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Two Definite
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To our good friend Gert Almkvist (1934–2018)
In Memoriam.

PROPOSITION 1. For real a [ b [ 0 and nonnegative
integer n, the following beautiful and surprising identity
holds:
Z

1

0

x n ð1  xÞn
dx ¼
ððx þ aÞðx þ bÞÞnþ1

Z

1
0

x n ð1  xÞn
dx:
ðða  bÞx þ ða þ 1ÞbÞnþ1

PROOF. Fix a and b, let L(n) and R(n) be the integrals on
the left and right sides respectively, and let F1 ðn; xÞ and
F2 ðn; xÞ be the corresponding integrands, so that LðnÞ ¼
R1
R1
0 F1 ðn; xÞ dx and RðnÞ ¼ 0 F2 ðn; xÞ dx: We cleverly construct the rational functions

This column is a place for those bits of contagious

R1 ðxÞ ¼

x ðx  1Þðða þ b þ 1Þx 2 þ 2abx  abÞ
ðx þ bÞðx þ aÞ

mathematics that travel from person to person in the
community, because they are so elegant, surprising, or
appealing that one has an urge to pass them on.

and


x ðx  1Þ ða  bÞx 2 þ 2bða þ 1Þx  ða þ 1Þb
R2 ðxÞ ¼
ða  bÞx  ða þ 1Þb

Contributions are most welcome.
motivated by the fact that (check!)
ðn þ 1ÞF1 ðn; xÞ  ð2n þ 3Þð2ba þ a þ bÞF1 ðn þ 1; x Þ
þ ða  bÞ2 ðn þ 2ÞF1 ðn þ 2; x Þ
d
ðR1 ðxÞF1 ðn; xÞÞ
¼
dx
and
ðn þ 1ÞF2 ðn; xÞ  ð2n þ 3Þð2ba þ a þ bÞF2 ðn þ 1; x Þ
þ ða  bÞ2 ðn þ 2ÞF2 ðn þ 2; x Þ
d
ðR2 ðxÞF2 ðn; xÞÞ:
¼
dx
Integrating both identities from x ¼ 0 to x ¼ 1 and noting
that the right-hand sides vanish, we have
ðn þ 1ÞLðnÞ  ð2n þ 3Þð2ba þ a þ bÞLðn þ 1Þ
þ ða  bÞ2 ðn þ 2ÞLðn þ 2Þ ¼ 0
and
ðn þ 1ÞR ðnÞ  ð2n þ 3Þð2ba þ a þ bÞRðn þ 1Þ
þ ða  bÞ2 ðn þ 2ÞR ðn þ 2Þ ¼ 0:

â
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Since Lð0Þ ¼ Rð0Þ and Lð1Þ ¼ Rð1Þ (check!), the proposition
follows by mathematical induction.
(
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REMARK 1. This beautiful identity is equivalent to an

OPEN ACCESS

identity buried in Bailey’s classic book [3, Section 9.5, formula (2)], but you need an expert (like the third-named
author) to realize that!
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REMARK 2. Our proof was obtained by the first-named
author by running a Maple program1 written by the secondnamed author that implements the Almkvist–Zeilberger
algorithm [2] designed by Zeilberger and our good mutual
friend Gert Almkvist, to whose memory this note is dedicated.
REMARK 3. Our integrals are not taken from a pool of noone-cares-about-them analytic creatures: the right-hand
side covers a famous sequence of rational approximations
to logð1 þ ða  bÞ=ðða þ 1ÞbÞÞ [1], and hence the left-hand
side does, too.
REMARK 4. We thank Greg Egan for spotting a sign error
in an earlier version.
REMARK 5. Watch Greg Egan’s beautiful animation.2
REMARK 6. To our surprise, the identity turned out to be
not as surprising as we had believed. Mikael Sundquist
noticed that the change of variable x ¼ bð1  uÞ=ðb þ uÞ
gives a ‘‘Calculus 1 proof.’’ Indeed,
dx ¼ 

bð1 þ bÞ
du;
ðb þ uÞ2

and we have
Z 1
x n ð1  xÞn
nþ1 dx
0 ððx þ aÞðx þ bÞÞ
Z 1
ðbð1  uÞ=ðb þ uÞÞn ð1  ðbð1  uÞ=ðb þ uÞÞÞn
¼
nþ1
0 ðbð1  uÞ=ðb þ uÞ þ aÞðbð1  uÞ=ðb þ uÞ þ bÞÞ
bð1 þ bÞ

du
ðb þ uÞ2
Z 1
ð1  uÞn un bnþ1 ð1 þ bÞnþ1
¼
nþ1 du
0 ðbð1  uÞ þ aðb þ uÞÞðbð1  uÞ þ bðb þ uÞÞÞ
Z 1
un ð1  uÞn
¼
nþ1 du:
0 ðða  bÞu þ ða þ 1ÞbÞ
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Note that n does not have to be an integer.

REMARK 7. Alin Bostan has two further insightful proofs.3
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