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1

INTRODUCTION

1.1

spintronics and the limitations of every day electronics

In today’s society electronic devices are heavily incorporated in everyone’s daily
life. The everlasting desire to make our computers run faster, necessarily leads
to smaller and smaller electric components. Where in the early 70s a single
computer chip could host up to a few thousands of transistors, today the number
approaches tens to hundreds of billions and soon will reach a fundamental limit
[1].
At the heart of electronic devices are electronic circuits that control the charge
of electrons. Besides charge, electrons however possess two spin states that can
be named "up" and "down", a degree of freedom that can be utilized in both data
storage and processing. The giant magneto-resistance effect [2, 3] for example
has made a tremendous impact on data storage technologies [4].
Unfortunately these improvements in computer chips and data storage has
led to an increase in energy consumption. Predictions say the total electricity
demand of information and communication technology will be 20.9% of the total
world’s electricity demand [5] by 2030.
Spin-based electronics or "spintronics" as it is often referred to, has become an
active field of research. Compared with charge-based devices, spin-based devices
could in principle have higher density, lower energy cost, and faster operating
speed [6–8]. Despite active research, many open questions remain about the
electron spin dynamics. These include among others understanding the effects of
spin-orbit coupling, spin-valley coupling, and spin-photon interaction [7, 9].
1.1.1

Spintronics in ferro- and antiferromagnets

Ferromagnetic spintronics has greatly contributed to microelectronic technology
in the last few decades [10–12]. One of the practical results was the development
of magnetic memories with purely electronic write-in and read-out processes as
an alternative to existing solid state drive technologies [13, 14].
Ferromagnetic thin films have already entered commercial use in hard drives,
magnetic field and rotation angle sensors and in similar devices [15–17], while
keeping high promises for technologically competitive ultrafast memory elements
[18] and neuromorphic chips [19].
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It is widely known that spin-orbit interaction provides an efficient way to
couple electronic and magnetic degrees of freedom. It is, therefore, no wonder
that the largest torque on magnetization, which is also referred to as the spin-orbit
torque, emerges in magnetic systems with strong spin-orbit interaction [20, 21] as
has been long anticipated [22].
The spin-orbit coupling may be enhanced by confinement potentials in effectively two-dimensional systems consisting of conducting and magnetic layers.
The in-plane current may efficiently drive domain walls or switch magnetic
orientation in such structures with the help of spin-orbit torque [23–26], which is
present even for uniform magnetization, or with the help of spin-transfer torque,
which requires the presence of magnetization gradient (due to e. g. domain wall)
[27–30].
On the other hand, antiferromagnets have received a great deal of attention due
to their high temperature magnetic order in a large variety of materials. The study
of antiferromagnets have uncovered many interesting properties. For example,
the antiferromagnet has zero magnetic moment, is insensitive to external fields
and contains no internal stray fields. Furthermore, ultrafast switching of the
antiferromagnetic order has been observed [31–36]. In spintronic devices these
properties translate to storing magnetic data at high densities, fast reading and
writing, and, in addition to low energy consumption, make the antiferromagnet
an ideal candidate for further study.
An increasing demand for ever higher performance computation and ever
faster big data analytics has therefore sparked the interest to antiferromagnetic
spintronics [33–35, 37–40], i. e. to the usage of the much more subtle antiferromagnetic order parameter to store and process information. This idea is driven
primarily by the expectation that antiferromagnetic materials may naturally allow
for up to THz operation frequencies [31–36] in sharp contrast to ferromagnets
whose current-induced magnetization dynamics is fundamentally limited to GHz
frequency range.
Recently, spin-orbit-torque-driven electric switching of the Néel vector orientation has been predicted [36] and discovered in non-centrosymmetric crystals such
as CuMnAs [37, 41–43] and Mn2 Au [44–46]. Even though many antiferromagnetic
compounds are electric insulators [47], which limits the range of their potential
applications, e.g., for spin injection [48], the materials like CuMnAs and Mn2 Au
possess semi-metal and metal properties, inheriting strong spin-orbit coupling
and sufficiently high conductivity. These materials also give rise to collective
mode excitations in THz range [46].
Despite a lack of clarity concerning the microscopic mechanisms of the Néel
vector switching, these experiments have been widely regarded as a breakthrough
in the emerging field of THz spintronics [31–33, 37–40, 46]. It has been suggested
that current-induced Néel vector dynamics in an AFM is driven primarily by

1.2 magnetism in two-dimensional materials

the so-called Néel spin-orbit torques [36, 42, 49–61]. The Néel spin-orbit torque
originates in a non-equilibrium staggered polarization of conduction electrons on
AFM sublattices [36, 42, 53, 55]. Characteristic magnitude of the non-equilibrium
staggered polarization and its relevance for the experiments with CuMnAs and
Mn2 Au remain, however, debated.
1.2

magnetism in two-dimensional materials

In recent years a promising opportunity appeared that can push spintronic
devices to a two-dimensional limit. Eliminating one dimension has the practical
benefit of reducing the size and energy consumption of spintronic devices. Twodimensional materials can in addition be tuned by gates and dopants. Two
dimensional magnetism on the other hand has favorable properties such as
larger magnetic domains, larger magnetic moment per atom and in general large
directional magneto-crystalline anisotropy [62, 63].
It is important to stress that this anisotropy is important not because it is
beneficial for storing magnetic data, but because without it the magnetic order
(ferromagnetic or antiferromagnetic) cannot exist. This is an important consequence of the Mermin-Wagner theorem [64], that states that in a truly isotropic
two-dimensional system a long-range magnetic order (ferromagnetic or antiferromagnetic) cannot exist at any finite temperature: any, whatever small, thermal
excitation gives rise to large magnonic fluctuations strong enough to destroy any
magnetic ordering. A magneto-crystalline anisotropy however circumvents this
theorem as it opens up a magnonic excitation gap, giving rise to finite Curie/Néel
temperatures below which a ferromagnetic/antiferromagnetic ordering exists.
The first two-dimensional crystal, graphene [65–67], was first discovered in
2004 [68, 69]. A popular technique to produce a single layer of graphene is by
exfoliating graphite. Here the different layers in graphite are held together by
weak van-der-Waals forces. The same technique has led to the discovery of a
multitude of new two-dimensional materials. Collectively, these materials are
called van-der-Waals materials. These materials are often grouped in four distinct
groups [7, 62, 70]: (i) graphene based, (ii) 2D chalcogenides [71–81] , (iii) 2D
halides [82–86] and (iv) 2D oxides [87–91].
The first category consists of materials that are a derivative of graphene — such
as fluorated graphene [92, 93] — and materials that have a similar hexagonal
crystal structure – such as hexagonal boron nitride [94]. The group of 2D chalcogenides consists of crystals containing at least one chalgenide atom (e.g. S, Se, Te).
A commonly studied subgroup are the transition metal dichalcogenides (TMDs),
whose crystal formula is given by MX2 . Here M is a transition metal (e.g. Mo, W)
and X is a chalcogenide. The third group, 2D halides, contain crystals following a
similar formula as the TMDs, e.g. MX2 and MX3 , but with X being a halogen (e.g.
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Ferromagnetic

Antiferromagnetic

(ii) 2D chalgenides

MoS2 , MoSe2 , VSe2 ,
MnSe2 , Fe3 GeTe2 ,
Cr2 Ge2 Te2 ,
Cr2 Si2 Te6 ,CrGeTe3

FePS3 , FePSe3 , MnPS3 ,
MnPSe3 , NiPS3 , NiPSe3 ,
AgVP2 S6 , AgVP2 Se6 ,
CrSe2 , CrTe3 , CrSiTe3

(iii) 2D halides

CrI3 (single layer), CrBr3 ,
CoBr3
GdI2 , K2 CuF4

CrI3 (bi-layer), FeCl2 ,
CoCl2 , NiCl2 , VCl2 ,
CrCl3 , FeCl3 , FeBr2 ,
MnBr2 , CoBr2 , VBr2 ,
FeBr3 , FeI2 , VI2 , CrOCl,
CrOBr, CrSBr

(iv) 2D oxides

ZnO, MnO2 , δ-FeOOH

Na2 Co2 TeO6 , Ni(OH)2

Table 1.1: Brief overview of various experimentally realized (anti)ferromagnetic van-derWaals crystals [7, 62, 70]. The group of graphene based materials are non-magnetic and
not shown in this Table.

(a) FM

(b) Néel AFM

(c) Zig-zag AFM

(d) Stripy AFM

Figure 1.1: Four magnetic phases commonly found among van-der-Waals magnets.

Cl, Br, I). The magnetic moments in most of these crystals are strongly located
on the metal atoms in a honeycomb array [95]. The last group of 2D oxides
ranges from simple crystals (e.g. ZnO) to more complex (e.g. Na2 Co2 TeO6 ). Some
examples of crystals in the last three groups are presented in Table 1.1. The
groups of two-dimensional chalgonides and halides are currently a popular topic
of investigation as they provide access to many physical properties not found
in other two-dimensional materials. The electronic properties, e.g. bandgap, of
these crystals are highly tunable to doping, strain, and chemical composition.
Furthermore, a large variety of magnetic phases are also found among these
materials (see Fig. 1.1).

1.2 magnetism in two-dimensional materials

Apart from the crystals in Table 1.1, there is also a large amount of twodimensional crystals that are neither ferro- or antiferromagnetic. The possibility
to induce (anti)ferromagnetism in such a crystal is attractive as it gives access to
even a wider range of material parameters. In general one can undertake three
ways: (i) doping and defects [96–102]; (ii) magnetic proximity [96–99]; (iii) strain
engineering [95, 103].
The first is by chemically doping the crystal with d or f elements (e.g. Mn,
Eu, Cr) or by introducing defects. For example, by doping GaAs with Mn atoms,
exchange is introduced between local and delocalized spins giving rise to ferromagnetism [104]. Selectively introducing defects on only one sublattice in
graphene can also induce weak ferromagnetism – a consequence of Lieb’s theorem [105, 106]. The second approach is by bringing the crystal in vicinity with a
(anti)ferromagnetic material. For example one can deposit graphene on top of an
insulating ferromagnet such as YIG or EuS to create ferromagnetic graphene [107,
108]. The third approach makes use of the fact that electronic properties change
by means of strain. A compressive strain of ∼ 1% in FeSiS3 is predicted [95] to
transition it from a ferromagnetic ground state to a antiferromagnetic ground
state.
Other properties such as spin-orbit coupling [109, 110] and magnetocrystalline
anisotropy [109, 111] can be tuned or induced as well by placing a magnetic layer
on top of a heavy metal layer such as Pt, Ta or W [9]. As an example, recently
strong current induced spin-orbit torques were measured in a bilayer consisting
of Fe3 GeTe2 and Pt [112].
1.2.1

Dirac ferro- and antiferromagnets

In this Thesis we are interested in the role of conducting electrons in assisting
in the manipulation and relaxation of magnetic moments in ferro- and antiferromagnets. Specifically, we study two-dimensional ferro- and antiferromagnets
where the conducting electrons have a linear energy dispersion. Such electrons
are called Dirac fermions and the system as a whole is referred to as either a
Dirac ferro- or antiferromagnet.
Dirac fermions were first found in graphene [68, 69, 113] and soon after
in topological insulators [114–117]. The Dirac ferromagnet that is studied in
Chapter 3 is inspired by a bilayer consisting of a topological insulator and a
ferromagnetic insulator. The model can be directly used to describe for example
a bilayer consisting of Bi2 Te3 or Bi2 Se3 and YIG or EuS.
In Chapters 4 and 5 a particular antiferromagnet is studied on a honeycomb
lattice. Although most of the antiferromagnets presented in Table 1.1 have a
honeycomb lattice, the majority are unfortunately non-metallic, or are not in the
Néel antiferromagnetic phase (illustrated in Fig. 1.1(b)). Recent DFT calculations
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[95] predict however a metallic Néel antiferromagnetic phase for the following
monolayer transition metal trichalgenides: FeSiSe3 , FeSiTe3 , VGeTe3 , MnGeS3 ,
FeGeSe3 , FeGeTe3 , NiGeSe3 , MnSnS3 , MnSnS3 , MnSnSe3 , FeSnSe3 , NiSnS3 . Experimental realizations of one of these materials could serve as a testing place for
our model.
Furthermore, not every hexagonal metallic Néel antiferromagnet can accurately
be described with a simple Dirac Hamiltonian. The closest experimentally realized
material would be CuMnAs that has a square lattice, but can host Dirac electrons.
The results from Chapters 4 and 5 can at least qualitatively describe the current
induced phenomena found in CuMnAs.
Other Dirac antiferromagnets exist as well (e.g. TaCoTe2 [118], Zr2 Si [119] ,
BaFe2 As2 and SrFe2 As2 [120], EuCd2 As2 [121], MnBi2 Te4 [122]), but they suffer
from symmetry protected gapless states and low exchange energies between
localized and conducting electrons. As such, they are unideal when it comes to
manipulating the antiferromagnetic order.
Ideally our model would be directly applied to an antiferromagnetic version
of graphene. Though currently non-existent, it has recently been predicted that
antiferromagnetism can be induced in graphene by bringing it in proximity with
MnPSe3 [123] or by bringing it in double proximity between a layer of Cr2 Ge2 Te6
and WS2 [124].
1.3

overview of this thesis

The general framework of our study revolves around using the s–d model to
describe the conducting electrons in ferro- and antiferromagnets. By computing
the spin-density of these electrons we obtain equations describing the motion
and relaxation of magnetic moments. This framework is presented in Chapter 2.
The model is applied to a Dirac ferromagnet in Chapter 3, which as mentioned
above consists of a bilayer of a ferromagnetic insulator and a topological insulator.
We find that the unique spin-momentum locking found in topological insulators
give rise to a diffusive contribution to the spin-density only in the out-of-plane
component. This in turn could lead to more rich and efficient spintronic devices.
The remaining chapters are devoted to the study of a hexagonal antiferromagnet.
In Chapter 4 we develop a numerical method to efficiently calculate torques on
magnetizations. This method includes the effect of disorder that, together with
spin-orbit interaction and local exchange interactions, forms a microscopic mechanism for the dissipation of magnetic moment to the lattice. Such a microscopic
mechanism is often omitted in numerical studies. In Chapter 5, the same model is
studied but solved analytically in a large energy limit. The results are consistent
with those in Chapter 4, and are extended by including calculations for various
dampings.

2

THE s–d-MODEL

2.1

introduction

Our model consists of two parts. The first part are the conducting electrons whose
Hamiltonian is given by a tight-binding model. These conducting electrons can
scatter of impurities in the material leading to having a finite momentum life-time.
At the same time the spin of the electrons are coupled to its momentum through
spin-orbit interactions, making it possible to transfer this angular momentum to
the crystal lattice. The second part is the (anti)ferromagnet which we describe
using a Heisenberg model in a classical limit, meaning we replace the spinoperators with vectors. In order to transfer angular momentum between localized
and conduction electrons, we therefore need to introduce a parameter that couples
the spin and magnetic moment locally. This allows us to directly relate the
relaxation of the momentum of conduction electrons to the relaxation of angular
momentum of the localized electrons. This momentum relaxation is at the heart
of quantum transport theory.
Our model has much in comparison with the s–d model [125–129], used for
example in the Kondo effect [130], where localized d electrons are coupled to
conduction s electrons through exchange interaction. In the literature therefore
our model is often called s–d, or s–d-like, and the parameter that couples the
spins of localized and itinerant electrons is called an s–d-like exchange interaction.
A related model that is called the t–J model is used in the context of hightemperature superconductivity [131, 132].
2.2

classical equations of motion on magnetization

The Hamiltonian describing the localized and conduction electrons is given by
Ĥ =

∑

J

{i,j}∈n.n.

ex

n

Ŝi · Ŝ j −

2 

K
Ŝz,i
− ∑ γh̄Hext · Ŝi − Jsd Ŝi · ĉi† σ ĉi + Htb ,
2n
i

(2.1)

with the Heisenberg exchange energy Jex , magnetocrystalline anisotropy constant
K, s–d-like exchange energy Jsd , creation operators for conduction electrons
ĉ†l , spin operators for localized spins Ŝi = (Ŝx,i , Ŝy,i , Ŝz,i ), Pauli-matrices σ =
(σx , σy , σz ), external magnetic field Hext and a tight-binding Hamiltonian for
conducting electrons Htb . The first sum is taken over nearest neighbor sites.
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The gyromagnetic ratio γ of the localized electrons is defined as γ = µs /(h̄S),
with magnetic moment µs . Note that the constant K is inserted in the equation
above phenomenologically, but can be computed as done later in Chapter 6 for a
honeycomb antiferromagnet.
To describe the full dynamics of the system we assume that the expectation
value of of the localized electrons’ spins move on a much larger time-scale than
the spin-polarization of the conducting electrons. This allows us to decouple
the system in two parts. We first derive equations of motion for the localized
spins in a classical, mean-field approach by using only the expectation value
of conducting electrons spin-polarization. Second, the spin-polarization of the
conducting electrons is computed microscopically using linear response theory
in response to electric currents and time-derivative of magnetizations, where the
localized spins enter as classical fields.
We can obtain a mean-field form of the Hamiltonian Eq (2.1) by making the
replacement
(2.2)
∑ Ŝi · Ŝj → nhSj i · ∑ Si
{ij}∈n.n.

i

with nhS j i the effective field produced by the n nearest neighbors felt by Si ,
where Si is the classical expectation value of Ŝi . When Jex < 0, the spins favor
parallel alignment and the energy can be written as
E=

∑
i



h̄γŜi · Hext −


K
(Ŝz,i )2 − Jsd A Si · s
2

(2.3)

where we made the replacement
Ŝi · ĉi† σ ĉi → Si · s,

s = A−1 hĉ† σ ĉi,

(2.4)

with spin-density polarization s and unit cell area A. This replacement follows
from the assumption that the dynamics of S is much slower than s. With this
assumption we are allowed to take the statistical average of ĉi† σ ĉi , while Si is
taken as a constant.
In the case when Jex > 0 the spins favor antiparallel alignment and the energy
can be written as


K
A 2
B 2
E = ∑ Jex SiA · SiB − ((Ŝz,i
) + (Ŝz,i
) ) − Jsd A SiA · sA + SiB · sB
(2.5)
2
i
where we introduced the spin polarization density sA(B) = A−1 hĉ† σ ĉi (with unit
cell area A).
The equations of motion is given by ∂t Si = { E, Si } p , where {· · · } p is the
Poisson bracket. For angular momenta we simply have {}Si , }S j } p = }Si × S j .
As is common practice, the magnetization in the ferromagnet is expressed in

2.3 spin-torques in ferro- and antiferromagnets

terms of a unit vector m = −S/|S | and for an antiferromagnet we introduce the
magnetization m and staggered magnetization (also called the Néel vector) n as
m = −1/2(S A + S B )/|S |

(2.6)

n = −1/2(S A − S B )/|S |.

(2.7)

With these considerations we find the following equations of motion of magnetization for a ferromagnet

}∂t m = m × − γ Hext + KS mz + ∆sd s
(2.8)
and the following for an antiferromagnet

}∂t n = − 2SJex n × m

+ KS m × n⊥ + n × m⊥ + ∆sd m × s− + n × s+ ) − γn × Hext ,
+

(2.9)

−

}∂t m =KS n × n⊥ + m × m⊥ + ∆sd m × s + n × s ) − γm × Hext . (2.10)


Here we introduced the notation ∆sd = Jsd A.
Note that the mean-field approximation in Eq. (2.2) is not necessary to obtain
Eqs. (2.8) & (2.10). The same equations of motion can be obtained by first using
Heisenberg’s equations of motion i}∂t Ŝα = [ H, Ŝα ] (where α = x, y, z) and the
commutation relations for spin-operators [Ŝx , Ŝy ] = i Ŝz on Eq (2.1), and then
taking the classical limit Ŝ → S.
Note that the minus in front of the definitions of n and m are there because
the magnetic moment of electrons are directed in opposite direction of their spin
angular moment. Furthermore, although we use the same notation m for the
magnetization in a ferro and anti-ferromagnet, it is only a unit-vector in the
former case and not the latter.
2.3

spin-torques in ferro- and antiferromagnets

The dynamics of the magnetization vector in ferromagnets and antiferromagnets
are determined by spin-torques. In order to compute a spin-torque, all we need
to do is compute the spin-density of the conducting electrons, which is done
using linear response theory (see the next section).
These torques can be divided into two groups: field-like and damping-like. For
antiferromagnets each group can be further subdivided into two: staggered and
non-staggered. In a two-dimensional ferromagnet with spin-orbit of Rashba type,
the equations of motion are often written phenomenologically as

∂t m = c1 m × (ẑ × j ) + c2 m × m × (ẑ × j) + αm × ∂t m,
(2.11)
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where the terms proportional to c1 and c2 are torques that are induced by
injecting an electric current j and the term proportional to α describes the rate
of dissipation of angular momentum and is called Gilbert damping. Gilbert
damping is discussed in more detail in the next Section. The field-like and
damping-like torques can be identified as those that are respectively even and
odd under time-reversal (i.e. changing the signs of m, j and t). Note that the
spin of the conducting electrons must be odd in time-reversal, so that applying
time-reversal on both the magnetic subsystem and the tight-binding model, one
will find that the coefficients c1 and c3 are even, while c2 must be odd under
total time-reversal. Note that by symmetry we must have that c1 and α are even
in scattering time, while c2 is odd in scattering time. In the literature dealing
with microscopic theory there is a substantial lack of damping-like torques. The
reason is that is it not easy to make c2 odd in scattering time. Since the current
density j is already linear in scattering time, one either needs to go beyond linear
response or find less trivial mechanisms for the relaxation of angular momentum.
For example, we will see in Chapter 4 that a damping-like torque appears when
the Fermi surface becomes anisotropic.
Distinguishing between field-like and damping-like torques helps us understand more the dynamics of n. For example, if the damping-like torques are
absent one will only observe a simple precession of the magnetization vector
around ẑ × j. Damping-like torques allow for the dissipation of angular momentum so that over time the magnetization vector will be parallel to ẑ × j. The
dynamics induced by both field-like and damping-like torques are illustrated
in Figure 2.1. Note that we can change the sign of the damping-like torque by
changing the direction of the electric current. If this current-induced damping-like
torque overcomes the Gilbert damping one can even reverse the magnetization
direction. In such a way one can construct a magnetic memory that stores a "0"
or a "1" corresponding to two magnetization directions. This type of switching is
illustrated in Figure 2.2. The switching rate is determined by the strength of the
damping-like torque which is proportional to Rashba spin-orbit coupling and by
the strength of magneto-crystalline anisotropy. It is then no surprise that putting
a magnetic layer on top of a heavy metal will enhance its magnetic switching
abilities.
In an antiferromagnet we are more interested in the dynamics of the staggered
magnetization n. A phenomenological equation such as Eq. (2.11) can quickly
contain ten terms for a antiferromagnet and the dynamics therefore is far more
complicated. However, few points can still be made. As can be seen in Eq. (2.10),
in the absence of conducting electrons and external field, a finite magnetization
m is enough to induce a precession of n, typically already in the THz regime
(as opposed to the much slower GHz dynamics found in ferromagnets), as
the dynamics is driven by the exchange interaction Jex . In order to produce

2.4 gilbert damping and spin-life time of conducting spins

(a) Field-like

(b) Damping-like

Figure 2.1: Precession of magnetization due to field-like torques (a) and relaxation due to
damping-like torques (b).

a switching of the Néel vector direction one can use both a field-like torque
produced by a staggered spin-polarization and an anti-damping torque produced
by a staggered spin-polarization [133–135].
2.4

the relation between gilbert damping and spin-life time of
conducting spins

Gilbert damping describes the relaxation of localized-spins. In the s–d model this
angular momentum is transferred to the lattice through conducting electrons. We
make therefore two statements. (i) Gilbert damping should be proportional to the
ratio of spin-lifetime and momentum-lifetime of the conducting electrons. And
(ii) Gilbert damping should be proportional to the electric conductivity (at least
for low temperatures). With these two statements in mind, we find the following
proportionality for Gilbert damping
α ∝ σ × ∆sd

τs
∝ ∆sd τs ,
τ

(2.12)

with conductivity σ, and spin and momentum lifetime of conducting electrons τs
and τ respectively. On the right-hand side of above equation we used that the
conductivity is proportional to the metal parameter ετ.
The relaxation of the spin of the conducting electrons can be phenomenologically described by the effect of a randomly fluctuating field that the electrons
experience. When electrons move through an asymmetric potential, they experience a momentum-dependent magnetic field that leads to the spin-splitting of
the conduction band. In a disordered system, every time the electron scatters
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Figure 2.2: Switching behavior for a Rashba ferromagnet, subject to alternating current
pulses. Gray areas correspond to a constant current flowing in the direction of ± x̂,
where the sign alternates between each successive box. In the white area the current
is switched off. The graph corresponds to numerically solving Eq. (2.11) with values
c1 = 0.2, j = |j | = 1 and α = 0.1. In the top panel we choose a value of c2 = 0.25
corresponding to a current overcoming the Gilbert damping making switching possible.
In the bottom panel we choose a value of c2 = 0.05 which corresponds to the opposite
case: an insufficiently strong current and therefore no switching. A magneto-crystalline
anisotropy term −Kn × ny with K = 1 was included in Eq. (2.11).
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it changes its direction and consequently the magnetic field they experience
changes its direction as well.
In the presence of the spin-orbit field, the spin of the electron will precess
around the direction of that field with a certain frequency Ωs . We can then
distinguish two cases: (i) Ωs τ < 1 where between each scattering event the spin
does not have enough time to deviate from its initial spin direction in a significant
manner, and (ii) Ωs τ > 1 where the electron spin can precess freely between each
collision. We will soon see that both cases lead to a different spin-relaxation
(
hΩ2s τ i
for Ωs τ < 1
1/τs ∼
(2.13)
1/τ
for Ωs τ > 1,
where h· · · i denotes momentum averaging.
Both cases can be understood as follows. In a time-scale set by Ωs we find
that in the first case the electron experiences many scattering events. Due to
the random motion involved, the electrons experience as if moving through a
randomly changing magnetic field and as such lose their spin-orientation in a
diffusive manner. Each scattering event gives a contribution of (Ωs τ )2 to the total
mean squared precession deviation, and the spin-life time may be defined as the
time needed for the squared precession deviation to be of the order of unity, i.e.
1τs ∼ Ω2s τ [136, 137].
Furthermore, because the electrons are confined in two-dimensions the random
spin-orbit field is always directed in-plane, which leads to a decrease in the
in-plane spin-relaxation rate by a factor of two compared to the out-of-plane spinrelaxation rate as demonstrated first in Ref. [138] (see Refs. [137, 139–141] as well).
The reason is that the perpendicular-to-the-plane component is influenced by
two components of the randomly changing magnetic field, i.e. x and y, whereas
the parallel-to-the-plane components only by one component, i.e. x is influenced
by y and vice-versa.
In the second case on the other hand, the spin can freely rotate around the
magnetic field between each collision and this orientation is only lost on the same
time scale as momentum is lost, i.e. on the time scale of τ [136, 139], leading to
1/τs ∼ 1/τ.
In general when the change in spin-direction is modelled as arising between
collisions it is referred to as Dyakonov-Perel-relaxation [138, 142], while if it is
modelled as arising during collisions it is referred to as Elliot-Yafet [143, 144]. It
should be noted that Elliot-Yafet generally leads to a spin-relaxation of the form
1/τs ∼ 1/τ just as the Dyakonov-Perel case for Ωs τ > 1.
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2.5

antiferromagnetic resonance

One of the characteristics of an antiferromagnet is that its antiferromagnetic
resonance frequency
√ (i.e. when subjected to an oscillating external magnetic field)
is proportional to K, as given by the formula:
q
(2.14)
ω = γ0 Hext ± K ( Jex + K )
as first derived by Kittel [145, 146]. The original derivation made use of quadruple
contributions to HM , but for two dimensional systems, a Hamiltonian such as in
Eq. (2.1) is sufficient as we will demonstrate. In this section we do not consider
∆sd . In order to find the resonant frequencies in the system that is subjected to
an oscillating field in the z direction: Hext = H0 cos ωt ẑ, we first linearize the
equations of motion by expanding n close to ẑ and assume m to be small. To be
more explicit
n → ẑ + δnk , m → δmk .
(2.15)
Note that to first order the staggered and non-staggered magnetizations are
still orthogonal to each-other: n · m = 1 + O (δn2 + δm2 ). Components such as
δn x δmy can be then disregarded and we assume n and m to be proportional
to exp iωt. A nice basis to work in is {n+ , m+ , n− , m− }, (where n± = δn x ± iδny
and m± = δm x ± iδmy ) so that one finds the following matrix equation:





ω0 −( Jex + K )
0
0
δl+
δl+
−K




ω0
0
0 

 δm+  = ω δm+ 
(2.16)
 0




0
−ω0 Jex + K
δl+
δl+ 
0
0
K
− ω0
δm−
δm−
and four corresponding frequencies ωη 0 ,η 00
q
ωη 0 ,η 00 = η 0 γ0 Hext + η 00 K ( Jex + K ),

η 0 , η 00 = ±1

(2.17)

which remarkably exists even in absence of an external magnetic field. The
constant K can be derived directly for a particular model from the Grand potential
describing the conducting electrons. The Grand potential is given by
Ω = −∑
ς

1
β

Z

dε g(ε)νς (ε),

(2.18)

where the density of states νς and the function g(ε) are given by
d2 p
R
Im Gς,
p
(2π })2

g(ε) = log 1 + exp[ β(µ − ε)] .

νς (ε) =

1
Tr
π

Z

(2.19)
(2.20)
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Here β is the inverse temperature, µ is the chemical potential, and ς denotes
the band index. By evaluating the integral and expanding around the energy
minimum in powers of magnetization, one can obtain the anisotropy constant K.
This will be done explicitly in Chapter 5.
2.6

obtaining out-of-equilibrium spin-polarizations

The spin-polarizations of the conducting electrons that appear in the equations
of motion for the ferromagnet Eq. (2.8) and for the antiferromagnet Eqs. (2.10)
are obtained in linear response to current and time-derivatives of magnetizations.
This method is used in Chapters 3,5, whereas in Chapter 4 we develop a numerical
method of obtaining spin-orbit torques using a scattering approach that will be
explained there.
We can write the linear response of a spin-polarization sα to a perturbation H 0
as
Z
0
d2 p
R ∂H
2
Tr
h
ŝ
G
G A i,
(2.21)
sα = v A
α
p
∂t p
(2π })2
with momentum p, Fermi-velocity v, unit cell area A, retarded (advanced) Green’s
R(A)
functions Gp and operator trace Tr. The angular brackets h. . . i denote averaging over disorder samples. Eq. (2.21) is called the Kubo formula that we derive
from a Keldysh framework in Appendix a and is often at the basis of linear
response theory. It is in fact one expression of the more general fluctuationdissipation theorem [147]. This theorem equates the response of a system to an
external force or perturbation to the fluctuations of the system in absence of that
force or perturbation. In other words, the left hand side of Eq. (2.21) denotes an
out-of-equilibrium quantity which is related to a correlator on the right hand
side that is evaluated in equilibrium.
The perturbations, or forces, that we consider are (i) electric fields that drive
electrons and (ii) changes in magnetization direction. By expressing the electric
field in terms of current through the conductivity tensor (which is again obtained
through a Kubo formula), we obtain the out-of-equilibrium spin-polarization
produced by an electric current. This in turn defines the current-induced spinorbit torque. The second response, describes how the electrons’ spin respond to a
change in the electronic spectrum (by varying the magnetization direction) and
gives rise to spin-renormalizations and Gilbert damping.
As mentioned in the introduction of this Chapter we model the relaxation
of both spin and orbital angular momentum of conduction electrons through
the scattering of impurities. For convenience we choose a white-noise Gaussian
disorder potential

hV (r )i = 0,

hV (r )V (r 0 )i =

}
δ (r − r 0 ),
πντ

(2.22)
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where the angular brackets h· · · i stand for the averaging over an ensemble of
disordered systems, ν stands for the total density of states at the Fermi level and
τ is the mean scattering time of the conducting electrons. In this Thesis we use a
dimensionless parameter α
2πα(}v)2 =

}
πντ

(2.23)

that parametrizes the amount of disorder in the system. In low concentration of
impurities, which we refer to as the clean metal limit, we have α → 0.
In order to incorporate the effect of disorder, two important steps must be
performed. Firstly, we replace the clean Green functions in the linear response
formula, with disordered ones. Secondly we replace one of the vertices with one
that is corrected with disorder-averaging.
In order to replace the bare Green function with a disordered one, one needs
to include a self-energy. This self-energy gives rise to the finite momentum-lifetime of the electron and restores translational invariance. In low concentration
of impurities (i.e. α → 0) and neglecting contributions from rare-scattering
events (such as multiple scattering off the same impurity), one can use the Born
approximation
dp
0 R(A)
G
.
(2.24)
(2π })2 ~p,ε
By inserting the self energy into a bare Green function we get the disorderaveraged Green’s function
Im ΣR(A) = 2πα Im

R(A)

Gp

=

Z

1
.
ε − Hp − ΣR(A)

(2.25)

The self-energy determines the poles of the Green’s function in the complex
energy plane and are equal to the roots of det[ε − H − ΣR(A) ]. For a given momentum the real part of each pole correspond to a point on a different Fermi
surface, while the imaginary part defines the decay of the momentum eigenstates.
In other words, the imaginary part gives rise to a finite momentum lifetime. This
can be seen by taking the Fourier-transform from energy domain to the time
domain where the imaginary part of the pole leads to an exponential decay in
time for the Retarded Green’s function. To give an explicit example, take the
Fourier transform with respect to energy of a Green’s function belonging to a
single particle and single orbital
GR (t) =

Z

dε
1
exp(−iεt) ×
= −iΘ(t) exp(−iε 1 t) exp(−ε 2 t),
2π }
ε − ε 1 + iε 2
|
{z
}
GR (ε)

(2.26)
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Figure 2.3: Diagrammatic illustration. a) Disorder-averaged polarization bubble. b) Ladderapproximation.

where Θ is the Heaviside step function and ε 1,2 are the real and imaginary parts
of the the complex energy pole. The temporal Green function decays in time one
a time scale set by ε 2 . The momentum life-time is defined as τ = 1/2ε 2 and is
equal to the transport time in the Born approximation for isotropic scattering
that we consider [148]. The transport-time reflects the time needed to randomize
the direction of an electron due to impurity scatterings. Note that in Eq. (2.24)
we generally do not explicitly consider the real part of the self-energy as the shift
in spectrum can be absorbed into the definition of model parameters. For brevity,
we use the same symbols for terms such as Fermi energy and s–d energy before
and after the Born approximation, but one needs to keep in mind that in the
latter case they correspond to renormalized quantities.
For the second step in disorder averaging, we need to replace one of the vertex
functions with one that is corrected for disorder in the ladder approximation (as
illustrated in Figure 2.3-b). We call this new vertex function the vertex-corrected
function. By denoting ŝvc as the vertex-corrected function of ŝ and ŝ(i) as the
function containing i disorder-lines, the ladder approximation is given by:
ŝvc = ŝ + ŝ(1) + ŝ(2) + · · · ,

(2.27)

where ŝ(i) is given by:
χ̂i = 2πα

Z

d2 p
GR ŝ(i−1) GpA
(2π })2 p

(2.28)

This vertex-correction is important as a single scattering event already modifies
the spin-polarization. For example we will see in Chapter 3 that vertex-corrections
lead to an unusual and novel torque that we call a diffusive spin-orbit torque.
Another example is found in Chapter 5 where disorder averaging can lead to an
increase in Gilbert Damping by many orders of magnitude.
The infinite sum of Eq. (2.27) can actually be recast into a geometrical sum
involving matrices. By choosing an appropriate operator basis, { B̂i }, where
i = 1, 2, . . . , n2 with n × n the dimension of the operator space, the vector of
vertex corrected basis elements B vc ≡ ( B̂1vc , . . . , B̂nvc2 ) can written as
B vc = B + FB + F 2 B + F 3 + · · · =

1
B.
1−F

(2.29)
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By choosing the a basis that satisfies the normalization condition Tr Bi B j = nδij
we find that the response matrix F has the following form
Fij =

2πα
n

Z

d2 p
Tr B̂i GpR B̂j GpA .
(2π })2

(2.30)

We will see in the remaining chapters that for a Dirac ferromagnet, the operators
that we consider only depend on spin-degrees of freedom and therefore the
response-matrix has dimension (2 × 2)2 = 4 × 4. The Dirac antiferromagnets,
however have spin, sublattice and valley degrees of freedom, leading to responsematrices of dimension (23 × 23 )2 = 64 × 64. Inverting such a matrix analytically
can be a daunting task, but can be simplified dramatically by choosing an
appropriate basis and working in certain limits.
Note that the inversion of 1 − F can only be performed if none of the eigenvalues of F is equal to 1. It appears however that this is never the case, as the self
energy expressed in the basis { B̂i } is an eigen function of F with eigenvalue 1
2πα

Z

dp
GR ΣR(A) GpA = ΣR(A) .
(2π })2 p

(2.31)

By computing the response tensor at finite frequency ω and momentum q,
we find that each singularity found in (1 − F )−1 is proportional to the Diffuson
D0 (ω, q ) given by
1
,
(2.32)
D0 (ω, q ) =
−iω + Dq2

that has a diffusion pole at ω = −iDq2 , where D is the diffusion constant. Note
that the Diffuson in general appears in the density-density response function and
describes diffusion, i.e. Brownian motion [148]. The singularity that appears when
the limits ω → 0 and q → 0 are taken, however, plays no role in the dynamics of
magnetizations in most cases. For a Rashba ferromagnet [149] for example, the
singularity appears in the spin-density only in the direction of the magnetization
and due to the vector product involved, does not contribute to any spin torque.
In other words, none of the spin-torques have a singular dependency on ω and
q. However, as we will see in Chapter 3, the ω → 0 and q → 0 are non-trivial
for a Dirac ferromagnet. There in fact, we do find a spin-torque that contains a
diffusion pole and is therefore singular in the limits ω → 0 and q → 0.
For the Dirac antiferromagnet that is discussed in Chapter 5, we again find
that the spin-densities contain diffusion poles, but they do not play a role on
the equations of motion of the average and staggered magnetizations m and n.
It remains an open question what systems, apart from the Dirac ferromagnet,
diffusion poles could play an important role.

DIFFUSIVE SPIN-ORBIT TORQUES IN A TWO-DIMENSIONAL
DIRAC FERROMAGNET

In this Chapter we identify a novel anti-damping-like torque originating in a
diffusive motion of conduction electrons at the topological insulator surface. Such
a torque originates in a non-local diffusive response of the z-component of the
conduction electron spin-density to the in-plane electric field. The non-locality
of the response is determined by the so-called diffusion pole in analogy to the
density-density response of a disordered system. This may have a strong impact
on spin-torque resonance at finite frequency provided that the external field is
neither parallel nor perpendicular to the TI surface. The required electric field
configuration to observe this effect can be created by a grated top gate.

Parts of this chapter are published in Phys. Rev. B 99, 214444 (2019)
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3.1

introduction

Topological insulators (TI) [150–153] may be thought of as materials with an
ultimate spin-orbit coupling. When brought to proximity to a ferromagnet (FM),
the effective Hamiltonian for the conducting electrons at the TI/FM interface
reveals that it indeed contains nothing but a spin-orbit interaction term that
provides perfect spin-momentum locking. Thus, the magnetization dynamics
in a thin ferromagnetic (FM) film in a proximity to TI surface is expected to be
strongly affected by electric currents and/or electric fields [154]. There seems to
be a substantial experimental evidence that the efficiency of domain switching in
TI/FM hetero-structures is dramatically enhanced as compared to that in metals
[155–160].
We derive a novel anti-damping-like torque originating in a diffusive motion
of conduction electrons at the TI surface. Such a torque originates in a non-local
diffusive response of the z-component of the conduction electron spin-density to
the in-plane electric field. The non-locality of the response is determined by the
so-called diffusion pole in analogy to the density-density response of a disordered
system. It is, however, important that the diffusive response of the spin-density in
the TI is always present in the perpendicular-to-the-plane component of the spin
density, irrespective of the magnetization direction in the FM. In non-topological
FM/metal systems such a diffusive response is present only in the spin density
component that is directed along the local magnetization of the FM. Thus, the
diffusive anti-damping spin-orbit torque, that we describe below, is specific for
the TI/FM interfaces. Similarly, we identify a strong anisotropy of the Gilbert
damping in the TI/FM system due to a combination of electron elastic scattering
on non-magnetic impurities and a spin-momentum locking in the TI.
The diffusive anti-damping spin-orbit torque, that we are going to study, can
be related to the response of conduction electron spin-density to an electric field
at a finite, but small, frequency and momentum. Such a field can be created e. g.
by applying an ac gate voltage to a grated top-gate as shown in Fig. 3.1. The
presence of the diffusive spin-orbit torque can be detected by rather unusual
spin-orbit-torque resonances in the TI/FM structures that we also investigate in
this work.
Microscopic theory of current-induced magnetization dynamics in TI/FM
hetero-structures has been so far limited to some particular cases: (i) specific
direction of magnetization and (ii) the limit of vanishing exchange interaction
between FM angular momenta and the spins of conduction electrons. In particular,
an analytic estimate of spin-transfer and spin-orbit torques in TI/FM bilayer has
been given in Ref. [161] for magnetization perpendicular to the TI surface. An
attempt to generalize these results to arbitrary magnetization direction has been
undertaken more recently in Ref. [162]. The non-local transport on a surface

3.2 model

Figure 3.1: Proposed experimental setup. Non-homogeneous in-plane electric field components are created by an ac top-gate voltage Vtop that induce a strong diffusive spin-orbit
torque (3.4) of the damping-like symmetry. An effective magnetic field H is directed at
the angle χ with respect to ẑ.

of the TI has been first discussed in Ref. [163]. The results of this work has
been later applied to TI/FM systems [164, 165] in a perturbative approach with
respect to a weak s–d-type exchange. The non-local behavior of non-equilibrium
out-of-plane spin polarization in TI/FM systems, which gives rise to diffusive
spin-orbit torques, have been, however, overlooked in all these publications.
3.2

model

To describe magnetization dynamics at a TI/FM interface we employ an effective
two-dimensional Dirac model for conduction electrons
H = v [(p − eA) × σ ]z − ∆sd m · σ + V (r ),

(3.1)

where A stands for the vector potential, e = −|e| is the electron charge, z is
the direction perpendicular to the TI surface, v is the effective velocity of Dirac
electrons, and V (r ) is a disorder potential that models the main relaxation
mechanism of the conduction electrons momentum. The energy ∆sd = Jsd S is
characterizing the local exchange interaction Hex = − Jsd ∑n Sn · c†n σcn between
localized classical magnetic moments Sn on FM lattice (with conserved absolute
value S = |Sn | per unit cell area A) and the electron spin-density (represented
by the vector operator σ = (σx , σy , σz ) on the TI surface) [129]. Here σα stand for
Pauli matrices and Jsd quantifies the s–d-type exchange interaction strength.
Classical equation of motion for the unit magnetization vector m = S/S is
determined by the s–d like exchange interaction Hex as
∂m/∂t = γ H × m + T ,

T = ( Jsd A/}) m × s,

(3.2)

where } = h/2π is the Planck constant and γ is a gyromagnetic ratio for the
FM spin. The effective field H represents the combined contribution of external
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magnetic field and the field produced by neighboring magnetic moments in the
FM (e. g. due to direct exchange), while the term T represents the effect of the
conduction electron spin density s(r, t) = hc†n σcn i on the TI surface.
To quantify the leading contributions to T we microscopically compute: i) a linear response of s to the in-plane electric field E (r, t) = Eq,ω exp (−iωt + iq · r );
and ii) a linear response of s to the time derivative ∂m/∂t. The former response
defines the spin-orbit torque, while the latter one defines the Gilbert damping.
Before we proceed with the analysis we will note that the velocity operator
v = v (σ × ẑ ) in the model of Eq. (3.1) is directly related to the spin operator σ.
As the result, the response of the in-plane spin density sk = (s x , sy ) to electric field
E = −∂A/∂t is defined by the conductivity tensor [162, 166]. This also means
that the non-equilibrium contribution to sk from the electric current density J is
given by sk = (ẑ × J )/ev for any frequency and momentum irrespective of type
of scattering for conduction electrons and even beyond the linear response.
Thus, the response of sk defines an exceptionally universal field-like spin-orbit
torque
SOT
TFL
= ( Jsd A/}ev) m × (ẑ × J ),
(3.3)
that acts in the same way as in-plane external magnetic field applied perpendicular to the charge current.
Apart from the universal response of sk there might also exists a non-equilibrium
spin polarization sz perpendicular to the TI surface. This component plays no
role in Eq. (3.2) for m = ±ẑ due to the vector product involved. Also, the
sz component is vanishing by symmetry for m = mk , where we decompose
m = mk + m⊥ to in-plane and perpendicular-to-the plane components.
We find, however, that for a general direction of m, the spin density sz may be
strongly affected by the in-plane electric field at a small but finite frequency and
a small but finite wave vector. In the leading approximation the result can be cast
in the following form
SOT
Tdiff
= η m × m⊥

iD q · E
,
iω − Dq2

η=

2 AS
eJsd
,
2π }3 v2

(3.4)

where D is a diffusion coefficient for conduction electrons at the TI surface
and E = Eq,ω exp (−iωt + iq · r ). Note that the diffusive torque is non-linear
with respect to m and, from the point of view of the time reversal symmetry, is
analogous to anti-damping torque. The denominator iω − Dq2 in Eq. (3.4) reflects
diffusive (Brownian) motion of conduction electrons that defines the time-delayed
SOT .
diffusive torque on magnetization Tdiff
It is interesting to note that the torque of Eq. (3.4) has an anti-damping symmetry (when expressed through electric current rather than electric field). Moreover,
the torque formally diverges as 1/q in the dc limit ω = 0. This singularity is

3.2 model

well-known in the theory of disordered systems [167–169] and originates in the
diffusive (Brownian) motion of conduction electrons in a disorder potential. The
dc limit singularity in Eq. (3.4) is, in fact, regularized by the dephasing length of
conduction electrons on the surface of the TI. The length is strongly temperature
and material dependent and, at low temperatures, can reach hundreds of microns.
Thus, the result of Eq. (3.4) also predicts large anti-damping spin-orbit torque in
the dc-limit that originates in a mechanism which is specific for the TI interface.
Since both the vector potential A and the magnetization m couple to spin
operators in Eq. (3.1), the linear response of s to E = −∂A/∂t and ∂m/∂t is
defined in the frequency-momentum domain as
s = (v2 h)−1 K̂ (q, ω ) [ev (E × ẑ ) − iω∆sd m] .

(3.5)

Here, the dimensionless 9-component tensor K̂ (q, ω ) is given by the Kubo formula
Z

K̂αβ (q, ω ) = v2

D
E
d2 p
R
A
Tr
σ
G
σ
G
,
α
β
p
,ε
p
+
}
q
,ε
+
}
ω
(2π )2

(3.6)

R(A)

where the notation Gp,ε stands for the retarded (advanced) Green’s function
for the Hamiltonian of Eq. (3.1), the angular brackets denote the averaging
over disorder realizations, while the energy ε refers to the Fermi energy (zero
temperature limit is assumed).
The tensor K̂ can be represented by the matrix (see Appendix b.1)


σxx σxy
Qy
K̂ =  σyx σyy − Q x  ,
(3.7)
Qy − Q x
ζ
of which σαβ are the components of the two dimensional conductivity tensor at
the TI surface (all conductivities are expressed in the units of e2 /h), the vector
Q defines the diffusive spin-orbit torque of Eq. (3.4) (its contribution to Gilbert
damping is negligible), while ζ determines the response of sz to ∂mz /∂t. The
components of K̂ correspond to different responses at different limits. When
discussing the response to an electric field Eq ω we are primarily interested in
the limit ω  Dq2 , whereas the response to time-derivative of magnetization m
is defined by the limit q → 0.
In the linear response theory of Eq. (3.5) one needs to compute the tensor in
Eq. (3.6) for a constant direction m and for A = 0. In usual systems (conducting
ferromagnets) the response of s in the direction of m is always diffusive. This
response, however, plays no role in the torque since T ∝ m × s. The situation
at the TI surface is, however, special. Here, the in-plane components of magnetization m x , my play no role in Eq. (3.1), since those are simply equivalent to a
constant in-plane vector potential for conduction electrons and, therefore, can
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be excluded by a gauge transform (shift of the Dirac cone). Consequently, all
observable quantities in the model (including all components of the tensor K̂)
may only depend on the field ∆z = ∆sd mz . As the result, the diffusive response
occurs exclusively in sz component of spin polarization and can easily enter the
expression for the torque.
The conductivity tensor in the model of Eqs. (3.1,2.22) has been analyzed in
detail in Ref. [170] in the limit ω = q = 0 (and for α  1) with the result
σxx = σyy = σ0 and σxy = −σyx = σH , where
σ0 =

ε2 − ∆2z
,
πα (ε2 + 3∆2z )

σH =

8ε∆3z
.
(ε2 + 3∆2z )2

(3.8)

Since the anomalous Hall conductivity σH ∝ α σ0 is sub-leading with respect to
σ0 , it has to be computed beyond the Born approximation (see Refs. [170–172]).
Here we generalize the analysis to calculate the tensor K̂ for finite ω and q
assuming α  1, ωτtr  1, and ω ∝ Dq2 , where D = }v2 σ0 /ε is the diffusion
coefficient and τtr = }εσ0 /(ε2 + ∆2z ) is the transport scattering time for the
problem. In real samples τtr = 0.01 − 1 ps [173–176].
Dressed spin-spin correlators are defined by the components K̂αβ with α, β =
x, y, z. The vector q selects a particular direction in space, that makes the conductivity tensor anisotropic. By choosing x direction along the q vector, we
find the conductivity components σxx = σ0 , σxy = −σyx = σH , and σyy =
iω σ0 /(iω − Dq2 ), where we have kept only the leading terms in the limits α  1,
ωτtr  1 (more general expressions are given by Eqs. (b.6a-d)). We can see
that σyy component also acquires a diffusion pole. One needs to go beyond the
non-crossing approximation in the computation of anomalous Hall conductivity
[170–172].
SOT that has
Clearly, the components σαβ define the field-like contribution TFL
been already discussed above. It is interesting to note that the conductivity is
isotropic σxx = σyy = σ0 only if the limit q = 0 is taken before the limit ω = 0. If
the limit ω = 0 is taken first, the conductivity remains anisotropic with respect
to the direction of q even for q = 0.
The vector Q = ( Q x , Qy ) quantifies both the response of sz to electric field or
to ∂mk /∂t as well as the response of sk to ∂mz /∂t. From Eq. (3.6) we find,
Q(ω, q ) =

∆z
iDq
(1 + O (ωτtr )) ,
}v iω − Dq2

(3.9)

where we again assumed ωτtr  1. The result of Eq. (3.9), then, corresponds to
an additional diffusive spin-orbit torque of the form Eq. (3.4).
Finally, the response of sz to ∂mz /∂t is defined by
ζ=


∆2z 
1 + O (ω 2 τtr2 ) ,
i}εω

(3.10)

3.3 spin-torque resonance

where the limit q = 0 is taken. Thus, we find from Eq. (3.5) that there exists no response of sz to ∂mz /∂t. Instead, the quantity ζ defines the additional
spin polarization in z-direction δsz = −∆3sd m3z /(2π }2 v2 ε) that we ignore below.
Eqs. (3.9,3.10) including subleading terms in ωτtr are presented in Eq. (b.7).
We also note, that Q(q = 0) = 0, hence there is no term in sz that is proportional
to ∂m/∂t. This reflects highly anisotropic nature of the Gilbert damping in the
model of Eq. (3.1).
The remaining parts of the Gilbert damping can be cast in the following form
T GD =

2 AS
 ∂m

Jsd
σH ∂mk
k
m
×
σ
+
×
m
,
0
⊥
∂t
mz ∂t
π }2 v 2

(3.11)

where the coefficients, σ0 and σH /mz from Eq. (3.8) depend on m2z , which is yet
another source of the Gilbert damping anisotropy. We note, that even though
Eq. (3.11) does not contain a term proportional to ∂mz /∂t, the existing in-plane
Gilbert damping is sufficient to relax the magnetization along ẑ direction.
Despite strongly anisotropic nature of the diffusive torque (the torque is vanishing for purely in-plane or purely perpendicular to the plane magnetization),
its strength for a generic direction of magnetization may be quite large. For
example, for m directed approximately at 45 degrees to the TI surface the ratio
of amplitudes of diffusive and field like torques is readily estimated as
SOT
Tdiff
SOT
TFL

=

∆sd 1
,
}qv σ0

(3.12)

where we used the condition ω  Dq2 . Let us assume that a top-gate in Fig. 3.1
induces an ac in-plane electric field with the characteristic period 2πq−1 ≈ 1 µm
and a typical FM resonance frequency, ω ≈ 7-12 GHz. Then, for realistic materials
one can estimate Dq2 ≈ 100 GHz, hence ω  Dq2 indeed. For a typical velocity
v = 106 m/s one finds }qv ≈ 4 meV. Thus, the ratio ∆sd /}qv in Eq. (3.12) may
reach three orders of magnitude, while the value of σ0 is typically 10. This
estimate suggests that, for a generic direction of m, the magnitude of diffusive
torque can become three orders of magnitude larger than that of the field-like
spin-orbit torque.
3.3

spin-torque resonance

The diffusive torque at the TI surface can be most directly probed by the corresponding spin-torque resonance. In this case, one can disregard the effect of the
field like torque, so that Eq. (3.2) is simplified to
∂mk
∂m
= γ H × m + f (r, t) m × m⊥ + αG m ×
,
∂t
∂t

(3.13)
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Figure 3.2: The projection mH (t) as simulated from Eq. (3.13) for f 0 = 0.1 ω0 . Top panel
illustrates the behavior at different frequencies for αG = 0.005. Lower panel illustrates
the resonant
√ behavior at different values of αG . Dashed horizontal line corresponds to
mH = 1/ 2. Dots indicate the asymptotic solution for αG = 0 as given by Eq. (3.15).
2 ASσ /π (}v )2 is the Gilbert damping amplitude (which is a
where αG = Jsd
0
constant for ε  ∆sd ), while the terms containing σH are omitted. The function

f (r, t) = η

Z

Z t

d2 r 0

dt0

−∞

0 2

0

e−(r −r ) /4D(t−t )
∇ · E (r 0 , t 0 ),
4π (t − t0 )

(3.14)

defines the strength of the diffusive spin-orbit torque (3.4) in real space and time.
Resonant magnetization dynamics defined by Eq. (3.13) is illustrated in Fig. 3.2
for H directed at the angle χ = π/4 with respect to ẑ and for frequencies that are
close to the resonant frequency ω0 = γH. The time evolution of magnetization
projection mH = m · H/H is induced by the diffusive torque with f (t) =
f 0 cos ωt (magnetization at different r is simply different by a phase).
Resonant dynamics at ω = ω0 in Eq. (3.13) consists of precession of m around
the vector H such that the azimuth (precession) angle is changing linearly with
time φ(t) = ω0 t − π/2 (for f 0  ω0 and αG  1). In addition, the projection
mH oscillates between 1 and 0 on much larger time scales.
Such oscillations are
√
damped by a finite αG to the limiting value mH = 1/ 2.

3.4 conclusions

In the limit of vanishing Gilbert damping, αG = 0, one simply finds the result
(see Appendix b.2)
h

i−1
mH (t) = cosh 41 f 0 t sin(2χ)
,

(3.15)

which clearly illustrates the absence of the effect for both perpendicular-to-theplane (χ = 0) and in-plane (χ = π/2) magnetization. The qualitative behavior at
the resonance (ω = ω0 ) is illustrated at the lower panel of Fig. 3.2 for different
values of αG .
3.4

conclusions

In conclusion, we consider magnetization dynamics in a model TI/FM system
at a finite frequency ω and q vector. We identify novel diffusive anti-damping
spin-orbit torque that is specific to TI/FM system. Such a torque is absent
in usual (non-topological) FM/metal systems, where the diffusive response
of conduction electron spin density is always aligned with the magnetization
direction of the FM. In contrast, the electrons at the TI surface gives rise to
singular diffusive response of the conduction electron spin-density in the direction
perpendicular to the TI surface, irrespective of the FM magnetization direction.
Such a response leads to strong non-adiabatic anti-damping spin-orbit torque that
has a diffusive nature. This response is specific for a system with an ultimate spinmomentum locking and gives rise to abnormal anti-damping diffusive torque
that can be detected by performing spin-torque resonance measurements. We
also show that, in realistic conditions, the anti-damping like diffusive torque may
become orders of magnitude larger than the usual field like spin-orbit torque.
We investigate the peculiar magnetizations dynamics induced by the diffusive
torque at the frequency of the ferromagnet resonance. Our theory also predicts
ultimate anisotropy of the Gilbert damping in the TI/FM system. In contrast, to
the phenomenological approaches [50, 177] our microscopic theory is formulated
in terms of very few effective parameters. Our results are complementary to
previous phenomenological studies of Dirac ferromagnets [178–200].
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N U M E R I C A L A P P R O A C H T O C A L C U L AT I N G S P I N - O R B I T
TORQUES IN TWO-DIMENSIONAL ANTIFERROMAGNETS

Recent experiments on switching antiferromagnetic domains by electric current
pulses have attracted a lot of attention to spin-orbit torques in antiferromagnets.
In this work, we employ the tight-binding model solver, kwant, to compute
spin-orbit torques in a two-dimensional antiferromagnet on a honeycomb lattice
with strong spin-orbit interaction of Rashba type. Our model combines spin-orbit
interaction, local s–d-like exchange, and scattering of conduction electrons on
on-site disorder potential to provide a microscopic mechanism for angular momentum relaxation. We consider two versions of the model: one with preserved
and one with broken sublattice symmetry. A non-equilibrium staggered polarization, that is responsible for the so-called Néel spin-orbit torque, is shown to
vanish identically in the symmetric model but may become finite if sublattice
symmetry is broken. Similarly, anti-damping spin-orbit torques vanish in the
symmetric model but become finite and anisotropic in a model with broken
sublattice symmetry. As expected, anti-damping torques also reveal a sizable
dependence on impurity concentration. Our numerical analysis also confirms
symmetry classification of spin-orbit torques and strong torque anisotropy due
to in-plane confinement of electron momenta.

Parts of this Chapter are published in Phys. Rev. B 100, 214403 (2019).
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(a)

(b)
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kx
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SB

Figure 4.1: Left panel (a): a two-dimensional honeycomb lattice hosting anti-parallel
localized magnetic moments S A and S B that induce opposite exchange potentials on A
and B sublattice. The vector dij is directed from an A-site i to one of the three nearestneighbor B-sites j. Right panel (b): Fermi surfaces (strongly enlarged) in quasi-momentum
space for the Fermi energy E = 0.3 th , couplings λ = 0.05 th , ∆sd = Jsd S = 0.1 th , and
θ = π/2. Solid (orange) and dashed (green) lines indicate K and K 0 valleys.

4.1

introduction

Our study of spin-orbit torques is based on the numerical computation of
non-equilibrium spin polarizations for an effective s–d type model in a twodimensional (2D) honeycomb antiferromagnet with Rashba spin-orbit coupling
and on-site disorder potential. Our results stress the importance of anisotropy of
both field-like and anti-damping like spin-orbit torques due to 2D confinement of
conduction electrons. We also find, surprisingly, that both the staggered field-like
and non-staggered anti-damping torques vanish identically in a model with an
s–d exchange coupling that is the same on two antiferromagnetic sublattices. In
contrast, the model with strongly asymmetric s–d exchange couplings leads to
finite anti-damping torques while the entire notion of staggered torques becomes
largely irrelevant in such an asymmetric model.
4.2

model

In this paper, we develop a numerical framework for the microscopic analysis
of spin-orbit torques that is realized with the help of the tight-binding model
solver, kwant [201]. Our methodology is illustrated using s–d type model for a
2D antiferromagnet on the honeycomb lattice depicted in Fig. 4.1a. To be more
specific, we consider the Kane-Mele tight-binding model for conduction electrons
[202, 203] with the Hamiltonian
H0 = Htb + HR + Hsd ,

(4.1)

4.2 model

where the first term describes the nearest-neighbor hopping,
Htb = −th

∑ ∑ ciσ† c jσ ,

(4.2)

hi,ji σ

† (c ) are the standard creation
with the hopping energy th . The operators ciσ
iσ
(annihilation) operators for a fermion on the lattice site i with the spin index σ.
The term HR describes spin-orbit interaction of Rashba type that is responsible
for spin-orbit torque on magnetization. This spin-orbit interaction is represented
by the term
iλ
HR =
(4.3)
∑0 ẑ · (σ × dij )σσ0 ciσ† c jσ0 ,
a h∑
i,ji σσ

with the unit vector ẑ directed perpendicular to the 2D crystal plane. The notation
σ = (σx , σy , σz ) represents the three-dimensional vector of Pauli matrices, the
vectors dij connect neighboring sites as shown in Fig. 4.1a, and λ is the Rashbaspin-orbit strength. For any site i on the sublattice A we have three such vectors:
 
√ 
√ 
a
a
0
3
3
d1 = a
, d2 =
, d3 = −
,
(4.4)
1
2 −1
2 1
where a is the length of the bond between A and B.
Finally, the s–d-like exchange interaction between localized magnetic moments
Si and spins of conduction electrons is described by the term
†
Hsd = − J ∑ ∑ Si · σσσ0 ciσ
ciσ0 ,

(4.5)

i σσ0

with the coupling strength J taken here to be the same on A and B sublattices. The
term (4.5) couples the tight-binding model for conduction electrons to a classical
Heisenberg model for localized angular momenta Si with antiferromagnetic
ground state. The localized momenta Si are assumed to have large absolute value
|Si | = S  1. The characteristic s–d exchange energy is given by ∆sd = Jsd S.
For conductivity and non-equilibrium spin density computations we assume the
single-domain antiferromagnetic order, that is characterized by the unit Néel
vector n = (S A − S B )/2S.
Equal exchange couplings on both sublattices in Eq. (4.5) and Rashba spin-orbit
interaction of Eq. (4.3) ensure sublattice symmetry that greatly simplifies the
results. In what follows we refer to the model as the symmetric model. At the
end of the Chapter we also consider a more complex version of the model, where
the sublattice symmetry is broken by a strong asymmetry of s–d couplings on A
and B sublattices.
The model of Eq. (4.1) is motivated, in part, by the studies of CuMnAs [53].
A similar model was also used to describe silicene where circularly polarized
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Figure 4.2: The band structure cross-section at k y = 0 for the model of Eq. (4.1) versus k x
counted with respect to the high-symmetry points K and K 0 for different orientations of
the Néel vector, nz = cos θ. Horizontal lines correspond to the Fermi energies E = 0.0 th ,
0.05 th , and 0.3 th for which we perform the numerical analysis. For zero energy (band
center), the system is insulating for θ > π/4; for θ < π/4 the Fermi energy crosses the
conduction band in K valley and the valence band in K 0 valley. For E = 0.05 th all extended
states belong to the conduction band in K valley that gives rise to 100% valley-polarization.
For E = 0.3 th both valleys contain two Fermi surfaces. The plots correspond to the
parameters λ = 0.05 th and ∆sd = 0.1 th .

light induces a staggered s–d-interaction [204]. The spin-orbit interaction of
Eq. (4.3) breaks ẑ → −ẑ inversion symmetry. Similarly to CuMnAs we also
assume that the Fermi energy of conduction electrons stay in a vicinity of the
antiferromagnetic gap (or Dirac point). That means that the Fermi surfaces are
located near two different pockets of the Brillouin zone – the so-called K and K 0
valleys as shown in Fig. 4.1b (see also the caption in Fig. 4.2).
Due to the rather high symmetry of the model of Eqs. (4.1)-(4.5), the Fermisurfaces remain entirely isotropic with respect to azimuthal (in-plane) direction
of the Néel vector n as illustrated in Fig. 4.1b. Still, the band-structure of the
symmetric model depends strongly on the polar angle θ of the Néel vector,
nz = cos θ, as shown in Fig. 4.2.
From the microscopic point of view all spin-orbit torques (as well as spintransfer torques, spin-orbit induced Gilbert damping and effective renormalization of angular momenta Si ) can be directly related to non-equilibrium contributions to the local spin density si that are proportional to electric current (or, in the
case of Gilbert damping, to the time derivatives of the classical field Si ) [149, 205].
The microscopic analysis of the torques is, therefore, similar to the microscopic
analysis of the conductivity and must involve the mechanisms of momentum
relaxation of conduction electrons that, in our system, is also directly related to
the angular momentum relaxation of localized spins Si . Here we model such a

4.2 model

L

W

Figure 4.3: Two-terminal geometry that is used for computation of spin-orbit torques.
The largest sample corresponds to a wide zigzag nano-ribbon with L ∼ W ∼ 750 a. We
assume periodic boundary conditions in y direction for both the sample and the leads.
The sample is described by the model of Eq. (4.6) with on-site disorder potential Vi = ±Vd .
Left and right leads (x < 0 and x > L, respectively) are described by a clean Hamiltonian
of Eq. (4.1). The non-equilibrium spin density per current flux (averaged over the entire
sample) is defined by the linear response formula of Eq. (4.15).

momentum relaxation by adding non-magnetic on-site disorder potential to the
model of Eq. (4.1). Namely, we consider an ensemble of tight-binding models
†
H = H0 + ∑ ∑ Vi ciσ
ciσ0 ,

(4.6)

i σσ0

where Vi are random on-site potentials on randomly selected sites. For numerical
simulations we take Vi = ±Vd (with a random sign) on random lattice sites in
the scattering region (the sample) as illustrated in Fig. 4.3. In various simulations
we chose Vd = 0.2 th and Vd = 0.5 th and place impurities on 30%, 40% and 50%
of the lattice sites in the sample. Each point is obtained by averaging over 30 – 80
disorder realizations.
Even though the spin-orbit torques are completely defined by the tight-binding
model of Eq. (4.6), they are insufficient to describe magnetization dynamics
of an antiferromagnet. The latter also depends on the type of the Heisenberg
model used for Si as well as on the Gilbert damping terms. In the presence of
magnetic textures one should also take into account in-plane spin-transfer torques
(which are defined by the response of spin density si to both electric current and
spacial gradients of Si ). Intimate relations between all these seemingly different
(and often highly anisotropic) quantities have recently been established for a 2D
Rashba ferromagnet in the metal regime [205].
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4.3

scattering approach

In this Chapter we present a numerical analysis of spin-orbit torques using the
scattering framework. The framework appeals to the two terminal geometry
depicted schematically in Fig. 4.3. Left and right leads (reservoirs) are modeled
by semi-infinite systems of the width W described by ballistic tight-binding
model of Eq. (4.1) with periodic boundary conditions in y direction. For both
L,≷
R,≷
leads one constructs left and right-going scattering states, Ψα,E
(ri ) and Ψα,E
( ri ) ,
that are the eigenstates of the model of Eq. (4.1) that are normalized to the unit
probability current flux through the lead cross-section.
The scattering states are labeled by (i) the eigenenergy E; (ii) the lead index:
L for the left lead and R for the right one; (iii) the flux direction: > for the
probability current in x direction and < for the probability current in the opposite
(− x) direction, and (iv) by a composite index α = (n, σ, ν) that incorporates the
channel index n (numerating states with different projections of the wave vector
on the transversal direction y), the spin projection σ and the band index ν
numerating Fermi
√ surfaces. Note that the dimension of the scattering state wavefunction is 1/ Wvα , where vα is the x-component of the velocity in the channel
α.
With the help of the scattering states one can readily formulate a scattering
problem at a given energy E that is solved by the wave-function matching at
the lead-sample interface for each disorder realization. For example, a scattering
L,>
problem that corresponds to populating an incoming channel Ψα,E
results in the
eigenstate that has the following form in the leads

L
Ψα,E
(r ) =

 L,>
L,<

Ψα,E (r ) + ∑ r βα Ψ β,E (r ),

x < 0,

R,>

∑ t βα Ψ β,E (r ),

x>L

β

,

(4.7)

β

where t βα and r βα denote the so-called transmission and reflection amplitudes,
correspondingly. Similarly, the scattering problem that corresponds to populating
R,<
a left-going state in the right lead, Ψα,E
, corresponds to the eigenstate

R
Ψα,E
(r )

=


L,<
0

∑ t βα Ψ β,E (r ),

x < 0,

R,<
R,>
0

Ψα,E (r ) + ∑ r βα Ψ β,E (r ),

x>L

β

.

(4.8)

β

The reflection and transmission amplitudes are organized into the scattering
matrix


r̂ t̂0
S=
(4.9)
t̂ r̂ 0

4.3 scattering approach

that yields the unitarity constraint S† S = 1. The constraint is ensured by the
normalization of the scattering states Ψ≷
α,E (r ) to the unit probability current flux
that is conserved for each energy E (in the absence of non-elastic processes).
The results of Eqs. (4.7)-(4.8) are routinely used to express, e. g. the timeaveraged electric current flowing through the sample as
I=e

Z

dE
2
( f R ( E) − f L ( E)) ∑ tαβ ( E) ,
2π }
αβ

(4.10)

where f L and f R stand for electron distribution functions in the left and right
leads, respectively, and e = −|e| is the electron charge. The expression for
electric current leads to the celebrated [206] Landauer-Büttiker formula for the
conductance
e2
2
G = I/Vbias =
tαβ ( E) ,
(4.11)
h ∑
αβ
where Vbias is the voltage bias between the left and right leads (that sets a
difference between the chemical potentials in the leads: δµ = µ L − µ R = eVbias )
and E is the average chemical potential in the sample (which we simply call the
Fermi energy).
The dependence of the average conductance on the sample length (for L ' W)
is then fitted by the following formula

h G idis =

2e2 W
σ,
h L + `0

(4.12)

where the angular brackets stand for averaging over disorder realizations, while
the constant σ is regarded as 2D dimensionless conductivity (which is independent of both L and W). The length scale `0 in Eq. (4.12) is of the order of the
transport mean free path in the system.
The straightforward numerical analysis using kwant package [201] provides
us with the two terminal conductivity, Lh G i/W, that is plotted in Fig. 4.4 for the
metal regime (E = 0.3 th , left panel) and for the half-metal regime (E = 0.05 th ,
right panel). The metal regime refers here to the Fermi energies that correspond
to two Fermi surfaces per valley, while the half-metal regime corresponds to a
single Fermi surface. Similar plots are generated for various polar angles θ of
the Néel vector. Both the 2D conductivity σ and the mean free path `0 are, then,
extracted from the fitting formula of Eq. (4.12) and plotted in Fig. 4.5 as the
function of nz = cos θ. The estimate of `0 is necessary to ensure that our sample
size is at least of the order of the mean free path to avoid non-universal finite-size
effects in our data.
One can see from Fig. 4.5 that both the mean free path `0 and the conductivity
σ are nearly constant in the metal regime. Their dependence on the Néel vector
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Figure 4.4: Averaged two-terminal conductivity Lh G i/W for the symmetric coupling
model computed from Eq. (4.11) as the function of the sample length L for several values
of the Fermi energy E, impurity strength Vd and impurity concentration nimp . Each
point corresponds to averaging over 30 disorder realizations. The curves correspond to
∆sd = 0.1 th , λ = 0.05 th and θ = π/4 and are fitted using Eq. (4.12). Similar behavior is
observed for various angles θ.

4.4 spin-orbit torques

orientation is weak, which is consistent with the fact that such a dependence
must disappear in the limit E  ∆sd . In the half-metal regime, however, the
conductivity is strongly dependent on both disorder concentration and the Néel
vector angle θ. We will see below, that despite rather strong angular dependence
of the conductivity, one of the field-like spin-orbit torques remains θ-independent
in the half-metal regime.
For E = 0, the system exhibits metal-insulator transition as the function of the
Néel vector orientation (see the second panel of Fig. 4.4). This choice of the Fermi
energy leads, however, to vanishing spin-orbit torques as discussed below.
4.4

spin-orbit torques

The package kwant [201] does not only provide the elements of the scattering
L,R
matrix S( E) in Eq. (4.9), but also gives access to the solutions Ψα,E
(r ) inside
the sample. Such solutions can, therefore, be used to obtain a local expectation
value of the electron spin (we refer here to the dimensionless spin defined by the
operator σ/2) as
s(r ) =

1
2

Z

dE
A†
A
,
f A ( E) ∑ Ψα,E
σσσ0 Ψα,E
2π } ∑
α
A

(4.13)

where α = (n, σ, ν) and the index A = L, R numerates the leads.
In order to extract spin-orbit torques we have to decompose the local electron
spin to equilibrium and non-equilibrium contributions as
s(r ) = s0 (r ) + δs(r ).

(4.14)

Equilibrium spin density, s0 , corresponds to the limit of zero bias (or thermal
bias) f L = f R = f ( E), where f ( E) is the Fermi-Dirac distribution function.
The quantity s0 describes equilibrium conduction electron contributions to the
parameters of the Heisenberg model for localized momenta Si that we do not
discuss here.
Non-equilibrium contribution, δs, describes the effects induced e. g. by a bias
voltage, Vbias , such as the spin-orbit torques on magnetization. In the linear
response we obtain, in the spirit of Eq. (4.11), the formula
δs(r )
1
=
δµ
4h

∑
α

h

i
R†
R
L†
L
Ψα,E
(r )σσσ0 Ψα,E
(r ) −Ψα,E
(r )σσσ0 Ψα,E
(r ) ,

(4.15)

where δµ = eVbias and the scattering states are taken at the Fermi energy. Similarly
A † σ Ψ A have negligible
to Eq. (4.11), we assume here that the quantities Ψα,E
α,E
energy dependence within the interval δµ around the Fermi energy.
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Figure 4.5: The conductivity σ and the mean free path `0 in the symmetric coupling model
of Eq. (4.6) as the function of the Néel vector orientation nz = cos θ. Both quantities are
extracted from our numerical data with the help of Eq. (4.12). Large variations of the mean
free path in the half-metal regime are associated with the Fermi energy touching the band
edge at certain polar angles of the Néel vector.

4.5 microscopic llg equation

In numerical simulations we systematically employ Eq. (4.15) to extract the spin
density on A and B sublattices by varying the direction of the Néel vector. The
results are fitted by the expansion of δs in angular harmonics that are compatible
with the symmetry of the model. Before, we proceed with the discussion of our
results let us pause to clarify the relation between the non-equilibrium spindensity and microscopic spin-orbit torques on magnetization that enter effective
Landau-Lifshits-Gilbert (LLG) equation on magnetization dynamics.
4.5

microscopic llg equation

The problem of magnetization dynamics can be formulated with the help of a
Heisenberg model for the localized momenta Si that is coupled to a tight-binding
model for conduction electrons by means of the local exchange interaction of
Eq. (4.5). Depending on the type of the Heisenberg model we may obtain different
equations of motion but the torques on magnetization (originating from electric
current or field) and also Gilbert damping terms can be understood from the
tight-binding Hamiltonian of Eq. (4.6) alone [205].
The classical equations of motion on the staggered and non-staggered magnetizations, n and m, were derived in Chapter 2.2. Excluding the anisotropy K,
Eqs (2.10) reads
Jex
J A
n × m + H × n + sd (n × s+ + m × s− ) ,
}
}
Jsd A
ṁ = H × m +
(m × s+ + n × s− ) ,
}
ṅ = −2

(4.16)

where s± = (s A ± sB )/2. The right-hand sides of Eqs. (4.16) contain the quantities
that can be called generalized torques. Here we are only interested in specific
contributions to generalized torques that are induced by the chemical potential
difference δµ = eVbias between left and right leads. Such contributions define
four spin-orbit torques
T±` = ( Jsd A/})n × δs± ,

T±m = ( Jsd A/})m × δs± ,

(4.17)

where δs± refers to the non-equilibrium spin density contribution that is proportional to δµ.
Note that, generally, the average spin si has a non-local functional dependence
on the time-dependent classical field S j at preceding moments of time and at
different lattice sites j 6= i. The degree of non-locality is defined by relaxation
processes. The quicker the relaxation the more local the functional dependence. In
particular, non-dissipative contributions to spin-orbit torques (the so-called fieldlike contributions) are local in time on the time scales of the order of s–d exchange
τsd = }/∆sd , where ∆sd = Jsd S. In contrast, the dissipative contributions (such as
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anti-damping torques) are defined by transport scattering time τtr . The latter time
scale may be both larger and smaller than τsd giving rise to different regimes of
magnetization dynamics. For the sake of numerical analysis we consider, however,
a situation when these two time scales are of the same order.
4.6

symmetry consideration

Symmetry properties of spin-orbit torques and conductivity tensor can be understood from a low-energy approximation by projecting the model (4.1) on the
states in a vicinity of K points,
 
4π
1
K= √
, and K 0 = −K,
(4.18)
3 3a 0
as it is usually done for graphene. In the valley symmetric approximation we
obtain the effective model
H0eff = v p · Σ + αR [σ × Σ]ẑ − ∆sd n · σ Σz Λz ,

(4.19)

where Σ, Λ, and σ are the vectors of Pauli matrices in sublattice, valley and spin
space, respectively, and
v=

3
t a/},
2 h

αR =

3
λ,
2

∆sd = Jsd S.

(4.20)

Even though the model of Eq. (4.1) is characterized by the point group C3v , the
effective low-energy model of Eq. (4.19) has a higher symmetry of the group
C∞v . This is reflected by the fact that the Fermi-surfaces (for energies we are
interested in) remain entirely isotropic irrespective of the Néel vector orientation
as shown in Fig. 4.1. Moreover, the exact sublattice symmetry of the model,
Λ x H0eff [−n]Λ x = H0eff [n], ensures vanishing non-equilibrium staggered spin
polarization δs− = 0 irrespective of both the voltage bias and the Néel vector
orientation. This property is indeed confirmed by the numerical analysis.
The spin-orbit coupling term in Eq. (4.19) is proportional to the scalar product
σ · [ẑ × v ], where v = vΣ is the velocity operator and ẑ is the unit vector in z
direction. In the presence of electric current I, which, in our model, is always
directed along x axis, the velocity operator averages to a non-zero value that
is proportional to the current. One can see, therefore, that the second term in
Eq. (4.19) can be interpreted as Zeeman coupling to an effective Rashba field
ẑ × I. Such a field induces non-equilibrium polarization δs+ in the same way as
in ferromagnets.
The symmetry of the point group C∞v (see also the symmetry analysis in
Refs. [177, 207]) suggests that the tensor relation between non-equilibrium po-

4.6 symmetry consideration

larization δs+ and the Rashba field ẑ × I can be presented in a vector form
as
δs+ = A I (n2z ) ẑ × I + A0I (n2z ) nk × [nk × [ẑ × I ]] + B⊥ (n2z ) n⊥ × [ẑ × I ]

+ Bk (n2z ) nk × [ẑ × I ] + C (n2z ) nk × [n⊥ × [ẑ × I ]] , (4.21)

where we decompose the Néel vector n = nk + n⊥ into in-plane nk and
perpendicular-to-the-plane n⊥ components. We parameterize n = (cos φ sin θ,
sin φ sin θ, cos θ )> , where θ is a polar angle and φ is an azimuthal angle. Consequently, we have nk = (cos φ sin θ, sin φ sin θ, 0)> and n⊥ = (0, 0, cos θ )> .
The decomposition of Eq. (4.21) is dictated by the symmetry analysis with
respect to two transformations: the Néel vector inversion, n → −n, and the Néel
vector reflection, n⊥ → −n⊥ , with respect to the electron 2D plane.
Since the model (at the Fermi energies we choose) is isotropic with respect
to in-plane rotations, these two symmetries are the only ones to characterize
different contributions to non-equilibrium spin density.
The first two terms in Eq. (4.21) are even with respect to both the Néel vector
inversion and the Néel vector reflection. The last term in Eq. (4.21) is even with
respect to the Néel vector inversion but odd with respect to the Néel vector
reflection. These terms correspond to torques of the field-like symmetry, i. e. to
the torques that are invariant under the time reversal operation.
The second two terms in Eq. (4.21), which are proportional to the coefficients
Bk,⊥ , are odd with respect to the Néel vector reflection. The first one of them is
odd while the second one is even with respect to the Néel vector reflection. These
terms represent anti-damping spin-orbit torques that change sign under time
reversal.
The coefficients in front of different vector forms in Eq. (4.21) must remain
invariant with respect to both symmetry transformations, but they may still vary
as the function of the symmetry invariant n2z . The coefficients may also depend on
n2 but such dependence is absent within linear response approximation. Indeed,
one shall take n2 = 1 (m = 0) in all coefficients in front of electric current since
electric current is regarded as the only possible source of a deviation from the
exact antiferromagnetic order.
The exact sublattice symmetry of the symmetric coupling model of Eqs. (4.1)(4.6) does not only ensure the vanishing staggered polarization δs− = 0 but also
leads to identically vanishing anti-damping torques Bk = B⊥ = 0 in all possible
regimes. This is indeed confirmed by our numerical analysis for the symmetric
coupling model as we describe below.
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Figure 4.6: Non-equilibrium spin density δs+ for the symmetric coupling model of
Eqs. (4.1)-(4.6) with Vd = 0.5 th as the function of the Néel-vector orientation for different
values of the Fermi energy. Each data point foe each direction of the Néel vector corresponds to averaging over 30 impurity configurations. Spin densities are normalized to
the scale ∆sd λj/evt2h , where j = I/W is the charge current density through the sample.
Fluctuations at θ = π/4 and θ = 3π/4 in the top panel and at θ = π/2 in the middle
panel are due to diverging mean free path for Fermi energy touching the bottom of the
conduction band. The staggered spin density δs− fluctuates around zero (not-shown). For
E/th = 0, the spin-density δs+ also fluctuates around zero as shown in the upper panel.
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Figure 4.7: The results of fitting simulation data for the symmetric coupling model with
L = 2W = 750 a (partly shown in Fig. 4.6) with the ansatz of Eq. (4.24). The data is
obtained for Vd = 0.5 th . The data have been collected for 200 different orientations of the
Néel vector for each impurity concentration.

4.7
4.7.1

results for symmetric model
General

With the help of the kwant package [201] we compute from Eq. (4.15) the mean
spin density response δs/δµ on both sublattices for various directions of the Néel
vector n and three different Fermi energies. These results, which are presented
in Fig. 4.6, have complex dependence on the orientation of the Néel vector.
The dependence is, however, much simplified for non-equilibrium spin density
response divided by the sample conductance. In other words, we observe that
the non-equilibrium spin density has a much simpler form when expressed via
the charge current density j = I/W rather than via the bias voltage.
In all regimes considered we find δs− = 0 and confirm the decomposition
of Eq. (4.21) with Bk = B⊥ = 0. Moreover, we also find that the coefficient
A I (n2z ) = A I is constant, i. e. independent of the angle θ in all regimes we
consider. In addition, we find that the non-equilibrium spin density vanishes
identically, δs+ = δs− = 0 for E = 0. This point corresponds to the exact electronhole symmetry of the model, i. e. for E = 0, the number of quasiparticles in the
conduction and valence bands are exactly the same.
Despite these general findings we still observe that the results for non-equilibrium
spin density are qualitatively different in the metal and half-metal regimes.
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4.7.2

Metal regime

The metal regime is characterized by two Fermi surfaces for each of the two
valleys. This regime is represented in our simulations by the choice E = 0.3 th .
In this case we also find A0I = C = 0 within our numerical accuracy. Thus, the
metal regime in the symmetric model is represented by the only contribution to
the non-equilibrium spin-density
δs+ =

∆sd λ
a I ẑ × j,
2πevt2h

(4.22)

with a constant dimensionless coefficient a I . This coefficient retains almost the
same value for three different impurity concentrations as shown in the left panel
of Fig. 4.7. Thus, the non-equilibrium spin density in the metal regime is simply
proportional to the Rashba field. The non-equilibrium spin density of Eq. (4.22)
is readily recognized as the inverse spin-galvanic effect of Edelstein [208] that is
widely known in ferromagnet materials with Rashba coupling [24, 25].
Consequently, the spin orbit torques in the metal regime of the symmetric
model are given solely by the isotropic Edelstein effect as
T+` = a I η n × [ẑ × j ] ,

T+m = a I η m ×[ẑ × j ] ,

(4.23)

where η = Jsd A∆sd λ/evht2h .
This results of Eqs. (4.22), (4.23) are remarkably similar to those found analytically in the metal regime of a Rashba ferromagnet model with white-noise
disorder [149, 205]. The latter is also characterized by identically vanishing antidamping spin-orbit torques and by a completely isotropic field-like torque of the
same symmetry. Even though, analytical results have been obtained for a ferromagnet with a weak white-noise disorder, the same drastic simplification of the
spin-orbit torque takes place for a symmetric honeycomb antiferromagnet with
rather strong point-like disorder as demonstrated above. Such a simplification is,
however, limited to the metal regime.
4.7.3

Half-metal regime

The half-metal regime is represented by the Fermi energy E = 0.05 th that
corresponds to the presence of a single Fermi surface in one of the valleys.
The conductivity in this regime acquires strong dependence on θ. In particular,
for n2z < 1/2, the system is poorly conducting as one can see already in the
second panel of Fig. 4.5. Remarkably, we still find that the coefficient A I in
Eq. (4.21) is entirely independent of θ and anti-damping like torques are vanishing
identically, Bk,⊥ = 0. The coefficients A0I and C are, however, finite and acquire
some dependence on n2z .

4.7 results for symmetric model

Thus, our numerical data in half-metal regime corresponds to the spin density
δs+ =

∆sd λ 
a I ẑ × j + a0I (n2z ) nk × [nk × [ẑ × j ]]
2πevt2h

+ c(n2z ) nk × [n⊥ × [ẑ × j ]] , (4.24)

where we also introduced the dimensionless functions a0I (n2z ) and c(n2z ) that are
shown in the middle and in the right panel of Fig. 4.7 for different impurity
concentrations.
The last two terms in Eq. (4.24) represent high-harmonics field-like torques
that are finite only in the half-metal regime. On symmetry grounds one should
generally expect the field-like torques to be largely insensitive to disorder. Even
though, the disorder dependence of a I and a0I coefficients is indeed negligible, the
one of the function c(n2z ) is still rather strong for n2z < 1/2. One should, however,
remember that the coefficient c is standing in front of the vector form that is
vanishing for both nz = 0 and nz = ±1, so the fit accuracy near these points is
poor. Moreover, the case of almost in-plane Néel vector, n2z  1/2, corresponds to
the poorly conducting sample whose conductance is dominated by the variable
range hopping processes due to strong disorder. Thus, we attribute this seemingly
strong dependence of c on disorder concentration to the mechanism of conduction.
Still, the value of c is found to be about 5 times larger than that of a I and about
10 times larger than that of a0I , which makes the high-harmonic c-torque relevant
in the half-metal regime. We note that the non-equilibrium spin density, which is
proportional to c(n2z ), is directed perpendicular to the electron plane.
Overall, the half-metal regime is characterized by the torques

T+` = η a I n ×[ẑ × j ] + a0I (n2z ) n ×[nk ×[nk ×[ẑ × j ]]]

+ c(n2z ) n ×[nk ×[n⊥ ×[ẑ × j ]]] ,
(4.25a)

T+m = η a I m ×[ẑ × j ] + a0I (n2z ) m ×[nk ×[nk ×[ẑ × j ]]]

+ c(n2z ) m ×[nk ×[n⊥ ×[ẑ × j ]]] ,
(4.25b)
where η = Jsd A∆sd λ/evht2h is the same as in Eq. (4.23).
Note, that the function a0I (n2z ) in Eq. (4.25a) for T+` can be absorbed into the
redefinition of the coefficients a I and c. Indeed, with the help of a straightforward
vector algebra one can re-write Eq. (4.25a) as


T+` = η ã I (n2z )n ×[ẑ × j ] + c̃(n2z ) n ×[nk ×[n⊥ ×[ẑ × j ]]] ,
(4.26)
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where we introduced
ã I = a I − (1 − n2z ) a0I ,

c̃ = c − a0I .

(4.27)

Thus, the modified coefficient ã I acquires a weak dependence on n2z due to a
finite, though small, a0I contribution in the half-metal regime.
To conclude this section it is worth mentioning that half-metal antiferromagnets
are not entirely hypothetical. There have been several proposals in the past
(see Refs. [209, 210] to name a few) and there has been also a recent material
Mn2 Rux Ga that is recognized as a half-metal antiferromagnet [211, 212].
4.8

asymmetric coupling model

Relative simplicity of the results of Eqs. (4.23,4.25) for the symmetric coupling
model of Eqs. (4.1)-(4.6) prompted us to look at a model with ultimately asymmetric s–d exchange,
Hsd = − J

∑ ∑0 σσσ0 SiA · ciσ† ciσ0 ,

(4.28)

i ∈ A σσ

that is represented by s–d coupling on A sublattice only. Such a coupling obviously violates the sublattice symmetry and may, in principle, lead to the
appearance of non-equilibrium staggered polarization and to anti-damping like
spin-orbit torques that are absent in the symmetric coupling model.
It is worth mentioning that the asymmetric model is unlikely to represent
an antiferromagnet. Since conduction electron spins contribute to polarization
only on a single sublattice, the model is much more likely to correspond to a
ferrimagnet or a ferromagnet. Rare-earth/transition metal ferrimagnets (such as
FeCoGd) at a compensation point seem to be the most obvious examples [40]. The
conduction electrons in these compounds couple mostly with localized d-orbitals
rather than with f -orbitals and give rise to an asymmetric exchange coupling
that can be mimicked by Eq. (4.28).
In order to compute non-equilibrium spin-densities we repeat the analysis of
the previous sections for the coupling of Eq. (4.28) that we refer to below as the
asymmetric model. The band-structure of the asymmetric model is illustrated in
Fig. 4.8. Similarly to the symmetric model we distinguish metal and half-metal
regimes that are represented now by E = 0.3 th and E = 0.1 th , correspondingly.
The metal regime is characterized by two Fermi surfaces per valley, while the
half-metal regime is characterized by a single Fermi surface per valley. The Fermi
surfaces are illustrated in Fig. 4.9 for θ = −φ = π/4, where θ and φ are now the
polar and azimuthal angles of the unit vector mA = (cos φ sin θ, sin φ sin θ, cos θ )> ,
correspondingly.

4.8 asymmetric coupling model
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Figure 4.8: Band structure for the asymmetric model. Dotted horizontal lines correspond
to E/t = 0, 0.1, and 0.3.

For numerical simulations we choose ∆sd = Jsd S = 0.1 th , λ = 0.05 th , and
Vd = 0.5 th as for the symmetric model.
Similarly to Eq. (4.19) the low energy sector of the asymmetric model is
represented by the following effective Hamiltonian
H0as = v p · Σ + αR [σ × Σ]ẑ −

∆sd A
m · σ (1 + Σ z Λ z ) ,
2

(4.29)

that clearly lacks the sublattice symmetry. Interestingly, we observe from numerical simulations that the staggered non-equilibrium polarization δs− is still
vanishing in the metal regime, while it becomes finite in the half-metal regime.
It has to be noted, however, that the separation to staggered and non-staggered
polarization is largely irrelevant for the asymmetric model, since the latter is
characterized by the only vector torque
TA =

J A
Jsd A A
m × δsA = sd (n + m) × (δs+ + δs− ) ,
}
}

(4.30)

that is defined exclusively by the spin density on the sublattice A.
Indeed, for an “isotropic” antiferromagnet we find, in complete analogy with
Eqs. (4.16), the equations of motion
ṅ = −2( Jex /}) n × m + H × n + T A ,
A

ṁ = H × m + T ,

(4.31a)
(4.31b)

which depend only on the spin-orbit torque T A .
We would like to remind that the equations of motion of Eq. (4.31) are essentially incomplete since we do not investigate Gilbert-damping terms and we do
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Figure 4.9: The Fermi surfaces for the asymmetric model for the metal regime E = 0.3 th
(right panel) and the half-metal regime E = 0.1 th (left panel). The Fermi surfaces are not
round due to tridiagonal wrapping originating in C3v point-group symmetry of the crystal
and due to in-plane component mA
k that affects the spectrum. The plots correspond to
the choice θ = −φ = π/4. The momentum k is measured with respect to K point (solid
lines) and K 0 point (dashed lines).

not take into account anisotropy of antiferromagnet (as well as DzyaloshinskiiMoriya interaction terms). The missing terms are essential if one wants to understand the magnetization dynamics, while they cannot alter the spin-orbit torque
terms that we compute.
As one can readily see from Fig. 4.9, the Fermi surfaces in the asymmetric
model are not entirely round and reveal some tri-diagonal wrapping even for
energies that are close to zero, E  th . The Fermi surfaces are also shifted with
respect to the points K and K 0 and deformed depending on the azimuthal
angle φ characterizing in-plane orientation of the vector mA . We find, however,
that despite these effects the non-equilibrium spin-density δsA can be very
well decomposed using the symmetry analysis of the group C∞v in analogy to
Eq. (4.21) for the symmetric coupling model.
A
To do that we represent the vector mA = mA
k + m⊥ as the sum of in-plane
and perpendicular-to-the-plane components and decompose the numerical data
A
A
A
with respect to the transformations: mA
⊥ → −m⊥ and mk = −mk . As the result,
the non-equilibrium spin density (as the function of the vector components) is
readily decomposed into the sum of four contributions,
A
δsA [mA
⊥ , mk ] = δs++ + δs+− + δs−+ + δs−− ,

(4.32)
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Figure 4.10: Top panels show non-equilibrium spin density, δsA , for the asymmetric coupling model with subtracted background component along mA in the units of ∆sd λj/evt2h .
The other panels represent the results of the spin-density decomposition of Eq. (4.32). The
results presented correspond to the ansatz of Eq. (4.34). The data for density plots have
been collected for 200 different orientations of the Néel vector for each impurity concentration. Each data point corresponds to averaging over at least 80 impurity configurations.

which are expressed as
δsζκ =

1 A A
A
A
A
A
A
A
δs [m⊥ , mA
k ] + ζ δs [−m⊥ , mk ] + κ δs [m⊥ , −mk ]
4

A
+ ζκ δsA [−mA
⊥ , −mk ] , (4.33)

where ζ and κ take on the values ±1.
The bare results for non-equilibrium spin density δsA (with a subtracted
background component along mA ) and the results for the contributions δsζκ are
shown in Fig. 4.10 for the metal regime, E = 0.3 th . Similar results are obtained
for the half-metal regime, E = 0.1 th .
We find that our numerical results for the non-equilibrium spin density δsA
(with subtracted background along mA that does not enter the torque T A ) are
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Figure 4.11: Numerical results for the asymmetric coupling model that are expressed in the
form of the angle dependent coefficients a I , b⊥ , bk , and c that define the spin-orbit torque
T A in Eq. (4.35). The data is obtained by fitting the density data (partially represented in
Fig. 4.10) using the ansatz of Eq. (4.34).

perfectly decomposed as a sum of five different vector forms in both metal and
half-metal regimes,
h
i
A
δsA = A I (n2z ) ẑ × I + A0I (n2z ) mA
×
m
×
ẑ
×
I
+ B⊥ (n2z ) mA
[
]
k
k
⊥ × [ẑ × I ]
h
i
2
A
A
(4.34)
+ Bk (n2z ) mA
k × [ẑ × I ] + C ( n z ) mk × m⊥ × [ẑ × I ] ,
where all coefficients are generally even functions of the component nz = nA
z =
cos θ. Note that the first two vector forms are of the same symmetry with respect
A
A
A
to both reflections mA
⊥ → −m⊥ and mk → −mk .
Remarkably, our numerical data again corresponds to a constant coefficient
A I (n2z ) = A I in all regimes considered as it was also the case for the symmetric
model.

4.8 asymmetric coupling model

The spin orbit torque T A , which is obtained by substituting the result of
Eq. (4.34) to Eq. (4.35), can be represented as the sum of only four vector forms

h
i
T A = η a I (n2z ) mA × [ẑ × j ] + b⊥ (n2z ) mA × mA
×
ẑ
×
j
[
]
⊥
h
i
h
h
ii 
2
A
A
A
+ bk (n2z ) mA × mA
,
k × [ẑ × j ] + c ( n z ) m × mk × m⊥ × [ẑ × j ]

(4.35)

where we again introduce η = Jsd A∆sd λ/evht2h , j = I/W and the dimensionless
coefficients a I , b⊥ , bk , and c that all appear to be non-trivial functions of n2z =
cos2 θ as shown in Fig. 4.11. Note that the function A0I (n2z ) in Eq. (4.34) for spin
density contributes to both a I and c coefficients in Eq. (4.35) in the direct analogy
to Eqs. (4.26) and (4.27).
Thus, the spin-orbit torque T A is parameterized by 4 dimensionless functions.
These functions are shown in Fig. 4.11 illustrating the main result of our numerical simulations for the asymmetric coupling model. In sharp contrast to
the symmetric model we observe that the anti-damping torques are no longer
vanishing. We also find that b⊥ (n2z ) ≈ bk (n2z ) in the half-metal regime. The major
field-like torque mA × [ẑ × j ], which originates in the Edelstein effect, acquires a
weak dependence on θ due to the impact of the coefficient A0I (n2z ).
As it is expected we observe that anti-damping torques, which are proportional
to b⊥,k , depend strongly on disorder concentration, while the field-like torques
do not. Moreover, while anti-damping torques are suppressed by disorder in the
metal regime, the opposite is true in the half-metal regime.
Similarly to the symmetric model, the field-like torques are smaller in the metal
regime than they are in half-metal regime. One can speculate, however, that antidamping-like torques play a leading role in the metal regime of the asymmetric
coupling model for sufficiently clean samples. We also see that anti-damping
torques reveal rather strong anisotropy. In the metal regime they take on maximal
values for in-plane orientations of the vector mA .
It is also worth stressing that our results for asymmetric coupling model are
the same for both ferromagnetic and antiferromagnetic order, since the spin-orbit
torques are insensitive to the direction of the field mB .
As have been already mentioned one can expect the asymmetric model to
capture also the physics of layered ferrimagnets such as GdFeCo or Pt/GdFeCo
[40, 213]. The magnetization switching by means of spin-orbit torques in these
materials has recently become a subject of intense studies [213–215]. In particular,
the contribution from both field-like and anti-damping-like torques have been
identified in GdFeCo films with perpendicular magneto-crystalline anisotropy in
both transition-metal and rare-earth-metal rich configurations [214, 215]. These
experimental results are, at least, qualitatively in line with our findings.
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Figure 4.12: Time evolution of the in-plane Néel vector nk (t) in the symmetric model (top
panel) and asymmetric model (bottom panel) induced by a sequence of current pulses
alternating between −x̂ and ŷ directions (gray areas). The results are obtained from
Eqs. (4.36) for the parameters α = 0.005, }ηj/Jex = 0.05, E/th = 0.3 and nimp = 0.3.

4.9

antiferromagnetic dynamics

It is instructive to apply our results for the symmetric and asymmetric model to
describe antiferromagnetic switching. As was mentioned in the introduction both
field-like staggered torque and anti-damping-like non-staggered torque can be
important for the Néel vector switching. In the symmetric model we only find
field-like non-staggered torques that cannot induce AFM switching for realistic
values of the current intensity. In the asymmetric model we find both field-like
and anti-damping-like torques that act on a single sub-lattice. Although, strictly
speaking, these do not entail a staggered torque, i. e. the Néel torque, one can
nevertheless expect switching to occur.
In order to model AFM magnetization dynamics we adopt the equations
of motion (4.16) for the unit vectors nA and nB with Gilbert damping terms
included,
Jex B
J A
n × nA + sd nA × sA + α nA × ṅA ,
}
}
J
J
A B
ex
sd
ṅB = 2 nA × nB +
n × sB + α nB × ṅB ,
}
}

ṅA = 2

(4.36a)
(4.36b)

where we take α = 0.005 for the strength of the Gilbert damping.
In Fig. 4.12 we illustrate the AFM dynamics induced by short current pulses
of the density j = 0.05 Jex /η }, which are applied in alternating directions −x̂
and ŷ. The parameters of spin-orbit torques are derived for the Fermi energy

4.10 conclusions

E = 0.3 th (in the metal regime) and for the impurity concentration nimp = 0.3
which corresponds to placing impurities on 30% of lattice sites.
The spin-orbit torques in the symmetric model are obtained by substituting
sA = sB = δs+ in Eqs. (4.36), where δs+ ∝ ẑ × j is given by Eq. (4.22). The
spin-orbit torques in the asymmetric model correspond to sB = 0 and sA taken
from Eq. (4.34).
It is worth noting that the switching behavior in the asymmetric model (shown
in the bottom panel of Fig. 4.12) is provided exclusively by the field-like-torques
(which are proportional to the a I and c in Eq. (4.35)). In contrast, anti-damping
torques, which are proportional to b⊥,k , do not play an important role in this
behavior for the proposed choice of parameters. Nevertheless, if anti-damping
torques become essentially enhanced to overcome Gilbert damping they may
lead to qualitatively different behavior. Indeed, for giant anti-damping torques,
the spin angular momentum in the asymmetric model is transferred from one
sub-lattice to the another. Such a process, however, destroys the Néel order and
fully magnetizes the sample during the current pulse. Once the electric current
is switched off the Néel order is restored albeit in a different direction. This
type of switching bears some resemblance to all-optical ultra-fast magnetization
switching that is observed, for example, in a ferrimagnet GdFeCo [216]. In the
latter case the crystal also enters a transient fully magnetized state during a
femtosecond optical pulse and relaxes to a state with opposite magnetization
soon after the pulse. We note however, that a current-induced switching of
this type in our AFM model would require unrealistically large charge current
intensities due to rather small magnitude of anti-damping torques.
4.10

conclusions

Motivated by recent experiments on the Néel vector switching we investigate
microscopically the spin-orbit torques in an s–d-like model of a two-dimensional
honeycomb antiferromagnet with Rashba spin-orbit coupling. We investigated
the model with preserved and broken sublattice symmetry and distinguished
metal and half-metal regimes for each of the model. Spin-orbit interaction in
combination with on-site disorder potential and local exchange coupling between conduction and localized spins have been responsible for a microscopic
mechanism of the angular momentum relaxation. We find identically vanishing anti-damping and Néel spin-orbit torques in the symmetric model in all
regimes considered. As the result, the metal regime of the symmetric model is
characterized by a particularly simple isotropic field-like spin-orbit torque, while
the half-metal regime is characterized by anisotropic spin-orbit torques of the
field-like symmetry. Finite and anisotropic anti-damping torques, that crucially
depend on disorder strength, are found in both metal and half-metal regimes of
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the asymmetric model. We also find non-equilibrium staggered polarization in
the half-metal regime of the asymmetric model. This formally leads to a finite
value of the Néel spin-orbit torque, which is, however, not a quantity of interest
in that model. Overall, our results reveal the importance of two-dimensional
electron momentum confinement for spin-orbit torque anisotropy. Largest values
of spin-orbit torques are also associated with the half-metal regimes of conduction
in both models.

G I A N T A N I S O T R O P Y O F G I L B E RT D A M P I N G I N A R A S H B A
HONEYCOMB ANTIFERROMAGNET

Giant Gilbert damping anisotropy is identified as a signature of strong Rashba
spin-orbit coupling in a two-dimensional antiferromagnet on a honeycomb lattice.
The phenomenon originates in spin-orbit induced splitting of conduction electron subbands that strongly suppresses certain spin-flip processes. As a result,
the spin-orbit interaction is shown to support an undamped non-equilibrium
dynamical mode that corresponds to an ultrafast in-plane Néel vector precession
and a constant perpendicular-to-the-plane magnetization. The phenomenon is illustrated on the basis of a two dimensional s-d like model. Spin-orbit torques and
conductivity are also computed microscopically for this model. Unlike Gilbert
damping these quantities are shown to reveal only a weak anisotropy that is
limited to the semiconductor regime corresponding to the Fermi energy staying
in a close vicinity of antiferromagnetic gap.

Parts of this Chapter were published in Phys. Rev. B 101, 104403 (2020)
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Figure 5.1: A model of Rashba honeycomb antiferromagnet with two sublattices, A and B,
and on-site exchange interaction between localized moments and conduction electrons
(see Eq. 5.2). We refer to a specific coordinate system where x̂-axis is along the in-plane
component of n.

5.1

introduction

The Néel vector dynamics in an AFM is strongly affected by an interplay between
different types of Gilbert dampings. Unlike in a simple single-domain ferromagnet with a single sublattice, the Gilbert damping in an AFM is generally different
on different sublattices and includes spin pumping from one sublattice to another.
A proper understanding of Gilbert damping is of key importance for addressing
not only the mechanism of spin pumping but also domain wall motion, magnon
lifetime, AFM resonance width and many other related phenomena [217–221].
It is also worth noting that spin pumping between two thin ferromagnetic layers with antiparallel magnetic orientations share many similarities with Gilbert
damping in a bipartite AFM [222, 223].
A conduction electron mechanism for Gilbert damping in collinear ferromagnet
requires some spin-orbit interaction to be present. It is, therefore, commonly
assumed that spin-orbit interaction of electrons naturally enhances the Gilbert
damping. Contrary to this intuition, we show that Rashba spin-orbit coupling
does generally suppress one of the Gilbert damping coefficients and leads to the
appearance of undamped non-equilibrium Néel vector precession modes in the
AFM.
The spin dynamics in a bipartite AFM is described in terms of two mutually orthogonal vector fields, n and m. Even though the AFM ground state corresponds
to m = 0, it is widely understood that no Néel dynamics is possible without
formation of a small but finite nonequilibrium magnetization m. It appears,
however, that Gilbert damping terms associated with the time dynamics of m(t)
and n(t) are essentially different from a microscopic point of view.

5.1 introduction

Indeed, the Gilbert damping that is proportional to ∂t n is characterized by a
coefficient αn , which is vanishing in the absence of spin-orbit interaction, much
like it is the case in the ferromagnets. This behavior can be traced back to a
spin-rotational symmetry of the collinear AFM. Indeed, the absolute value of
n is conserved up to the order m2 . Thus, the dynamics of the Néel vector is
essentially a rotation that does not change the conduction electron spectrum as
far as the spin-rotation invariance is present. Breaking the spin-rotation symmetry
by spin-orbit interaction induces, therefore, a finite αn , which is quadratic with
respect to spin-orbit interaction strength.
In contrast, the Gilbert damping that is proportional to ∂t m originates directly
in the conduction electron scattering even in the absence of any spin-orbit interaction. The strength of the damping in a simple symmetric AFM is characterized by
a coefficient αm , which is typically much larger than αn . As a rule, the spin-orbit
interaction tends to suppress the coefficient αm by restricting the ways in which
electrons can damp their magnetic moments. The condition αm  αn has been
indeed well documented in a metallic AFM [217, 219].
In this Chapter, we uncover the microscopic mechanism of strong and anisotropic
Gilbert damping suppression due to the influence of spin-orbit interaction in a
2D AFM model on a honeycomb lattice.
Below we focus mainly on the AFM in the regime of good metallic behavior,
such that the Fermi energy of electrons exceeds by order of magnitude that of
an effective s-d exchange coupling between electron spins and localized AFM
magnetic momenta. In this case, the transition to the highly anisotropic regime
takes place provided the characteristic spin-orbit energy λ exceeds the scale
}/τ, where τ is the electron scattering time. Alternatively, one may think of
characteristic spin-orbit length becoming smaller than the mean free path of
conduction electrons. We show here that the splitting of 2D Fermi surfaces by
spin-orbit interaction leads to a dramatic suppression of electron spin flips in
certain directions. This results in a strong anisotropy of both Gilbert damping
tensors α̂n and α̂m , that get some of their principal components vanishing. This
extreme anisotropy in the damping leads to essentially undamped Néel vector
dynamics for certain nonequilibrium modes.
In particular, we identify a specific undamped mode that corresponds to
perpendicular-to-the-plane magnetization m ∝ ẑ and in-plane Néel vector n(t) ⊥
ẑ. The Néel vector corresponding to the mode has a precession around m with
the frequency Jex m/}, where Jex is the value of the isotropic AFM exchange.
The presence of the undamped mode identified here, illustrates how lowering
the symmetry of the electronic bath (by spin-orbit interaction) may induce a
conservation law in the localized spin subsystem. Based on this microscopic
mechanism we provide qualitative arguments in favor of a generality of the giant
Gilbert damping anisotropy in a 2D metallic AFM with spin-orbit coupling. Even
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though the undamped mode cannot be associated with a single spin-wave or
a magnon, its presence has a strong impact on the nonequilibrium Néel vector
dynamics in 2D Rashba AFMs.
Apart from the Gilbert damping our results extend to cover conductivity
and spin-orbit torques in the Rashba honeycomb AFM model. We also demonstrate how weak anisotropy of all these quantities emerge with Fermi energies
approaching the AFM band gap.
5.2

phenomenology of afm dynamics

We describe the coupled dynamics of the staggered and non-staggered magnetizations, n and m, using Eqs. (2.10)
ṅ = −2Jex S n × m + H × n + n × s+ + m × s− ,
+

−

ṁ = H × m + m × s + n × s ,

(5.1a)
(5.1b)

where s± = Jsd A (sA ± sB )/2}. The effects arising from the anisotropy K are
dropped for the time being.
The AFM Heisenberg model is coupled to an effective tight-binding model of
conduction electrons (see Appendix c.1) by means of exchange interaction,
†
Hsd = − Jsd ∑ ∑ Si · σσσ0 ciσ
ciσ0 ,

(5.2)

i σσ0

where Jsd stands for an s-d-like exchange energy that is the same on A and
† (c ) are the standard creation (annihilation)
B sublattices, the operators ciσ
iσ
operators for an electron on the lattice site i with the spin index σ, and the notation
σ = (σx , σy , σz ) represents the three-dimensional vector of Pauli matrices.
The vector s+ is proportional to average polarization of conduction electrons,
while the vector s− is proportional to the staggered polarization. The quantities
s± = s0± + δs± contain equilibrium contributions s0± that characterize various
interactions induced by conduction electrons. These contributions do renormalize
the parameters of the AFM Heisenberg model and are not the subject of the
present Chapter.
The nonequilibrium contributions δs± originate from various forces applied
to conduction electrons. One natural example is the electric field that not only
induces an electric current in the sample but also contributes to δs± . The electric
field can be further related to electric current by the resistivity tensor. The
response of spin densities to electric current defines the so-called spin-orbit
torques in Eqs. (5.1) that we also compute.

5.2 phenomenology of afm dynamics
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Figure 5.2: Electronic band structure of the honeycomb AFM model of Eq. (5.6) for
different orientations of the Néel vector (nz = cos θ). Two-dimensional momenta p are
measured with respect to the wave-vectors K and K 0 that specify two nonequivalent
valleys. Deviation of the Néel vector from the perpendicular-to-the plane configuration
(θ = 0) lifts the valley degeneracy. We restrict our analysis to the metallic regime with
Fermi energies corresponding to two Fermi surfaces per valley (an example is shown
by a black dotted line). The energy scale ∆sd characterizes the strength of s-d exchange
interaction.

Similarly, the response of δs± to the time derivatives ṅ and ṁ describe various
types of Gilbert damping induced by conduction electrons. Quite generally, such
a response can be written in the form of a tensor
 + 
 
δs
α̂m α̂mn
ṁ
=
,
(5.3)
δs−
α̂nm α̂n
ṅ
where all tensor components may themselves depend on the vectors n and m.
Gilbert dampings, in their original meaning, correspond to the contributions
to δs± that are symmetric under the time reversion. The terms that change sign
should, more appropriately, be referred to as effective spin renormalizations.
Both types of terms are, however, obtained from the microscopic analysis of the
Gilbert damping tensors in Eq. (5.3) similarly to the case of ferromagnets [205].
Time reversion, mentioned above, applies exclusively to the Heisenberg model,
while keeping the tight-binding model (a bath) non-reversed. In other words we
do not reverse the electron scattering time τ. Such a definition helps to identify
the dissipative (even with respect to the time reversion) contributions to δs±
that describe Gilbert dampings. These contributions must, however, change sign
under the transformation τ → −τ, because spin densities s± are always odd with
respect to complete time reversion (the one which also includes that of the electron
bath). We will see below, indeed, that all Gilbert dampings are proportional to
the scattering time τ in the same way as the longitudinal conductivity does.
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Before we proceed with the microscopic analysis of δs± for a particular model,
it is instructive to draw some general consequences for Eqs. (5.1) based on
symmetry arguments in the case of collinear AFM with sublattice symmetry and
spin-rotational invariance (i. e. for vanishing spin-orbit interaction).
Assuming that deviations from the AFM ground state remain small we shall
limit ourselves to the linear order in m in Eq. (5.4a) and to the quadratic order in
m in Eq. (5.4b). Thus, we shall retain terms up to linear order in m in the tensors
α̂m , α̂nm , and α̂mn and terms up to quadratic order in m in α̂n .
Mixing tensors α̂mn and α̂nm must be odd in m, which implies, for our precision,
a linear in m approximation. As a result, the sublattice symmetry (the symmetry
with respect to renaming A and B) prescribes that the mixing tensors must also
be linear in n. In the absence of spin-orbit coupling we are also restricted by
spin-rotation invariance that (together with the sublattice and time-reversion
symmetries) dictates the following form of the Gilbert damping contributions to
the non-equilibrium spin densities
δs+ = αm ṁ + α0m n ×(n × ṁ)+ αmn m ×(n × ṅ),
−

δs =

αn ṅ + α0n m ×(m × ṅ) + αnm n ×(m × ṁ),

(5.4a)
(5.4b)

where all coefficients are assumed to be constants.
It is easy to see that the vector forms n × (m × ṅ) and m × (n × ṁ), which
could have respectively entered the spin densities δs+ and δs− , do not contribute
to Eqs. (5.1) in the precision explained above. Substitution of Eqs. (5.4) into
Eqs. (5.1) gives
ṅ = −2Jex S n × m + H × n + ᾱm n × ṁ + αn m × ṅ,
ṁ = H

× m + αn n × ṅ + ᾱm m × ṁ + γ(n × m)(n · ṁ) − α0n m2 n × ṅ,

(5.5a)
(5.5b)

where ᾱm = αm − α0m and γ = αmn + αnm + α0m − α0n . Discarding the three last terms
in Eq. (5.5b), which are all of the second order in m, we indeed arrive at a set of
Gilbert damping terms that is widely used in the AFM literature [217, 218, 220].
The symmetry consideration behind Eqs. (5.5) has essentially relied upon the
spin-rotation invariance. This also implies αn = 0 as has been pointed out in the
introductory section. The coefficient αm can, in turn, be finite and large, even
in the absence of spin-orbit interaction. As we will show below, the presence of
spin-orbit interaction does not only provide us with a finite αn but also drastically
change the symmetry structure of Eqs. (5.5). We will demonstrate that the onset of
spin-orbit interaction strongly affects the coupling of the localized spin subsystem
to the electron bath (described by the tight-binding model) resulting in a strong
reduction in the ability of conduction electrons to flip spins in certain directions
and, therefore, to impose a friction on magnetization dynamics.
In the following, we turn to the microscopic analysis of the conductivity
(Sec. 5.4), spin-orbit torques (Sec. 5.5) and Gilbert dampings (Sec. 5.6) in a

5.3 microscopic model

particular model of Rashba honeycomb AFM that has been put forward recently
by some of the authors [224]. Rashba spin-orbit interaction breaks spin-rotational
invariance of the model by singling out the direction ẑ perpendicular to the 2D
plane. We, therefore, investigate how such spin-rotation breaking manifests itself
in the anisotropy of the above-mentioned quantities.
5.3

microscopic model

For the sake of a microscopic analysis we adopt a sublattice symmetric s-d-like
model of a 2D honeycomb antiferromagnet with Rashba spin-orbit coupling, that
was used in the previous Chapter as well. The energy dispersion of this model
is illustrated schematically in Fig. 5.2. The low energy model for conduction
electrons responsible for the dispersion in Fig. 5.2, is described by an effective
Hamiltonian (see Appendix c.1) that in a valley-symmetric representation reads
H eff = v p · Σ + 12 λ [σ × Σ]ẑ − ∆sd n · σ Σz Λz + V (r ).

(5.6)

Here Σ, Λ, and σ are the vectors of Pauli matrices in sublattice, valley and spin
space, respectively, v is the characteristic Fermi velocity, while λ and ∆sd = Jsd S
are the energy scales characterizing the strength of Rashba spin-orbit coupling
and s-d-like exchange energy, correspondingly.
The disorder potential is responsible for a momentum relaxation of conduction
electrons. Exchange interaction and spin-orbit scattering (or the scattering on
a non-collinear configurations with m 6= 0) enable coupling between localized
angular momenta and kinetic momenta of electrons. Together these mechanisms
form a channel to dissipate angular momentum of localized spins into the
lattice. Thus, our model provides us with a microscopic framework to study
dissipative quantities such as Gilbert dampings, anti-damping spin-orbit torques
and conductivity that we compute below. We also note that the computation of
spin-relaxation time can be directly related to our analysis of Gilbert damping
[225].
The spectrum of the model (5.6) with V (r ) = 0 consists of two electron and
two hole branches for each of the valleys as illustrated in Fig. 5.2,
q
e
e±
(5.7a)
v2 p2 + ∆2sd ± ςλ∆sd nz + λ2 /4 ∓ λ/2,
,ς ( p ) =
q
h
2
2 2
2
e±
(5.7b)
,ς ( p ) = − v p + ∆sd ∓ ςλ∆sd nz + λ /4 ± λ/2,
where ς = ± is the valley index. All spectral branches are manifestly isotropic
with respect to the direction of the electron momentum p irrespective of the Néel
vector orientation (as far as m = 0).
In order to limit the complexity of our microscopic analysis we restrict ourselves
to the metallic regime that corresponds to the Fermi energy ε F > ∆sd + λ above
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e ( p ), as shown schematically in
the minimum of the top electron branches, e+
,ς
Fig. 5.2. Note that the Fermi energy ε F is counted in the model from the center
of the AFM gap. We also focus on the limit of weak disorder ε F τ/}  1 where
τ = }/(παd ε F ) stands for the electron scattering time. Also, in order to describe
spin-orbit induced anisotropy we find it convenient to decompose the Néel vector
(as well as the magnetization vector) to the in-plane and perpendicular-to-theplane components as n = nk + n⊥ , where n⊥ = nz ẑ.

5.4

conductivity

The electric conductivity in the metallic regime is dominated by electron diffusion.
Despite the fact that the Fermi surface (line) is isotropic and does not depend on
the direction of nk , the conductivity appears to be weakly anisotropic with respect
to in-plane rotations of the Néel vector due to the onset of spin-orbit interaction.
In particular, for nz = 0 we find the diagonal conductivity components
σxx =

4e2 ε F τ ε2F − ∆2sd
,
h } ε2F + 3∆2sd

σyy = σxx +

(5.8a)

λ2 ∆2sd
ε2F
4e2 ε F τ
,
h } ε2F + ∆2sd ε4F + ε2F ∆2sd + 2∆4sd

(5.8b)

where the principal axes correspond to choosing x̂ direction along nk (see Fig. 5.1).
In the deep metal regime, and for a general direction of n, this anisotropy is
evidently small
λ2 ∆2sd
ρ xx − ρyy
=
(1 − n2z ),
ρ xx + ρyy
ε4F

ε F  λ + ∆sd ,

(5.9)

where ρ aa = 1/σaa is the corresponding resistivity tensor component. We note
that the anomalous Hall conductivity is identically vanishing in the model of
Eq. (5.6).
The results of Eq. (5.8) and all subsequent results of our Chapter are technically obtained from linear response Kubo formulas evaluated in the diffusive
approximation (ladder diagram summation). The details of these calculations can
be found in Appendixes c.2, c.3, and c.4.
5.5

spin-orbit torque

Before proceeding with the microscopic analysis of Gilbert damping we shall
discuss the effects of spin-orbit induced anisotropy for spin-orbit torques in the
model of Eq. (5.6). Since this anisotropy appears to be weak in the metal regime,
we shall touch on it only briefly.

5.5 spin-orbit torque

As was already mentioned, the spin-orbit torques originate in the response
of nonequilibrium spin polarizations δs± to electric current. Technically, we
compute first the response of δs± to electric field and, then, express the electric
field in terms of 2D electric current density j using the conductivity tensor of
Eq. (5.8).
A straightforward computation of such a response gives δs− = 0 (see Appendixes c.2 and c.3 for more detail) and
δs+ = a(n2z ) ẑ × j + b(n2z ) nk × (nk × (ẑ × j ))

+ c(n2z ) nk × (n⊥ × (ẑ × j )), (5.10)

where the coefficients a, b and c do generally depend on n2z = 1 − n2x − n2y and
are shown in Fig. 5.3. It is appropriate to recall here that the computation of
the responses from the model of Eq. (5.6) refers to the case when m = 0. The
symmetry form of Eq. (5.10) in this case has been also established recently from
numerical simulations [224].
Importantly, the first term in the right-hand side of Eq. (5.10) represents the wellknown Rashba-Edelstein effect [208], while the other two terms represent higher
harmonics of the same field-like effect that arise due to spin-rotation symmetry
breaking. Anti-damping like torques (that are even under time-reversal) are
vanishing in the model due to the valley symmetry constraint. This symmetry
reads Λ x H [n]Λ x = H [−n], from which it follows that the response of δs+ to
charge current must be an even function of n.
The behavior of the coefficients a, b and c as a function of nz is illustrated in
Fig. 5.3 for two different choices of the Fermi energy. For in-plane Néel vector
orientations (nz = 0) we find
1 + 3δ2
,
+ δ4 − 2δ6
1 − 2λ̄2 − 4δ2 + δ4
b = 2 a δ2
,
1 + 2δ2 − 3δ4
1 + 2λ̄2 δ2 − 2δ2 − 3δ4 − 4δ6
c = −2 a δ2
,
1 + 4δ2 + 5δ4 + 6δ6

(5.11b)

∆sd
.
εF

(5.12)

a = a0

where
a0 =

(5.11a)

1 + 2λ̄2 δ2

Jsd A λ
,
e}v ε F

λ̄ =

λ
,
εF

δ=

(5.11c)

In the metal regime, ε F  λ + ∆sd , the results of Eqs. (5.11) are reduced to
J A λ
,
a = sd
e}v ε F

J A λ
b = −c = 2 sd
e}v ε F



∆sd
εF

2
.

(5.13)
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Figure 5.3: The coefficients a, b, and c in Eq. (5.10) as a function of the direction of the Néel
vector, nz = cos θ, for two different Fermi energies: ε F = 4∆sd (left panel) and ε F = 16∆sd
(right panel). We use λ = 1.5∆sd . For nz = 0 the results correspond to Eqs. (5.11).

One can, therefore, see that the high harmonics terms (proportional to b and c)
become irrelevant in the metal regime.
Vanishing response of the staggered polarization, δs− = 0, for the model of
Eq. (5.6) is a simple consequence of the sublattice symmetry. As shown below the
presence of a finite, though small, m breaks such a symmetry and leads to a finite
δs− . Taking into account a linear in m term in the Hamiltonian is also necessary
to obtain finite mixed Gilbert damping tensors α̂nm and α̂mn in Eq. (5.3).
A low-energy model that takes into account finite magnetization vector reads
(see also Appendix c.4)
H = H eff − ∆sd m · σ,
(5.14)

where H eff is given by Eq. (5.6). The conductivity tensor does not acquire a linear
in m terms in the leading order with respect to the large metal parameter ε F τ/},
because the anomalous Hall effect remains subleading with respect to the metal
parameter. Similarly, the result of Eq. (5.10) is not affected by the linear in m
corrections.
However, the direct computation of the staggered polarization response (in the
linear order with respect to m) gives rise to a finite result. In the limit of large
Fermi energy ε F  λ + ∆sd , we find
δs− =

Jsd A λ
e}v ε F



∆sd
εF

2 h

2 n⊥ ×(m⊥ ×(ẑ × j ))
i
+ 2 mk ×(n⊥ ×(ẑ × j )) − 3 nk ×(m⊥ ×(ẑ × j )) ,

where the overall strength of the effect is again of the order of the coefficients b
and c. This makes the effects of nonequilibrium staggered polarization (including
the celebrated Néel spin-orbit torque) irrelevant in the metal regime. Indeed,

5.6 gilbert damping

staggered polarization can hardly be induced by electrons with wavelengths that
strongly exceed the distance between A and B sublattices.
The results of Eqs. (5.10), (5.11) clearly suggest that the only torques surviving
in the large energy limit are those related to non-equilibrium polarization δs+ =
a0 ẑ × j, which is nothing but the standard Rashba-Edelstein effect [208]. These
torques have a form Tn = a0 n × (ẑ × j ) in the right-hand side of Eq. (5.1a)
and Tm = a0 m × (ẑ × j ) in the right-hand side of Eq. (5.1b). The anisotropy of
torques is, however, irrelevant in this limit.
5.6

gilbert damping

Surprisingly, the situation is different when we consider Gilbert damping terms.
In this case we find that the giant anisotropy of Gilbert damping persists to arbitrarily large Fermi energy as soon as spin orbit energy λ exceeds }/τ. The latter
condition ensures that the scattering between spin-split subbands is suppressed.
The direct computation of the Gilbert damping tensors for λ  }/τ gives
δs+ = αkm ṁk + γΓmm + γΓmn ,

(5.15a)

δs =

(5.15b)

−

α⊥
n ṅ⊥

+ γΓnm + γΓnn ,

where the terms Γ ab contain various vector forms.
Far in the metal regime, ε F  λ + ∆sd , we find
#
"
2 S
∆2sd
ε F τ AJsd
k
2
αm = 2
1 − 2 (2 + n z ) + . . . ,
} π }2 v2
εF
#
" 
2
2 S
AJ
ε
τ
λ
F
sd
α⊥
+... ,
n =
} π }2 v 2
εF
"
#

2 S 
ε F τ AJsd
∆sd 2
γ=2
+... ,
} π }2 v 2
εF

(5.16a)
(5.16b)
(5.16c)

while the vectors forms Γ ab can be written as
Γmm = n ×(n × ṁ) + nk ×(nk × ṁk ) − 2nk ×(nk × ṁ⊥ ),

Γmn = n ×(mk × ṅ⊥ ) − m⊥ ×(nk × ṅ⊥ ) + n⊥ ×(m⊥ × ṅk )
Γnm
Γnn

− nk ×(mk × ṅk ) − 3m⊥ ×(n⊥ × ṅk ),
= 2nk ×(mk × ṁ⊥ ) + 2mk ×(n⊥ × ṁk ) − n⊥ ×(m⊥ × ṁ)
+ 2m⊥ ×(n × ṁ) + mk ×(n × ṁ⊥ ) − m⊥ ×(n⊥ × ṁk ),
= − m × (n × ṅk ).

(5.17a)
(5.17b)
(5.17c)
(5.17d)
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Thus, we see from Eqs. (5.16) that the coefficients α⊥
n and γ are vanishingly small
in the metal regime. Moreover, in the limit ε F  ∆sd the only non-vanishing
contributions to Gilbert dampings are given by the first terms on the right-hand
sides of Eqs. (5.15) that are manifestly anisotropic.
The onset of spin-orbit interactions therefore makes Gilbert dampings ultimately anisotropic, also in the deep metal regime. This is in contrast to conductivity and spin-orbit torques that are quickly becoming isotropic in the metal limit.
For ε F  λ + ∆sd , we find the well known Landau-Lifshitz-Gilbert equations
ṅ = −2Jex S n × m + H × n + ᾱkm n × ṁk + α⊥
n m × ṅ⊥ ,
k
ṁ = H × m + α⊥
n n × ṅ⊥ + ᾱm m × ṁk ,

(5.18)

where we again omit terms that originate e. g. from magnetic anisotropy of the
AFM. Eqs. (5.18) are clearly different from Eqs. (5.5) derived on the basis of
symmetry analysis in the absence of spin-orbit interaction.
The very pronounced, highly anisotropic Gilbert damping terms in the LandauLifshitz-Gilbert equations of Eqs. (5.18) represent the main result of our Chapter.
The phenomenon of the giant Gilbert damping anisotropy in the 2D AFM clearly
calls for a qualitative understanding that we provide in Sec. 5.7.
5.7

qualitative consideration

The results of Eqs. (5.15), (5.16) suggest that the anisotropy of Gilbert damping
is most pronounced in the metal limit, ε F  ∆sd + λ as far as λτ/}  1. In
particular, certain spin density responses are vanishing in this limit. One of them
is the response of the average spin density δs+
z to ṁz that is defined by the tensor
xy
component αzz
in
Eq.
(5.3).
The
other
four
vanishing
tensor components αnxx , αn ,
m
yx
yy
αn and αn correspond to the responses of the in-plane staggered spin densities
−
δs−
x and δsy to ṅ x and ṅy .
It is important to stress that the component αzz
m is not only finite but also
quite large in the absence of spin-orbit interaction, i. e. for λ = 0. It is, therefore,
instructive to understand how the onset of spin-orbit interaction may cancel αzz
m
response and lead to the conservation of z projection of magnetization vector.
Such a qualitative understanding can be achieved by considering the KuboGreenwood formula for αzz
m for the model of Eq. (5.14) in the limit ∆sd → 0 and
τ → ∞,
2
e
e
αzz
(5.19)
m ∝ ∑ ∑ |h Ψp,s | σz | Ψp,s0 i| δ ( ε F − e p,s ) δ ( ε F − e p,s0 ),
p s,s0 =±

where eep,± = v2 p2 + λ2 /4 ∓ λ/2 correspond to the two electronic branches of
Eq. (5.7a) that are evidently valley degenerate in the limit ∆sd → 0.
p

5.7 qualitative consideration

The states Ψp,s are simply the eigenstates of the Hamiltonian H0 = vp · Σ +
(λ/2) [σ × Σ]z ,


0
0
v( p x − ipy )
0

0
0
−iλ
v( p x − ipy )
,
H0 = 
(5.20)
v( p x + ipy )

iλ
0
0
0
v( p x + ipy )
0
0
that can be explicitly written as

vp e−iφ
e 
 ±ie±
1

,
= q
e
 e

e
2
2
±
2 v p ∓ λe± /2
iφ
±ivp e


Ψp,±

(5.21)

where we have used p x = p cos φ, py = p sin φ.
One may notice that hΨp,s |σz |Ψp,s i = 0 for any value of λ suggesting that the
response function αzz
m in Eq. (5.19) is vanishing. This is, however, not the case
for λ = 0. Indeed, in the absence of spin-orbit interaction the electron branches
become degenerate eep,± = vp such that the in-plane spin-flip processes contribute
to the Kubo formula,

hΨp,+ |σz |Ψp,− i|λ=0 = hΨp,− |σz |Ψp,+ i|λ=0 = 1.

(5.22)

These processes are exactly the ones responsible for a finite Gilbert damping
component αzz
m in the absence of spin-orbit interaction. The spin-orbit induced
splitting of the subbands forbids these spin-flip processes as soon as λτ/}  1
and leads to a giant anisotropy of Gilbert damping in the metal limit. Indeed,
xx and αyy remain finite
the other elements of the Gilbert damping tensor αm
m
irrespective of the subband splitting,

hΨp,± |(σx + iσy )|Ψp,± i = p

±iv p eiφ
.
v2 p2 + λ2 /4

(5.23)

One can further show that for λ = 0 the entire Gilbert damping tensor α̂m
xx = α̂yy = α̂zz as it have been expected on the basis of the
becomes isotropic α̂m
m
m
symmetry analysis.
Very similar physics is also responsible for the anisotropy of the tensor α̂n .
It is worth noting that the same type of anisotropy is known to take place in
the limit of large spin-orbit interaction in 2D Rashba ferromagnets [205]. Spinorbit induced anisotropy of Gilbert damping plays, however, a lesser role in 2D
ferromagnets due to the much stricter constraint on the single magnetization
vector. A less restricted dynamics of m and n vectors make the Gilbert damping
anisotropy play a bigger role in 2D AFMs.
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Indeed, it can be directly seen from Eqs. (5.18) that a nonequilibrium state with
m = mẑ and n = nk becomes undamped in the absence of external field H = 0.
Such a state corresponds to the undamped Néel vector precession around ẑ axis
with a frequency given by Jex m. The state clearly survives in the presence of
easy plane magnetic anisotropy in the AFM. We believe that such a phenomenon
remains to be rather generic for a variety of 2D or layered AFM systems with
strong spin-orbit coupling of Rashba type.
5.8

conclusions

In this Chapter, we demonstrate that the presence of sufficiently strong spin-orbit
coupling λτ/}  1 results in the ultimate anisotropy of the Gilbert damping
tensor in the metal regime, ε F  ∆sd + λ. One can trace the phenomenon to the
spin-orbit induced splitting of Fermi surfaces that forbids scattering processes
that are responsible for the relaxation of certain magnetization and Néel vector
components.
We also demonstrate that a finite in-plane projection nk of the Néel vector
is responsible for a weak anisotropy of conductivity and spin-orbit torques for
Fermi energies approaching the band edge, ε F ∼ ∆sd + λ. This anisotropy is,
however, absent in the metallic regime.
Gilbert damping is, however, isotropic in the absence of spin-orbit interaction
as it is required by symmetry considerations. Thus, we demonstrate that the
onset of Rashba spin-orbit interaction in 2D or layered AFM systems leads
to a giant anisotropy of Gilbert damping in the metallic regime. The physics
of this phenomenon originates in spin-orbit induced splitting of the electron
subbands that destroys a particular decay channel for magnetization and leads
to undamped precession of the Néel vector. The phenomenon is based on the
assumption that other Gilbert damping channels (e. g. due to phonons) remain
suppressed in the long magnon wavelength limit that we consider. The predicted
giant Gilbert damping anisotropy may have a profound impact on the Néel vector
dynamics in a variety of 2D and layered AFM materials.

6

ANTIFERROMAGNETIC RESONANCE IN A RASHBA
HONEYCOMB ANTIFERROMAGNET

In this Chapter we investigate the role of Rashba spin orbit interaction on the
exchange Gilbert damping in a honeycomb antiferromagnet. We find that when
the band splitting due to spin orbit is much smaller than the disorder-induced
level broadening, disorder averaging will lead to a tremendously large value of
exchange Gilbert damping, which reflects the fact that it requires many scattering
events to randomize the spin of a conducting electron. In the opposite limit where
the spin-split bands can indeed be resolved the damping becomes suppressed
by many orders of magnitude. Furthermore the damping becomes ultimately
anisotropic which was the topic of the previous Chapter. We report that in the
antiferromagnetic resonance spectrum we can directly see the effect of the parallelto-the-plane exchange damping. In the large damping regime the magnetic system
becomes overdamped and no resonance can be observed. The resonance appears
to get a maximum value when the spin-orbit coupling has a value equal to the
inverse momentum life-time of conducting electrons.

Parts of this Chapter are under preparation for submission to Physical Review
Letters
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6.1

role of vertex-corrections

It was shown in the previous Chapter that when λ = 0 the damping tensor is
isotropic, while in the limit λτ  1 we find an ultimate anisotropy where γ
vanishes completely. In this limit, the spin-split bands are completely resolved
and certain spin-flip processes corresponding to interband transitions become
forbidden. A more quantitative discussion on the role of disorder averaging will
be presented in this section. In the limit ∆sd = 0 we are able to obtain concise
and exact analytical formulas, that we present first.
As shown in Eqs. (5.15), (exchange) Gilbert damping can be fully described by
two parameters αkm and γ:
δs+ = αkm ṁk + γ Γmm ,

(6.1)

where in the large λτ regime a term ∝ ṁ⊥ did not show up. For the present discussion we use the same vector expression, but include a term α⊥
m ṁ⊥ describing
the out-of-plane Gilbert damping, i.e.
δs+ = αkm ṁk + α⊥
m ṁ⊥ + γΓmm

(6.2)

and focus on αkm and α⊥
m . Lastly, to make expressions more brief, we will work
with reduced Gilbert damping coefficients ᾱkm,⊥ given by
2 S
AJsd

× ᾱkm,⊥
(6.3)
πh̄2 v2
As mentioned throughout this Thesis, disorder averaging involves (i) replacing clean Green’s functions with disorder-averaged Green’s functions in the
Born approximation and (ii) summing different diagrams in the (diffusive) ladder approximation (i.e. Fig. 2.3b). Let us annotate the parallel-to-the-plane and
perpendicular-to-the-plane Gilbert damping coefficients with a superscript (i )
that denotes that we summed over all diagrams with ≤ i disorder lines inserted.
Physically, this corresponds to averaging over various disorder ensembles where
the electron scatters a maximum of i number of times.
Let us first consider first the "bare bubble" contribution which describes an
electron entering and exiting the system without a single scattering event
αkm,⊥ =

⊥ (0)

ᾱm

k (0)

ᾱm

ετ 1 − (λ/2ε)2
,
h̄ 1 + (λτ )2


ετ 1 3 + 2(λτ/h̄)2
2
=
−
,
h̄ 2 1 + (λτ/h̄)2
(4 − λ/ε)2

=

(6.4)
(6.5)

6.1 role of vertex-corrections

where one can immediately see the asymptotic behavior for large and small
values of λτ:
(
eτ 1 + O (λ/ε) for λτ/h̄  1
⊥ (0)
ᾱm
=
,
(6.6)
h̄ h̄/(λτ )2
for λτ/h̄  1
(
for λτ/h̄  1
eτ 1 + O (λ/ε)
k (0)
(6.7)
ᾱm =
h̄ 1/2 + h̄/2(λτ )2 for λτ/h̄  1.
Evidently, the exchange damping transitions from fully isotropic to ultimately
anisotropic when changing the limits λτ  1 to λτ  1.
Including a small number of scattering events in the calculation we find an
interesting modification:
(
eτ i + O (λ/ε) for λτ/h̄  1
⊥ (i )
ᾱm =
(6.8)
h̄ h̄/(λτ )2
for λτ/h̄  1,
(
for λτ/h̄  1
eτ i + O (λ/ε)
k (i )
ᾱm =
(6.9)
h̄ 1 − (1/2)i+1 + O (h̄/(λτ )2 ) for λτ/h̄  1.
In the large λτ limit perpendicular-to-the-plane component of the Gilbert damping is unchanged by scattering events, whereas the parallel component quickly
converges to the value of ετ. In the opposite limit, where the components remain
isotropic with respect to each other, the components have a profound sensitivity
to scattering events. Each scattering event contributes a value of 1 × ετ to the
damping coefficient. While at a first glance it appears as strong sensitivity to
impurities, it in reality reflects a long spin-life time: many scattering events are
required to randomize the spin of an electron.
In a truly diffusive system one should take the limit i → ∞, in which case the
tensor components are given by
⊥ (∞)

ᾱ⊥
m ≡ ᾱm

k (∞)

ᾱkm ≡ ᾱm
⊥(k) (i )

eτ 1
,
h̄ λ2 τ 2
ετ 1 + λ2 τ 2
2
.
=
h̄
λ2 τ 2

=

(6.10)
(6.11)

We plot the functions of ᾱm
for i = 0, 1, 2 and i → ∞ in Fig. 6.1 and a
numerical result with finite ∆sd in Fig. 6.2.
We find that indeed in the limit λτ  1 the exchange Gilbert damping becomes
ultimately anisotropic where ᾱ⊥
m becomes vanishingly small, corresponding to
the main result of the previous Chapter. Moreover, we find a substantial drop
of ᾱkm for increasing values of λτ, that can reach a difference of many orders of
magnitude.
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Figure 6.1: The first three scattering contributions ᾱm
⊥(k) (∞)

the fully vertex corrected ᾱm

, i = 0, 1, 2 (green, dotted) and

(orange, dashed) as a function of λτ.

We note that a large value for damping corresponds to an overdamped regime,
which we will explain in details in the next section. The direct exchange parameter
∆sd leads to a cut-off of the 1/(λτ ) singularity in the limit λτ  1:

ᾱkm = ετ

ᾱ⊥
m = ετ

 2 2
 4 ε +2∆sd

∆sd
2 1+(λτ )2
(λτ )2
3

 2 2
 2 ε +∆sd
∆2sd
1
(λτ )2

3



for λτ  ∆sd /ε
for λτ  ∆sd /ε
for λτ  ∆sd /ε
for λτ  ∆sd /ε

(6.12)

(6.13)

Note that in Eqs. (6.12,6.13) in the limits λτ  1 and λτ  1 we find different
magnitudes for the anisotropy:
(
2
for λτ  1
ᾱkm
=
(6.14)
2
ᾱ⊥
(λτ )
for λτ  1.
m
The second limit is what we referred to as the giant Gilbert damping anisotropy
in the previous Chapter. The factor of two in the former limit is well known in
the literature (e.g. [138–141]) and was explained in Section 2.4. Note that this
factor is absent in Eqs. (6.8,6.9) and only appears in the diffusive limit.

6.1 role of vertex-corrections

105

ετ αk
ετ α⊥

102
10−1
10−3

10−2

10−1
λτ

100

101

Figure 6.2: Fully vertex-corrected parallel and perpendicular Gilbert damping. In the limit
⊥(k)

λτ  1 we find the limiting behavior (4)2(∆2sd + ε2 )/3∆2sd for ᾱm
⊥(k)

. When λτ  1 and

λτ  ∆sd /ε we find a scaling behavior ᾱm = (1)2/λ2 τ 2 . Note the use of log-scale on
both vertical and horizontal axis. The plot is obtained using ετ = 50 and ∆sd τ = 0.1.

It is worth reminding the reader that we use a particular model to describe
spin-relaxation. The relaxation is fully described by the combination of spin-orbit
interaction and scattering of electrons of an impurity potential. A Rashba-type
spin-orbit interaction is described as electrons moving through an asymmetric
potential. In their own reference frame the electrons experience a momentumdependent magnetic field that leads to the spin-splitting of the conduction band.
In the presence of a spin-orbit field, the spin of the electron will precess around
the direction of that field with a certain frequency Ωs . We can then distinguish
two cases: (i) Ωs τ < 1 where between each scattering event the spin does not have
enough time to deviate from its initial spin direction in a significant manner, and
(ii) Ωs τ > 1 where the electron spin can precess freely between each collision.
In Section 2.4 we showed that these two cases lead to the following spinrelaxation of conducting electrons
(
hΩ2s τ i
for Ωs τ < 1
1/τs ∼
(6.15)
1/τ
for Ωs τ > 1,
where h· · · i denotes momentum averaging.
The mechanism leading to Dyakonov-Perel relaxation of the electron’s spin can
be generally understood quite classically [136]. In the regime Ωs τ > 1 we found
however that ᾱ⊥
m does not follow Dyakonov-Perel and is a result of forbidden
interband transitions.
The relaxation rate 1/τs ∼ 1/τ that we find for ᾱkm in the regime Ωs τ > 1 also
appears in processes described by the Elliot-Yafet mechanism [143, 144], where,
unlike in the Dyakonov-Perel case, spin-relaxation occurs during collisions with
impurities. This contribution was calculated in Ref. [226] for intrinsic graphene
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n = 128

2
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10−40 10−28
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10−16

Figure 6.3: The numerical evaluation only yields isotropic Gilbert damping (ᾱk /ᾱ⊥ = 1)
when λτ is set below numerical precision. The presented plot is independent of chosen
values for ετ and ∆sd τ and only depends on the numerical precision n, where n =
32, 64, 96, 128 is the number of digits contained in each variable during computation (for
comparison: a 64 bit, double-precision float generally has about 16 digit precision).

with Rashba spin-orbit (but without the local exchange ∆sd ) showing 1/τs ∼
λ2 /ε2 × 1/τ and has therefore a negligible contribution in the high-energy regime
(i.e. ε  λ + ∆sd ) that we consider.
The reader might have noticed that in the limit λτ → 0 Eqs. (6.12,6.13) remain
anisotropic, in contradiction to the symmetry analysis presented in the previous
Chapter. Indeed, a direct calculation with λτ = 0 gives the isotropic damping
k
2
2
2
ᾱ⊥
m = ᾱm = ( ε + ∆sd ) /∆sd , suggesting a certain scale over which the anisotropy
emerges. The numerical analysis illustrated in Fig. 6.3 however reveals that the
scale does not depend on the values of ∆sd or ε, but rather on the numerical
precision instead. In other words, an isotropic Gilbert damping is obtained only
when the spin-orbit strength is set below numerical precision. This strongly
suggests that the transition between isotropic to anisotropic damping occurs at
exactly λ = 0.
However, we defined Gilbert damping as the spin-response to the timederivative of a uniform magnetization. In other words the response was computed
in the long wavelength limit q → 0 (see e.g. Eq. (a.10) in Appendix a), which is
exactly the scale we were looking for. We find therefore that taking the limit q → 0
first and then the limit λ → 0 leads to anisotropic Gilbert damping, whereas in
the opposite order of limits we find isotropic Gilbert damping.
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Figure 6.4: Band-structure around the valley K for nz = 1. As seen in the right two panels,
when ∆sd ≥ 2λ the two top bands touch leading to a different functional dependence of
the anisotropy. The bands around the valley K 0 are the same but with opposite sign. In all
calculations we consider a Fermi energy far above the gap as illustrated by the top dashed
line.

6.2

antiferromagnetic resonance

When subjecting an AFM to an oscillating magnetic field, the localized spins
will exhibit a precession parallel to the magnetic field direction. By tuning the
magnetic field’s frequency to an internal harmonic frequency we can observe
resonance. As shown first by Kittel and Keffer [145, 146] the resonance frequency
is proportional to the square root of the product of anisotropy and exchange
energy. The width of the resonance frequency however, as we show below, is
linearly proportional to anisotropy and exchange damping. Although exchange
damping remains finite, even large, at vanishingly small values of spin-orbit
interaction, the anisotropy can in general vanish. Note that only does spinorbit connect the spin with the momentum of the electron, it also provides a
connection between the crystal lattice and the magnetization direction [9, 111].
We therefore model the magnetocrystalline anisotropy as emerging from the
conducting electrons.
A direct calculation from the grand potential (see Appendix d), we find that
the Rashba honeycomb lattice exhibits an out-of-plane and easy-axis anisotropy.
Close to n = n⊥ the magnetocrystalline anisotropy energy is given by
(
|∆2sd λ|
for |λ/2∆sd | ≥ 1
K 2
1
E = − nz , K =
.
(6.16)
2
2
2
2πh̄ v2 |∆sd λ |/2 for |λ/2∆sd | ≤ 1
The transition from |λ/2∆sd | ≤ 1 to |λ/2∆sd | ≥ 1 correspond to the touching of
two of the bands as illustrated in Fig. 6.4. The resonance frequencies and widths
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are obtained by including the effect of anisotropy in the equations of motion on
n and m
ṅ = − 2Jex S n × m + Km × n⊥ + ᾱm n × ṁ + αn m × ṅ,

ṁ =Kn × n⊥ + αn n × ṅ + ᾱm m × ṁ,

(6.17a)
(6.17b)

To obtain the resonance frequency and width we follow a standard recipe of
linearization [227]. First expand the (non)-staggered magnetizations around the
classical ground-state solution
n → ẑ + δnk ,

m → δmk ,

(6.18)

(where δm⊥ is omitted to ensure that n · m = 1 + O (δ2 )) and keep only first
order contributions in the equations of motion of Eqs. (6.17). The harmonics ω
are obtained by replacing ∂t → iω through which we arrive at a linear system of
equations. We find the real and imaginary parts of ω = ω0 + iδω to be
r 

Kαkm + 2Jex Sαn
ω0 = K 2Jex S + K 1 − (αkm )2 /4 , δω =
,
(6.19)
2(1 − αn αkm )
The quality factor Q is defined by the ratio Q = ω0 /δω and can be maximized
with respect to λ when λτ ∼ 1. In the limit ∆sd /ε → 0 it can be seen from
Eq. (6.11) that the maximum is achieved at exactly λτ = 1 (see also Fig. 6.5).
 For
small values of ∆sd /ε the maximum the shift is of the order of O ∆2sd /ε2 that
we ignore below.
After dropping αn and neglecting terms O (K/Jex ) we get the result
√
2 2Jex S
Q' √ k
Kαm
(
√
√
√
1/|∆sd λ|
for |λ/2∆sd | ≥ 1
2 Jex S π 3 h̄2 v3 S 1
λ2 τ 2
1
√ √
=
,
2
2
A
ετ 1 + λ2 τ 2 /h̄ ∆sd
2/| ∆sd λ| for |λ/2∆sd | ≤ 1
(6.20)

√
which is the main result of this Chapter. The reciprocals of K and ᾱkm are plotted
in Fig. 6.5. As one would expect, the quality factor vanishes in both limits λ → 0
and λ → ∞. The formal limit corresponds to an overdamped regime and no
resonance can be observed, the latter limit corresponds to a small and constant
damping but the width δω grows faster than ω0 as a function of λ, leading to a
vanishing Q as well. As mentioned above, the quality factor Q has a maximum
value when λτ = 1.
In conclusion, we calculated two components of the exchange Gilbert damping,
k
α⊥
m and αm corresponding to perpendicular-to-the-plane and parallel-to-the-plane
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Figure 6.5: (left) The reciprocal Gilbert damping coefficient 1/ᾱkm peaks at λτ = 1 and
increase in magnitude
√ for larger values of λ/ε. (right) The reciprocal anisotropy constant
1/K decays as 1/ λ when λ ≥ 2∆sd and as 1/λ when λ ≤ 2∆sd . Larger values of ∆sd /ε
also decreases 1/K in magnitude. The round points emphasize the location of λ = 2∆sd .

damping, as a function of λτ. In the regime where λτ  1, we find that both the
functional dependence of αkm and α⊥
m components and their relative anisotropy
are fully described by Dyakonov-Perel relaxation. In the opposite regime, λτ  1,
we find αkm ∝ τ and is attributed to Dyakonov-Perel, rather than Elliot-Yafet. The
k
α⊥
m coefficient and its relative anisotropy with αm on the other hand cannot be
explained by Dyakonov-Perel and is attributed to forbidden interband transitions
that appear when the band-splitting is resolved.
The Dyakonov-Perel-like dependence of αkm could be probed in an AFM resonance experiment. The anisotropy is modelled as originating from the conducting
electrons, which is accurate for bulk magnets where large spin-orbit interactions
lead to large magnetocrystalline anisotropy. It is important to note that some
two-dimensional crystals have relatively large magnetocrystalline anisotropy
despite small spin-orbit couplings [111]. A large Rashba-type spin-orbit can be
induced in our system however by placing our two-dimensional antiferromagnet
on a heavy metal substrate. The magnetocrystalline anisotropy together with the
parallel-to-the-plane Gilbert damping leads to a widening of the antiferromagnetic resonance. The quality factor Q, defined as the ratio between the resonance
frequency and the resonance frequency width, shows a peaked behavior around
λτ = 1. For smaller values of λτ the quality factor decreases due to overdamping,
while for larger values the anisotropy out competes the damping that leads to a
decrease as well.
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CONCLUSIONS

In the introduction we set the goal for this Thesis: to investigate the role of
conducting electrons in Dirac ferro- and antiferromagnets on the manipulation
and relaxation of magnetic moments. The study was motivated in part by an
abundance of phenomenological models in contrast to a relatively small amount
of microscopic models. We proposed to model the manipulation and relaxation
of magnetic moments using the s–d model. Here the spins of conducting electrons undergo an exchange interaction on a local level with localized spins. The
relaxation mechanism is provided by a random scalar potential. By scattering
off impurities, conducting electrons can transfer their angular momentum to
the lattice. This allows for the dissipation of magnetic moments, mediated by
electron-impurity scattering in the presence of spin-orbit interaction.
In Chapter 2 we derived the classical equations of motion of the localized spins
and showed that they are coupled to the spin-density of the conducting electrons.
The spin-densities can be computed using linear response theory and are typically
computed in response to electric currents and in responses to time-derivatives of
magnetizations. The former defines spin-orbit torques that are induced by electric
currents, while the latter defines Gilbert damping that describes the relaxation of
magnetizations. In Chapters 3 & 5 we used this methodology to obtain analytical
solutions for spin-orbit torques and Gilbert dampings. On the other hand, in
Chapters 4 a numerical approach based on scattering wave functions was used to
obtain current induced spin-orbit torques in a honeycomb Néel antiferromagnet.
In Chapter 3 we considered a bilayer system consisting of a topological insulator (e.g. Bi2 Se3 or Bi2 Te3 ) and a ferromagnetic insulator (e.g. YIG or EuO)
and computed the spin-densities in linear response at finite frequency ω and
momentum q. A diffusive response is found in the direction perpendicular to
the topological insulator surface. Such a response leads to strong non-adiabatic
anti-damping spin-orbit torque that identify as a novel diffusive anti-damping
spin-orbit torque. Note that in non-topological ferromagnetic systems strong
diffusive responses exist as well, but are always directed in the direction of
magnetization and therefore do not produce a finite torque due to the vector
product involved (i.e. m × m = 0).
As mentioned in Chapter 2 a spin-dependent self-energy results in diffusive
contributions to the spin-density. In the present case, the spin-momentum locking
in topological insulators leads to a self-energy of the form Σ = iπα(ε − ∆sd mz σz )
that is responsible to the perpendicular-to-the-plane diffusive response. By per-
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forming spin-torque resonance measurements, we estimate that the anti-damping
like diffusive torque may become orders of magnitude larger than the usual field
like spin-orbit torque. Apart from calculating spin-orbit torque, we show that
spin-momentum locking leads to an equivalence between conductivity and the
parallel components of Gilbert damping, whereas the out-of-plane component
vanishes. This ultimate anisotropic Gilbert damping however, does not seem to
lead any observable effects.
In Chapter 4 we presented a numerical study of spin-orbit torques in a honeycomb Néel antiferromagnet. The study is motivated in part by recent experiments
in CuMnAs on current induced switching of the staggered magnetization (i.e.
Néel vector). Using a scattering wave function approach implemented by the
python package kwant, we are able to compute the out-of-equilibrium spindensity in linear response to electric current. The numerical method lets us study
regimes that are otherwise unapproachable by analytical calculations. We focused
on the two cases: (i) a symmetric model with equal magnitudes of the local
exchange energy on both sublattices, and (ii) the asymmetric model with the local
exchange energy set to 10% on one sublattice w.r.t. the other sublattice. In the
symmetric case, we find the metal regime is characterized by a particularly simple
isotropic field-like spin-orbit torque, while the half-metal regime is characterized
by anisotropic spin-orbit torques of the field-like symmetry. Finite and anisotropic
anti-damping torques, that crucially depend on disorder strength, are found in
both metal and half-metal regimes of the asymmetric model. We also find nonequilibrium staggered polarization in the half-metal regime of the asymmetric
model. This formally leads to a finite value of the Néel spin-orbit torque, which
is, however, not a quantity of interest in that model. Overall, our results reveal the
importance of two-dimensional electron momentum confinement for spin-orbit
torque anisotropy. Largest values of spin-orbit torques are also associated with
the half-metal regimes of conduction in both models.
As mentioned in Chapter 2, damping-like torques must be even in transport
time and are generally absent in microscopic studies. In the asymmetric case,
the Fermi surface becomes anisotropic and leads to even-in-transport-time contributions to the spin-torques and thus finite damping-like torques. This is an
important insight in the physics of damping-like torques that would’ve been
difficult to find analytically. This asserts that the numerical method is powerful
and useful in further research in current induced dynamics of magnetization.
We note that this method unfortunately does not provide any insight in Gilbert
dampings. The python package kwant that we used, does provide however a new
functionality called the Kernel Polynomial Method (KPM) [228]. Using KPM we
can expand exact Green’s functions in Chebychev polynomials, that can be used
to efficiently compute any two-point correlator. In other words it can be used
to compute spin-densities in response to electric current and time-derivatives

conclusions

of magnetizations. This method is currently implemented to verify the results
from Chapters 4 & 5 and will be used to explain recent findings of anisotropic
spin-orbit torques and dampings in zig-zag antiferromagnets and other systems.
In Chapter 5 we studied the symmetric case described above, using the analytical tools presented in Chapter 2. The spin-orbit torques that are computed
are in qualitative agreement in both symmetry-decomposition and amplitude as
those obtained in the metallic regime in Chapter 4. We furthermore find that the
electric conductivity becomes slightly anisotropic with respect to the in-plane
component of the staggered magnetization when the Fermi energy lies nearby
the conduction band bottom. This anisotropy could lead to an electric method of
measuring the Néel vector direction in easy-plane antiferromagnets.
We computed Gilbert damping as well, something that was not possible with
the scattering wave function approach in Chapter 4. We find that the out-ofplane component of Gilbert damping vanishes completely when the spin-orbit
interaction is strong enough to spin-split the conduction bands. Such an ultimate
anisotropy of Gilbert damping was observed in Chapter 3 as well, but in the
present case leads to an undamped magnon mode. The physical reason is due to
forbidden interband transitions.
The giant anisotropy of Gilbert damping prompted a more in depth investigation into the emergence of this anisotropy from the limits λτ  1 to λτ  1. We
find in the former limit a large Gilbert damping. By considering the diagrams
that appear in the ladder approximation separately, we find that each diagram
contributes a value of almost one ∆ετ to the Gilbert damping. This merely reflects
a large spin-life time of the conducting electrons.
In the small λτ regime however we do not recover an isotropic damping.
Surprisingly, the transition from isotropic to anisotropic damping does not seem
to depend on either energy or exchange. A numerical analysis reveals that the
transition is located at exactly λ = 0. This indicates that the long wavelength
limit q → 0 in our response formulas does not commute with λ → 0. Isotropic
damping is then obtained when the spin-orbit length exceeds the size of the
magnetic domain. In the opposite case we find that the magnitude of the in-plane
component of the damping is exactly twice that of the perpendicular-to-the-plane
component. This is a strong indication that Gilbert damping is governed by
Dyakonov-Perel spin-relaxation in the regime λτ  1. In the opposite regime
we find that the parallel-to-the-plane component of the damping is proportional
to the transport-time and is also a consequence of Dyakonov-Perel-relaxation,
whereas the limiting behavior of the perpendicular-to-the-plane component
reflects forbidden interband transitions.
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D E R I VAT I O N O F T H E K U B O F O R M U L A

The linear response formulas used in Chapters 3, 5 & 6 can be obtained in a
Keldysh-framework. We start by introducing the Green function G in rotated
Keldysh space [see e.g. Ref. [148]]
 R

G
GK
G=
(a.1)
0 GA
where R, A and K denote retarded, advanced and Keldysh Green functions
respectively. In this notation a perturbation to a classical field V (x, t) is given by
δG (x1 , t1 ; x2 , t2 ) =

Z

dx3

Z

dt3 G (0) (x1 , t1 ; x3 , t3 )
V̂ (x3 , t3 )G (0) (x3 , t3 ; x2 , t2 ) + O (V 2 )

(a.2)

with G (0) equilibrium Green functions. The Wigner-transform of a function
F (x1 , t1 ; x2 , t2 ) is given by
F ( x1 , t 1 ; x2 , t 2 ) =

Z

d2 p
(2π })2

Z

dε −iε(t1 −t2 )/} ip·(x1 −x2 )/}
e
e
F (ε, p, R, T )
2π }

(a.3)

with energy ε, momentum p, time T = t1 +2 t2 and position R = x1 +2 x2 . In equilibrium the Green functions G (0) do not depend on R and T, so that the momentum(0)

(0)

frequency representation of Eq. (a.2) becomes δG (ε, ω, p, q ) = Gε + ,p+ Vω,q Gε − ,q− ,
with subscripts ε ± = ε ± }ω/2 and p± = p ± }q/2 and Vω,q the Fourier transform of V (R, T ).
The spin density sω,q is given by
sω,q = i}

Z

dε
2π }

Z



d2 p
Tr δG < (ε, ω, p, q, T )σ ,
(2π })2

(a.4)

where,

δG < (ε, ω, p, q ) = 1/2 δGK (ε, ω, p, q ) − δGR (ε, ω, p, q ) + δGA (ε, ω, p, q ) , (a.5)
and σ is a vector of spin operators. For a ferromagnet σ are the usual Paulimatrices acting on spin-degree of freedom, whereas for the antiferromagnet we
use σ Σ0,z Λ0,z for the (non)-staggered spin-densities s± . Here Σ and Λ are the
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usual Pauli-matrices acting on sublattice and valley space degree of freedom
respectively.
In equilibrium we have the fluctuation-dissipation theorem GεK± ,p± = (1 −
2 f ε ± )( GεR± ,p± − GεA± ,p± ) with f ε ± the Fermi distribution, so that the spin density
now becomes
sω,q =i}

Z

dε
2π }

Z

d2 p
Trh−( f ε + − f ε − )σGεR+ ,p+ Vω,q GεA− ,p−
(2π })2

− f ε + σGεR+ ,p+ Vω,q GεR− ,p− + f ε − σGεA+ ,p+ Vω,q GεA− ,p− i,

(a.6)

where the angular brackets stands for impurity averaging. The latter amounts
to the replacement of the Green’s functions with the corresponding impurity
averaged Greens functions (in Born approximation) and to the replacement
of one of the spin operators with the corresponding vertex corrected operator
(in the non-crossing approximation). The corrections beyond the non-crossing
approximation are important for those tensor components that lack leading-order
contribution [170]. To keep our notations more compact we ignore here the fact
that the Green’s functions before disorder averaging lack translational invariance,
i. e. depend on both Wigner coordinates: momentum and coordinate.
In the limit of small frequency, i.e. }ω  ε, we obtain sα = sIα + sII
α,
sIα =

sII
α =

iω
2}
i
}

Z

Z

dε
2π
dε
2π

Z

Z

d2 p  ∂ f 
−
Tr 2σα GεR+ ,p+ Vω,q GεA− ,p−
∂ε
(2π )2
d2 p

− σα GεA+ ,p+ Vω,q GεA− ,p− − σα GεR+ ,p+ Vω,q GεR− ,p− ,

(2π )2

(a.7)

f ε Tr σα GεA+ ,p+ Vω,q GεA− ,p− − σα GεR+ ,p+ Vω,q GεR− ,p− , (a.8)

where sI and sII are the Kubo and Streda contributions respectively. The Streda
contribution is sub-leading in the powers of weak disorder strength α  1 as
long as the Fermi energy lies outside the gap. Similarly, the AA and RR bubbles
in the expression of sIα are sub-leading and may be neglected. Furthermore, we
work in the zero temperature limit.
The linear response to electric field and time derivative of magnetization
corresponds to Vq,ω = −ĵ · A − ∆sd m · σ, so that we obtain
sq,ω =

1
K̂ (q, ω )[ev(Eq,ω × ẑ ) − iω∆sd mω ],
v2 h

(a.9)

where the components of the tensor K̂ are given by
K̂αβ (q, ω ) = v2

Z

d2 p
Trhσα GpR+}q,ε+}ω σβ GpA,ε i.
(2π )2

(a.10)

derivation of the kubo formula

Eqs. (a.9,a.10) correspond to Eqs. (3.5,3.6) in Chapter 3. For the honeycomb
antiferromagnets that are considered in Chapters 5 & 6 the limit ω, q → 0 can be
taking before summing the ladder.
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b.1

calculation of the spin-spin correlator

Im ΣR(A) = 2πα v2 Im

Z

 −1
πα
d2 p 
R(A)
ε
−
H
−
Σ
= ∓ (εσ0 − ∆z σ3 ),
2
2
(2π )

(b.1)

The real part of ΣR(A) lead to renormalization of ε and ∆sd . In the following we
keep the same notation for ε and ∆z , though now they correspond to renormalized
quantities. The Green functions are then given by
R(A)

Gε ,p

R(A)

=

εR(A) σ0 + v (p × σ )z − ∆z

(εR(A) )2

− v2 p2

− (∆R(A)
)2
z

σ3

(b.2)

R( A)

where ε R( A) = ε(1 ± iπα/2) and ∆z
= ∆z (1 ∓ iπα/2). The mk components
were removed via the gauge transformation.
Next, we need to replace the spin operator σα with a vertex corrected spin
operator σαvc in the ladder approximation as depicted in Fig. b.1(e). The dressing
of σα with a single disorder line is denoted by σα1×dr and is defined by
d2 p A
G
σα GpR = παMαβ σβ ,
(b.3)
(2π )2 ε+ω,p+q
h
i
R
= v2 d2 p Tr σα GεR+ω,p+q σβ Gε,Ap /(2π )2 . The ladder summation is
σα1×dr = 2πα v2

with Mαβ

Z

conveniently represented in the matrix form by introducing a matrix M̂ with 16
components Mαβ for α, β = 0, x, y, z (σ0 = 1).
The crossed diagrams in Fig. b.1 (b-d) give a contribution to the components
of K̂ of the order O (α0 ). The only components that are modified to this order
are those corresponding to the Hall conductivity (i.e. α, β = 1, 2 and vice versa).
Details of this calculation can be found in Ref. [170].
In our calculation the terms of the order of α ln pcutoff /ε (where pcutoff is the
ultraviolet momentum cut-off), is, therefore, disregarded with respect to 1. This
approximation is legitimate since we assume that all model parameters e, ∆sd
and α are first renormalized such that pcutoff ≈ ε.
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Figure b.1: Diagrammatic illustration. a) Born-approximation. b) Ladder-approximation. c)
Disorder-averaged polarization bubble. d) Perturbative expansion of the disorder-averaged
polarization bubble.

It is, then, easy to see that the vertex-corrected spin operator is readily obtained
from the geometric series of powers of πα M̂,
σαvc = σα + πα M̂αβ σβ + (πα)2 ( M̂2 )αβ σβ + . . .

 −1
= 1 − πα M̂ αβ σβ ,

(b.4)

where the summation of the repeating index β = 0, x, y, z is assumed.
Thus, in the non-crossing approximation (illustrated in Fig. b.1 (a)), one simply
finds K̂ = M̂[1 − πα M̂ ]−1 . Dressed spin-spin correlators are defined by the
components K̂αβ with α, β = x, y, z. The matrix M̂ will be computed to the second
order in powers of ω and q.
Complete expressions for the components are cumbersome, therefore we proceed by first analyzing their denominator, which is proportional to det[1 − παM]
ε ε2 + 3∆2z

2

 

ε2 − 5∆2z
2
×
iω
1
−
iωτ
+
O
((
ωτ
)
)
tr 2
tr
3
ε − ∆2z
4πα (ε2 + ∆2z )

13∆4 + 10∆2 ε2 + ε4
(ε2 + 3∆2 )(ε4 − 14ε2 ∆z − 35∆4z )
− Dq2 1 + iωτtr 2 z 2 2z
− (iωτtr )2
2
(ε − ∆z )(ε + ∆z )
(ε2 − ∆2z )(ε2 + ∆2z )


+O ((ωτtr )3 ) + O (( Dq2 )2 τtr ) . (b.5)
det[1 − παM] = −

By restricting ourselves to perturbations that vary slow in time compared to
the transport
time τtr and smooth in space compared to the diffusion length
√
L D = Dτtr , i.e. ωτtr , Dq2 τtr  1, we are able to extract the diffusion pole
(iω − Dq2 )−1 .

b.1 calculation of the spin-spin correlator

The components of the conductivity tensor σ̂ at finite ω and q are given by
!!
2
2
q2y
Dq2
2 ε2 + 2∆2z
3 q x − qy
σxx = σ0 +
σ0 − iωτtr
+
(b.6a)
πα ε2 + ∆2z
πα 2q2
iω − Dq2 q2
!!
2
2
q2x
2 ε2 + 2∆2z
3 q x − qy
Dq2
σ0 − iωτtr
−
(b.6b)
σyy = σ0 +
πα ε2 + ∆2z
πα 2q2
iω − Dq2 q2


q x qy
Dq2
3 q x qy
σxy = σH +
−
σ
−
iωτ
(b.6c)
tr
0
πα q2
iω − Dq2
q2


q x qy
Dq2
3 q x qy
σyx = −σH +
−
σ
−
iωτ
,
(b.6d)
tr
0
πα q2
iω − Dq2
q2
where σ0 and σH are given in Eq. (3.8) of the main text. The remaining components
of K̂ are given by


∆z
iDq
(ε2 + 7∆2z )
,
(b.7a)
Q=
1
+
iωτ
tr
v iω − Dq2
ε2 + ∆2z
ζ=

∆2z
1 − iωτtr (ε2 − 5∆2z )/(ε2 − ∆2z )
,
ε iω − Dq2 + ω 2 τtr (ε2 − 5∆2z )/(ε2 − ∆2z )

(b.7b)

where the ω 2 -term was included in the denominator of ζ because of its importance
when taking the limit q → 0. The leading contributions to Eq. (b.7a) in the
limit ωτtr  1 together with Eq. (b.7b) in the limit q → 0 corresponds to
Eqs. (3.7,3.8,3.10) of the main text.
It is convenient to rotate the coordinate system such that the new x̂ axis lies
along q. Let us introduce a rotation matrix U to transform the tensor K̂,


q x /q −qy /q 0
U =  qy /q q x /q 0 ,
K̃ = U > K̂U,
(b.8)
0
0
1
so that the new components of Eqs. (b.6) become
Dq2
7ε2 + 11∆2z
iωτtr
2
iω − Dq
2πα(ε2 + ∆2z )


Dq2
ε2 + 5∆2z
= σ0 +
σ0 − iωτtr
iω − Dq2
2πα(ε2 + ∆2z )

σ̃xx = σ0 −

(b.9a)

σ̃yy

(b.9b)

σ̃yx = −σ̃xy = σH ,

and the rotated, K̃, tensor is conveniently written as


σ̃xx σH 0
K̃ = −σH σ̃yy Q .
0
Q ζ

(b.9c)

(b.10)
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b.2

limiting behavior of m(t)

To illustrate the behavior of m(t) we consider f = f 0 cos(ωt) at a particular
point r. It is, also, convenient to let the field Heff to lie in the x̂ − ẑ-plane and
rotate the coordinate system such that Heff lies along new z-direction. This is
achieved by introducing the rotation matrix R̂,


cos χ 0 − sin χ
R̂ =  0
(b.11)
1
0 ,
sin χ 0 cos χ
where χ is the angle between ẑ and Heff . Furthermore, introducing the frequency
ω0 = |γHeff | and the unit vector h̄ = (− sin χ, 0, cos χ)> , we can write the
equation of motion in the rotated coordinate frame as
∂t m = −ω0 m × ẑ + f (r, t) (m · h̄) [m × h̄]

+ αG [m × (∂t m)] − αG (∂t m) · ẑ [m × ẑ ] , (b.12)

where the vector ẑ is defined now as the unit vector along Heff , hence the
magnetization projection mH = m · h is simply given by mz .
In the regime of αG  f 0  ω0 we can find the asymptotic behavior of mH
at sufficiently small times. In order to do that it is convenient to represent m in
spherical coordinates: m = (sin θ cos φ, sin θ sin φ, cos θ )> , where θ is the polar
angle between m and ẑ and φ is the azimuth. In the limit αG → 0 we find the
equations of motion on θ and φ:

∂t θ = sin χ sin φ f (r, t) sin χ sin θ cos φ − cos χ cos θ
(b.13)

1
∂t φ = ω0 + f (r, t) cos θ cos2 χ cos2 φ − sin2 φ − sin χ(cot θ − sin θ ) . (b.14)
2
We take f (r, t) = f 0 cos ωt and assume that f 0  ω0 , so that we find φ = ω0 t − φ0 .
It is convenient to choose φ0 = π/2 so that
∂t θ = − f 0 sin χ cos2 ω0 t (sin θ sin χ sin ω0 t − cos θ cos χ).

(b.15)

Because we assumed that f 0  ω0 , the dynamics of φ is much faster than the
dynamics of θ. Therefore we average Eq. (b.15) over φ and obtain
f0
cos θ sin 2χ.
(b.16)
4
This equation is readily solved by means of the substitution cos θ = 1/ cosh x,
sin θ = − tanh x. Using the initial condition θ (0) = 0 one finds
∂t θ =

1

cos θ (t) =
cosh



1
4 f 0 t sin 2χ

which gives the result of Eq. (3.15) of the main text.

,

(b.17)
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c.1

model system

In this Appendix, we shall briefly justify Eqs. (5.6) and (5.14) of the main text. We
start from an s-d-like model for two-dimensional antiferromagnet on a honeycomb
lattice [224]. The model includes a local exchange interaction between localized
magnetic moments and conduction electron spins as given by Eq. (5.2). Itinerant
electrons in the model are, therefore, governed by the tight-binding Hamiltonian
†
†
H0 = −t ∑ ∑ ciσ
ciσ0 − J ∑ ∑ Si · σσσ0 ciσ
ciσ0 +
i σσ0

i σσ0

iλ
3a

∑ ∑0 ẑ · (σ × dij )σσ0 ciσ† c jσ0 ,

hi,ji σσ

(c.1)
where we do ignore disorder for a moment. The model is characterized by the
nearest neighbor hopping energy t and the Rashba spin-orbit coupling energy λ,
z-axis is aligned perpendicular to the two-dimensional plane, the in-plane vectors
dij connect the neighboring sites i and j on a honeycomb lattice. For any site i on
the sublattice A we choose
 
√ 
√ 
a
a
0
3
3
d1 = a
, d2 =
, d3 = −
,
(c.2)
1
2 −1
2 1
where a is the length of the bond between A and B.
By projecting the tight-binding model of Eq. (c.1) on states in a vicinity of the
valley wave-vectors,
 
4π
1
K= √
, and K 0 = −K,
(c.3)
3 3a 0
we find, in the valley symmetric approximation, the effective Hamiltonian of
Eq. (5.6) with the assumption that S A = −S B , where v = 3ta/2}. By relaxing
the assumption we obtain the model of Eq. (5.14).
c.2

linear response tensors

In order to keep technical expressions compact we let } = 1 and ε F = ε below.
Our technical analysis is based on linear response of electron spin density to
various perturbations at zero frequency (dc) limit. In particular, we consider three
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types of responses: the one with respect to electric current (via electric field and
inverse conductivity tensor), the one with respect to the time derivative of the
Néel vector and the other one with respect to the time derivative of magnetization
vector. These responses are summed up as
SOT
GD
GD
δs+ = Ŝ+
j + Ŝmn
ṅ + Ŝm
ṁ,

−

δs =

SOT
Ŝ−
j

GD
+ Ŝnm
ṁ + ŜnGD ṅ,

(c.4a)
(c.4b)

SOT that are describing spin-orbit torques
where we define the response tensors Ŝ±
(both field-like and anti-damping) and various ŜGD tensors that are describing
various contributions to Gilbert dampings (and to effective spin renormalizations)
[205].
In order to compute the linear response tensors in Eqs. (c.4) we apply the
standard Kubo formula (see Appendix b)

δs±
α =

D
E ∂X
J 2 Sv2 A
β
A
b ĜR ŝ±
Tr
,
Ĝ
F̂
β
∑
α
2V
∂t
β

(c.5)

b is an operator trace, ĜR(A) = (ε − H ± i0) are
where V is the system area, Tr
−
retarded (advanced) Green function operators, ŝ+
α = σα , ŝα = Λz Σz σα are the
+
operators corresponding to the average spin-polarization s and staggered spinpolarization s− , the product F̂ · X (t) represents the time-dependent perturbation
in the Hamiltonian, while the angular brackets denote the disorder averaging
that we consider in diffusive (ladder) approximation.
The linear-response formula Eq. (c.5) assumes zero temperature and zero
frequency limit that corresponds to taking both Green’s functions at the same
energy ε = ε F . We also neglect the Fermi-sea contribution (also known as Středa
contribution) since such a contribution appears to be either zero or subleading in
the metal parameter ετ  1 with respect to our results.
Thus, in order to compute Gilbert dampings and spin-orbit torque tensors we
consider linear response of δs± to the three perturbations mentioned above. Each
perturbation is parameterized by the term δH = F̂ · X (t) with
Ẋ = ṅ,
Ẋ = ṁ,

F̂ = −∆ Λz Σz σ,

Ẋ = (πv/e)σ̂

−1

F̂ = −∆ σ,

j,

F̂ = Σ,

(c.6a)
(c.6b)
(c.6c)

where σ̂ is the conductivity tensor (this is computed from the standard Kubo
formula which is analogous to the one in Eq. (c.5) but for the response of current
density to electric field). The disorder averaging amounts to replacing Green’s
functions in Eq. (c.5) with the corresponding disorder-averaged Green’s functions

c.2 linear response tensors

Figure c.1: Diagrammatic illustration. a) Born-approximation. b) Ladder-approximation. c)
Disorder-averaged polarization bubble. d) Perturbative expansion of the disorder-averaged
polarization bubble.

and to replacing one of the operators, ŝα or F̂, with the corresponding vertexcorrected operator.
Disorder-averaged Green’s functions become diagonal in the momentum space
R(A)
due to restored translational invariance and take the form Gp
= [ε − H −
R(A)
−
1
Σ
] , where the Hamiltonian H is defined in Eq. (5.6) of the main text,
while the self-energy ΣR(A) is evaluated in the Born-approximation depicted
schematically in Fig. c.1a.
We find that the real part of the self-energy does renormalize the Fermi energy
ε and the s-d exchange coupling strength ∆, while the imaginary part reads
Im ΣR(A) = ∓

παd
( ε − ∆ Λ z Σ z n · σ ).
2

(c.7)

In order to evaluate linear response tensors in the leading order with respect
to the metal parameter ετ  1 one also needs to sum up the ladder diagrams as
shown in Fig. c.1b-c. Referring to Chapter 2.6, we first need to define the vertex
corrected operator
F̂vc = F̂ + F̂ (1) + F̂ (2) + F̂ (3) + · · · ,

(c.8)

where we denote by F̂ (i) the operator F̂ that is dressed by the number of i disorder
lines,
Z
d2 p R ( i − 1 ) A
F̂ (i) = 2παd
(c.9)
G F̂
Gp .
(2π )2 p
A suitable basis to work in is
Bi =

1
Λ Σα σβ ,
2 ζ

i = {ζ, α, β},

(c.10)

where i is a cumulative index with ζ = 0, z a valley parity index and α, β taking
on the four values {0, x, y, z} each.
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For B = ( B1 , B2 , . . . , B32 ) we define the vertex corrected operator vector as
B vc = B + FB + F 2 B + F 3 B + · · · =

1
B,
1−F

(c.11)

where F stands for a matrix of vertex corrections. Using the normalization
condition Tr Bi Bj = 2δij we find
Fij = παd

Z

h
i
d2 p
A
R
Tr
G
B
G
B
p i p j ,
(2π )2

(c.12)

where Tr stands for the usual matrix trace in the valley, spin and sublattice spaces.
We note that the matrix F is evidently diagonal in the valley space, and it can
also become block-diagonal in sublattice and spin spaces by choosing a more
convenient basis.
A particularly useful choice of basis corresponds to in-plane rotation of both
spin and sublattice Pauli matrices to the frame associated with the in-plane
projection nk of the Néel vector. For spin Pauli matrices this transformation is
given by
ny σx − n x σy
n x σx + ny σy
, σy → Λz q
,
(c.13)
σx → Λz q
n2x + n2y
n2x + n2y
where we took advantage of the fact that the direction of n is opposite in the two
valleys. The same transformation (c.13) has to be applied to Σ x and Σy .
The matrix F is instrumental for the analysis of all linear response tensors in
Eq. (c.4). Indeed, using the definition of Eq. (c.12) in Eq. (c.5) and summing up
the diffusion ladders we find
δs±
α =

∂X β
J 2 Sv2 A
Tr[ŝ±
,
∑
∑
α Bi ]Rij Tr[ F̂β B j ]
2παd β ij
∂t

(c.14)

where R = F (1 − F )−1 . Thus, the computation of all response tensors is reduced
in the diffusive approximation to the computation of the vertex correction matrix
F and subsequent matrix inversion.
c.3

vertex correction

Still, finding an inverse matrix (1 − F )−1 is not that straightforward due to a
pair of eigenvalues (one per valley) that equal exactly 1. The presence of such
eigenvalues roots in the particle conservation and is, therefore, not an artificial
problem. The unit eigenvalues do evidently prevent the matrix inversion in
Eq. (c.11). Nevertheless, it can be shown that the corresponding eigenvectors do
not enter the final equations of motion for localized spins. In the next section, we

c.3 vertex correction

briefly illustrate how one can formally avoid the particle conservation divergence
in the computation of vertex corrections.
Let us define by aζ the eigenvectors of F that correspond to two unit eigenvalues, Faζ = aζ , with ζ = 0, z. For the normalized vector aζ we define special
operators
ε − ∆Λζ Σz n · σ
√
B̄ζ = aζ · B =
,
(c.15)
2 ε2 + ∆2
(i )

which are conserved with respect to impurity dressing B̄ζ = B̄ζ for any order i.
This means that the vertex corrected operator B̄ζvc is formally diverging in the dc
limit. In what follows, we formally write B̄ζvc = R∞ B̄ζ , where the limit R∞ → ∞
is taken at the end of the calculation.
The response tensors defined by Eqs. (5.3) consist of different correlators of
−
the operators Σα , s+
α = σa , and sα = Λz Σz σα . It is evident that most of these
operators are already orthogonal to B̄ζ ,




 − 
Tr Σα B̄ζ = Tr s+
(c.16)
α B̄ζ = Tr sα B̄0 = 0,
while the only dangerous sector is related to the projection


4∆ nα
Tr s−
,
α B̄z = − √ 2
ε + ∆2

(c.17)

which is evidently finite. The result of Eq. (c.17) leads to formally diverging
−
contribution δsdiv
that is generally present in all components of δs− ,
−
δsdiv,α
∝ R∞ ∑ Tr[ŝ−
α B̄z ] Tr[ F̂β B̄z ]
β

∂n β
.
∂t

(c.18)

One can immediately see, however, that such a diverging contribution corresponds to a particular vector form,
−
δsdiv,α
∝ R∞ nα n ·

∂n
= 0,
∂t

(c.19)

that manifestly vanishes due to the constraint |n| = 1 which is exact in the limit
vc (which originates in the diffusion pole of
m = 0. Thus, the divergency in Bdiv
the density-density response) is, in fact, harmless for the response tensors we are
discussing.
vc operator
It is interesting to note that the irrelevance of the divergency in Bdiv
extends to higher orders in m, even though it becomes much harder to see. We
touch on this problem in Appendix c.4.
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c.4

finite magnetization

The deviation from a collinear antiferromagnetic order can be accounted by
considering a finite net magnetization term in the Hamiltonian perturbatively,
H = H eff + U,

U = −∆ m · σ.

(c.20)

In the paper, we build the first order perturbation theory with respect to U.
First of all, it can be shown that the self-energy acquires the linear in m
contribution as
πα
Im ΣR(A) = ∓ d (ε − ∆ Λz Σz n · σ + ∆ m · σ ).
(c.21)
2
Second, the Dyson expansion of the disorder-averaged Green’s functions GR(A)
with respect to m reads
GR(A) → GR(A) + GR(A) U R(A) GR(A) ,

(c.22)

U R(A)

where
= U (1 ± iπαd /2) and we disregarded terms starting from quadratic
order in m. Note, that we have kept the notations GR(A) for the disorder averaged
Green’s functions of the unperturbed system.
The computation of linear response tensors amounts to considering an additional contribution to the response tensor represented by a complex class of
diagrams depicted schematically in Fig. c.1d. Before ladder summation is applied
the diagrams of Fig. c.1d correspond to a contribution to the correlator of two
operators Bi and Bj of the type
Uij = 2παd

Z

h
i
d2 p
A A A
R
A
R R R
Tr
G
U
G
B
G
B
+
G
B
G
U
G
B
i
j
i
j ,
(2π )2

which has yet be dressed. The dressing amounts to replacing both Bi and Bj operators with the corresponding vertex corrected operators Bivc and Bvc
j , respectively.
The final result for the response of spin density is still given by Eq. (c.14),
where the matrix R = F (1 − F )−1 is, however, replaced with
R=

F
1
1
+
U
,
1−F
1−F 1−F

(c.23)

which corresponds to diagrams Fig. c.1c-d. It is again convenient to consider a
particular basis for the matrix F as defined in Eq. (c.13) to simplify analytical
computation.
The problem of divergence in the operators B̄ζ does now become less trivial.
Careful analysis shows that the linear terms in m included in Eq. (c.23) lead to
additional diverging contributions to δs− of the form
−,(1)

δsdiv,α ∝ − R∞ nα m ·

∂m
,
∂t

(c.24)

c.4 finite magnetization

that is analogous to the one in Eq. (c.19) for a finite m. (We remind that the
constraint n2 + m2 = 1 provides a relation between these terms). The contribution
in Eq. (c.24) is, however, of too high order in m in Eq. (5.1a) and cancels out
completely in Eq. (5.1b).
The terms linear in m are also responsible for diverging contributions in δs+
α
of the type
∂m
∂n
+
δsdiv,α
∝ R∞ mα n ·
= − R∞ mα m ·
,
(c.25)
∂t
∂t
that appear to be of higher than a linear order in m, thus, exceeding our working
precision.
Overall, one can show that the operators B̄ζ can be formally excluded by
projecting the operator space of Bi operators on the corresponding subspace. The
latter is facilitated by the transformation F → PF P, where
P = 1−

∑

aζ a†ζ ,

(c.26)

ζ =0,z

is the projection operator. Here, a stands for the column vector and a† for
the corresponding conjugated string vector. Eq. (c.26) facilitates the regularized
computation of the vertex corrections and lead to the results presented in the
paper.
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d.1

calculation of the anisotropy constant K

The anisotropy constant is obtained from the grand potential energy Ω describing
the conducting electrons. We express the grand potential density as
Ω=−

∑

ς=±

1
β

Z

dε g(ε)νς (ε),

(d.1)

d2 p
R
Im Gς,
p
(2πh̄)2

(d.2)

with
νς (ε) =

1
Trσ,Σ
π

Z

where the trace runs over spin and sublattice indices ς = ± denotes the valleys
R(A)
K and K 0 , Gς,p are the clean retarded and advanced Green functions with
momentum p (evaluated at zero disorder strength) in valley ς, β is the inverse
temperature, and the function g(ε) is given by

g(ε) = log 1 + exp[ β(µ − ε)] .
(d.3)
We place the chemical potential in the upper band and the energy integration
can be restricted to positive energies as the bottom two bands are filled and can
only lead to a constant shift in Ω that we disregard. The evaluation of Eq. (d.2)
yields the following density of states


0
1
ντ (ε) =
ε/2 + λ/4
2πh̄2 v2 

ε

for 0 < ε < ε 2
for ε 2 < ε < ε 1

(d.4)

for ε > ε 1

where the energies ε 1,2 correspond to the extremal points top the bands (counted
from above)
q

1
ε 1,ς =
+ λ + 4∆2 + λ2 − 4ς∆λnz ,
(d.5)
2
q

1
ε 2,ς =
− λ + 4∆2 + λ2 + 4ς∆λnz
(d.6)
2

99

100

calculation details to chapter 6

In the limit of zero temperature we can approximate Eq. (d.1) as
Ω=−

∑

ς=±

1
β

Z ∞
0

dε (µ − ε)νς (ε)

(d.7)

and by inserting Eq. (d.2) in above’s equation we find,
Ω = −

∑

ς=±

(ε 1,ς − µ)2 (4ε 1,ς − 3λ + 2µ) + (ε 2,ς − µ)2 (4ε 2,ς + 3λ + 2µ)
24πh̄2 v2

(d.8)

A careful analysis shows that the minimal energy corresponds to nz = ±1 so that
the conducting electrons prefer an easy-axis magnetic anisotropy. By inserting
Eqs. (d.5, d.6) into the above equation we find
Ω=−

(4∆2 − 4nz ∆λ + λ2 )2/3 + (4∆2 + 4nz ∆λ + λ2 )2/3 − 24∆µ + 8µ3
24πh̄2 v2

and by expanding in powers of n2z around nz = ±1 we obtain
(
|∆2 λ| for |λ/2∆| ≥ 1
K 2
1
Ω = − nz , K =
.
2
2πh̄2 v2 |∆λ2 | for |λ/2∆| ≤ 1

(d.9)

(d.10)

e

R E S E A R C H D ATA M A N A G E M E N T

This thesis research has been carried out under the institute research data management policy of the Institute of Molecules and Materials of Radboud University,
the Netherlands [229].
The following datasets have been produced during this Research:
• Chapter 4: R.J. Sokolewicz. Raw spin-density data. CNCZ, Radboud University (2020). The dataset can be requested from the Data Officer of the Theory
of Condensed Matter department, IMM, Radboud University.
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[43] V. Saidl, P. Němec, P. Wadley, V. Hills, R. Campion, V. Novák, K. Edmonds,
F. Maccherozzi, S. Dhesi, B. Gallagher, F. Trojánek, J. Kuneš, J. Železný,
P. Malý, and T. Jungwirth, Nat. Photon. 11, 91 (2017).
[44] V. Barthem, C. Colin, H. Mayaffre, M.-H. Julien, and D. Givord, Nat.
Commun. 4, 1 (2013).
[45] M Jourdan, H Bräuning, A Sapozhnik, H.-J. Elmers, H Zabel, and M Kläui,
J. Phys. D: Appl. Phys. 48, 385001 (2015).
[46] N. Bhattacharjee, A. Sapozhnik, S. Bodnar, V. Grigorev, S. Agustsson, J.
Cao, D. Dominko, M. Obergfell, O. Gomonay, J. Sinova, M. Kläui, H.-J.
Elmers, M. Jourdan, and J. Demsar, Phys. Rev. Lett. 120, 237201 (2018).
[47]

S. Pandey, P. Mahadevan, and D. Sarma, EPL 117, 57003 (2017).

[48] V. Tshitoyan, C. Ciccarelli, A. Mihai, M. Ali, A. Irvine, T. Moore, T. Jungwirth, and A. Ferguson, Phys. Rev. B 92, 214406 (2015).
[49]

A. Brataas, A. D. Kent, and H. Ohno, Nat. Mater. 11, 372 (2012).

[50]

K. M. Hals and A. Brataas, Phys. Rev. B 88, 085423 (2013).

[51]

F. Freimuth, S. Blügel, and Y. Mokrousov, Phys. Rev. B 90, 174423 (2014).

[52]

S. Ghosh and A. Manchon, Phys. Rev. B 95, 035422 (2017).

[53] L. Šmejkal, J. Železný, J. Sinova, and T. Jungwirth, Phys. Rev. Lett. 118,
106402 (2017).
[54] X. Zhou, J. Zhang, F. Li, X. Chen, G. Shi, Y. Tan, Y. Gu, M. Saleem, H. Wu,
F. Pan, and C. Song, Phys. Rev. Applied 9, 054028 (2018).
[55] A. Manchon, J. Železný, I. Miron, T. Jungwirth, J. Sinova, A. Thiaville,
K. Garello, and P. Gambardella, Rev. Mod. Phys. 91, 035004 (2019).
[56] T. Moriyama, W. Zhou, T. Seki, K. Takanashi, and T. Ono, Phys. Rev. Lett.
121, 167202 (2018).
[57] Y. Li, K. W. Edmonds, X. Liu, H. Zheng, and K. Wang, Adv. Quantum
Technol. 2, 1800052 (2018).
[58] X. Chen, X. Zhou, R. Cheng, C. Song, J. Zhang, Y. Wu, Y. Ba, H. Li, Y. Sun,
Y. You, Y. Zhao, and F. Pan, Nat. Mater. 18, 931 (2019).

105

106

bibliography

[59] X. Zhou, X. Chen, J. Zhang, F. Li, G. Shi, Y. Sun, M. Saleem, Y. You, F. Pan,
and C. Song, Phys. Rev. Applied 11, 054030 (2019).
[60] J. Zhou, X. Wang, Y. Liu, J. Yu, H. Fu, L. Liu, S. Chen, J. Deng, W. Lin,
X. Shu, H. Y. Yoong, T. Hong, M. Matsuda, P. Yang, S. Adams, B. Yan,
X. Han, and J. Chen, Sci. Adv. 5, eaau6696 (2019).
[61] S. Bodnar, L. Šmejkal, I. Turek, T. Jungwirth, O. Gomonay, J. Sinova, A.
Sapozhnik, H.-J. Elmers, M. Kläui, and M. Jourdan, Nat. Commun. 9, 1
(2018).
[62] N. Sethulakshmi, A. Mishra, P. Ajayan, Y. Kawazoe, A. K. Roy, A. K. Singh,
and C. S. Tiwary, Mater. Today 27, 107 (2019).
[63]

W. Zhang, P. K. J. Wong, R. Zhu, and A. T. Wee, InfoMat 1, 479 (2019).

[64]

N. Mermin and H. Wagner, Phys. Rev. Lett. 17, 1133 (1966).

[65]

M. I. Katsnelson, Mater. Today 10, 20 (2007).

[66]

F. Guinea, M. Katsnelson, and A. Geim, Nat. Phys. 6, 30 (2009).

[67]

M. I. Katsnelson and A. Fasolino, Acc. Chem. Res. 46, 97 (2012).

[68]

K. Novoselov, Science 306, 666 (2004).

[69] K. Novoselov, A. Geim, S. Morozov, D. Jiang, M. Katsnelson, I. Grigorieva,
S. Dubonos, and A. Firsov, Nature 438, 197 (2005).
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P O P U L A R S U M M A RY

In this Thesis I studied the interaction between conducting electrons and the
magnetic moments of atoms in a crystal. These electrons have properties similar
to that of a refrigerator magnet, namely they also have a magnetic moment that
we call spin. Today’s electronic devices make use of mostly the charge of electrons
and not their spin. A new generation of electronics that makes use of the spin of
these conducting electrons is often called spintronics and could possibly lead to
many benefits in today’s technology. To name a few examples, our laptop and
phone could become more energy efficient, be faster and be able to store more
photos and videos. In the past two decades we have seen many technological
advancements already in this field of spintronics such as the creation of electric
currents where the spin of each electron is pointing in the same direction, or the
creation of the first ferromagnet that is only a single atom thick.
Although many experiments have shown that the magnetic moments of small
crystals can be manipulated using electric currents in an efficient manner, and
many phenomenological models exist, there are only a few microscopic models
out there that explain exactly what is going on. In this thesis, we consider a
microscopic model, in which the conducting electrons can exchange their spin
with the magnetic moments in the crystal through collisions with impurities
in the crystal. This model is introduced in Chapter 1 as the “s–d-model” and
in Chapter 2 we show the mathematical framework needed to calculate the
dynamics and dissipation of magnetic moments under the influence of electric
currents.
Our model is applied to two different crystals. First, in Chapter 3 we study
topological semiconductors, which are characterized by a strong coupling between the spin of the conducting electrons and their momentum. By using a
so-called “top gate” with a saw-tooth structure, it is possible to point the spin
of conducting electrons either out of the crystal plane or into the crystal plane.
Besides being a new way to manipulate the spin of conducting electrons, this
effect could also be used to create a new kind of memory element.
In the remaining Chapters we study crystals characterized by a honeycomb
structure, similar to graphene, where each atom has a magnetic moment that
is anti-parallel with respect to their neighbors (see for example Figure 1.1 on
page 4). In Chapter 4, we use a numerical method to calculate the torque that
conductive electrons can exert on the magnetic moments in the crystal. We show
that these torques become more efficient when the coupling between the spin
of conducting electrons and the magnetic moment of the atoms in the crystal

115

116

popular summary

becomes asymmetrical. That is, if the coupling for all the magnetic moments
that are pointing upwards, for example, is different from those that are pointing
downwards.
In Chapter 5 we study the same crystal, but this time analytically. In addition
to calculating torques, we also calculate how fast the magnetic moments of
the crystal can dissipate under the influence of conducting electrons. We show
that the different components of the magnetic moment not only dissipate to a
different degree, but also that the component that points out of the crystal plane
is preserved. In other words, if we can make a magnetic moment that points out
of the crystal plane, we cannot undo it with the help of conducting electrons.
In the last Chapter, we study the role of spin-orbit coupling on the dissipation
of magnetic moments. Here we find three regimes with a different functional dependence of spin-orbit coupling on the dissipation. By tuning spin-orbit coupling,
the regimes can be observed experimentally using ferromagnetic resonance as a
transition from overdamping to underdamping.

P O P U L A I R E S A M E N VAT T I N G

In dit proefschrift wordt de interactie tussen geleidende elektronen en de magnetische momenten van atomen in een kristal bestudeerd. Deze elektronen hebben
eigenschappen vergelijkbaar met die van een koelkastmagneetje, namelijk ze
hebben ook een magnetisch moment, die we spin noemen. In de hedendaagse
elektronica wordt voornamelijk gebruik gemaakt van de lading van de geleidende elektronen, en niet de spin. Een nieuwe generatie van elektronica die
gebruikt maakt van de spin van deze geleidende elektronen wordt vaak spintronics genoemd, en zou weleens vele voordelen kunnen bieden boven bestaande
technologie. Om een paar voorbeelden te noemen, je laptop en telefoon zou met
behulp van spintronica minder energie verbruiken, sneller zijn en meer foto’s
en video’s op kunnen slaan. In de afgelopen twee decennia hebben we veel
technologische vooruitgangen gezien op het gebied van spintronica, zoals het
maken van elektrische stromen waar alle spins in dezelfde richting staan of het
creëren van de eerste ferromagneet van 1 atoomlaag dik.
Hoewel veel experimenten laten zien dat we magnetisme van kleine kristallen
op efficiënte wijze kunnen manipuleren met behulp van elektrische stromen, en er
veel fenomenologische modellen bestaan, bestaan er maar weinig microscopische
modellen die uitleggen wat er nu precies gebeurt. In dit proefschrift beschouwen
we een microscopisch model, waarbij de geleidende elektronen hun spin uit
kunnen wisselen met de magnetische momenten in het kristal door middel van
botsingen met oneffenheden in het kristal. Dit model wordt in Hoofdstuk 1
geïntroduceerd als het “s—d-model” en in Hoofdstuk 2 laten we het wiskundig
kader zien waarmee we de dynamica en dissipatie van magnetische momenten
in kristallen uit kunnen rekenen onder invloed van elektrische stromen.
Ons model wordt toegepast op twee verschillende kristallen. Allereerst bestuderen we in Hoofdstuk 3 topologische halfgeleiders, die gekenmerkt worden door
een sterke koppeling tussen de spin van de geleidende elektronen en hun impuls.
Door een zogenaamde “top gate” te gebruiken met een zaagtand structuur, is
het mogelijk om de spin van geleidende elektronen dan wel uit het kristalvlak of
in het kristalvlak te laten wijzen. Naast dat dit een nieuwe manier zou zijn om
de spin van geleidende elektronen te manipuleren, zou dit effect ook gebruikt
kunnen worden voor het maken van een nieuw soort geheugen element.
In de overige Hoofdstukken bestuderen we kristallen die gekenmerkt worden
door een honinggraatstructuur, vergelijkbaar met grafeen, waarbij ieder atoom
een magnetisch moment heeft die anti-parallel staat ten opzichte van hun buren
(zie bijvoorbeeld Figuur 1.1 op pagina 4). In Hoofdstuk 4 gebruiken we een
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numerieke methode om de krachtmomenten uit te rekenen die geleidende elektronen uit kunnen oefenen op de magnetische momenten in het kristal. We laten
zien dat deze krachtmomenten efficiënter worden als de koppeling tussen de
spin van geleidende elektronen en het magnetisch moment van de atomen in
het kristal asymmetrisch wordt. Dat wil zeggen, als de koppeling voor alle magnetische momenten die bijvoorbeeld omhoog wijzen anders is dan die omlaag
wijzen.
In Hoofdstuk 5 bestuderen we hetzelfde kristal, maar dit keer analytisch. Naast
het uitrekenen van krachtmomenten, rekenen we ook uit hoe snel de magnetische
momenten van het kristal kunnen dissiperen onder invloed van geleidende
elektronen. We laten zien dat de verschillende componenten van het magnetisch
moment niet alleen met andere mate dissiperen, maar ook dat de component
die uit het kristalvlak wijst, behouden blijft. Met andere woorden, als we een
magnetisch moment maken die uit het kristalvlak wijst kunnen we deze niet
ongedaan maken met behulp van geleidende elektronen.
In het laatste Hoofdstuk bestuderen we de rol van spin-baan koppeling op
de dissipatie van magnetische momenten. We vinden hier drie regimes met een
andere functionele afhankelijkheid van spin-baan koppeling op de dissipatie.
Door de spin-baan koppeling te variëren, kan deze afhankelijkheid experimenteel
waargenomen worden met behulp van ferromagnetische resonantie, als een
overgang van overdemping naar onderdemping.
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