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Congruences for g-Binomial Coefficients

To George Andrews, with warm q-wishes and well-looking q-congruences
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Abstract. We discuss g-analogues of the classical congruence (ZS ) = (‘;)
(mod p?), for primes p > 3, as well as its generalisations. In particular,
we prove related congruences for (g-analogues of) integral factorial ratios.
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1. Introduction

For a non-negative integer a, a standard g-environment includes the g-numbers
la] = [alq = (1 —q%)/(1 — q) € Z]q], the g-factorials [a]! = [1][2]---[a] € Z][q]
and the g-binomial coefficients

m B [Z]q:[b]'[[flb]"?]' € Z[q], whereb=0,1,...,a.

One also adopts the cyclotomic polynomials

n
Ou(q)= [ (a—e*/") ezq
j=1
(3,m)=1

as g-analogues of prime numbers, because these are the only factors of the
g-numbers which are irreducible over Q.

Arithmetically significant relations often possess several g-analogues.
While looking for g-extensions of the classical (Wolstenholme-Ljunggren) con-
gruence

(Zﬁ) = (Z) (mod p*) for any prime p > 3, (1.1)
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more precisely, at a ‘g-microscope setup’ (when g-congruences for truncated hy-
pergeometric sums are read off from the asymptotics of their non-terminating
versions, usually equipped with extra parameters, at roots of unity, see [5]) for
Straub’s g-congruence [8], [9, Theorem 2.2],

] =[], e ()5t - mr e 0

bn
this author accidentally arrived at
il = (") (00, )ord @) mod @) (13)
where the notation
on = (-1)" 7
is implemented. Notice that the expression on the right-hand side is a sum

of two g-monomials. The g-congruence (1.3) may be compared with another
g-extension of (1.1),

] =P mod (0 (14)

for any n > 1. This is given by Andrews in [2] for primes n = p > 3 only; though
proved modulo ®,(g)?, a complimentary result from [2] demonstrates that (1.1)
in its full modulo p? strength can be derived from (1.4). More directly, Pan [7]
shows that (1.4) can be generalised further to

[Z:] . = O-Z(a—b)qb(afb)(;) [Z’] + ab(a — b) <Z> n22; 1

(" =1)*> (mod ®,(q)*).
(1.5)

It is worth mentioning that the transition from ®,,(¢q)? to ®,(q)? (or, from p?
to p?) is significant because the former has a simple combinatorial proof (re-
sulting from the g-Chu—Vandermonde identity) whereas no combinatorial proof
is known for the latter.

Since ¢\ 2) ~ o% as ¢ — ¢, a primitive n-th root of unity, the congruence
(1.3) is seen to be an extension of the trivial (¢-Lucas) congruence

= 6) =)+ (70) e eron

The principal goal of this note is to provide a modulo ®,,(¢)* extension
of (1.3) (see Lemma 2.1 below) as well as to use the result for extending the
congruences (1.2) and (1.5). In this way, our theorems provide two g-extensions
of the congruence

p—1
A

The latter can be continued further to higher powers of primes [6], and our
‘mechanical’ approach here suggests that one may try—with a lot of effort!—to
deduce corresponding g-analogues.

qn
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Theorem 1.1. The congruence

[(bﬂ - m “““() (an_llf ”2* D
! a — 1—¢"

holds modulo ®,,(q)* for any n > 1.

Theorem 1.2. For any n > 1, we have the congruence
n—1 k

anl _ o= b0 % abta— o[ “) (o — 1 q n—1

], =t —aan () -0(X e+

a—"bn—1)(n%—
_ (b( b) 481)( 1) (q" — 1)2> (mod ‘I)n(CI)4)~ (1.7)

We point out that a congruence A;(q) = A2(q) (mod P(q)) for rational
functions A1 (q), A2(q) € Q(q) and a polynomial P(q) € Q|q] is understood as
follows: the polynomial P(q) is relatively prime with the denominators of A;(q)
and As(q), and P(q) divides the numerator A(q) of the difference A;(q)—A2(q).
The latter is equivalent to the condition that for each zero o € C of P(q) of
multiplicity k, the polynomial (¢ — «)* divides A(q) in C[q]; in other words,
Ai(q) — A2(q) = O((q — @)*) as ¢ — a. This latter interpretation underlies
our argument in proving the results. For example, the congruence (1.3) can be
established by verifying that

{ZZ] (1—5)(b§):(“;1>+(2:2> a1 -)(9) £ O(?) ase — 0%,
' (1.8)

when ¢ = {(1 — ¢) and ( is any primitive n-th root of unity.

Our approach goes in line with [5] and shares similarities with the one
developed by Gorodetsky in [4], who reads off the asymptotic information of
binomial sums at roots of unity through the ¢-Gauss congruences. It does
not seem straightforward to us but Gorodetsky’s method may be capable of
proving Theorems 1.1 and 1.2. Furthermore, the part [4, Sect. 2.3] contains a
survey on g-analogues of (1.1).

After proving an asymptotical expansion for g-binomial coefficients at
roots of unity in Sect. 2 [essentially, the O(e?)-extension of (1.8)], we perform
a similar asymptotic analysis for ¢g-harmonic sums in Sect. 3. The information
gathered is then applied in Sect. 4 to proving Theorems 1.1 and 1.2. Finally, in
Sect. 5, we generalise the congruences (1.2) and (1.5) in a different direction,
to integral factorial ratios.

2. Expansions of g-Binomials at Roots of Unity

This section is exclusively devoted to an asymptotical result, which forms the
grounds of our later arithmetic analysis. We moderate its proof by highlighting
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principal ingredients (and difficulties) of derivation and leaving some technical
details to the reader.

Lemma 2.1. Let ¢ be a primitive n-th root of unity. Then, as g = ((1—¢) — ¢
radially,

o ) - (5 1) - (423 )oma

=b(a —b) (Z) (—=e*n®po(a,n) 4+ *n’pi(a,b,n) + €* anS,—1(¢)) + O(e*),
(2.1)
where
~ 3(an—1)% —an® — 1
ﬂﬂavn)—' 24 )
20, o N2 2
p1(a,byn) = abn®(an — 1)(an — n — 2) + (an —282)(an 1)*(an — 3) + an® + a + 2
and
712_: (k+1)g"+k-1)
2 = (1 —gk)3
Proof. Tt follows from the ¢-binomial theorem [3, Chap. 10] that
N
N kg(2)
; = — . 2.2
=3 [ o (2

Taking N = an, for a primitive n-th root of unity ¢ = (,,, we have

1 n ) an an - a an ) .
n Z(ij;q)an = Z { I ] (—x)qu(k D/2 — Z [bn} (_x)b or(bn=1)/2
=t b=0

k=0
nl|k

(2.3)
When ¢ = ((1 —¢), we get d/de = —( (d/dq). If

an—1 l*lx
f(@) = (;q¢)an and g(q) = dinng(Q) = Z lq

P
5:11 q*x

then f(¢)|e=o = (1 —2™)? and
df d2f d d3f d d?
i dq2:f<92+dg>’ f=f<93+3gdg+dqg>

In partlcular,

af ity
=L — (1 = g")e 7
dE o ( x ) ;g; 1__Céx7
a2 f

e e N ey A L S | (S § 1
Lo (B EE) - (amar )

de?
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and
sl maf (= wte \®
déa_o‘(l_”)«;l—c%)

W ouctr R 2?0 —1)ct
B ((1—4%2 T )

an—1
203 (3043 302(0 — 1)2 2 200 — 1)(0 — 2)¢t
+Z( S G Vi G [ G )g:E))'
=1 (1 —¢tx) (1—¢ta) e
Now observe the following summation formulae:
Iy~ o _
?’lj:1 Iz z—Cix 1—an’
li - >2 _na® ot
nj:1 1—=x o iz (1 — an)2 1_ on’
I k n
- T ka ___ = . for k20 (mod n),
n 1_x1_gxx»—>cjx 1—gn
l n < T >3 _n2xn(1+xn)7 Ina" . 2
st L=2) |pcin 2(1 —zn)3 20 —2m)2 " 1—an
lzn: - Ckx CZQI; - x"
njzll—xl—gkxl_czxchjx T—
fork#£0, {#0, k#/{ (mod n),
and

nx™ Ck N "
(1 _ xn)Q 1— Ck 1—gn

J

1 — x 2 Ckg
n\1l-z 1— ¢k

(i

for k20 (mod n).

Implementing this information in (2.3), we obtain

a n an—1
> m () g2 = (1-a")" <1+51 DI
o LT q=¢(1—¢) Rt

52 2" an—1 2 €2 na™ an—1
- — / —_— 12¥4
e () S s X ak

01,02=1
l1=0> (mod n)

(=1
2 an—1 n an—1

e nx" " e
- — — R p— 00 —1
2((1—:13")2 1—x">; 21—:1:"Z ( )

(=1
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3 n an—1 L3~
€ nx (0
ety e D bbby 7+
£y,82,03=1
812622&3 (mod n)
3 n an—1 lo—¢
€ nx 9 S 4
A e DD 61521_Ce2-e1+"'>+0(5)»
Zl 62:1

l1#L>  (mod n)

where we intentionally omit all ordinary e3-terms—those that sum up to poly-
nomials in @ and n multiplied by powers of 2™ /(1—x"™), like the ones appearing
as e- and e2-terms. The exceptional e3-summands are computed separately:

an—1
(fs=h CRCH(k+ 1)CF 4+ k— 1)
Z €1€2€3 l3—11 = Z k
£y,02,03=1 1= C 1 B g )
21522153 (mod TL)

a*n(n —1)(3an(an — 1)(an — 2) + n?(an — 2a — 1) — 2)

48
and
pla t2—tr KCH(k+1)CF + k1
> B - z< e
1—(hh (1—¢k)?
41,42:1

0120, (mod n)
a’n(n — 1)(an(an — 1)(2an — 3) —an?® — 1)

24 '
The finale of our argument is comparison of the coefficients of powers of =™

on both sides of the relation obtained; this way we arrive at the asymptotics
n (2.1). O

3. A g-Harmonic Sum

Again, the notation ( is reserved for a primitive n-th root of unity. For the
sum

we have

dH, 1 _ ”i kb1
dg = (1—gh)*

CH, 1 Lk ((k+D)gF k-1 -
dg? F=) (((1—;@3 ) 2728, 1(0)
k=1

where S,,_1(¢) is defined in Lemma 2.1. It follows that, for ¢ = (1 — ¢),

H, 1 Z Ck 752 1—Ck (31)
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€2 = kCE((k+ )¢k + k- 1)
22T (-

_ 2 _
— Ly 241)” e+ Spo1(0)e + O(?)

on—1 n*-1,, (n—1)(n?-1)
=T e O Ty

2 24
+Su(Q(e" = 1? +0() (32

+0(e%)

(¢" —1)°

1

as € — 0, where we use

1 n—1
- _ 71,_1
© n(q )+ 2n2

The latter asymptotics implies that

(" —1)*+0(e%) ase—0.

n_1\2n-1l, K k -
(C] 1) Z kq ((k + 1_)qk"|?: k 1) (mod (Dn(q)?))7
= (1-4q")

which may be viewed as an extension of

— n—1 n?-1, 5
Zz:l_qk:_ 2 - 24 (q _1) (mOd(I)n(Q))

recorded, for example, in [6].
A different consequence of (3.2) is the following fact.

Lemma 3.1. The term €2S,,_1(C) appearing in the expansion (2.1) can be re-
placed with

n—1 n?-1 (n—1)(n%—1)

nili
gt D) 181

when g = (1 —¢) and e — 0.

H,1(q) + (¢" — 1) + O(e?)

4. Proof of the Theorems

To prove Theorems 1.1 and 1.2, we need to produce ‘matching’ asymptotics

for

H and  ob(a=b) ghla= b)(3 )H 7

b) oo b e
respectively. These happen to be easier than that from Lemma 2.1 because
q”2 =(1- 5)”2 and ¢" = (1 — &)" do not depend on the choice of primitive
n-th root of unity ¢ when ¢ = ¢(1 —¢).
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Lemma 4.1. As ¢ = ((1 —¢) — ( radially,

(1) (o

=b(a — D) (Z) (—e*n?po(a,n) + e3n?p1(a,b,n)) + O(e*),

where
. ~ 3(an—1)* — (a4 1)n?
po(a’7n) - 24 ’
R bn(an — D((an — 1)2 = (a + 1)n?
by = = Do = 12~ et 1)
an(an —1)3 — 6(an — 1)% + 2(a + 1)n?
+ 18 '

Proof. For N = a in (2.2), take x”q(g) and q”2 for z and ¢:
n (). n?y N[0 b e ()
(@"q\2);¢™ )a ;bqnzan(w)qQ-

Then, for ¢ = {(1 — ¢), we write y = 0,2™ to obtain

2

@"q2): ¢, = (w1 =) (&)™),

=0

a—1 En2+(g)
I = B A
a2 X (")

To conclude, we apply the same argument as in the proof of Lemma 2.1. [

Proof of Theorem 1.1. Combining the expansions in Lemmas 2.1-4.1, we find
that

anl o () _{a| 00
q qm

= —b(a — b) <Z> (¢" — 1)(a
k

(b(a —b)n —a — 2)(n* —
+ 48

3
|

1qk+@m—n+m+wﬁ—n
1—gk 2 24

(]

(" =1)

—_
~—

(f—nﬂ+ow>

as ¢ = ((1 — &) — ( radially. This means that the difference of both sides is
divisible by (g — ¢)* for any n-th primitive root of unity ¢, hence by @, (q)*.
The latter property is equivalent to the congruence (1.6). O
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Proof. We first use Lemma 2.1 with n = 1:

[Z] qq@) _ ( ., 1) _ (Z - 2)q<;>

=0 =)} ) (-0 = Ppla ) + (1= Pprfab. 1)) + O((1 - ')

as ¢ — 1. Now, take n > 1 arbitrarily and apply this relation with ¢ replaced
with ¢, where ¢ = ((1 —¢), 0 < & < 1 and ( is a primitive n-th root of unity:

Uszwqb(a—b)(;) m
+b(a —b) (Z) (1= (1 =2)")?po(a,1) +’n’pr(a,b,1))
x (1-e)!eE)-Cr L o)

_ (a b 1) (1— o)~ ()+a(3) 1 <Z: 2) (1—&)(F)=(5)mela=0()

+b(a —b) (Z) (—=e*n*po(a,1) + e*n*((n — 1)po(a, 1) + npi(a,b,1)))

X (1 _(a=bn 2_ atl)bn €+ 0(52)> +0(e%)

as € — 0. At the same time, from Lemma 2.1, we have

{ZZ] = (“ , 1) 1-e)~ (%) ¢ (Z B 2) (1—e)()=(%)

+ b(a — b) (Z) (—e2npo(a, n) + £n2py (a, b, n) + €% anS, _1(C))
X (1 + (b2”>a + 0(62)) +O(eh)
as € — 0. Using
(1—e)¥N=1-Ne+ (g)& - (g)& +0(e") ase—0

for N = — () + ab(3), (5) = (3) —ala = 0)(3), = () and (%) -
deduce from the two expansions and Lemma 3.1 that, for ¢ = (1 — &),

('5) we
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{an} B O_Z(a—b)qb(a—b)(;) {a}
bn q b qn

n—1 k

~-ato-n§)ar -0 (5 1L 15

k=1

~ (bla— b)n4—81)(”2 -1 (¢" — 1)2> +0(eh)

as € — 0. This implies the congruence in (1.7). O

5. g-Rious Congruences

In this final part, we look at the binomial coefficients as particular instances of
integral ratios of factorials, also known as Chebyshev-Landau factorial ratios.
In the g-setting, these are defined by

[ain]!- - - [ayn]!

Dn(q) = Dn(a,b;q) = [oin]!- - [ben]!”

where a = (a1,...,a,) and b = (by,...,bs) are tuples of positive integers
satisfying
a1+ -4 a, =by 4+ b, (5.1)
and
larz| + -+ |ayz] > |brz| + -+ |bsx] forall z >0 (5.2)

(see, for example, [10]), | - | denotes the integer part of a number. Then D,,(¢) €
Z[q] are polynomials with values

(ain)!--- (a,n)!

(bin)!- - (bsn)!

at ¢ = 1, and the congruences (1.2) and (1.5) generalise as follows.

Dy (1) =

Theorem 5.1. In the notation

¢ = cila,b) = (“;) fot (“Z) - (b;) - (bz) fori=2,3,

the congruences

e (n? —1)

op 4" 1)? (mod @,(q)°) (5.3)

D,(q) = Di(¢"™) — Di(1)

(c2+c3) (n?—1)

Dalg) = 0523 Da(q") + D1 (1) =0

(¢" = 1)* (mod @,(q)%)

are valid for any n > 1.
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Observe that when n = p > 3 and ¢ — 1, one recovers from any of these
two congruences

D,(1)=Dy(1) (mod p?),

of which (1.1) is a special case. Furthermore, it is tempting to expect that these
two families of ¢g-congruences may be generalised even further in the spirit of
Theorems 1.1 and 1.2, and that the polynomials D, (q) satisfy the ¢-Gauss
relations from [4]. We do not pursue this line here.

Proof of Theorem 5.1. Though the congruences (5.3) and (5.4) are between
polynomials rather than rational functions, we prove the theorem without the
assumption (5.2): in other words, the congruences remain true for the ratio-
nal functions D,,(q) provided that the balancing condition (5.1) (equivalently,
¢1(a,b) = 0 in the above notation for ¢;) is satisfied. In turn, this more general
statement follows from its validity for particular cases
[an]! ~ [bn]! [(a — b)n]!

Talli(a—ony 204 Peld) =

by induction (on r + s, say). Indeed, the inductive step exploits the property
of both (5.3) and (5.4) to imply the congruence for the product

Dy (a,b;q)Dy(a, b;q)

Dn(Q) = [cm]'

whenever it is already known for the individual factors; we leave this simple fact
to the reader and only discuss its other appearance when dealing with ﬁn(q)
below. Notice that [}"] = (/") # 0 (mod ®,(q)), so that D,(q) = [‘ZZ]A is
well-defined modulo of any power of ®,,(q).

For D, (q) = [{"], we have c; = b(a—b) and ¢3 + ¢35 = ab(a—b)/2; hence,
(5.3) and (5.4) follow from (1.2) and (1.5), respectively.

Turning to ¢ = ((1 — €), where 0 < € < 1 and ( is a primitive n-th root
of unity, write the congruences (1.2) and (1.5) as the asymptotic relation

{‘Zﬂ = B(g) + cB)E” + O() ase 0,

20,2

- —1

a] , €= _Ya=bn(n ) for the case (1.2)
q*

24
and
" b(a — byn?(n? — 1
B(q) = Uz(afb)qb(afb)(z) {;j ,e=1 (@ )n4 (n ) for the case (1.5).
. 2
Then

1
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because we have B(q) = B(1) + O(e) as € — 0 for our choices of B(q).
The resulting expansion implies the truth of (5.3) and (5.4) for
D, (q) = Dn((b,a —b), (a);q) in view of

¢i((bya =), (a)) = —ci((a), (bya —b)) fori=2,3.
As explained above, this also establishes the general case of (5.3) and (5.4). O

For related Lucas-type congruences satisfied by the g-factorial ratios
Dn(q), see [1].
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