ̄(µ) of
the normalised Laplacian matrix can be found using the relation
2 ∂f
ρ̄(µ) = − Im ,
π ∂µ

(4.39)

where f is the free-energy density defined as
1
ln Z(µ).
n→∞ N [n]

f = − lim

(4.40)

Inserting eq. (4.35) in eq. (4.40) we obtain


[n]
N
X
1
1
1
f = − lim  [n]
ln(µ − µr ) − ln(iπ).
n→∞ N
2
2

(4.41)

r=1

Therefore we can show that eq. (4.39) is correct by plugging the final expression
for f in eq. (4.39),
[n]

[n]

N
N
X
2 ∂f 1
1
1
1 X
ρ̄(µ) = − Im
= lim
δ̂(µ − µr ). (4.42)
Im
=
lim
π ∂µ π n→∞ N [n]
µ − µr n→∞ N [n]
r=1
r=1

4.4.3

The general RG approach

As was the case in Ref. [29], where the spectrum of the 0-Laplacian was
derived using the RG flow, the parameters p and µ are renormalised differently
for faces of different type ` when we study the spectrum of the m-dimensional
up-Laplacian. The partition function Zn (ω) corresponding to the Gaussian
model of the simplicial complex evolved up to generation n is a function of
the parameters ω = ({µ` }, {p` }), and can be expressed as
Z
Zn (ω) = DφeiH({φ}) ,
(4.43)
where
H({φ}) =

n
X

X




X
X

−i(1 − µ` )p` φ2r + 2ip`

(a↑↓
rq − arq )φr φq , (4.44)

`=0 τ ∈Q[n] (`)
m+1

r⊂τ
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[n]

with Qm+1 (`) indicating the set of (m + 1)-dimensional simplices of type ` in a
simplicial complex evolved up to generation n and with r, q ∈ Qm . The Gibbs
measure of this Gaussian model is given in terms of the Hamiltonian H({φ})
defined in eq. (4.44) as
Pn ({φ}) =

1 iH({φ})
e
.
Z(ω)

(4.45)

In order to calculate the partition function Zn (ω) we adopt a real-space renormalisation group approach. We will first integrate the Gaussian fields corresponding to the set N [n] of m-dimensional simplices added to the simplicial
complex at generation n and then iteratively integrate over the simplices added
at generation n − 1 and so forth, until all the integrals in the definition of the
partition function Zn (ω) are performed. More specifically, we consider the
following real-space renormalisation group procedure. We start with initial
conditions µ` = µ and p` = 1 for all values of ` > 0. At each RG iteration, we
integrate over the Gaussian variables φr̄ associated to simplices r̄ ∈ N [n] and
we rescale the remaining Gaussian variables in order to obtain the renormalised
Gibbs measure P ({φ0 }) of the same type as eq. (4.45), but with rescaled parameters ({µ0` }, {p0` }), i.e.
Z
Pn−1 ({φ0 }) =
Dφ(n) Pn ({φ})
,
(4.46)
φ0 =F({φ})

where
Dφ

(n)

Y  dφr 
√
=
.
2π
[n]

(4.47)

r∈N

The fields are rescaled in a way that keeps p1 = 1 at each iteration of the RG
flow, i.e. the weight of the (m + 1)-dimensional faces of type ` = 1 is always
fixed to one. It follows that at each step of the RG transformation we have
H({φ}) → H 0 ({φ0 }),

(4.48)

where,
H 0 ({φ}) =

n−1
X

X





X
X
 0
. (4.49)
−(1 − µ0` )p0`
(φ0r )2 + 2p0`
[a↑↓
−
a
]φ
φ
q
rq
rq r



`=1τ ∈Q[n−1] (`)
m+1

r⊂τ

r<q|r,q⊂τ

This procedure allows us to determine the renormalisation group transformation R acting on the model parameters ω = ({µ` }, {p` }),
ω 0 = Rω.
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Under the renormalisation group flow, the partition function transforms according to
Zn (ω) = e−N

[n] g(ω)

Zn−1 (ω 0 ).

(4.51)

By using eq. (4.30), the free-energy density at generation n
f

1
ln Zn (ω)
n→∞ N [n]

= − lim

(4.52)

can be approximated as
f

'

∞
X
g(R(τ ) ω)
τ =0

dτ

.

(4.53)

We will show in Sec. 4.5 that the RG flow for this Gaussian model is determined
by the fixed point at µ? = 0. This implies that the spectral dimension of
higher-order up-Laplacians is universal [33], i.e. it is the same for normalised
and un-normalised up-Laplacians.

4.5
4.5.1

General RG equations for the Apollonian simplicial complex
The integral

To derive the renormalisation group equations for the Apollonian simplicial
complex we need to perform the integration over the Gaussian fields associated to the m-simplices added at generation n. In the Apollonian simplicial
complex, any d-simplex of generation n is only incident to d-simplices added
at previous generations. Specifically, every new d-simplex contains a single
new vertex and shares exactly one of its (d − 1)-faces with the Apollonian
simplicial complex at the previous iteration. Therefore the integrations over
all m-simplices added at iteration n can be performed independently by separately considering the Gaussian fields corresponding to m-simplices belonging
to different d-simplices added at iteration n. Consequently in this paragraph
we only focus on the integration over the Gaussian fields associated to msimplices belonging to a single d-simplex of generation n.
In order to perform this integral let us define and repeat some notation. Given
the generic d-simplex r̄ added at iteration n, i.e. r̄ ∈ N [n] , we indicate with j
its most recent vertex, i.e the single vertex
j ⊂ r̄ of type ` = 0. Each d-simplex

d
r̄ added at generation n contains m
new m-simplices added at generation n.
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All these simplices include the vertex j and m other vertices out of the d vertices of type ` > 0 belonging to r̄. We will denote the set of these m-simplices
[n]
[n]
by Mm and the Gaussian fields associated to the m-simplices q ∈ Mm by ψ̄q .


d
m+1

Additionally, the simplex r̄ contains

m-faces formed exclusively by ver[n]

tices of type ` > 0. We will denote the set of these simplices by Rm and
[n]
the Gaussian fields associated to the m-simplices q ∈ Rm by φq . Finally, let
[n]
us define Qm+1 to be the set of all (m + 1)-dimensional faces of the simplex
r̄ added at iteration n. With this notation, the integral over the fields {ψ̄r̄ }
reads
Z
 

Im = Dψ̄ exp i H0 ({ψ̄}, {φ}) + H1 ({ψ̄}, {φ}) ,
(4.54)
where H0 ({ψ̄}, {φ}) is given by





X
X


H0 ({ψ̄}, {φ}) = −(1 − µ1 ) (d − m)
ψ̄q2 +
φ2q  , (4.55)
[n]

[n]

q∈Mm

and H1 ({ψ̄}, {φ}) is given by

X

H1 ({ψ̄}, ({φ}) = 2
[n]
τ ∈Qm+1

X

Arq ψ̄r ψ̄q +

r<q|r⊂τ,q⊂τ

q∈Rm

X

r,q|r⊂τ,q⊂τ



Arq ψ̄r φq . (4.56)

Here Arq is given by

and Dψ̄ is defined by


Arq = a↑↓
rq − arq ,

(4.57)

Y  dψ̄q 
√
.
Dψ̄ =
2π
[n]

(4.58)

q∈Mm

The integral Im is given by





X
X
X
i
2
2


(m+1)
φr +2 Arq φr φq )
Im = exp −i(1−µ1 )
φr +


d−(d−m)µ1
[n]
[n]
r<q
r∈Mm

d
m

×(−i)(

)/2

d−1
−(m
/2
−1)

(−1)

r∈Mm

π(

d
m

)/2

d−1
(d−m)(m−1) G(µ1 )−1/2 ,
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where
d−1
m

G(µ1 ) = [d − (d − m)µ1 ](

d−1

) µ(m−1) .

(4.60)

1

[n]

We note that for m = d − 1, the cardinality of the set Mm equals one.
Therefore the integral Id−1 simplifies to


 X 

d
Id−1 = exp i −(1−µ1 )+
φ2r (−iπ)d/2 (i)−(d−1) G(µ1 )−1/2 , (4.61)


d − µ1
[n]
r∈Mm

and G(µ1 ) given by eq. (4.60) simplifies to

G(µ1 ) = (d − µ1 )µ1d−1 .

(4.62)

Given the different structure of the integral Im for m ≤ d−2 and for m = d−1,
we will treat the case m ≤ d − 2 and the case m = d − 1 separately in the
subsequent paragraphs.

4.5.2

The RG equations for m ≤ d − 2

In this section we will show that the RG equations
ω 0 = Rω

(4.63)

for the Apollonian simplicial complex for m ≤ d−2 have the explicit expression
(1 −



(m+1)(d−m−2)`−1
`−1
= (1−µ1 )(d−m−2) +(1−µ`+1 )p`+1 −
d−(d−m)µ1

−1
(d−m−1)
× p2 +
,
(4.64)
d−(d−m)µ1 )



(d−m−1)
(d−m−1) −1
0
`−1
p` = p`+1 +
(d−m−2)
,
p2 +
d−(d−m)µ1
d−(d−m)µ1

µ0` )p0`

for all ` ≥ 1. The initial conditions for all ` ≥ 1 are (µ` , p` ) = (µ, 1) with
µ  1. This result generalises the RG equations that were found in [29] and
can be derived using a similar procedure. The results derived in [29] correspond to the case of m = 0 in eqs. (4.65).
According to the renormalisation group procedure explained in Sec. 4.4, we
have to integrate over each m simplex r̄ ∈ N [n] at each iteration of the RG
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procedure. Each integration over the generic simplex r̄ performed in eq. (4.59)
contributes to the Hamiltonian H 0 ({φ0 }) with a term
"
#
X
X
X
1
−(1−µ1 )
φ2q +
(m+1)
φ2q + 2
Arq φr φq ) . (4.65)
d−(d−m)µ
1
q
q
r<q
If we just focus on the term coupling different Gaussian fields for any (m + 1)dimensional simplex which include both q and r the contribution is



1
2
Arq φr φq .
(4.66)
d − (d − m)µ1
`
In the Apollonian simplicial complex, there are wm+1
d-simplices of iteration
n incident to a (m + 1)-simplex of type `, including both the m-simplex q
and simplex r. The overall contribution to the term proportional to φr φq in
H 0 ({φ0 }) is



1
`
2
wm+1
Arq φr φq .
(4.67)
d − (d − m)µ1

It follows that, before rescaling, the overall contribution of the integrals over
r̄ ∈ N [n] to the term of the Hamiltonian H 0 ({φ0 }) proportional to φr φq is given
by
 




1
`
2 p`+1 +
wm+1 Arq φr φq .
(4.68)
d − (d − m)µ1
The real-space RG procedure prescribes that after rescaling of the fields φq →
φ0q , we should have
 

2 p`+1 +

1
d − (d − m)µ1



`
wm+1



Arq φr φq




= 2p0` Arq φ0r φ0q .

(4.69)

The correct rescaling of the fields that ensures p01 = p1 = 1 is given by
φ

0



d−m−1
= φ p2 +
d − (d − m)µ1

1/2

.

(4.70)

1
`
Here we have used wm+1
= (d − m − 1). Finally, by using eq. (4.33) for wm+1
,
0
the RG equation for p` reads

p0`



(d − m − 1)(d − m − 2)`−1
= p`+1 +
d − (d − m)µ1
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p2 +

d−m−1
d − (d − m)µ1

−1

.

(4.71)

4.5. General RG equations for the Apollonian simplicial complex
In order to find the RG equations for µ0` , we need to consider the contribution
to the rescaled Hamiltonian coming from the integral Im in eq. (4.65) that is
proportional to φ2q . This contribution is

−(1 − µ1 ) +

m+1
d − (d − m)µ1



φ2q



.

(4.72)

` d-simplicies of generation n incident to the m-simplex
Since there are wm
q added at generation n0 = n − `, the integration over the Gaussian fields
corresponding to the simplices added at generation n contributes



m+1
` 2
−(1 − µ1 ) +
wm φ q
(4.73)
d − (d − m)µ1

to the Hamiltonian for each m-dimensional simplex q. Let us now equate the
term proportional to φ2q in the Hamiltonian before and after the rescaling of
the fields, i.e.
#
)
("


X̀
m
+
1
0
`
`−`
wm
(φq )2
−
(1 − µ`0 +1 )p`0 +1 wm
+ −(1 − µ1 ) +
d
−
(d
−
m)µ
1
`0 =1
)
#
("
X̀
0
`−`
(φ0q )2 .
(4.74)
=
−
(1 − µ0`0 )p0`0 wm
`0 =1

` can be written as
We observe that the coefficients wm

`
wm
=

X̀

0

`−`
wm
c`0 ,

(4.75)

`0 =1

where c`0 is given by
c` = (d − m − 2)`−1 .

(4.76)

After rescaling the fields according to eq. (4.70), using eq. (4.75) and eq. (4.74)
we get the RG equation for µ` ,


(m+1)(d−m−2)`−1
0 0
`−1
(1−µ` )p` = (1−µ1 )(d−m−2) + (1−µ`+1 )p`+1 −
d−(d−m)µ1

−1
d−m−1
× p2 +
.
(4.77)
d−(d−m)µ1
This completes our derivation of the RG equations (4.65).
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4.5.3

The free-energy density and spectral dimension for
m≤d−2

Using the renormalisation group and in particular eq. (4.51) for the partition
function, we can calculate the function g(ω) as


N [n]
N [n−1]
(d − m − 1)
g(ω) =
ln G(µ1 ) +
ln p2 +
+ c,
d − (d − m)µ1
2N n]
2N [n]

(4.78)

where c indicates a constant. The first term on the right-hand side of this
equation comes from the result of the integral Im in eq. (4.59). The second
term is the contribution due to the rescaling of the fields given by eq. (4.70.
Given this expression for g(ω), the free-energy density f can be obtained from
eq. (4.53),
'

f

∞
X
g(R(τ ) ω)

(4.79)
dτ
"
#)
(


d−m−1
1
1 (d − 1)
(τ )
(τ )
ln G µ1
+
ln p2 +
'
(τ )
dτ
2d
2d
d − (d − m)µ1
τ =0
τ =0
∞
X

Anticipating that the relevant fixed point at (µ? , p?2 ) = (0, p? ) is repulsive, we
assume that close to this fixed point the RG flow can be described by the
equations
(τ )

(τ )

µ1 ' µλτ ,

p2 ' p? + λτ (1 − p? ),
(τ )

(4.80)

(τ )

where µ1 and p2 indicate the value of µ1 and p2 at the iteration τ of the RG
transformation, and where λ > 1 is the largest eigenvalue of the RG equations
linearised close to the relevant fixed point. Using eq. (4.39) the spectral density
ρ̄(µ) can be found by
∞

(τ )

X 1 ∂g(µ , pτ )
2
2
1
Im
(4.81)
π
dτ
∂µ
τ =0
"
#



∞
X
2
λτ (d−1)
d−1
1
d−1
1
' Im
+
π
dτ 2d
m d−(d−m)µ(τ )
m−1 µ(τ )
τ =0
1
1
∞
h
h
i


i−1
τ
X
2
λ d−m
(τ )
(τ )
(τ )
+ Im
y
p
d−(d−m)µ
+y
d−(d−m)µ
2
1
1
π
dτ 2d

ρ̄(µ) '

τ =0
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where y = d − m − 1. We notice that for m > 0 the spectrum acquires a delta
peak at µ = 0, corresponding to the finite density of zero eigenvalues of the
up-Laplacian, i.e.
ρ̄(µ) = ρ̄(0)δ̂(µ) + ρ(µ).

(4.82)

1
1
Im = δ̂(µ),
π µ

(4.83)

By using relation

and the RG flow given by eq. (4.80), we have


∞
X
2
λτ d − 1 d − 1
1
Im
= ρ̄(0)δ̂(µ),
τ
π
d 2d m − 1 µ(τ )

(4.84)



d−1 d−1
1
ρ̄(0) =
.
d
m − 1 1 − 1/d

(4.85)

τ =0

1

where

The regular part of the density of eigenvalues ρ(µ) is given by
"
#

∞
X
2
λτ (d−1)
d−1
1
ρ(µ) ' Im
π
dτ 2d
m d−(d−m)µ(τ )
τ =0
∞ τ
X
λ

2
+ Im
π

τ =0

(4.86)

1

i 
i−1
d−m h (τ )h
(τ )
(τ )
d−(d−m)µ
+y
d−(d−m)µ
y
p
.
1
1
dτ 2d

This expression can be approximated by substituting the sum over τ with an
integral. Upon changing the variable of this integral to z = λτ we can use the
(τ )
theorem of residues at µ1 = zµ = d/(d − m) to solve the integral, obtaining
the asymptotic scaling
ρ(µ) ' CµdS /2−1 ,

(4.87)

where the spectral dimension dS is given by
dS = 2

ln d
.
ln λ

(4.88)

Note that eq. (4.88) holds only if the RG flow can be approximated by eq.
(τ )
(4.80) for µ1 ' d/(d − m).
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4.5.4

RG equations for m = d − 1

In this paragraph we will show that for m = d − 1, the RG equations read,
p` = p1 = 1,
(1 −

µ0` )

`

= (1 − µ`+1 ) + (−1)




d
(1 − µ1 ) −
,
d − µ1

(4.89)

for all ` ≥ 1 with initial conditions (µ` , p` ) = (µ, 1) with µ  1.
First we observe that for m = d − 1 the contribution of the integral Id−1 to
the Hamiltonian H 0 (φ0 ) is given by



d
−(1 − µ1 ) +

d − µ1

 X

φ2r

[n]
r∈Mm





.

(4.90)

This contribution does not contain any term proportional to φr φq . This observation automatically indicates that p` = 1 for all ` and that the rescaling
of the fields is trivial, i.e. φ0q = φq .
The RG equations for µ` can be obtained by proceeding as for the case
m < d − 1 and investigating the contributions of the integral Id−1 to the
Hamiltonian. In particular, if q is a type ` = 1 simplex, the term proportional
to φ2q transforms as


(1 − µ01 ) φ2q =


(1 − µ2 ) + (1 − µ1 ) −

 
d
φ2 .
d − µ1 q

(4.91)

If instead the (d − 1)-simplex q is of type ` > 1, after one RG step we have



(1 − µ0` ) + (1 − µ0`−1 ) φ2q = [(1 − µ` ) + (1 − µ`+1 )] φ2q .

(4.92)

Any (d − 1)-dimensional simplex q of type ` > 1 after the RG step is only incident to a d-dimensional simplex of type ` and another d-dimensional simplex
of type ` − 1. eqs. (4.91) and (4.92) can be solved and reduce to the single RG
equation valid for m = d − 1 , namely,
µ0`

`

= µ`+1 + (−1)




d
(1 − µ1 ) −
.
d − µ1
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4.5.5

The free-energy density and spectral dimension for
m=d−1

For m = d − 1 the RG flow is dictated by the eqs. (4.89) and there is no
rescaling of the fields. In this case the free-energy can be calculated using eq.
(4.53) with g(ω) given by
g(ω) =

N [n]
ln G(µ1 ) + c,
2N [n]

(4.94)

where c is a constant. Note that this expression for g(ω) differs from eq. (4.78)
as it does not contain the terms related to rescaling of the fields. Using this
expression and eq. (4.53) we can approximate the free energy f by
f

'

∞
X
g(R(τ ) ω)

dτ

τ =0


∞


X
1 (d − 1)
(τ )
=
ln G µ1
,
dτ
2d

(4.95)

τ =0

with G(µ1 ) given by eq. (4.62). Using eq. (4.39) we can deduce the spectral
density ρ̄(µ) given by
∞

(τ )

X 1 ∂g(µ , pτ )
2
2
1
Im
π
dτ
∂µ
τ =0
"
#



∞
X
λτ (d−1)
2
d−1
1
d−1
1
' Im
+
. (4.96)
π
dτ 2d
m d−(d−m)µ(τ )
m−1 µ(τ )
τ =0
1
1

ρ(µ) '

4.6

RG flow for the Apollonian simplicial complex

In this section we will investigate the RG flow for the spectrum of the mdimensional up-Laplacians on a d-dimensional Apollonian simplicial complex
and we will derive its density of eigenvalues and its spectral dimension. Interestingly, the RG equations can be easily treated in full generality by considering the cases m = d − 1, m = d − 2 and m ≤ d − 3.

4.6.1

Case m = d − 1

The RG equations for the case m = d − 1 are given by eq. (4.89), which we
will repeat here for convenience,
p` = p1 = 1
µ0`

`

= µ`+1 + (−1)
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d
(1 − µ1 ) −
.
d − µ1

(4.97)
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The initial condition is µ` = µ  1. From these equations we can obtain the
(τ )
recursive equation for µ1 indicating the value of µ at the iteration τ of the
RG transformation. This equation reads
(τ +1)
µ1

= 2µ −

(τ )
µ1


d
,
− (1 − µ1 ) −
d − µ1


(4.98)

(0)

where µ1 = µ  1. The fixed points of this RG flow are given by
q
1
1
(d − 1 + 2µ) −
(d − 1 + 2µ)2 − 8dµ
2
2
d
= 2
µ + O(µ2 ),
d−1
q
1
1
=
(d − 1 + 2µ) +
(d − 1 + 2µ)2 − 8dµ,
2
2
2
= d−1−
µ + O(µ2 ).
d−1

µ?1 =

µ?1

(4.99)

(4.100)

The relevant fixed point is defined in eq. (4.99)and the derivative of the recursive RG equation close to this fixed point at µ?1 is given by
λ1 =

d
1
4
' +
µ + O(µ2 ).
(d − µ? )2
d d(d − 1)

(4.101)

Since λ1 < 1 it follows that the fixed point µ?1 defined in eq. (4.99) is attractive. Consequently, the RG flow starting from µ  1 converges fast towards
the fixed point µ?1 defined in eq. (4.99). The fixed point µ?1 is of the same order
of magnitude as the initial condition for µ.
In this case the fixed point is not at zero but at µ?1 = O(µ). Moreover, the
fixed point is attractive. This constitutes a rather special scenario that we will
not find for smaller values of m. A careful study of eq. (4.96) for the spectral
density ρ(µ) reveals that in this case the corresponding up-Laplacian does not
display a finite spectral dimension.

4.6.2

Case m = d − 2

For m = d − 2 the RG eqs. (4.65) imply that
p` = p,
µ` = µ2 ,
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for all ` ≥ 1, while µ1 and p obey the following recursive RG equations,
(1 −

µ01 )

=

µ02 = µ2 ,

0
p =p p+



d−1
(1 − µ1 ) + (1 − µ2 )p −
d − 2µ1

1
d − 2µ1

−1

,


p+

1
d − 2µ1

−1

,

(4.103)

with initial condition (µ` , p` ) = (µ, 1) with µ  1 for all ` ≥ 1. In the zeroorder approximation we can put µ2 = µ = 0. Therefore the RG equations
(4.103) have three fixed points:
(µ? , p? ) = (0, 0),


d−1
? ?
,
(µ , p ) =
0,
d


d+1
? ?
(µ , p ) =
,0 .
2

(4.104)
(4.105)
(4.106)

Close to the fixed point defined in eq. (4.105) the linearised RG equations read


 

 
d−1 1
µ1
µ01
(2 + d)/d
0
. (4.107)
=
+µ
−2(d − 1)/d3 1/d
0
p0 − d−1
p − d−1
d
d
d
It follows that the eigenvalues of the Jacobian are
2
λ1 = λ = 1 + ,
d
1
λ2 = ,
d

(4.108)

i.e. close to the fixed point defined in eq. (4.105) there is one attractive and
one repulsive direction. For initial conditions (µ, p) = (µ, 1), with µ  1, the
RG flow approaches the fixed point defined in eq. (4.105) and then runs away
following the repulsive direction towards the fixed point defined in eq. (4.106).
Since µ? at the fixed point defined in eq. (4.106) is close to the pole of eq.
(4.87) determining the asymptotic scaling of ρ(µ), the RG flow close to the
(τ )
pole µ1 ' d/(d − m) = d/2 cannot be approximated by scaling eq. (4.80)
determined by the second fixed point (defined in eq. (4.105)). This scenario
can be deduced by the direct numerical implementation of the RG flow shown
(τ )
in Fig. 4.3, where we plot µ1 and p(τ ) versus τ , for different dimensions
d = 2, 3, 4. From the plots of p? − p(τ ) versus τ where p? = (d − 1)/d we
observe the initial approach of the RG flow to the fixed point defined in eq.
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(4.105) and the subsequent repulsion of the RG flow away from it as p? − p
first decreases exponentially then increases exponentially with τ . Moreover,
(τ )
(τ )
from the plots showing µ1 versus τ , it is clear to see that as µ1 approaches
(τ
)
the pole of eq. (4.87), i.e. µ = d/2 (red line), the RG flow deviates from the
exponential growth and starts to be affected by the fixed point defined in eq.
(4.106).

Figure 4.3: The RG flow for the Apollonian simplicial complex for m = d − 2
(τ )
is represented by plotting the numerically integrated values of µ1 and p? − pτ
versus τ , where p? = (d − 1)/d (blue curves). The red curve indicates the
constant value µ = d/2, where eq. (4.87) has a simple pole. Plots (a)-(e),
(b)-(f) and (c)-(g) display the RG flow for dimension d = 2, d = 3 and d = 4
respectively. In all the plots µ = 10−15 .
Using eq. (4.88) one would expect that the spectral dimension dS is given by
dS = 2

ln d
ln d
=2
.
ln λ
ln[1 + 2/d]

(4.109)

However, this is incorrect, because the RG flow is affected by the fixed point
(τ )
defined in eq. (4.106) close to the pole at µ1 ' d/(d−m) = d/2 of the explicit
expression for ρ̄(µ) in eq. (4.87). A detailed analysis of the spectral dimension
could be eventually obtained by studying the RG flow numerically. This type
of investigation is however left for future studies.
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Case m ≤ d − 3

4.6.3

For deriving the RG flow for the case m ≤ d − 3 we can rewrite the RG eqs.
(4.65) in a simplified way with
x` = (1 − µ` )p` .

(4.110)
(τ )

(τ )

We obtain a new set of RG equations relating the parameters ({x` }, {p` }) at
(τ +1)
(τ +1)
iteration τ of the RG transformation with the parameters ({x`
}, {p`
})
at the next RG iteration. This set of equations is given by
"

(τ +1)
x`
=

"

(τ +1)
p`
=

(τ )
x` +

(τ )
x1 −

(m+1)

!

(d−m−2)

(τ )

m+(d−m)x1

`−1

`−1
(τ ) (d−m−1)(d−m−2)
p`+1+
(τ )
m+(d−m)x1

#"

(0)

(τ )
p2 +

d−m−1

(τ )

p2 +

#"

d−m−1
(τ )

m+(d−m)x1
#−1

(τ )

m+(d−m)x1

,

#−1
,

(4.111)

(0)

with initial conditions x` = 1 − µ and p` = 1. In order to find the solution
(τ )
of these equations we use the auxiliary variable y1 given by
(τ +1)

y1

(τ +1)

= p2

+

d−m−1

(τ +1)

m + (d − m)x1

.

(4.112)

The explicit solution of the RG eqs. (4.111) reads
(τ +1)

p2

=

τ
Y

m=1
(τ +1)

y1

1

+(d−m−1)
(m)

y1

(τ +1)

= p2

+

d−m−1

τ
τ
X
(d−m−2)τ −m+1 Y
1
0) ,
(m)
(m
m+(d−m)x
m=1
m0 =m y1

(4.113)

(τ +1)

m+(d−m)x1
τ
τ
τ
Y 1
X
(d−m−2)τ −m+1 Y 1
d−m−1
=
+(d−m−1)
+
,
0
(m)
(m)
(m )
(τ +1)
m+(d−m)x
y
y
m+(d−m)x
0
m=1 1
m=1
m =m 1
1
!
τ
τ
τ
Y
X
Y
1
(m+1)
1
(τ +1)
(1)
(m)
x1
= x1
+
x1 −
(d−m−2)τ −m
.
(m)
(m)
(m0 )
m+(d−m)x1
m=1 y1
m=1
m0 =m y1
(τ +1)

(τ +1)

(τ +1)

This solution shows that p2
, y1
and x1
depend on the entire RG flow
(τ 0 ) (τ 0 )
(τ 0 )
up to time τ , i.e. on all the values of the parameters p2 , y1 and x1 with
τ 0 ≤ τ . This solution therefore seems to indicate that in order to calculate the
(τ +1)
(τ +1)
value of x`
and p`
the knowledge of the entire RG flow up to iteration
τ is necessary. However, one can recover some Markovian recursive equations
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by introducing the additional auxiliary variables called A(τ ) , B (τ ) and C (τ ) .
The auxiliary variables A(τ ) , B (τ ) and C (τ ) are defined as
A

(τ )

=

τ
Y

1

(m)
m=1 y1

,

(4.114)

τ
τ
X
d−m−1
(d − m − 2)τ −m+1 Y
1
B = (d − m − 1)
,
0) +
(m
(τ +1)
(m)
m + (d − m)x
m + (d − m)x1
m=1
m0 =m y1
!
τ
τ
X
Y
(m
+
1)
1
(m)
τ −m
C (τ ) =
x1 −
(d
−
m
−
2)
.
(m)
(m0 )
m + (d − m)x1
m=1
m0 =m y1
(τ )

(τ +1)

The variables y1
and C (τ ) by

(τ +1)

and x1

can be simply expressed in terms of A(τ ) , B (τ )

(τ +1)

= A(τ ) + B (τ ) ,

(τ +1)

= (1 − µ)A(τ ) + C (τ ) .

y1

x1

(4.115)

The solution of the RG equations can be written as the following set of recursive equations for A(τ ) , B (τ ) and C (τ )
A(τ +1) =
B (τ +1) =
C

(τ +1)

=

1
(τ +1)
y1

A(τ ) ,

d−m−2
(τ +1)
y1

B (τ ) + (d − m − 1)

(d − m − 2)
(τ +1)

y1

(4.116)

C

(τ )

+

1
(τ +1)

y1

1
(τ +2)

m + (d − m)x1

(τ +1)
x1

−

,

(m + 1)
(τ +1)

m + (d − m)x1

!

.

This set of equations can be written as a closed set of equations for A(τ ) , B (τ )
and C (τ ) using eq. (4.115), with initial conditions A(0) = 1, B (0) = (d − m −
1)/(d − (d − m)µ)), C (0) = 0.
The fixed point of these RG equations at µ = 0 is
A? = 0,
d2 − (m + 1)(d + 1)
B? =
,
d
C ? = 1.

(4.117)

The Jacobian matrix of these RG equations has eigenvalues λ1 > λ2 > λ3
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given by
d2 − m(d + 1)
,
− (m + 1)(d + 1)
d
λ2 = 2
,
d − (m + 1)(d + 1)
λ3 = 0
λ1 = λ =

d2

(4.118)

with λ1 > 1 and λ2 < 1.
The right eigenvectors corresponding to these eigenvalues are

1 2
d + d − m(1 − d + m), −d2 , d3 − d2 + d − m(1 − d + d2 + m) ,
c1
u2 = (1, 0, 0) ,

1 3
u3 =
d − d2 − d + m(1 − 2d − d2 + m), d2 , d2 − d + m(1 − 2d + m) ,
c3
u1 =

where c1 and c3 are normalisation constants. The left eigenvectors corresponding to these eigenvalues are

1
0, d2 − d + m(1 − 2d + m), −d2 ,
d1
1
v2 =
(−1, d − 2 − m, 1) ,
d2

1
v3 =
0, d3 − d2 + d − m(1 − d + d2 + m), d2 ,
d3

v1 =

where d1 , d2 , d3 are normalisation constants. In order to solve eqs. (4.117) we
indicate with X(τ ) the column vector


X(τ ) = A(τ ) , B (τ ) , C (τ ) .
(4.119)

By linearising eqs. (4.117) near the fixed point X? given by
X? = (A? , B ? , C ? ) ,

(4.120)

we obtain
X(τ ) = X? +

3
X

m=1

λτm vm hum , X(0) − X? i.

(4.121)

For the leading-order term, we have
X(τ ) = X? + λτ1 v1 hu1 , X(0) − X? i,
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Table 4.1: Numerical values for the spectral dimension dS of the m-upLaplacian (with m ≤ d − 3) of the d-dimensional Apollonian simplicial complexes up to dimension d = 8. The values of dS are rounded up to the sixth
significant figure.
m/d

d−3
d−4
d−5
d−6
d−7
d−8

d=2
-

d=3
3.73813
-

d=4
4.5742
7.39962
-

d=5
5.19979
8.48212
11.729
-

d=6
5.70072
9.35664
12.9719
16.5732
-

d=7
6.11932
10.0913
14.0179
17.9293
21.8337
-

d=8
6.47949
10.7253
14.9217
19.1017
23.2741
27.4423

where the scalar product is
hu1 , X(0) − X? i ∝

µ
.
d − µ(d − m)

(4.123)

We therefore have proved that for µ  1 we have
(τ )

µ1 ∝ λτ µ.

(4.124)

Using eq. (4.88) it follows that for m ≤ d − 3 the spectral dimension dS
decreases with increasing m and is given by
 
−1
ln d
d2 − m(d + 1)
dS = 2
= 2(ln d) ln
.
ln λ
d2 − (m + 1)(d + 1)

(4.125)

Finally, we observe that in the limit d → ∞ and m  d the spectral dimension
scales like


3
dS ' (2 ln d) d − m − + O(1/d) .
(4.126)
2
The spectral dimension therefore grows faster than linearly with the topological dimension d.

4.7

Main results and comparison to numerical results

In the preceding paragraphs we have derived the equations from which we
can deduce the spectral dimensions dS of the up-Laplacians of order m of the
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Apollonian simplicial complexes. The only exceptions are the case m = d − 2
for the Apollonian network. The predicted values for the spectral dimensions
dS for d-dimensional Apollonian (m ≤ d − 3) up to dimension d = 8 are shown
in Table 4.1. In Figs. 4.4 and 4.5 we compare the spectra obtained by numerical diagonalisation of the higher-order up-Laplacians for Apollonian simplicial
complexes of dimension d = 3 and d = 4. We find a very good agreement with
our exact analytical results. In addition, we can fit the numerical data, finding
the spectral dimensions for the case m = d − 1 of the Apollonian simplicial
complex.
From our RG calculations of the spectrum of higher-order up-Laplacians of
Apollonian simplicial complexes and its numerical validation we draw the following main conclusions:
(1) Higher-order up-Laplacians of order m on Apollonian simplicial complexes display a finite spectral dimension with the only exception of the
case of m = d − 1 for the Apollonian simplicial complex. A single simplicial complex generated by the above-mentioned models is therefore not
just characterised by a single spectral dimension but by multiple spectral
dimensions corresponding to different orders m.
(2) The analytical prediction of the spectrum of the m-order up-Laplacian on
d-dimensional Apollonian simplicial complexes shows that the spectral
dimension dS decreases with increasing m as long as m ≤ d − 3 for the
Apollonian simplicial complexes.
(3) The symmetries of the simplicial complex do not only induce degenerate eigenvalues for the graph Laplacian [29] but also for their higherdimensional counterparts. Indeed, from our numerical results (Figs. 4.4
and 4.5) we observe that the higher-order up-Laplacian have several
eigenvalues that are highly degenerate.
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Figure 4.4: The cumulative density of eigenvalues ρc (λ) of the up-Laplacians
of order m is shown in solid lines for the Apollonian simplicial complex of
dimension d = 3. Panels (a), (b) and (c) display results (blue lines) for the
up-Laplacian of order m of the Apollonian simplicial complex with respectively
m = 0, 1, 2. The theoretically predicted spectral dimensions is shown with a
red line. The red line agrees well with the numerically approximated scaling
of ρc (λ). Panels (c) and (d) show the cases were the analytical calculation
breaks down. The dashed black line in panel (b) indicates a power-law fit.
The scaling in panel (c) doesn’t exhibit a finite spectral dimension ds .

Figure 4.5: The cumulative density of eigenvalues ρc (λ) of the up-Laplacians
of order m is shown in solid lines for the Apollonian simplicial complex of
dimension d = 4. Panels (a), (b), (c) and (d) display results (blue lines) for the
up-Laplacian of order m of the Apollonian simplicial complex with respectively
m = 0, 1, 2, 3. The theoretically predicted spectral dimensions are shown with
red lines. The red lines agree well with the numerically approximated scaling
of ρc (λ). Panels (c) and (d) show the cases were the analytical calculation
break down. The dashed black line in panel (c) indicates a power-law fit. The
scaling in panel (d) doesn’t exhibit a finite spectral dimension ds .
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4.8

Conclusions

Higher-order Laplacians are important topological operators that generalise
vertex Laplacians and extend the notion of diffusion to higher dimension. Here
we have shown that the Apollonian simplicial complex displays finite higherorder spectral dimensions dS . We observe that a single simplicial complex can
be characterised by a set of spectral dimensions corresponding to the spectrum
of the up-Laplacians of different order m. We have used renormalisation group
methods applied to a Gaussian model to predict the higher-order spectral dimension dS of up-Laplacians of order m of the Apollonian simplicial complex
of arbitrary dimension d. With our RG approach it is possible to analytically
calculate the spectral dimension dS for order m ≤ d − 3 for the Apollonian
simplicial complexes. In these cases the spectral dimensions are determined
by the scaling of the RG flow away from the repulsive fixed point at zero mass,
i.e. at (µ?1 , p?2 ) = (0, p? ). We have found that the spectral dimension dS of
up-Laplacians of order m decreases as m increases, in the range of values of
m for which we can predict dS . Our analytical calculations are validated by
numerical results. These investigations were done on highly ordered simplicial
complexes because analytical methods are available there. The used methods
cannot straightforwardly be translated to the setting of CDT, but it would
be interesting to study higher-order Laplacian on CDT geometries with the
available numerical methods. CDT is not hyperbolic, so we do not necessarily
expect to find the same dependence of the spectral dimension on the order m
as was found for the Apollonian complexes. We have however established a
benchmark to which we can compare numerical results on the spectral dimension of various orders m in CDT.
The higher-order Laplacian is related to propagation of more general matter
fields than scalar fields [123]. A spectral dimension that depends on the order
m could therefore signal that different fields effectively experience different
effective geometric properties. For a classical geometry, the spectral dimension
should not depend on m. It would be interesting to investigate the spectral
dimension for all orders m in phase C (see Fig. 2.4) of four dimensional CDT,
where interesting semi-classical behaviour has been observed. This could be
seen as an additional test for the presence of an effective classical geometry
in CDT on sufficiently large scales. Such studies are currently in preparation.
We hope that the present work can stimulate further research on higher-order
spectral dimensions and topological phase transitions in quantum gravity and
other models related to network topology.
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5

Discrete approximate
Killing vector fields

An open question in quantum gravity is whether and how Planck-scale fluctuations and inhomogeneities behave in such a way that at some larger scale
they can be well approximated by a geometry that is close to homogeneous
and isotropic. CDT is a non-perturbative approach to quantum gravity, based
on a lattice regularisation of space-time, in which these kinds of questions can
possibly be addressed. Homogeneous and isotropic space-times can be characterised by the existence of Killing vector fields. In the real universe, these
symmetries only exist approximately. Formulating a mechanism that can describe emerging symmetries in complex models of dynamical geometry could
be an interesting route to understanding gravity on different scales. This
chapter contains an investigation of a proposed observable based on a specific definition of approximate Killing vectors. This definition of approximate
Killing vector fields can be generalised to simplicial manifolds. In the context
of Regge calculus, this generalisation may be relevant for both the classical
averaging problem and for various models of quantum gravity that are formulated in terms of discrete geometries, either as a fundamental property of
the theory or as part of a regularisation scheme. These discrete approximate
Killing vectors show promise as an ingredient in observables to study effective
symmetries in quantum gravity when fluctuations are small. The main result
of this chapter is a comparison between three different two-dimensional toy
models of quantum geometry, CDT, Dynamical Triangulations and small perturbations around flat space. This chapter is based on work which is being
prepared for publication [P3].
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5.1

Average symmetries in quantum gravity

In quantum gravity, we are in need of more observables that can probe different scales and can tell us whether our theories have any sensible (semi-)
classical regime. An observable that can tell us about the presence of largescale symmetries can be very valuable in that regard. In this chapter we
propose a new observable related to approximate Killing symmetries in nonperturbative quantum gravity. A geometry that is subject to local quantum
fluctuations is not expected to have any exact symmetries at that scale. We
do however know that on large enough scales our universe is close to being
uniform and isotropic. We therefore expect that some notion of approximate
symmetry should emerge from a physical quantum theory of gravity at some
large scale. The precise notion of approximate symmetry we will use is the λapproximate Killing vector, a concept introduced by Matzner [95]. The notion
of approximate symmetries has until now only been considered in a classical
context. In the work of Matzner, λ-approximate Killing vectors were used to
calculate the energy content of gravitational radiation with small amplitudes.
More recently, a related definition of approximate symmetries was used to define conserved Komar currents related to the energy of gravitational radiation
[56]. Various definitions of approximate Killing vectors have also been used to
calculate the angular momentum of black-hole binary systems [46]. This work
is different because we are not primarily interested in the approximate symmetries of a single geometry, but in approximate symmetries of an ensemble
average of geometries in a non-perturbative theory of quantum gravity. To
the best of our knowledge λ-approximate symmetries have not been studied
in the context of quantum gravity before.
The models of quantum gravity in which we have studied the possible presence of λ-approximate Killing vector fields are Causal Dynamical Triangulations (CDT), Dynamical Triangulations (DT) and small perturbations on flat
space, which will be described in section 5.7. These models are formulated in
terms of a lattice regularisation of space-time. In the lattice regularisation, a
metric manifold describing space-time is replaced by a simplicial geometry. We
will therefore need to reformulate the continuous definition of a λ-approximate
Killing vector to a discrete setting. This can be done by using what is called
Discrete Exterior Calculus (DEC). DEC is a formulation of exterior calculus
on simplicial complexes. The goal is to establish if the proposed observable can
be used to investigate whether at some large scale an effective space-time with
some number of approximate symmetries emerges from the quantum ensembles in these models of quantum gravity. As a proof of concept for the proposed
observable, we have investigated two-dimensional toy models of CDT, DT and
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small perturbations around a flat space of toroidal topology.
In Sec. 5.2.1, we describe the exact definition of λ-approximate Killing vector
fields. Sec. 5.2.2 discusses a reformulation in terms of an eigenvalue problem
involving the defining equation of λ-approximate Killing vector fields for the
case of two dimensions. Secs. 5.3 and 5.4 summarise the necessary ingredients
from the framework of discrete exterior calculus that are needed to generalise
λ-approximate Killing vector fields to simplicial manifolds. In Sec. 5.5 we
discuss properties of discrete approximate Killing vector fields (DAKVF) on
the discrete analogues of manifolds that admit exact Killing vector fields.
The proposed observable is introduced in Sec. 5.6. Finally, we will present
and discuss the results of a measurement of the proposed observable on twodimensional toy models of quantum gravity based on DT, CDT and small
perturbations on flat space of toroidal topology.

5.2
5.2.1

λ-approximate Killing vector
Killing energy

To investigate whether some notion of approximate symmetry is present in
these discrete models of quantum gravity, we first need to define a notion of
approximate symmetries. To set the stage, first note that by symmetries we
mean the isometries generated by the Killing vector fields of a n-dimensional
differentiable manifold M, endowed with a smooth metric gµν of Euclidean
signature. In this chapter, we will only consider closed manifolds M. We
consider metrics of Euclidean signature because they are the type of geometries
that are relevant for CDT, as was described in Sec. 5.1. A one-form ξ dual to
a Killing vector field is defined by the Killing equation, which is equivalent to
a vanishing Lie derivative Lξ of the metric along ξ,
Lξ gµν = ∇µ ξν + ∇ν ξµ = 0.

(5.1)

There exist a few different definitions of a generalisation of ξ to approximate
Killing vectors. A comparison of various definitions of approximate Killing
vectors can be found in [135]. We will choose a definition based on what is
called the Killing energy E(ω) of a general one-form ω. The original formulation of this definition of approximate Killing vectors goes back to Matzner
[95]. For a general one-form ω we will introduce the notation Kµν for the Lie
derivative Lω gµν ,
Kµν ≡ Lω gµν = ∇µ ων + ∇ν ωµ .
(5.2)
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The contraction of Kµν with itself is positive semi-definite for Euclidean signature,
Kµν K µν ≥ 0.
(5.3)
This lower bound is saturated if and only if ω is dual to a Killing vector field
such that the Killing equation (5.1) is satisfied. From eq. (5.3) we define the
Killing energy E(ω) of a one-form ω by an integral over the n-dimensional
manifold M. We will denote the value of the Killing energy by λ, so that
Z
E(ω) =
dV Kµν K µν = λ,
(5.4)
M

√

where dV = g dn x is the volume element of M. The value λ is also positive
semi-definite and is zero if and only if ω is a one-form dual to a Killing vector
field. Finding a minimum of the Killing energy E(ω) with respect to ω with
value zero is therefore equivalent to solving the Killing equation. In general,
M does not admit any exact Killing vector fields. The Killing energy E(ω)
can however also be minimised when no such vector field exists on M. If
the minimal value of λ for a manifold M is sufficiently small, we can expect
the corresponding vector field ω to be close to an exact Killing vector field
of a manifold M0 which does admit an exact Killing symmetry and can be
obtained by a small deformation of M [20]. Following [21] we will call the
smooth vector field dual to a one-form that minimises the Killing energy a
λ-approximate Killing vector. A λ-approximate Killing vector can be seen as
the generator of an “almost” isometry of M, in the sense that the variation
of thepmetric along the flow of the λ-approximate Killing vector is small if
λ  Rκλµν Rκλµν [95]. This bound on λ is related to the size of the patch
for which Riemann normal coordinates are valid [99]. We will not give a precise
definition of what is meant by “almost” isometry here. If we only consider
normalised one-forms ω, i.e.
Z
dV ωµ ω µ = 1,
(5.5)
M

λ-approximate Killing vectors are uniquely defined. The Killing energy can
be rewritten, by use of a variation of the Bochner technique, in terms of the
exterior derivative (dω)µν = 2∇[µ ων] , the co-differential δω = ∇µ ωµ of ω and
the Ricci tensor Rµν contracted with ω,
Z
E(ω) =
dV (2|dω, dω| + 4|δω, δω| − 2Rµν ω µ ω ν ) ,
(5.6)
M

where we use the inner product for scalars |φ, φ| = φ2 , one-forms |ω, ω| = ωµ ω µ
and two-forms |ψ, ψ| = 12 ψµν ψ µν . The operators d and δ are adjoint to each
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other with respect to the inner product |·, ·|, which fixes the normalisation by
1
2 in the inner product on two-forms. For general manifolds M, this expression of E(ω) would include a boundary term, which was omitted here because
we will only consider closed manifolds M (see appendix A for details of the
derivation).
Up to this point the discussion was valid for arbitrary dimension n. For the
scope of this work we will only consider the case of two-dimensional closed
manifolds, as this is sufficient for the toy models of quantum gravity that we
will study in this chapter. Work on λ-approximate Killing vectors in higher
dimensions is under way.

5.2.2

The Killing vector in two dimensions as an eigenvalue
problem

In two dimensions the Ricci tensor Rµν reduces to Rµν = R2 gµν , in terms of
the Ricci scalar R. The Killing energy simplifies to
Z
E(ω) =
dV (2|dω, dω| + 4|δω, δω| − 2R|ω, ω|) .
(5.7)
M

We can now write E(ω) in a more compact form,
Z
E(ω) =
dV |Sω, ω|,

(5.8)

M

with
S = 2δd + 4dδ − 2R.

(5.9)

From eq. (5.4) we see that the Killing energy E(ω) is equal to λ for a one-form
ω when
Sω = λω.
(5.10)
Solving eq. (5.10) is now an eigenvalue problem for S. Because S is positive
semi-definite, minimising the Killing energy with respect to ω is equivalent to
finding the smallest eigenvalue λ0 that solves the eigenvalue problem (5.10).
The eigenvector ω0 corresponding to λ0 is the one-form that minimises the
Killing energy and is dual to a λ-approximate Killing vector. The lowest
eigenvalue λ0 is equal to zero for the special case that M admits an exact
Killing vector field.
A n-dimensional manifold has n(n+1)
independent Killing vector fields if it is
2
maximally symmetric. The operator S therefore has three degenerate eigenvectors if M is maximally symmetric. The global topology can impose additional
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restrictions on the number of Killing vectors. For example, a manifold with the
topology of a two-torus can have at most two Killing vectors. We can therefore
expect situations wherer it is sensible to define multiple λ-approximate Killing
vectors, depending on the topology and dimension of the manifold under consideration. The interpretation of a λ-approximate Killing vector in terms of
a generator of “almost” isometries is however only well understood when the
corresponding eigenvalue of S is close to zero. Our ultimate goal, as described
in Sec. 5.1, is to study the notion of λ-approximate Killing vectors in nonperturbative quantum gravity. The models that we will investigate are based
on a lattice regularisation in which the underlying manifolds are piecewise
linear simplicial complexes. The next step is to find a discrete counterpart
of S defined in eq. (5.9), which is applicable in a piecewise flat context. In
work by Ben-Chen et al. [21] it was shown that this can be achieved in the
framework of Discrete Exterior Calculus (DEC). We will use their definition
of the discrete analogue of S. The following section contains a summary of
the necessary elements relevant to this chapter.

5.3

Exterior calculus on simplicial manifolds

In this section we will present a summary of the framework that we will use
for defining exterior calculus on the piecewise linear simplicial complexes of
DT and CDT. The framework is called Discrete Exterior Calculus (DEC). A
thorough review can be found in [48]. A n-dimensional piecewise flat oriented
simplicial complex T is given by a collection of oriented simplices σ k , with
k ∈ {0, ..., n}. We write Nk for the number of k-simplices in T . The interior
of the simplices is endowed with a Euclidean flat metric. A simplicial complex
is defined such that every subsimplex of σ n ∈ T is also part of T . Also, the
0
0
intersection of two simplices σ k , σ̄ k is a subsimplex of both σ k and σ̄ k . We
furthermore restrict our discussion to simplicial complexes for which every σ k
with k < n is contained in some σ n ∈ T , and we write σ k ≺ σ n . Every
 simplex
σ k is the convex hull [σ00 , ..., σk0 ] of k+1 vertices σ 0 and contains kk+1
0 +1 simplices
0
σ k , k 0 < k. The orientation is defined by the labelling vi of the vertices σv0i
contained in the simplex σ k . We choose the simplex σ k = [σv00 , ..., σv0i , ..., σv0k ]
to be positively oriented for v0 < vi < vk . The relative sign of a simplex σ k
0
0
and a sub-simplex σ k , with k > k 0 , is given by sign(σ k ; σ k ) = sgn(π), where
sgn(π) is the sign of the permutation π of the labels with which the subsimplex
0
σ k = [σu00 , ..., σu0i , ..., σu00 ] can is embedded in σ k ,
k

0
0
0
[σπ(v
, ..., σπ(v
, ..., σπ(v
] = [σv00 , ..., σv0k−k0 , σu00 , ..., σu0k0 ].
0)
i)
k)
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The simplicial complexes that we consider are also manifolds in the sense
that they are locally homeomorphic to Rn and are also called piecewise linear
manifolds or simplicial manifolds. The numbers Nk are not independent, but
are related by the Euler characteristic χ(T ),
χ(T ) = N0 − N1 + N2 + ... + (−1)n Nn ,

(5.12)

for a n-dimensional simplicial complex T . We furthermore define c(σ k ) to
be the center of the circumsphere (the circumcenter) of the k + 1 vertices
contained in σ k . The circumcenter of a general simplex does not necessarily lie
within that simplex. For simplicity, we will exclude such geometries from our
analysis. Simplicial manifolds that only contain simplices that contain their
own circumcenter are called circumcentric. The simplicial manifolds relevant
to the discrete models of quantum gravity we have studied are circumcentric.
Using the circumcenter we define the dual complex ?T . The dual complex
consists of the collection of (n − k)-dimensional polygons1 σ̄ n−k = ?σ k , dual
to a k-simplex σ k ,
X
?σ k =
σk ,...,σn [c(σ k ), ..., c(σ n )].
(5.13)
σ k ≺...≺σ n

To differentiate between the two discrete spaces we will call the triangulation
T the primal complex. The totally antisymmetric symbol σk ,...,σn ensures that
the dual complex has the correct orientation induced by the primal complex,
σk ,...,σn = sign[[c(σ 0 ), ..., c(σ k )]; σ k ] · sign[[c(σ 0 ), ..., c(σ n )]; σ n ],

(5.14)

where the relative signs between dual and primal simplices are defined analogously to eq. (5.11). For the top-dimensional case, eq. (5.13) identifies the
circumcenter of a simplex σ n with its dual, i.e. ?σ n = c(σ n ). Another useful
object is the support volume Vσk of a simplex σ k . It is given by the convex
hull of σ k and its dual ?σ k . These objects are illustrated in Fig. 5.1 for the
case n = 3 in a tetrahedron.
We now have discussed all the objects that define a n-dimensional simplicial
complex T and the associated dual complex ?T based on the circumcenters of
T . For our purposes, we also need a discrete counterpart of the operators of
exterior calculus. Construction of such generalisations is notoriously ambiguous [48], with various advantages and disadvantages. We choose to use the
P
0
0
The polygons σ̄ n−k are constructed as the formal sum
σ k ≺...≺σ k ≺...≺σ n of the k k
n
simplices that simultaneously contain σ and are contained in σ . The sum should be read
as the union of the simplices [c(σ k ), ..., c(σ n )], taking into account the induced orientation.
1
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Figure 5.1: The various k-dimensional primal sub-simplices σ k , dual subsimplices ?σ k and support volumes Vσk and V?σk are shown for n = 3. The
primal simplices are shown in blue and the corresponding dual simplices and
support volumes in red.
framework of DEC because it is particularly suitable for constructing discrete
approximate Killing vector fields. The advantage of DEC is that it is a discrete
implementation of Hodge theory. All the operators that appear in eq. (5.9)
are particularly straightforward to define in this framework. We will now give
a short summary of the definitions of these operators in DEC.
The first ingredient is the discrete counterpart of differential forms. They are
defined as functions on the free Abelian group C k (T ; Z2 ) of formal sums of
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k-simplices, ck ∈ C k (T ; Z2 ),
ck =

X

ai cki ,

(5.15)

i

for which the basis elements cki are the set of k-simplices σ k ∈ T and ai are
taken from the values {0, 1}, i.e. from the cyclic group Z2 . A discrete k-form
αk is an element of the space of functions (more specifically, homomorphisms)
Hom(C k (T ; R)) ≡ Ωk (T ) between C k (T ; Z) and R. It is defined through the
natural pairing2 h·, ·i,
hαk , ck i ≡ α(c) = a ∈ R,
(5.16)

which should be read as the evaluation of αk on a formal sum ck of k-simplices
σ k . Eq. (5.16) can also be expressed in terms of a basis for both Ωk (T ) and
C(T ; Z). We will denote the basis elements of Ωk (T ) by αik . The natural
pairing on the basis elements is given by
hαik , σjk i = δi,j .

(5.17)

Here, the subscripts i and j label the k-simplices and will be suppressed for
expressions for an arbitrary k-simplex σk . With the basis αik , the k-forms αk
can be represented as a vector of dimension equal to the number of links in
the triangulation T . The connection to the continuum k-form αck is made by
defining
Z
hαk , σ k i =

σk

αck ,

(5.18)

with respect to the flat metric on σ k . A boundary operator ∂ acting on a
k-simplex σ k is defined by
X
0
0
(5.19)
∂k σ k =
(−1)i [σ00 , ..., σ
i , ..., σk ],
σi0 ≺σ k

where the summation runs over the k + 1 vertices contained in σ k and σi0
denotes the omission of vertex σi0 . The boundary operator ∂k : C k+1 (T ; Z2 ) →
C k (T ; Z2 ) is a homomorphism between the groups C k (T ; Z2 ). The boundary
operator is nil-potent, i.e. ∂ k ◦∂ k+1 = 0. The definition of the discrete exterior
derivative dk : Ωk (T ) → Ωk+1 (T ) is induced by the boundary operator δ. The
discrete exterior derivative dk is a map from the space of discrete k-forms
Ωk (T ) into the space of discrete k + 1-forms Ωk+1 (T ) and is given explicitly
by the relation
hdk ω k , σ k+1 i = hω k , ∂k σ k i.
(5.20)
2
The similarity with the notation for the inner product in eq. (5.7) is on purpose. The
natural pairing h·, ·i is the natural discrete analogue of the continuum inner product |·, ·|.
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In the remainder of the text, the subscript k on dk and δk will be implied
and will not be written explicitly. The construction on the dual complex is
analogous, defining formal sums ck ∈ C k (?T ; Z2 ) of the dual k-simplices ?σ k
and dual k-forms Ωk (?T ) that act on the dual k-simplices. The boundary
operator on the dual simplex σ̄ k is given by
X
sign(σ n−k+1 ; σ n−k ) ? σ n−k+1 .
(5.21)
∂ σ̄ k = ∂ ? σ n−k =
σ n−k+1 σ n−k

The next important operator for which there is a discrete analogue in the
framework of DEC is the Hodge star ∗ : Ωk (T ) → Ωn−k (?T ). It is an isomorphism from k-forms to dual (n − k)-forms that is its own inverse up to a
sign,
∗ ∗ αk = (−1)k(n−k) αk .
(5.22)
The explicit action of the Hodge star operator is defined with respect to the
continuum wedge product ∧ and the continuum inner product |·, ·| for two
k-forms α and β,
Z
Z
α ∧ ∗β =

dV |α, β|.

(5.23)

For both sides of this relation we will make a choice for a discrete version defined through the respective action of the forms involved on the n-dimensional
support volume Vσk of a k-simplex σ k , namely3
hα ∧ ∗β, Vσk i = Vσk

hα, σ k i h∗β, ?σ k i
k!(n − k)!
=
hα, σ k ih∗β, ?σ k i,
k
k
n!
|σ |
|?σ |

and
h|α, β|dV, Vσk i = Vσk

hα, σk i hβ, σ k i
,
|σ k | |σ k |

(5.24)

(5.25)

where |σ k | is the volume of the simplex σ k . For a vertex we choose |σ 0 | = 1.
Equating these two expressions defines the action of the discrete Hodge star
operator explicitly,
| ? σk |
h∗αk , ?σ k i =
hα, σ k i.
(5.26)
|σ k |
With these definitions we obtain a discrete analogue for the integrated L2 norm of two k-forms αk and β k ,
Z
k!(n − k)! X
dV |αk , β k | →
h∗αk , ?σ k ihβ k , σ k i.
(5.27)
n!
k
σ

3

Our calculation of the factor
in [48].

Vσ k

|σ k ||?σ k |

=

k!(n−k)!
n!
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With the Hodge star operator, we can define the adjoint of the exterior derivative d with respect to the inner product in eq. (5.27). The adjoint of d is the
discrete analogue of the codifferential δ : Ωk+1 (T ) → Ωk (T ) and is given by
δ = (−1)nk+1 ∗ d ∗ .

(5.28)

We will also define the discrete Ricci scalar R(σ 1 ) averaged over the dual area
|σ 0 | of the two vertices σ 0 contained in a one-simplex σ 1 ,
R(σ 1 ) =

X ε(σ 0 )
.
| ? σ0|
0
1

(5.29)

σ ≺σ

Here, ε(σ 0 ) is the deficit angle around a vertex σ 0 . This choice for R(σ 1 ) is
consistent with the discrete version of the Gauss-Bonnet theorem if multiplied
by the support volume Vσ1 of the link σ 1 and divided by 2, i.e.
X
σ1

Vσ1

R(σ 1 )
= 2πχ(M).
2

(5.30)

It was shown in [21] that these operators of DEC are suitable for defining
the discrete analogue of the Killing energy E(ω) of eq. (5.8) for a closed twodimensional simplicial manifold T . We note that the operators d, δ and R
can all be represented as matrices acting on the vectors that represent the
one-forms σ 1 . The matrix corresponding to d will be a N1 × N2 matrix, the
matrix corresponding to δ will be a N1 × N0 matrix and R will be a diagonal
N1 × N1 matrix. The entries of these matrices for a given simplicial complex
T are defined by the evaluation of eqs. (5.20), (5.26), (5.28) and (5.29) on the
links contained in T .
We will now turn to the discrete Killing energy E(ω) of a discrete one-form
ω, which by use of eq. (5.27) takes the form
E(ω) =

1 X
h∗Sω, ?σ1 ihω, σ1 i = λ.
2

(5.31)

σ1 ∈T

The discrete operator S has the exact same form as in eq. (5.9) where the
operators d, δ and R are replaced by their discrete counterparts. For an
easier implementation of numerical diagonalisation methods for finding the
eigenvalues and eigenvectors of S, we will normalise ω such that the squared
sum of its components is equal to one,
X
(ωi )2 = 1,
(5.32)
i
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instead of a normalisation in terms of the inner product in eq. (5.27). With
respect to this normalisation we can equivalently solve the eigenvalue problem
for
1
S̃ω = λω, S̃ = ∗S,
(5.33)
2
using the orthonormal normalisation of ω given in eq. (5.32). The operator
S̃ can now be represented as a matrix of dimension equal to the number of
links in T , with entries derived from the evaluation of hS̃ω, ?σ 1 i. It will be a
sparse matrix, which is advantageous for the numerical methods we will discuss in Sec. 5.5. The spectrum {λi } of the Killing energy operator S̃ is found
by solving the eigenvalue problem defined by eq. (5.33). Remember that for a
given topology and dimension there is a maximal number of possible Killing
symmetries, implying a maximal number of eigenvectors of S̃ that are potential discrete analogues of the one-forms that are dual to approximate Killing
vectors.
After finding a one-form ω corresponding to an eigenvalue λ we want to be able
to discuss the associated discrete vector field. We choose to use a definition of
discrete vector fields v ∈ X(?T ),
G
X(?T ) ≡
Tc(σn ) σ n ,
(5.34)
?σ n ∈?T

in terms of the disjoint union of the tangent spaces Tc(σn ) σ n associated to the
dual vertices ?σ n ∈ ?T , which are equal to the circumcenters c(σ n ) = ?σ n of
the n-simplices σ n . A definition in terms of the tangent space on the primal
vertices would be ambiguous.
To define a map from ω to its associated discrete vector field we need a discrete
sharp operator ] : Ω1 (T ) → X(?T ). There are many choices for discrete sharp
operators, with various properties [48]. We choose a particular simple one,
X
α] (?σ n ) =
hα1 , σ 1 i~σ 1 .
(5.35)
σ 1 ≺σ n

Fig. 5.2 shows an example of a discrete vector field. With the sharp operator
] we can construct the dual discrete vector fields corresponding to the discrete
one-forms ω, which are the eigenvectors of ∗S. The vector field constructed
from the eigenvectors corresponding to the lowest eigenvalues are called discrete approximate Killing vector fields (DAKVF). They are the discrete analogue of λ-approximate Killing vector fields. Just as for smooth manifolds,
they are only related to approximate Killing symmetries if λ is sufficiently
small.
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Figure 5.2: A discrete vector field α] ∈ X(?T ) (in red) on a piece of a twodimensional simplicial manifold T . The vector field is determined by evaluating the discrete one-form α1 on the links with link vector ~σ 1 . A vector α] (?σ n )
is an element of the tangent space of the dual vertex ?σ n . The dual vertices
are shown as red dots.

5.4

Discrete Killing vector fields

Finding the minimal eigenvalue of the operator S of eq. (5.9) is equivalent to
minimising the Killing energy E(ω) given in eq. (5.4). In Sec. 5.3 we derived
the discrete counterparts of all the operators appearing in S and showed that
in the discrete case we can equivalently solve the eigenvalue problem for S̃ in
eq. (5.33). The operator S̃ is a linear transformation on the space of discrete
one-forms ω. A basis for a general one-form ω can be given for a simplicial
complex T with N1 links σj1 , in terms of N1 basis one-forms ωi that act as a
Kronecker delta on σj1 , i.e.
hωi , σj i = δij .
(5.36)
For a general one-form ω we can then write
ω=

N1
X

ai ωi .

(5.37)

i

In other words, ω is an element of the vector space spanned by the ωi . A
basis one-form ωi is determined by its evaluation on the one-simplices (links)
σj1 ∈ T . We can therefore deduce the form of S̃ by deriving how the one-form
ωi0 ≡ S̃ j i ωj acts on an arbitrary link σj1 . We will do this term by term using
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eqs. (5.20) and (5.28). We get
h(∗δdω)i , ?σj1 i =

X

X | ? σ2|
sign(?σ 2 ; ?σi1 )sign(σ̄l1 ; σ 2 )hωl , σj1 i, (5.38)
2|
|σ
1
2

σ 2 σi1 σ̄l ≺σ

and
h(∗dδω)i , ?σj1 i =

X

X

σ 0 ≺σi1 σ̄l1 σ 0

|σ 0 | | ? σi1 | | ? σ̄l1 |
sign(σ 0 ; σi1 )sign(σ̄l1 ; σ 0 )hωl , σ̄j1 i,
| ? σ 0 | |σi1 | |σ̄l1 |
(5.39)

for the first two terms and
h(∗Rω)i , ?σj1 i =

X | ? σ 1 | ε(σ 0 )
1
i
1 | | ? σ | hωi , σj i,
|σ
0
i
1
0

(5.40)

σ ≺σi

for the last term in S̃, where ε(σ 0 ) is the deficit angle, which in two dimensions is defined on the vertices. For an illustration of the deficit angle around
a vertex, see Fig. 2.1 in Ch. 2.
We see that the evaluation of hS̃ωi , ?σj1 i is given by a sum over the action of
the basis one-forms ωl on the links σj1 . For (δd)ij these are the links σi and
σj that share a triangle σ 2 , for (dδ)ij these are the links σi and σj that share
a vertex. The geometric quantities that appear in the coefficients of (δd)ij ,
(dδ)ij and R(σ 1 )ij are illustrated in Fig. 5.3.
Eqs. (5.38)-(5.40) show that S̃ is a linear transformation of ω. The operator S̃
can be represented as a square matrix of dimension N1 . The entries of S̃ ij are
given by the coefficients for (∗δd)ij , (∗dδ)ij and ∗Rij . The values and signs of
the coefficients depend only on geometric properties of the neighbourhood of
the links in T . To be more precise, the coefficients only depend on the volumes
|σ k | and |?σ k | of the complex T and the dual complex ?T respectively and their
relative orientation. This means that the coefficients for the triangulations
considered in DT and CDT that are built from a fixed type of simplex are
easily calculated. For an equilateral triangulation the contributions to the
matrix coefficients are given by

and

| ? σ2|
4
=√
2
|σ |
3a2

(5.41)

|σ 0 | | ? σ 1 | | ? σ̄ 1 |
4
=√
,
0
1
1
2
| ? σ | |σ | |σ̄ |
3a N2 (σ 0 )

(5.42)
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Figure 5.3: The geometric objects relevant to (from left to right) δd, dδ and
R(σ 1 ) are illustrated here. These include the link σi1 (red), the link σj1 (green),
the triangle σ 2 (light green) and the dual area ?σ 2 (light yellow) to σ 0 . The
rightmost figure which illustrates R(σ 1 ) also includes the deficit angles εσ10
and εσ20 of the two vertices σ10 and σ20 and the dual link ?σ 1 (dark yellow)
orthogonal to σ 1 (red).
where N2 (σ 0 ) is the number of triangles that contain the vertex σ0 . The value
of the deficit angle averaged over a link σ 1 can also be expressed in terms of
N2 (σ 0 ). We find


X
1 X ε(σ 0 )
1
1
.
= 4π − +
(5.43)
2 0 1 | ? σ0 |
3
N2 (σ 0 )
0
1
σ ≺σ

5.5

σ ≺σ

Example Geometries

As a preparation to the discussion of Discrete Approximate Killing Vector
Fields (DAKVF) on an ensemble of DT and CDT geometries, we have investigated simplicial manifolds that approximate continuum spaces with exact
symmetries. We will first consider a Delaunay triangulation of a regular sprinkling of the two-sphere with a lower bound on the distance between vertices.
The two-sphere is maximally symmetric and therefore admits three linearly
independent Killing vector fields in the continuum. We investigate what properties the spectrum and the eigenvectors of the Killing energy operator S have
for simplicial manifolds which are close to the two-sphere, similar to what was
done in [21]. Next, we will discuss triangulations of the flat two-torus. The
continuum two-torus can be triangulated exactly and admits two Killing vec131
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tor fields. The triangulation of the torus will therefore also have two exact
discrete Killing vector fields. This makes these toroidal simplicial geometries a
good playground for studying the behaviour of the DAKVF under an explicit
breaking of the symmetries of the torus.

5.5.1

Discrete Sphere

The spherical simplicial geometries are generated by a Delaunay triangulation
of a regular sprinkling of the two-sphere of radius a with a lower bound on
the distance between vertices. The process of sprinkling will not be described
further here. To define the orientation of the simplices in the Delaunay triangulation we consider an embedding of the sphere in R3 . In a Delaunay
triangulation of the two-sphere, no vertex lies within the circumcircle of any
triangle. This property minimises the maximum link length in the triangulation. As a consequence, the resulting triangulations are relatively close to
equilateral. An example of a Delaunay triangulation is given in Fig. 5.4.

Figure 5.4: An example of the Delaunay triangulation of a regular sprinkling
of the unit two-sphere. The triangulation consists of N0 = 3086 vertices,
N1 = 9252 links and N2 = 6168 triangles.
The triangulation of the regular sprinkling is realised with a minimum link
length set by hand. The resulting distribution of the link lengths does not
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follow a Gaussian distribution. A typical distribution is shown in Fig. 5.5.
Number of links
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Figure 5.5: The distribution of links of length in terms of the length scale a
for a spherical Delaunay triangulation with a total of N1 = 57279 links and
a minimal link length of 0.02a. The distribution is not Gaussian. However,
the distribution is still relatively narrow because a Delaunay triangulation
minimises the maximum length.
We are interested in studying the properties of DAKVF on this simplicial
complex to understand how well the DAKVF encode the (approximate) symmetries of the geometry. Using the framework of discrete exterior calculus
as described in Sec. 5.3, we define the discrete Killing energy operator S̃ on
this geometry. S̃ takes the form of a square matrix of size N1 , the number
of links in the geometry. The matrix is given explicitly by eqs. (5.38), (5.39)
and (5.29). The spectrum of S̃ is invariant under a change of orientation of
the simplices in the simplicial geometry. The choice that we made is induced
by the embedding in R3 . The triangles are oriented counter-clockwise with
respect to an outward pointing normal to the sphere. With respect to a choice
of spherical coordinates on R3 , the links are oriented towards increasing value
of θ. For equal values of θ, the links are oriented towards increasing value of φ.
For this choice, the orientation of the tangent space of the discrete vector fields
is equal to the orientation of the tangent space of the smooth sphere. A simpler choice for the orientation can be based on the ordering of the vertex labels.
We will compare the spectrum of S̃ for a triangulated two-sphere with the
spectrum of S for a smooth two-sphere. The spectrum for a smooth twosphere is easily calculated using a Hodge decomposition. A solution for the
133

5.5. Example Geometries

eigenvector ω of S can be found by decomposing it into a scalar φ, a two-form
ψ and a harmonic component h,
ω = dφ + δψ + h.

(5.44)

By definition, the exterior derivative and the co-differential of the harmonic
component vanishes, i.e. δh = 0, dh = 0. The harmonic component h is zero
on the sphere due to the Poincaré-Hopf theorem. The potentials φ and ψ can
be found by solving
∆φ = δω,
(5.45)
and
∆ψ = dω,

(5.46)

with respect to the Laplace-Beltrami operator ∆ = dδ + δd on k-forms. In a
Hodge decomposition, the eigenvalue equation for ω in eq. (5.10) splits into
two separate equations,
4
+ λφ )φ = 0,
a2
4
2∆ψ − ( 2 + λψ )ψ = 0,
a
4∆φ − (

(5.47)

where we have used that φ and ψ are only defined up to a constant by eq. (5.44).
The solutions for φ and ψ in eq. (5.47) are given by spherical harmonics. The
spectrum of S can therefore be given in terms of two sets of spherical harmonics
for φ and ψ, with φ = 0 if ψ 6= 0, λ = λψ and ψ = 0 if φ 6= 0, λ = λφ , and the
special case φ 6= 0, ψ 6= 0, λφ = λψ = λ. The set of corresponding eigenvalues
is given by
4
4
λ ∈ {4ρkφ − 2 , 2ρkψ − 2 }
(5.48)
a
a
in terms of the two sets ρφ and ρψ ,
ρkφ =

kφ (kφ + 1)
,
a2

ρkψ =

kψ (kψ + 1)
,
a2

kφ , kψ ∈ N>0 .

(5.49)

The special case φ 6= 0, ψ 6= 0 corresponds to kφ = 2 and kψ = 3. The
eigenvalues for either k = kφ or k = kψ have a degeneracy of 2k + 1 except for
the special case φ 6= 0, ψ 6= 0, which has a degeneracy of 11. To obtain these
eigenvalues, we have used that the curvature scalar on S 2 is R = a22 , where
a is the radius of the two-sphere. The degeneracy of the eigenvalues implies
that there are three zero eigenvalues λ = 0, which correspond to the three
linearly independent Killing vectors on the smooth two-sphere. We can now
compare this to the spectrum of the discrete analogue of the Killing energy S̃,
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which we can calculate numerically. In Fig. 5.6, a comparison is given of the
spectrum of a triangulation of the two-sphere and the spectrum of the smooth
two-sphere.

Figure 5.6: The lowest 100 (labelled on the horizontal axis) eigenvalues λi
of the Killing energy operator S on the smooth two-sphere (left) and the
eigenvalues of S̃ on a triangulation of the two-sphere (right).
We see that the spectra are most similar for the lowest eigenvalues. This
is to be expected, because the higher modes probe smaller scales and are
therefore more sensitive to the discretisation. The lowest three eigenvalues
of the spectrum on the discrete sphere are close to zero. This signals that
the three associated eigenvectors are related to approximate symmetries of
the two-sphere. To corroborate this statement we can use the discrete sharp
operator of eq. (5.35) to investigate the corresponding discrete vector fields.
The discrete vector field ωi] corresponds to the i-th lowest eigenvalue of S̃.
Fig. 5.7 shows the four discrete vector fields associated to the lowest four eigenvalues. On inspection, the three vector fields ω1] , ω2] and ω3] , corresponding
to the lowest three eigenvalues, are similar to the Killing vector fields on the
smooth two-sphere. On the smooth two-sphere, these vector fields generate
the three linearly independent rotations.
A thorough analysis of the convergence properties of the DAKVF to exact
Killing symmetries will not be given here. We have however tested their relation to exact Killing symmetries in several ways. For example, we have
considered the flow along the discrete vector field on the piecewise flat triangulations. The constant flow within a two-simplex σ12 is generated by the
vector field obtained with the sharp operator ] starting from the center ?σ12 . If
the flow reaches the boundary between two two-simplices σ12 and σ22 , the flow
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ω1]

ω2]

ω3]

ω4]

Figure 5.7: For a typical triangulated two-sphere the vector fields ω1] , ω2] , ω3]
and ω4] associated with the lowest four eigenvalues of S̃ are represented by the
red (lowest), purple (second-lowest), green (third-lowest) and black (fourthlowest) vector field respectively. The vector fields ω1] , ω2] and ω3] approximately
generate a rotation around the axis that goes through the pole marked by the
green/red point in the respective figures. The black vector field is clearly
different. It has one source, one sink and no significant rotational component.
The yellow line in every figure indicates the discrete flow generated by ω1] ,
starting from a triangle near the equator with respect to the pole.

136

5.5. Example Geometries
in the second two-simplex σ12 is continued from the center ?σ22 with respect to
the discrete vector field at ?σ22 .
In this way, the discrete flow can be represented as a connected sequence of
two-simplices. The jump from ?σ12 to ?σ22 is an additional discretisaton step.
We expect that any error introduced by this discretisation of the generated
flow is negligible in the limit as the number of two-simplices N2 → ∞. The
yellow flow lines in Fig. 5.7 are an example of the discrete flows generated by
these discrete vector fields. We have calculated the deviation of the flow of
the discrete vector fields from the flow of their smooth
p counterparts and found
that it is small in comparison to the length scale Āσ2 N2 , where Āσ2 is the
average of the area of the triangles in the triangulation. This deviation also
decreases with increasing N2 .
An additional relevant observation is the behaviour of the discrete vector field
ω4] , which corresponds to the fourth-lowest eigenvalue of S̃. The discrete vector
field ω4] is clearly different. It has one source and one sink and does not have a
strong rotational component. We have repeated the investigations illustrated
in Fig. 5.7 for many (≈ 100) different triangulations of the two-sphere and
have seen the same qualitative results. We conclude that the eigenvectors of
S̃ associated with the lowest three eigenvalues are most likely indicative of a
discrete analogue of the three Killing vectors on the sphere.
To analyse the properties of the Killing vector fields in a more quantitative
manner, we can make use of the discrete analogue of the Hodge decomposition
in eq. (5.44). We can find a discrete potential φ and discrete dual potential ψ
of the divergence and rotational part of the discrete one-form ωi respectively.
We find φ, ψ and h by solving the discrete analogues of eqs. (5.45) and (5.46).
Consistently comparing the two potentials for the three Killing vectors ω1] , ω2]
and ω3] and the next eigenvector ω4] shows that the rotational part δψ dominates the divergence component dφ for the three lowest eigenvalues, while the
opposite is true for the fourth-lowest eigenvalue.
The vector fields dual to the two components δψ and dφ of the discrete oneform ω can also be considered and they are consistent with the conclusion that
the three lowest eigenvectors of S̃ have properties very similar to those of the
exact Killing vector fields of S 2 . Fig. 5.8 shows the potential and vector fields
of a Hodge decomposition of the discrete one-form ω1 of Fig. 5.7 associated
to a DAKVF on S 2 . The harmonic component h of a smooth one-form ω is
always zero on a two-sphere, which within numerical precision is also true for
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Figure 5.8: Values of the scalar potential φ and the dual scalar potential ψ for
a typical triangulated two-sphere are shown on the left. Orange corresponds
to large values and blue to small values of φ and ψ. The decomposition of
a DAKVF on a triangulated two-sphere S 2 into a divergence component dφ
(top right) and a rotational component δψ (bottom right). The blue dots on
the right are local maxima of φ and ψ and the yellow dots are local minima of
φ and ψ. The black dot is a common reference point on the sphere. From the
integrated norms |dω| ≈ 0.25 and |δω| ≈ 0.96, we observe that the rotational
component is dominant for this DAKVF.
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the discrete one-forms.
Although the potentials φ and ψ are interesting for studying the properties
of the discrete approximate Killing vector fields, they are rather coarse tools.
Even these very regular spherical triangulations have a relatively large divergence component φ in the approximate Killing vector field as can be seen
in Fig. 5.8. It seems that this definition of the divergence and rotational
component of a discrete vector field is very sensitive to the details of the discretisation, as can be seen from the many maxima and minima of φ in Fig.
5.8.
For much less regular triangulations, like those appearing in CDT, it will be
even harder to interpret the results of the discrete Hodge decomposition. Unless one can find a coarse-graining procedure to produce more robust outcomes,
we expect that the discrete Hodge decomposition we have presented here is
most likely not suitable for constructing quantum observables. In Sec. 5.6 we
will introduce and study a new observable, which is also based on discrete
vector fields, but has potentially more promising properties.

5.5.2

Broken symmetries on the discrete torus

Another simple two-dimensional geometry that can be studied is the flat twotorus T 2 . The torus admits at most two Killing vectors. We will consider
exact triangulations of the flat torus in terms of equilateral triangles. In this
case the triangulation will have two exact Killing vectors even in the piecewise
flat context. This provides an ideal set-up to study how the Killing energy
and DAKVF behave under an explicit breaking of the two exact Killing symmetries that are present on the two-torus.
To discuss symmetry breaking on the two-torus, we will introduce a line defect
on a flat torus by hand. Along this line, the discrete curvature alternates
between positive (vertex order four) and negative (vertex order eight), while
remaining zero (vertex order six) everywhere else. We have then constructed
the two DAKVF that correspond to the two eigenvectors ω of S̃ with the
two lowest eigenvalues. By introducing these line defects, we expect to break
the symmetry in the direction orthogonal to the line defect stronger than
the symmetry in the direction parallel to the line. This is visible in the two
DAKVF that we find. The torus with a line defect and the two DAKVF are
illustrated in Fig. 5.9.
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Figure 5.9: An illustration of the behaviour of DAKVF under symmetry breaking. The triangulation outside the border, which denotes the fundamental
domain of the torus with a line defect, repeats periodically. The vertical black
vector field ↓ corresponds to the lowest eigenvalue of S̄. The red horizontal
vector field → corresponds to the second-lowest eigenvalue of S̄. The Killing
energy of the red vector field is therefore larger than the Killing energy of the
black vector field. We conclude that the original symmetry orthogonal to the
line defect is broken more strongly than the symmetry in the other direction.
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Figure 5.10: A smooth (left) and discrete (three copies on the right) representation of a “conical torus” with the three discrete vector fields of S̃ corresponding to the three lowest eigenvalues (increasing from left to right).
The DAKVF with the higher Killing energy (the red vector field) generates
a flow orthogonal to the line defect (the yellow line). The DAKVF with the
lower Killing energy (the black vector field) generates a flow parallel to the
line defect. This ordering of the DAKVF is what one would have expected
from the introduction of a line defect, which suggests that an observable based
on the properties of the discrete vector fields could potentially measure how
strongly the symmetries of the torus are broken.
Another interesting observation about the DAKVF can be made by studying
conical geometries of toroidal topology, like the one illustrated in Fig. 5.10.
The leftmost figure is such a “conical torus”, a geometry whose metric is
given by eq. (5.50). The top and bottom are periodically identified. The three
diagrams on the right are copies of a discrete triangulation which emulates
the smooth (up to the smallest and largest rings) geometry. Each shows a
discrete vector field corresponding to one of the three lowest eigenvalues of S̃
(see Fig. 5.11). In the illustrations of the discrete conical torus, the top and
bottom and the left and right sides are identified periodically. The conical
torus admits one exact Killing vector field ξ.
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Figure 5.11: The lowest twenty eigenvalues λi (labelled on the horizontal axis)
of the spectrum of the Killing energy E(ω) for a discrete conical torus. The
colours of the lowest three eigenvalues correspond to the colours of the discrete
vector fields in Fig. 5.10.
The continuum metric of the conical torus in the coordinates x = (u, v),
0 ≤ u ≤ 1, 0 ≤ v ≤ 1 with u(0) = u(1) and v(0) = v(1) is given by
gµν
where



R(u)2 + 2∂u R(u)2
0
,
=
0
R(u)2



1 − 4(1 − rmin )u,



r
min + (1 − rmin )(4u − 1),
R(u) =
1 − (1 − rmin )(4u − 2),



r
min + (1 − rmin )(4u − 3),

(5.50)

0 ≤ u < 41
1
1
4 ≤u< 2 .
1
3
2 ≤u< 4
3
4 ≤u<1

In this expression rmin is the minimum size of the geometry in the v-direction
(horizontal in Fig. 5.10), which is the length of the circle where the conical
geometry is most pinched. The u-direction is the vertical direction in Fig.
5.10. The conical torus admits one exact Killing vector field ξ = (0, 1), with
norm |ξ| = R(u). Fig. 5.12 shows a comparison of the norm of the continuum Killing vector field and of the DAKVF of the analogous discrete geometry.
We observe that the norm of the discrete vector field closely follows the analytical value. In Fig. 5.10, we see that the DAKVF with lowest Killing energy
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(the blue horizontally oriented vector field) of the discrete conical torus generates a horizontal flow comparable to ξ. We also observe that for the case of
the discrete conical torus, where one symmetry is broken more strongly (the
u-direction for the conical torus), the second-lowest DAKVF shows topologically different properties than what is expected for an exact Killing vector
field on the torus.

Figure 5.12: A comparison of the continuum norm |ξ| (red line) of the Killing
vector field ξ of the metric given by eq. (5.50), and the norm of the leftmost
discrete vector field in Fig. 5.10, which is the discrete analogue of ξ.
Exact Killing vector fields ξ on T 2 are harmonic (∆ξ = 0 in eq. (5.44)), i.e. they
are vortex-free. Fig. 5.10 illustrates that the DAKVF with the second-lowest
Killing energy (the red discrete vector field) is not vortex-free, because the vector field changes direction along the vertical axis. However, the corresponding
Killing energy is not significantly higher. The Killing energy of the vortex-free
vector field is pushed to a higher position in the spectrum of the Killing energy.
In Fig. 5.10, this is the rightmost discrete vector field (in blue), which corresponds to the third-lowest eigenvalue. We conclude that the eigenvectors of
S̃ corresponding to the lowest eigenvalues do not necessarily have the same
topological properties as expected from exact Killing vectors if the symmetries
are broken sufficiently strongly.
In the context of two-dimensional triangulations of the torus, we have observed
this behaviour for many other geometries that are far from admitting any
exact Killing vector fields. We have systematically studied discrete geometries
of toroidal topology by performing a sequence of Pachner moves and following
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the behaviour of the lowest eigenvectors as a function of the moves. On these
geometries we saw a similar behaviour to that on the conical torus.
We have made several attempts to define a robust measure for the relation between the low-lying spectrum of the Killing energy S̃ and approximate Killing
symmetries of the two-torus, away from the realm of small perturbations. For
example, we have studied whether gaps in the spectrum, in the sense of relative
differences between the first few eigenvalues, are a robust measure of approximate symmetries. Other attempts were based on the discrete flow and the
vorticity of the vector fields. Due to the complex relation between low-lying
eigenvalues and eigenvectors of S̃ and the properties of a general geometry it
is difficult to find a well-motivated definition of symmetry-breaking in terms
of the spectrum and eigenvectors of S̃.
A more systematic study of the role of vortex-free vector fields in the spectrum
of S̃ and their relation to approximate Killing vectors is beyond the scope of
this work. In the following, we will instead propose a specific observable for
quantum gravity, based on the eigenvectors of S̃, motivated by the results of
this section. Although we presently do not have a general understanding of
the complex interplay between the eigenvectors of S̃ and the properties of a
general geometry, such an observable can potentially provide new insights into
the role of (approximate) symmetries in theories of quantum gravity. We will
present an analysis of a specific choice of such an observable in Sec. 5.6.

5.6
5.6.1

Symmetries in two-dimensional quantum gravity on a torus
A new observable

We will now return to the question that motivated this study. An important
question in any approach to quantum gravity is whether we can define observables, which can capture properties of the theory that, in an appropriate limit,
are related to continuum notions such as (approximate) Killing symmetries.
In Sec. 5.5 we concluded that the numerical value of the lowest eigenvalues in
the spectrum of the Killing energy S̃ most likely is not a sufficiently robust
tool to analyse approximate symmetries whenever the geometries under consideration are far from regular. However, the associated vector fields could
potentially have more suitable properties. We have investigated whether a
specific observable based on the eigenvectors of the discrete Killing energy S̃
may be more suited as a tool to analyse approximate symmetries.
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First we need to define what is meant by the vorticity of a vector field (dual to)
ω. For a differentiable closed manifold M and a vector field ω with a collection
of isolated zeroes ω(pi ) = 0 at points {pi }, the index Ind(pi ) of an isolated
zero ω(pi ) is defined as follows. In terms of a local coordinate patch around
pi , Ind(pi ) is the degree of the map n̂ : Tx M → S n−1 for all x ∈ ∂B(pi ), where
B(pi ) is a closed (topological) ball around pi that does not include any other
zeroes of ω, ∂B(pi ) is the boundary of the ball B(pi ), Tx M is the tangent
n−1 is the (n − 1)-sphere. Explicitly, the
space of M at the point x and Sp
map is given by n̂(ω(x)) = ω(x)/ ω(x)µ ω(x)µ . In more pedestrian terms,
the index of an isolated zero is the winding number of the map from the
vector field evaluated on an arbitrary (n − 1)-dimensional shell ∂B(pi ), which
only encloses the zero at pi , to the (n − 1)-sphere S n−1 . The vorticity of a
vector field ω is given by the collection of the isolated zeroes pi and the indices
Ind(pi ). The Poincaré-Hopf theorem states that
X
Ind(ω(pi )) = χ(M),
(5.51)
i

where the sum runs over the isolated zeroes pi of ω and χ(M) is the Euler
characteristic of M. The vorticity of a discrete vector field is defined in analogy with the Poincaré-Hopf theorem, where it should be noted that a discrete
analogue of eq. (5.51) is not sensitive to variations of a vector field ω on scales
smaller than the lattice spacing.
In Sec. 5.5, we discussed an interesting property of the eigenvectors of the
discrete Killing energy of a specific simplicial geometry, the conical torus. The
exact Killing vector fields on a flat torus have zero vorticity. The discrete
vector fields ω with zero vorticity are present in the set of eigenvectors of S̄,
but correspond to eigenvalues higher than the lowest two eigenvalues. One
way of analysing the vorticity of a vector field is with the help of a Hodge
decomposition, because zeroes of a vector field ω correspond to extrema of the
potentials φ and ψ in the decomposition in eq. (5.44). However, we have seen
that the discrete analogue of the Hodge decomposition of eq. (5.44) seems to
be too sensitive to the details of the discretisation to be useful for our purposes. We therefore propose a different observable to capture the vorticity of
the discrete vector fields.
For a continuum manifold M which admits both a harmonic form (ωh )µ and a
one-form (ωξ )µ dual to a Killing vector field, we know that their inner product
is constant [134],
(ωh (x))µ (ωξ (x))µ = c,
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x ∈ M,

c ∈ R.

(5.52)
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On a two-torus we can make an even stronger statement. Given a twodimensional closed manifold M that admits a nowhere vanishing Killing vector
ξ µ , we can always make a coordinate choice x = (x1 , x2 ) in which ξ is a basis
vector,
ξ µ = ∂xµ2 ,
(5.53)
and the metric on M takes the form


f11 (x1 ) f12 (x1 )
gµν =
.
f12 (x1 ) f22 (x1 )

(5.54)

The divergence of ξ µ vanishes because ξ µ is a Killing vector. The exterior
derivative of the dual ξµ is equal to


0
∂x1 f22
(dξ)µν =
.
(5.55)
−∂x1 f22
0
As long as f22 6= 0 everywhere on M, we can consider (ωh )µ = ξµ /f22 and
notice that (dωh )µν = 0. Calculating ∇µ (ωh )µ , we also see that the divergence
of (ωh )µ vanishes. We conclude that (ωh )µ is a harmonic one-form. The oneform ξµ (x) = f22 (x)(ωh (x))µ is therefore equal to a harmonic one-form (ωh )µ ,
−1
(x), if f22 (x) 6= 0 and a coordinate
up to an x-dependent rescaling by f22
system exists that is well defined globally. This is true when M has toroidal
topology. To exploit this property, we will turn to the special case of geometries of toroidal topology. In the remainder of this section we will also call two
one-forms that only differ by a local rescaling “parallel”. We have therefore
shown that the one-form ξµ dual to a Killing vector field ξ µ on a two-torus is
always parallel to a harmonic form.
On a two-torus M, every locally normalised one-form ξµ /|ξ| constructed from
a Killing vector field ξ µ is equal to a locally normalised one-form (ωh )µ /|ωh |
constructed from a harmonic one-form (ωh )µ , where we define the norm |α| =
√
αµ αµ for a general one-form αµ . From Hodge theory, we know that the
number of linearly independent harmonic forms of a manifold is a topological
invariant. The number of harmonic k-forms is equal to the k-th Betti number.
More specifically, this means that the number of harmonic one-forms is equal
to the rank of the first homology group. On the torus, there always exist two
linearly independent harmonic forms (ωh1 )µ and (ωh2 )µ , because the rank of
the first homology group is equal to two. Given a Killing vector field on a
torus, we can therefore always find a harmonic one-form for which the locally
normalised Killing vector field and the locally normalised vector field dual to
the harmonic one-form are equal. It should be noted that although the locally
normalised vector fields are equal, they are generally no longer Killing vector
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fields or dual to a harmonic one-form.
We propose to use the result on Killing vectors and harmonic one-forms on
a two-torus to construct an observable for two-dimensional quantum gravity
on the torus. We will measure the deviation from parallelism of the discrete
Killing vector fields associated to the lowest eigenvalues of S̃ and the vector
fields dual to a harmonic one-form on a discrete torus T .
With the two harmonic forms (ωh1 )µ and (ωh2 )µ on the two-torus we can define an observable P (ωi ) as a function of the eigenvector ωi of the Killing
energy S̃ associated to the ith-lowest eigenvalue. We will make use of a locally
normalised linear combination (ω̂h )µ = (ωh )µ /|ωh | of the harmonic one-forms
(ωh1 )µ and (ωh2 )µ ,
(5.56)
(ωh )µ = a(ωh1 )µ + b(ωh2 )µ ,
for a, b ∈ R. The expression for the proposed observable P (ωi ) is
Z
1
P (ωi ) = max
dV |ω̂i , ω̂h |,
a,b V

(5.57)

where V denotes the volume of the torus. The observable is normalised to
take values between zero and one, 0 ≤ P (ωi ) ≤ 1. The observable P (ωi ) is
the normalised volume integral of the inner product between the locally normalised vector field (ω̂i )µ = (ωi )µ /|(ωi )| constructed from an eigenvector ωi of
S̃ and the locally normalised vector field (ω̂h )µ = (ωh )µ /|ωh | constructed from
a set of two orthonormal harmonic one-forms (ωh1 )µ and (ωh2 )µ . The integral
is maximised with respect to the parameters a and b. Note that P (ωi ) is independent of the choice of basis ωh1 and ωh2 for the two-dimensional space of
harmonic one-forms on a torus. The observable will be set to zero at the zero
points of the one-form fields ωh and ωi , where the observable would diverge
due to the normalisation. In the discrete application we have in mind, such
points will not play any role.
The observable P (ωi ) is a measure of how parallel the vector field (ω̂i )µ is to
the vector field dual to a harmonic form (ω̂h )µ . If (ωi )µ is a Killing vector
field of the two-torus, the observable P (ωi ) saturates its upper bound. On
a flat torus, all higher modes ωi of S̃ that are not Killing saturate the lower
bound, because, before the normalisation and in this special case, these are
equal to modes of the Laplacian that are orthogonal to the harmonic modes.
We furthermore have observed that the variation of the value of P (ωi ) under
small deformations of the geometry is also small, which is similar to the result
derived in [20]. It should be noted that the locally normalised one-forms ω̂i
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and ω̂h are in general not orthogonal with respect to the standard L2 -norm on
forms. We therefore do not have control over the behaviour of the observable
P (ωi ), beyond small perturbations of the flat torus. This implies that the interpretation of values that are neither close to zero nor one is not immediately
clear. We have not been able to find a definition of an observable in terms of
the standard L2 -norm for which there is a simple geometric interpretation on
an ensemble of geometries.
Although we do not have a good understanding of the interpretation of values of P (ωi ) that are neither close to zero nor close to one, and although we
have no clear interpretation of P (ωi ) for higher modes ωi for geometries that
are far from regular, we at least now have an observable that can be implemented in certain toy models of quantum gravity. The properties of P (ωi ) we
discussed above have motivated us to investigate whether P (ωi ) is a suitable
observable to distinguish between one-forms related to symmetries and other
modes of S̃, when we consider an ensemble average in these toy models. The
two-dimensional models we have studied are DT and CDT with toroidal topology and small perturbations around the flat torus, using a discrete analogue
of P (ωi ). Note that while in the continuum the inner product |α, β| of two
vector fields αµ and β µ is equal to the inner product of the two corresponding
one-forms αµ and βµ , this is not the case for the discrete one-forms α, β and
the discrete vector fields α] , β ] in the framework of DEC. A local inner product is only defined for the discrete vector fields ω ] . We will therefore define
the discrete analogue of the proposed observable P (ωi ) in terms of discrete
vector fields ω ] instead of discrete one-form fields ω.
The discrete version of (5.57) is given by
P (ωi ) = max
a,b

1 X ] ]
ω̂ · ω̂ .
N2 2 i h

(5.58)

σ

In the discrete observable P (ωi ), the discrete vector field ω̂i] is the locally (per
two-simplex σ 2 ) normalised vector field,
ω̂i] (σ 2 )

≡

ωi] (σ 2 )
|ωi] (σ 2 )|

(5.59)

of the discrete one-form ωi associated to the ith-lowest eigenvalue of S̃. The
discrete vector field ω̂h] is the locally (per two-simplex σ 2 ) normalised vector
field,
ωh] (σ 2 )
]
2
ω̂h (σ ) ≡ ]
,
(5.60)
|ωh (σ 2 )|
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of the harmonic discrete one-form ωh = aωh1 + bωh2 for which ωh1 and ωh2 solve
the discrete Laplace equation
∆ωh1 = 0,

∆ωh2 = 0,

∆ = (dδ + δd).

(5.61)

The norm and inner product for the discrete expressions in eqs. (5.58), (5.59)
and (5.60) are defined with respect to the flat metric on the two-simplex σ 2 .
The sum in the discrete expression for P (ωi ) runs over all two-simplices σ 2
in the discrete geometry T . This observable is quite costly to calculate for
a discrete geometry, due to the maximisation with respect to a and b. To
simplify the computations we will define a related observable. We choose two
harmonic forms ωh1 and ωh2 at random from the two-dimensional vector space
on a torus spanned by ωh1 and ωh2 . We then compute the standard deviations
σT (ω̂i] · ω̂h1] ) and σT (ω̂i] · ω̂h2] ) of the distribution over two-simplices σ 2 ∈ T of
the inner products ω̂i] (σ 2 ) · ω̂h1] (σ 2 ) and ω̂i] (σ 2 ) · ω̂h2] (σ 2 ) per two-simplex. The
observable P̃ (ωi ) is defined as the larger one of the two standard deviations,
P̃ (ωi ) = max{σT (ω̂i] · ω̂h1] ), σT (ω̂i] · ω̂h2] )}.

(5.62)

The standard deviation on the inner product is also a good measure for how
parallel the vector fields ωi] and ωh] are. For the flat torus the observable
P̃ (ωi ) is equal to zero for the two discrete Killing vector fields and close to
one for all other eigenvectors of S̃. The observables P (ωi ) and P̃ (ωi ) are
strongly correlated for random simplicial geometries of toroidal topology, in
the numerical range where we could compute both.

5.7

Results and discussion

In this section we will discuss the results of a measurement of the expectation
value of P̃ (ωi ) on ensembles generated with Monte Carlo methods weighted,
by the exponentiated Regge action e−SR [T ] evaluated on the triangulation T ,
for three types of two-dimensional toroidal geometries. We will compare the
proposed observable between CDT, DT and the case of small perturbations
on a flat torus. The small perturbations are a subset a subset of the set TCDT
of CDT geometries, where no vertex order is smaller than five
por larger than
seven. The small perturbations are obtained by performing N2 /2 volumepreserving Pachner moves at random points.
When we repeat the construction of the DAKVF for a typical DT geometry
we encounter a complication. In contrast to the continuum, the definition of
the DAKVF is not necessarily positive definite for simplicial complexes that
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(a) CDT

(b) DT

(c) Perturbations

Figure 5.13: Typical geometries with toroidal topology from ensembles of
geometries for CDT, DT and small perturbations on flat space for N2 = 800.
The geometries are coloured with a gradient from green to red for vertices of
low to high vertex order. The apparent lengths of the links are an artefact of
the embedding. In reality, all simplices are equilateral.
include vertices with vertex order smaller than four. Such geometries do not
appear in CDT and for small perturbations on a flat torus, but vertices of
order three can appear in DT geometries. To avoid this issue, we will adopt a
restricted version of DT for which we will not allow triangulations with vertex
order smaller than four. Typical geometries of each of these ensembles are
depicted in Fig. 5.13.
The average of P̃ (ωi ) over a small sample of the ensemble at fixed number of
triangles N2 approximates the expectation value hP̃ (ωi )iN2 . We have repeated
the measurements for different values of N2 . We can therefore analyse the scaling of the expectation value as a function of N2 and attempt to extract the
infinite-volume
limit. For CDT and the small perturbations, the geometries
p
consist of N2 /2 time slices. The results are summarised in Fig. 5.14, combining the data for CDT (orange), DT (green) and the small perturbations (blue).
The figure shows the measured values hP̃ (ωi )iN2 for various total number of
triangles N2 , of the three eigenvectors ω1 , ω2 and ω3 of the Killing energy
operator S̃, corresponding to the lowest three eigenvalues λ1 < λ2 < λ3 . Each
data point is an average over about 100 geometries with the corresponding
standard deviation. The lines that connect the data points are merely added
to improve readability. The plots in the right column show measurements for
an extended range for the scaling of CDT, assuming that the values of DT
and the small perturbations do not change in this range.
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Figure 5.14: Measurements of the expectation value hP̃ (ωi )i as a function of
the number of triangles N2 for CDT (orange), DT(green) and small perturbations (blue). The right column shows an extended range for the scaling of
CDT, assuming that the values of DT and the small perturbations remains
approximately constant.
The expectation value of P̃ (ωi ) for DT is consistently at around 0.8 for all
three eigenvectors ω1 , ω2 and ω3 . We conjecture that a value close to one
is a sign that there are no approximate symmetries present. For the small
perturbations, the expectation value hP̃ (ωi )iN2 is consistently close to zero
for the eigenvectors ω1 and ω2 and close to one for ω3 . This signals that
there are two DAKVF present. The behaviour of the observable for CDT
is more complicated. For small geometries, it seems that the expectation
value for the eigenvector corresponding to the lowest values hP̃ (ω1 )iN2 is close
to zero, while the expectation values for ω2 and ω3 are significantly higher.
The lower value of hP̃ (ω1 )iN2 could indicate that the breaking of one of the
two exact symmetries of the torus is less severe in CDT. We may conclude
that one approximate Killing vector field is present. Explicit investigations of
the corresponding discrete vector fields ω1] indicate that this is related to the
layered structure of CDT.
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However, when extrapolated to infinite volume, the expectation values for
CDT tend to those of DT. The anisotropy implied by the presence of one
DAKVF in CDT seems to be a finite-size effect. This could be seen as a desirable result, indicating that the layered structure of CDT does not leave an
explicit physical imprint on the geometry in the continuum limit.
We conclude that investigations of the new observable P̃ (ωi ) did not find any
discrete approximate Killing vector fields in two toy models of quantum gravity, namely, DT and CDT on a torus. Since quantum fluctuations are dominant
in these theories, this lies within our expectations. For the case of small perturbations on a flat torus, we do find two discrete approximate Killing vectors.
At small volumes we also saw some evidence of a discrete approximate Killing
vector field in CDT. Although this feature does not persist at larger volumes,
it suggests that it may be possible to study direction-dependent properties in
a quantum theory of gravity with the observable P̃ (ωi ). One difficulty in understanding this new observable is the interpretation of values of hP̃ (ωi )i that
are neither close to zero nor close to one. Without a scale of comparison, these
values do not have any immediate interpretation in terms of the symmetries
of the underlying quantum geometries.
The introduction of the observable P̃ (ωi ) is an attempt to find a quantitative
measure for the presence of approximate isometries on a geometry. The construction based on the lowest eigenvectors of the Killing energy operator S̃
only seems to be useful in the context of small perturbations. For a definition
that is more widely applicable, it is likely that a more thorough understanding
of the spectrum of S̃ is necessary. One idea could be to examine how the exact
Killing vector fields “move” in the spectrum under continuous deformations
of the geometry. The Killing energy associated to such a vector field might be
a better measure of the presence of approximate isometries.
A full analysis of the spectrum of differential operators like S̃ is however difficult and also may not be necessarily relevant in the quantum theory, where one
is interested in the behaviour of averages or expectation values in a continuum
limit. The idea of reconstructing properties of a geometry from the spectrum
of a differential operator has a long history [76] and generally goes by the
name of spectral geometry. The Laplace-Beltrami operator has been extensively studied with this goal in mind, see for example [110]. In [1], an algorithm
was presented to reconstruct a two-dimensional geometry with spherical topology from the spectrum of the scalar Laplace-Beltrami operator. It was also
argued in [1], that higher-order differential operators are necessary to achieve
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a similar result in higher dimensions. Let us also point out that the low-lying
spectrum and eigenvectors of the scalar Laplacian have recently been studied
as an order parameter in the context of CDT [41, 42]. Another well-known
related framework is non-commutative geometry [45], where a generalised notion of geometry is encoded in the spectrum of a Dirac-type operator.
The Killing energy operator S is closely related to a higher-order LaplaceBeltrami operator. The first two terms in S in eq. (5.9) contain the link
Laplacian. One important difference between the link Laplacian and S is that
the lowest modes of the link Laplacian only contain topological information
determined by the first Betti number, while the lowest modes of S̃ also carry
metric information.
A possible next step is to construct the discrete Killing energy in geometries of
higher dimension. To achieve this, a notion of a discrete Ricci tensor must be
defined. A Ricci tensor based on links, like the one constructed in [3], seems
most relevant for an operator on discrete one-forms, but further investigations
are necessary. The fact that the interpretation of the DAKVF as approximate
symmetries only seems warranted when the fluctuations are small, suggests
that a study of symmetry-reduced models could be promising. A possible
application in a non-perturbative context is phase C of CDT in four dimensions with T 4 -topology. The spatial slices are locally very irregular, but the
variations of the volume profile are relatively small. It could be that this approximately regular structure is visible in terms of the new observable P (ωi )
and perhaps is reflected in the presence of an approximate Killing vector in
the time direction.
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The subtitle of this thesis is “What to measure if space-time is quantum?”.
This sentence refers to the difficulty theoretical physicists encounter when
trying to define observables in a non-perturbative theory of pure quantum
gravity, where both the superposition principle of quantum theory and a nonperturbative description of gravity are incorporated. The diffeomorphism invariance of classical gravity strongly suggests that a theory of quantum gravity should be coordinate-independent, or in the case of discrete geometries,
label-independent. As a consequence, physically relevant observables in nonperturbative quantum gravity are in general highly non-local. The observables
that have been studied are typically defined as space-time averages of (pre)geometric quantities such as the dimension of space-time. In Causal Dynamical Triangulations (CDT), examples of observables are the volume profile and
space-time averages of the scale-dependent spectral dimension. Interesting
semi-classical behaviour has been observed for these observables in phase C of
the phase diagram of four-dimensional CDT (see Fig. 2.4). Recently, an observable has been introduced that can be understood in terms of a space-time
average of a coarse notion of Ricci curvature [80, 81, 82], which shows promising properties. This quantum Ricci curvature is associated with a variable
length scale δ comparable to the observable based on the spectral dimension.
However, where the spectral dimension can solely confer information about
the apparent dimensionality of space-time at a given scale, the quantum Ricci
curvature can potentially measure more detailed properties of CDT related to
curvature.
To understand the geometric properties of phase C in CDT better, it is essential that we find more observables that both have a clear geometric interpretation and are sensitive to a range of scales similar to the quantum Ricci
curvature. More specifically, it is desirable to find observables that are related
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to scale-dependent and quasi-local notions of curvature. The research that
was presented in this thesis revolves around the search for new observables
related to curvature that can serve as tools to investigate quantum gravity
from the large scales of classical space-time down to the Planck scale. We
have proposed three different avenues that have not been extensively explored
before in non-perturbative quantum gravity.
In Ch. 3, we have investigated the possibility of defining an observable based
on gravitational Wilson loops, motivated by the success of Wilson loops in
gauge theories. One important difference with regard to the gauge-theoretic
setting is that to obtain a true observable, the path γ in the gravitational
Wilson loop must be defined in a geometric way. We have studied a geometric
construction of the path γ as the intersection of two geodesic spheres, which
fulfils the requirement of an invariant definition of γ and can (in principle) be
implemented in an arbitrary metric space. The geodesic distance δ between
the centres of the intersecting spheres introduces a scale-dependence of the
kind we are looking for when constructing quantum observables.
In a particular classical setting, we have made progress towards a better understanding of the gravitational Wilson loop in terms of integrated curvature.
Our result is interesting, because analytical control over integrals of generally non-abelian, tensorial objects is hard to come by. The relation between
the integrated curvature and Wilson loops, which we have dubbed “geometric flux”, exists on totally geodesic surface. Totally geodesic surfaces will in
general not be present in the geometries appearing in a theory of quantum
gravity. However, our classical result provides a potential point of reference
for a comparison of semi-classical results on expectation values of Wilson loop
observables with the geometries we would expect in a classical limit of the
quantum theory.
An important property we look for in a scale-dependent observable is that it
should become less sensitive to small-scale details of the theory for larger δ
and in this sense have good “averaging” properties. CDT is a theory of quantum gravity that is well suited for studying these aspects of scale-dependent
observables. In principle, we can investigate whether and how observables,
from some scale onwards, “see” the quantum fluctuations of the geometries
and become independent of the details of the lattice regularisation. For even
larger scales it would be desirable that such an observable can also describe
the quantum fluctuations in an “averaged” sense.
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Separately, we have made steps towards a geometric construction and measurements of Wilson loops based on intersecting spheres in CDT. To get an idea
of the difficulties involved, we have analysed the observable on a metric threesphere, both for a smooth three-sphere and a piecewise flat triangulation of a
three-sphere. Our preliminary results on the three-sphere can perhaps serve
as a guideline for recognising (semi)-classical behaviour in measurements of
a potential observable based on gravitational Wilson loops in CDT. We have
compared the smooth analytic and discrete numerical results and concluded
that the numerical results for the discrete Wilson loop do not match the expected dependence on the separation of the intersecting spheres of the smooth
Wilson loop. In the range of scales we have investigated, the Wilson loop does
not exhibit any dependence on the length scale δ, but follows a distribution
that is consistent with a uniform distribution over the group manifold SO(3),
of which the holonomies are elements. Within the level of refinement of our
analysis, our results suggest that the Wilson loop lacks robustness with respect
to the discretisation and does not seem to reproduce the expected classical results. However, given the relatively small sizes of our lattices, it is too early
to make any conclusive statements. It would also be desirable to improve the
construction of circular loops in the discrete context, because the loops we
have examined are only approximately circular in an average sense.
In Ch. 4 we have conducted a study of a different kind. The well-known investigations in four-dimensional CDT that lead to the discovery of the dynamical
dimensional reduction with respect to the spectral dimension were derived by
studying the (dual) scalar Laplacian. It would be interesting to know whether
consistent results in CDT will be obtained for Laplacians of order m as well,
corresponding physically to the behaviour of other matter fields on the same
quantum geometry. On a classical smooth manifold, the spectral dimension
associated with the Laplacian is independent of the order m. A study of the
spectral dimension of order m has not been conducted in the framework of
CDT and could be another tool to examine the short- and large-scale properties of phase C. Since the spectral dimension is related to diffusion, a varying
spectral dimension could have interesting consequences for the propagation of
vector and tensor fields in CDT.
To acquire a better understanding of the dependence of the spectral dimension on m, we have studied a class of very regular simplicial geometries that
are known as Apollonian graphs. These geometries are sufficiently regular to
enable the calculation of the spectral dimension of order m analytically, using
renormalisation group techniques. For Apollonian graphs of arbitrary dimen157
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sion d, we have derived the explicit dependence of the spectral dimension dS
on d and the order m. The spectral dimension dS of an Apollonian graph of
dimension d decreases when m increases. It is also straightforward to find the
value of the spectral dimension of these geometries with numerical methods.
We have shown that the numerical methods and our analytical results agree.
The renormalisation group techniques we have used are defined on the space
of simplical complexes, which are a more general set of simplicial structures
of which the simplical manifolds of CDT are a subset.
Our calculation is not immediately relevant to quantum gravity. However,
we have shown in an non-trivial example that the spectral dimension can depend on the order m. Such a dependence can have interesting physical consequences in a theory of quantum gravity. An m-dependent spectral dimension
could potentially be a signal that m-form fields for different m experience
different effective geometric properties. The numerical methods we used are
directly implementable in CDT. The results we have derived on the hyperbolic
Apollonian geometries can serve as a benchmark for comparison with future
numerical studies of CDT.
In Ch. 5 we have explored the concept of approximate symmetries in the context of quantum gravity. The rationale is to associate approximate symmetries
with the “coarse-graining” or “averaging” properties we are looking for in observables. Various definitions of approximate Killing vector fields have been
studied in the classical literature on the “averaging” or “fitting” problem in
cosmology [135, 55]. This subject refers to the open question of whether and
how a homogeneous and isotropic metric can appear as the average of a metric
that corresponds to some realistic inhomogeneous and anisotropic cosmological
matter distribution. The idea is to use approximate Killing vector fields on a
geometry without Killing symmetries to construct an “averaged” metric with
exact symmetries, whenever the two metrics are sufficiently close to each other.
We have adapted one specific notion of approximate Killing vector fields, involving the so-called Killing energy, to the setting of CDT. It was shown
previously that these approximate Killing vector fields can be generalised in
a straightforward way to simplicial manifolds. An approximate Killing vector
field is constructed from the eigenvector of a second-order differential operator
S = 2dδ +4δd−4Ric. We presented some results on triangulations of very regular spaces to illustrate that the interpretation of these objects as approximate
Killing vector fields is warranted. One could consider constructing an observable related to the approximate Killing vectors directly from the spectrum of
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S, because of its diffeomorphism-invariance. However, we have argued that
the vector fields have properties which make them better suited as a starting
point for the construction of observables.
We have proposed a specific observable based on the approximate Killing vector fields, which can be implemented on two-dimensional toy models of quantum gravity. We have compared the measurements of this observable for three
different two-dimensional models, DT, CDT and small perturbations, all for
toroidal topology. Our conclusion is that the interpretation of the approximate Killing vector fields as approximate symmetries breaks down away from
the realm of small perturbations. This result is most likely related to the complex interplay of the eigenvectors of S, while the Killing symmetries are only
related to a few eigenvectors. This type of complications is known from the
related field of spectral geometry. It would be interesting to develop the concept of approximate symmetries in the context of non-perturbative quantum
gravity further and investigate whether there are possibilities to implement
an observable based on approximate Killing vector fields in four-dimensional
CDT in phase C. Another interesting, natural area of application would be
the study of approximate symmetries in symmetry-reduced models in the context of CDT, such as those discussed in [51, 52].
The investigation of the observables proposed in this thesis opens up new lines
of inquiry in non-perturbative quantum gravity. The exploratory results presented here illustrate some of the difficulties one encounters in the construction
of scale-dependent curvature observables in non-perturbative models of pure
quantum gravity. Finding observables that have good averaging properties
is one of the central challenges in this endeavour. Future studies could be
conducted to find observables of the type studied in this thesis with improved
averaging properties. One way this could be achieved is by introducing a
coarse-graining scheme by hand. Such a choice is necessarily somewhat arbitrary, but can potentially uncover some general scale-dependent properties of
the theory under consideration.
For the case of the approximate Killing vector fields, a coarse-graining scheme
could be implemented on the level of the vector fields themselves. It is however challenging to devise an averaging-scheme for vector and tensor quantities.
One avenue that potentially can be followed is the averaging-scheme defined
in terms of a parallel transport of a tensorial quantity used in [136]. In this
work, such a scheme was used to define an average metric in the classical setting of the averaging problem. Using such methods, we could explore either
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the Killing vector of an average metric or an averaging of the eigenvectors of
the Killing energy S̃.
A potential alternative is a coarse-graining scheme at the level of the operator
S̃ itself. In the case of two-dimensional manifolds I have been able to show that
this can be achieved, although in a non-unique way, in terms of quasi-local
averages of scalar and dual scalar quantities. Further investigations of this
type are under way and it would be interesting if it is possible to generalise
such a construction to higher dimensions.
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Appendix
A.1

Bochner’s theorem

Eq. (5.6) can be derived with a variation on what is known as the Bochner
technique. First, it is necessary to make a choice for the coefficients in the
definition of the inner product |·, ·| on k-forms. The coefficients are fixed by
requiring that the exterior derivative d and the co-differential δ are adjoint
to each other with respect to |·, ·|, i.e. |A, δB| = |dA, B|. Taking the correct
coefficients into account, the contraction of the exterior derivative dω with
itself and the square of the co-differential δω in covariant derivatives ∇µ ων of
a one-form ω are given by
1
|dω, dω| = (dω)µν (dω)µν = 2∇[µ ων]
2
|δω, δω| = δω 2 = ∇µ ω µ ∇ν ω ν .
For arbitrary dimension n we can expand the contraction of Kµν = 2∇(µ ων)
with itself in the covariant derivatives ∇µ ων ,
|K, K| = 2(∇[µ ων] +∇ν ωµ )(∇[µ ω ν] +∇ν ω µ )
= 2(∇[µ ων] ∇[µ ω ν] +∇ν ωµ ∇µ ω ν )

= 2(∇[µ ων] ∇[µ ω ν] −ωµ ∇ν ∇µ ω ν + ∇ν (ωµ ∇µ ω ν ))

= 2(∇[µ ων] ∇[µ ω ν] −ω µ ∇[ν ∇µ] ω ν −ω µ ∇µ ∇ν ω ν +∇ν (ωµ ∇µ ω ν ))
= 2(∇[µ ων] ∇[µ ω ν] −ωµ Rκνκµ ω ν +∇µ ω µ ∇ν ω ν
−∇µ (ω µ ∇ν ω ν )+∇ν (ωµ ∇µ ω ν ))

= |dω, dω|+2|δω, δω|−2Rµν ω µ ω ν −2∇µ (F µ )
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A.1. Bochner’s theorem
where F µ = ω µ ∇ν ω ν − ων ∇ν ω µ . We use the inner product for scalars |φ, φ| =
φ2 , one-forms |ω, ω| = ωµ ω µ and two-forms |ψ, ψ| = 12 ψµν ψ µν . The last term
is a total derivative of F µ and will therefore not play a role in manifolds
M without
R boundary. With these results we can rewrite the Killing energy
E(ω) = 2 |K, K| with respect to a generalisation of the ordinary inner product |·, ·| on a closed manifold M in the following way,
Z
E(ω) =
dV (2|dω, dω| + 4|δω, δω| − 4Ric(ω, ω)) .
(A.2)
M

From now on we assume that the manifold M is two-dimensional such that
the Ricci tensor Rµν simplifies to Rµν = R2 gµν , where R is the Ricci scalar.
The operators d and δ are the adjoints of each other with respect to the inner
product |·, ·|. We can therefore write the Killing energy E(ω) very compactly,
Z
E(ω) =
dV (2|δdω, ω| + 4|dδω, ω| − 2R|ω, ω|) .
(A.3)
M

Or in a shorthand form introducing the operator S,
Z
E=
dV |Sω, ω|,

(A.4)

M

with
S = 2δd + 4dδ − 2R.
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Samenvatting
Op jonge leeftijd ontleedde ik graag allerlei apparaten om er achter te komen uit welke kleine onderdelen zij bestonden. Ik ben het altijd spannend
blijven vinden om er achter te komen hoe de bekende wereld om ons heen is
opgebouwd uit haar kleine bestanddelen. Deze interesse heeft mij uiteindelijk
geleid naar de vraag of de ruimte en tijd, waarin alle natuurkundige processen
plaatsvinden, zelf te begrijpen zijn vanuit processen op kleinere schaal. Theoretische natuurkunde, het vakgebied van dit proefschrift, is bij uitstek geschikt
om dit soort vragen op een systematische manier te onderzoeken en daarbij
nieuwe natuurkundige processen te voorspellen.
Sinds inzichten uit de twintigste eeuw weten wij dat het oude beeld van ruimte
en tijd als een statisch gegeven niet correct is. Het is nog niet volledig duidelijk
waar dit beeld door vervangen zou moeten worden en het is aan theoretisch
natuurkundigen om de mogelijkheden te onderzoeken. Sinds de ontwikkeling
van Einstein’s algemene relativiteitstheorie weten wij dat materie (waar alles
in de ruimte uit bestaat) niet alleen beweegt in de ruimte en tijd, maar ook
de ruimte en tijd zelf vervormt waardoor vrij bewegende andere materie een
andere baan aflegt. Een voorbeeld is onze aarde, die de geometrie (de vorm)
van de ruimte om de aarde zo beinvloedt dat de maan een bij benadering
cirkelvormige baan aflegt rond onze planeet. Deze relatie tussen materie en
de geometrie van ruimte en tijd samen, de ruimte-tijd, is het moderne begrip
van zwaartekracht. In dit moderne beeld van de natuur is de ruimte-tijd niet
een vaste achtergrond voor de natuurwetten van de materie, maar ook zelf een
variabel gegeven.
Ons begrip van materie zelf, werd volledig omgegooid rond dezelfde tijd aan
het begin van de twintigste eeuw door de ontwikkeling van de kwantumtheorie.
De kwantumtheorie beschrijft de wetten van de materie, met het superpositie
principe als één van de essentiële elementen. Dit principe stelt dat de positie
en snelheid van materie, of algemener de toestand, niet één waarde heeft maar
meerdere waarden tegelijk kan aannemen. Dit klinkt tegenintuı̈tief, maar zonder de kwantumtheorie kunnen wij niet begrijpen hoe de objecten die wij in
ons dagelijks leven tegenkomen opgebouwd zijn uit atomen en moleculen en
kunnen wij de elektrische eigenschappen van de materialen die moderne
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technologie mogelijk maken niet verklaren. Inmiddels is het duidelijk dat het
superpositie principe een eigenschap is van de materie waaruit wij en alles om
ons heen bestaan.
Tot zover beschreef ik twee goed begrepen en door experimenten bevestigde natuurkundige begrippen: de relatie tussen een variabele ruimte-tijd en materie
uit de algemene relativiteitstheorie en het superpositie principe voor materie
van de kwantumtheorie. Als beide theorieën een correcte beschrijving van
onze natuur geven volgt hieruit een radicale conclusie. Als materie de vorm
van de ruimte-tijd bepaalt én materie op meerdere plaatsten tegelijk kan zijn,
zou de ruimte-tijd óók tegelijkertijd verschillende vormen aan moeten kunnen
nemen. Een natuurkundige theorie met zulke eigenschappen heet kwantumzwaartekracht. Een van de taken van theoretische natuurkundigen is om te
beschrijven wat deze theorie precies zou moeten inhouden.
De mogelijkheid dat ruimte verschillende vormen tegelijk aan kan nemen levert moeilijkheden op bij het beschrijven van kwantumzwaartekracht. Een
moeilijkheid heeft te maken met hoe eigenschappen van kwantumzwaartekracht moeten worden bepaald, namelijk als een gemiddelde over meerdere
ruimte-tijden van verschillende vorm. Omdat er in de meeste gevallen te veel
mogelijkheden zijn om deze met bestaande wiskundige technieken te berekenen, moet gezocht worden naar een andere methode. In dit proefschrift is
er voor een methode gekozen waarin de vorm van de ruimte-tijd benaderd
wordt met driehoeken, vergelijkbaar met hoe computerbeelden worden gevormd. Deze benadering door driehoeken maakt het aantal mogelijke vormen
van de ruimte-tijd beter beheersbaar en heet (Causal) Dynamical Triangulations (CDT). Een voordeel van CDT is dat men met computersimulaties
voorspellingen kan doen, ook zonder exacte wiskundige oplossing. Zulke voorspellingen zouden in principe met experimenten getoetst kunnen worden. Een
beschrijving van de methode om kwantumzwaartekracht door driehoeken te
benaderen en een vergelijking met andere methoden is te vinden in hoofdstuk
1 en 2 van dit proefschrift.
Een verdere moeilijkheid bij het beschrijven van kwantumzwaartekracht betreft de zoektocht naar meetbare grootheden, of observabelen, voor de beschrijving van natuurkundige processen. In de meeste natuurkundige theorieën zijn
ruimte en tijd de referentiepunten voor de beschrijving van natuurkundige
processen. Als men er vanuit gaat dat in een beschrijving van kwantumzwaartekracht een extern referentiepunt niet aanwezig kan zijn omdat de ruimtetijd meerdere vormen tegelijk aanneemt, zijn bestaande concepten zoals een
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tijdstip of een positie niet meer bruikbaar. Zo een benadering van kwantumzwaartekracht heet niet-perturbatief. Hierin moet opnieuw worden bedacht
welke observabelen wél meetbaar zijn. Concepten zoals afstanden, verloop
van tijd en kromming moeten afgeleid worden uit nieuwe grootheden die berekend worden als gemiddelden over vele ruimte-tijden. De zoektocht naar
nieuwe observabelen in niet-perturbatieve kwantumzwaartekracht is waar dit
proefschrift over gaat. In hoofdstuk 1 wordt uitvoeriger beschreven waarom
niet-perturbatieve kwantumzwaartekracht waarschijnlijk nodig is om een volledig begrip van onze natuur te krijgen. In de overige hoofdstukken worden drie
verschillende methoden bestudeerd om de vorm van ruimte-tijd te onderzoeken
als een gemiddelde over een verzameling van ruimte-tijden van verschillende
vorm. Om deze in dit proefschrift geı̈ntroduceerde methoden te bestuderen
is het nodig gebleken om versimpelde modellen van de natuur te bekijken.
Voordat gemiddelden uitgerekend kunnen worden met deze observabelen is
het daarnaast in sommige gevallen nodig om de eigenschappen van de observabele eerst op een enkele geometrie te onderzoeken.
In hoofdstuk 3 wordt onderzocht of een meting van de kromming langs een specifieke lus-observabele, de Wilson-lus van de Levi-Civita-verbinding, informatie kan geven over de gemiddelde geometrie van het gebied dat wordt omsloten
door de lus. Om deze vraag te beantwoorden bestudeerden wij geometrieën
met exacte Killing-symmetriën. Met deze aanname konden wij een exacte relatie afleiden tussen Wilson-lussen op volledig geodetische oppervlakken en de
geı̈ntegreerde kromming van elk door de lus omsloten oppervlak in termen van
een behouden geometrische flux. Het lijkt niet mogelijk om deze relatie uit
te breiden naar meer realistische situaties van kwantumzwaartekracht waarin
meestal veel geometrieën zonder exacte symmetrieën voorkomen. Ook voor de
situatie waarin men een benadering maakt van een geometrie met een exacte
symmetrie lijken zulke lussen zo veel informatie te bevatten dat het moeilijk
is om de resultaten van een meting van deze observabele te interpreteren.
In hoofdstuk 4 wordt vervolgens een observabele bestudeerd die gebaseerd is op
de wiskunde van diffusie, namelijk hoe inkt zou vloeien op geometrieën die uit
driehoeken bestaan. De snelheid waarmee inkt vloeit kan namelijk informatie
geven over de vorm van de geometrie. De observabele is de spectrale dimensie
van orde m, afgeleid van het spectrum van de Laplace-Beltrami operator gedefinieerd op m-vormen. Voor een klasse van geometrieën van een vaste vorm,
hebben wij met een wiskundige methode, de renormalisatiegroep, de exacte
afhankelijkheid van de spectrale dimensie van het soort materie bepaald.
In hoofdstuk 5 wordt ten slotte bestudeerd of een specifieke wiskundige de177

finitie van “bijna”-symmetrie, het “approximate Killing vector field”, bruikbaar is om te bepalen of kwantumzwaartekracht in twee dimensies zich gemiddeld gedraagt als een geometrie die bij benadering exacte symmetrieën
heeft. Deze uitkomst zou interessant zijn omdat van een realistisch model
van kwantumzwaartekracht wordt verwacht dat deze zich gemiddeld gedraagt
als een geometrie zoals die van onze kosmos, die op grote schalen bij benadering Killing-symmetrieën heeft. Het blijkt echter dat zo een gemiddelde,
“bijna”-symmetrie alleen meetbaar is als men niet toelaat dat de geometrieën
alle mogelijke vormen kunnen aannemen. Als alle vormen worden toegestaan,
hebben de vele variaties van de geometrie op kleine schalen een grote invloed
op de observabele en is het resultaat van een meting moeilijk te interpreteren.
Wij concluderen dat om deze “bijna”-symmetrie observabele zinvol te kunnen
gebruiken in realistische modellen van kwantumzwaartekracht, waarschijnlijk
een methode ontwikkeld moet worden deze ook te middelen over verschillende
afstandsschalen.
De drie gereedschappen die zijn onderzocht in dit proefschrift bleken alle drie
in principe bruikbaar om gemiddelde eigenschappen van een verzameling van
verschillende ruimte-tijden te berekenen. De Wilson-lus observabele en de
“approximate Killing vector field”-observabele bleken echter zo veel informatie
over de geometrie te bevatten dat het moeilijk is om een zinvolle interpretatie van de resultaten van een meting van deze observabelen te geven. Er is
meer onderzoek nodig om deze observabelen als meetinstrument in te zetten
in een realistisch model van kwantumzwaartekracht. Zij zouden ook gebruikt
kunnen worden om andere versimpelde modellen van kwantumzwaartekracht
te bestuderen. De resultaten van de spectrale dimensie van orde m als observabele laten zien dat deze observabele geschikt is om realistische modellen te
bestuderen. Met dit gereedschap zou in toekomstige studies potentieel onderzocht kunnen worden of de ruimte-tijd een verschillende effectieve dimensie
heeft voor verschillende soorten van materie. Dit soort voorspellingen van
nieuwe fenomenen zijn een belangrijke stap in het doorgronden van het binnenwerk van ruimte en tijd.
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Summary
From a young age I liked to deconstruct all kinds of devices to figure out of
which small parts they consist. Since then, discovering how the world around
us can be understood from the smaller parts it consists of has remained intriguing to me. This curiosity eventually led me to the question whether space
and time, with respect to which all physical processes are defined, itself can be
understood from processes at smaller scale. Theoretical physics, the discipline
of this doctoral thesis, is especially suited to systematically investigating these
kinds of questions and attempting to predict new physical phenomena.
From insights obtained in the twentieth century, we know that the old view
on space and time as a static background structure is not correct. It is not
entirely settled what should replace this old view and it is a task for theoretical
physicists to investigate the possibilities. Since the development of general relativity, we know that matter (everything which is contained in space and time)
does not only move in space and time, but also deforms space and time itself
such that the path of other free moving particles is altered. An example is our
Earth, which influences the geometry (the shape) of the space around Earth
such that the moon moves on a approximately circular trajectory around our
planet. This relation between matter and the geometry of the combination
of space and time, or space-time, is the modern understanding of gravity. In
this modern view of nature, space-time is no longer a fixed background for the
laws of nature to which matter adheres, but itself a dynamical structure.
Our understanding of matter also has been completely changed at the start
of the twentieth century by the development of quantum theory. Quantum
theory describes the laws of matter, with the superposition principle as one of
its essential elements. This counter-intuitive principle states that the position
and speed of matter, or more generally the quantum state, can have not one,
but multiple values simultaneously. However, without quantum theory we
would not understand how everyday objects consist of atoms and molecules,
and we could not explain the electric properties of the materials that are
essential for modern technology. By now, it is clear that the superposition
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principle is a property of the matter that makes up everything that exists
around us.
Two physical concepts which are well understood and are validated by experiment are: the relation between a variable space-time and matter from general
relativity and the superposition principle for matter from quantum theory. If
both theories give a correct description of nature, we are led to draw a radical
conclusion. If matter determines the geometry of space-time, and matter can
be at multiple positions simultaneously, space-time could also take on multiple shapes simultaneously. A physical theory with such properties is called
quantum gravity. One of the tasks of theoretical physicists is to give a detailed
description of what this theory could possibly entail.
The possibility that space-time can take on different shapes simultaneously
poses some difficulties for a description of quantum gravity. One difficulty is
related to how properties of quantum gravity are determined. Physical properties can only be determined as an average over many space-times of different
shapes. In most cases there are too many possible shapes of space-time to exactly calculate averages with existing mathematical techniques. It is therefore
necessary to find a method to determine such averages. The method that has
been chosen in this doctoral thesis is based on an approximation of the geometry of space-time with triangles, comparable to how computer images are
generated. This approach has the name (Causal) Dynamical Triangulations
(CDT). One advantage of CDT is that it is possible to make predictions with
computer simulations, even if an exact mathematical analysis is not available.
Such predictions could in principle be tested with experiments. A description
of CDT and a comparison with other methods can be found in chapters 1 and
2 of this thesis.
Another difficulty that arises while describing quantum gravity is related to
the search for measurable quantities, or observables, for the description of
physical processes. In most physical theories, space and time are reference
structures for the description of physical processes. If one assumes that in a
description of quantum gravity such a static external reference structure can
not be present initially because space-time has multiple shapes simultaneously,
existing concepts like a single position in space-time are no longer available.
Such approaches to quantum gravity are called non-perturbative. In such approaches it is necessary to re-evaluate what kind of quantities are measurable.
Concepts like distances, time and curvature must be obtained from new quantities that are calculated as averages over many geometries. This search for
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new observables in non-perturbative quantum gravity is the subject of this
doctoral thesis. Chapter 1 contains a more thorough discussion of the necessity for a non-perturbative description of quantum gravity. In the remaining
chapters we describe three different methods to determine the effective form of
space-time as an average of a collection of space-times of different shapes. To
study these three new tools, it turns out to be necessary to consider simplified
models of nature. Before calculating averages of these proposed observables,
it was also necessary in some cases to first investigate the behaviour of the
observable on a single geometry.
In chapter 3 we investigate whether specific loop observable, the Wilson loop
of the Levi-Civita connection, can give information about the average geometry enclosed by the loop. To answer this question, we have studied geometries
with exact Killing symmetries. Under this assumption we were able to derive
an exact relation between Wilson loops on totally geodesic surfaces and the integrated curvature of any surface enclosed by the loop in terms of a conserved
geometric flux. It doesn’t appear possible to extend this result to the more
realistic case of geometries without Killing symmetries, which ubiquitously
appear in quantum gravity. Furthermore, for the case of an approximation of
a geometry with exact symmetries, these loops seem to contain too much information to posses a clear interpretation of a measurement of this observable.
In chapter 4 an observable is studied which is based on the mathematics of
diffusion processes, namely, how some imaginary “ink” would spread in geometries that consist of triangles. The speed of the spread can give information
about the structure of the geometry. The observable is called the spectral dimension of order m and is derived from the spectrum of the Laplace-Beltrami
operator defined on m-forms. For a class of geometries of a fixed shape, we
were able to derive the exact dependence of the spectral dimension on the type
of matter with a mathematical method called the renormalisation group.
In chapter 5 we investigate whether a specific mathematical definition of “almost” symmetry, the “approximate Killing vector field”, can be utilised to determine if quantum gravity in two dimensions behaves like a geometry which,
on average, is close to having exact symmetries. Such a result would be interesting because a realistic theory of quantum gravity is expected to behave
on average as a geometry like that of our cosmos, which is known to have
approximate Killing symmetries on large scales. It seems however that such
an average “approximate” symmetry is only measurable if one does not allow space-time to have all possible shapes, which means to treat it classically,
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rather than quantum-mechanically. If all shapes are allowed, the many variations of the geometry at small scales have a large influence on the measurement
of the observable and it is difficult to interpret the outcome. To be able to use
this observable to study realistic models of quantum gravity, it is most likely
necessary to devise a method to average this observable over different length
scales in the geometries.
The three tools that have been investigated in this doctoral thesis have been
shown to be in principle suited to calculate average properties of a superposition of different space-times. However, the Wilson loop observable and the
approximate Killing vector field observable seem to contain so much information of the geometries that it is difficult to give a meaningful interpretation
of their measurement. More research will be necessary to utilise these observables in a realistic model of quantum gravity. They could however also find
use in investigating other simplified models of quantum gravity. The results
on the spectral dimension of order m show that this observable is suited for
the study of realistic models of quantum gravity. With this tool we can potentially investigate in the future whether space-time has an effectively different
dimension for different types of matter. These kind of predictions of new phenomena are an important step towards uncovering the inner workings of space
and time.
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