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the PC algorithm to nonparanormal models, i.e., Gaussian
copula models with purely continuous marginal distributions,
by replacing the Pearson correlations with rank-based correlations. Cui et al. [7] further extended the PC algorithm to
mixed discrete and continuous data assumed to be drawn from
a Gaussian copula model. However, all these approaches were
based on the assumption that the data are fully observed.
In practice, all branches of experimental science are plagued
by data with missing values [8], [9], e.g., failure of sensors or
drop-outs of subjects in a longitudinal study. In this paper, we
target to generalize the PC algorithm to settings where the data
are still assumed to be drawn from a Gaussian copula model,
but with some missing values. For this, we need to estimate
the underlying correlation matrix and the ‘effective sample
size’ from incomplete data. The notion ‘effective sample
size’, typically smaller than or equal to the sample size, was
proposed in [7] to account for the information loss incurred by
discrete variables. In this paper, we use it to account for the
information loss incurred by missing values, acting as if the
estimated correlations on incomplete data are in fact estimated
from a smaller size of equivalent complete data.
In nonparanormal cases, Wang et al. [10] proposed to apply
rank correlation to pairwise complete observations for estimating the correlation matrix, which is then plugged into existing
procedures for inferring the underlying undirected graphical
structure. In this paper, we transfer this idea to causal structure
learning, where this estimator is used for the correlation
matrix and the number of pairwise complete observations is
taken as the effective sample size. This extends the ‘Rank
PC’ algorithm to incomplete data. However, this resulting
approach only applies to nonparanormal data under missingness completely at random (MCAR), which is a pretty strong
assumption [11]. By contrast, we prefer an approach that is
valid for both nonparanormal and mixed data under a less
restrictive assumption, missingness at random (MAR) [11],
[12]. To this end, we propose a Gibbs sampling procedure to
draw correlation matrix samples from the posterior distribution
given mixed continuous and discrete data with missing values.
Then, following the idea of the ‘Copula PC’ algorithm [7],
these Gibbs samples are translated into an average correlation
matrix and an effective sample size, which are input to the
standard PC algorithm for causal discovery. The difference is
that now the effective sample size accounts for information

Abstract—We consider the problem of causal structure learning from data with missing values, assumed to be drawn from
a Gaussian copula model. First, we extend the ‘Rank PC’
algorithm, designed for Gaussian copula models with purely
continuous data (so-called nonparanormal models), to incomplete
data by applying rank correlation to pairwise complete observations and replacing the sample size with an effective sample size in
the conditional independence tests to account for the information
loss from missing values. The resulting approach works when the
data are missing completely at random (MCAR). Then, we propose
a Gibbs sampling procedure to draw correlation matrix samples
from mixed data under missingness at random (MAR). These
samples are translated into an average correlation matrix, and
an effective sample size, resulting in the ‘Copula PC’ algorithm
for incomplete data. Simulation study shows that: 1) the usage of
the effective sample size signiﬁcantly improves the performance
of ‘Rank PC’ and ‘Copula PC’; 2) ‘Copula PC’ estimates a more
accurate correlation matrix and causal structure than ‘Rank PC’
under MCAR and, even more so, under MAR. Also, we illustrate
our methods on a real-world data set about gene expression.

I. I NTRODUCTION
Causal structure learning [1], or causal discovery, aims to
learn underlying directed acyclic graphs (DAG), in which
the vertices denote random variables and the edges represent
causal relations among the variables. It is a useful tool for
multivariate analysis and has been widely studied in the
past decade [2]–[5]. Constraint-based methods, e.g., the PC
algorithm and the FCI algorithm [2], have attracted extensive
attention and generated many recent improvements [3], [4],
[6], [7], yielding better search strategies and interpretability.
Since all these algorithms share the adjacency search of the
PC algorithm as a common ﬁrst step, any improvements to PC
can be directly transferred to the others. Therefore, we focus
our analysis on the PC algorithm in this paper.
The adjacency search of the PC algorithm starts with a fully
connected undirected graph, and then recursively removes
the edges according to conditional independence decisions.
For testing the conditional independence, the PC algorithm
requires the correlation matrix and the sample size as input.
The sample size is necessary: the higher the sample size, the
more reliable the estimated correlation matrix, and the more
easily the null hypothesis of conditional independence gets
rejected (see Equation (1)). When applied to Gaussian data,
the standard PC algorithm estimates the correlation matrix
based on Pearson correlations. Harris & Drton [4] extended
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without directed cycles (e.g., Xi → Xj → Xi ) are acyclic.
We refer to a graph as a Directed Acyclic Graph (DAG) if it is
both directed and acyclic. If there is a directed edge Xi → Xj ,
we say that Xi is a parent of Xj .
A probability distribution over a random vector X with
Xi ∈ V is said to be Markov w.r.t. a DAG G = (V, E), if
X satisﬁes the Causal Markov Condition: each variable in G
is independent of its non-descendants given its parents, which
is also implied by so-called d-separation [1]. A distribution is
faithful w.r.t. a DAG if there are no conditional independencies
in the distribution that are not encoded via d-separation.
Several DAGs may, via d-separation, correspond to the same
set of conditional independencies. The set of such DAGs is
called a Markov Equivalence Class, which can be represented
by a completed partially directed acyclic graph (CPDAG) [14].
Arcs in a CPDAG imply a cause-effect relationship between
pairs of variables since the same arc appears in all members
of the CPDAG. An undirected edge Xi − Xj in a CPDAG
indicates that some of its members contain an arc Xi → Xj
while others contain an arc Xj → Xi . Causal discovery aims
to learn the Markov equivalence class of the DAG G from
observations of X.

loss incurred by both missing values and discrete variables.
The rest of this paper is organized as follows. Section II
reviews some necessary background knowledge. Section III
and Section IV introduce the ‘Rank PC’ algorithm and the
‘Copula PC’ algorithm for incomplete data respectively. Section V evaluates the proposed algorithms on simulated data,
and provides an illustration on real-world data set about gene
expression. Section VI concludes this paper.
II. P RELIMINARIES
A. Missingness Mechanism
Following [11], let Y = (yij ) ∈ Rn×p be a data matrix with
the rows representing independent samples, and R = (rij ) ∈
{0, 1}n×p be a matrix of indicators, where rij = 1 if yij was
observed and rij = 0 otherwise. Y consists of two parts, Yobs
and Ymiss , where Yobs contains the observed elements in Y
and Ymiss the missing elements. When the missingness does
not depend on the observed values, i.e., P (R|Y , θ) = P (R|θ)
with θ denoting unknown parameters, the data are said to be
missing completely at random (MCAR), which is a special
case of a more realistic assumption called missing at random
(MAR). MAR allows the dependency between missingness
and observed values, i.e., P (R|Y , θ) = P (R|Yobs , θ). For
example, all people in a group are required to take a blood
pressure test at time point 1, while only those whose values
at time point 1 lie in the abnormal range need to take the test
at time point 2. This results in some missing values at time
point 2 that are MAR.

D. PC Algorithm
The PC algorithm [2], a reference algorithm for causal
discovery, consists of two stages: adjacency search and orientation. Starting with a fully connected undirected graph, the
adjacency search recursively removes the edges according to
conditional independence decisions, yielding the skeleton and
separation sets. The orientation ﬁrst directs the unshielded
triples according to the separation sets, and then directs
as many of the remaining undirected edges as possible by
applying the orientation rules repeatedly.
A key part of the procedure is to test conditional independence. When a random vector X ∼ N (0, C), the PC
algorithm considers the so-called partial correlation, denoted
by ρuv|S , which can be estimated through the correlation
matrix C [15]. Speciﬁcally, given observations of X and
signiﬁcance level α, classical decision theory yields

B. Gaussian Copula Model
Deﬁnition 1 (Gaussian Copula Model). Consider a latent
random vector Z = (Z1 , . . . , Zp )T and an observed random
vector Y = (Y1 , . . . , Yp )T , satisfying the conditions
Yj =

Z ∼ N (0, C),


Φ(Zj ) , ∀j = 1, . . . , p,

Fj−1

where C denotes the correlation matrix of Z, Φ(·) is the
cumulative distribution function of the standard Gaussian, and
Fj −1 (t) = inf{y : Fj (y) ≥ t} is the pseudo-inverse of
a cumulative distribution function Fj . Then this model is
called a Gaussian copula model with correlation matrix C
and univariate margins Fj .

⊥ Xv |XS ⇔
(1)
Xu ⊥




1

1
+
ρ̂
uv|S 
n − |S| − 3  log
≤ Φ−1 (1 − α/2),
2
1 − ρ̂uv|S 
where u = v, S ⊆ {1, . . . , p}\{u, v}. Hence, the PC algorithm
requires the sample correlation matrix Ĉ (to estimate ρuv|S )
and the sample size n as input.

This model provides an elegant way to analyze diverse types
of variables, say binary, ordinal, and continuous [13]. Also,
the associations between observed variables in this model
are parameterized separately from their marginal distributions,
which supplies much ﬂexibility in multivariate analysis [13].

III. R ANK PC A LGORITHM FOR I NCOMPLETE DATA
Our procedure of the ‘Rank PC’ algorithm for data with
missing values consists of three steps: 1) estimate rank correlations based on pairwise complete observations; 2) estimate the
underlying correlation matrix and the effective sample size; 3)
plug these into the standard PC algorithm for causal discovery.
Since the two typical rank correlations, Kendall’s τ and
Spearman’s ρ, are similar in our analysis, we focus our
attention on Kendall’s τ in this paper. Given the data matrix Y

C. Causal Discovery
A graphical model is a graph G = (V, E), where the vertices
(Xi : Xi ∈ V ) denote random variables and the edges E
represent dependence structure among the variables. A graph is
directed if it just contains directed edges and undirected if all
edges are undirected. A graph that contains both directed and
undirected edges is called a partially directed graph. Graphs
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and indicator matrix R, we compute the Kendall’s τ between
Yj and Yk on samples which have observed values for both
the two variables, i.e.,

2
rij rik ri j ri k K(yi , yi ), (2)
τ̂jk =
n̂jk (n̂jk − 1)


IV. C OPULA PC A LGORITHM FOR I NCOMPLETE DATA
In this section, we extend the ‘Copula PC’ algorithm to
incomplete data. It includes three steps: 1) apply a Gibbs
sampler to draw correlation matrix samples from the posterior
distribution given data with missing values (Section IV-A);
2) use these samples to estimate the underlying correlation
matrix and the effective sample size (Section IV-B); 3) plug
the estimated correlation matrix and effective sample size into
the standard PC algorithm for causal discovery.

1≤i<i ≤n

where K(yi , yi ) = sign ((yij − yi j )(yik − yi k )) and n̂jk =
n
i=1 rij rik , which is the number of pairwise complete observations for variables Yj and Yk .
Proposition 1 (refer to [16], [17]). Assuming X follows a
nonparanormal distribution
with correlation matrix C, we

π
have Cjk = sin
τjk .
2

A. Gibbs Sampling for Data with Missing Values
We choose Σ from an inverse-Wishart distribution, de−1
noted by W −1 (Σ; Ψ, ν), and write P (C)
= PW (C; Ψ, ν),
where C = (Cjk ) with Cjk = Σjk / Σjj Σkk . Then this
distribution on correlation matrix C is called a projected
inverse-Wishart distribution, which is the conjugate prior for
Gaussian models. Speciﬁcally, when we choose the prior
P (C) = PW −1 (C; Ψ0 , ν0 ), the posterior given data Z =
(z1 , . . . , zn )T reads

Motivated by Proposition 1, we consider the estimator Ŝ τ =
τ
):
(Ŝjk

⎧ 
⎨sin π τ̂
jk , j = k
τ
2
=
.
Ŝjk
⎩
1,
j=k

P (C|Z) = PW −1 (C; Ψ0 + Z T Z, ν0 + n) .

When translating the number of pairwise complete observations n̂jk (see Equation (2)) into an effective sample size
to be used in the conditional independence tests of the PC
algorithm, we compare two schemes.
Scheme 1: We take the average over all the n̂jk ’s, i.e.,

2
n̂ =
n̂jk .
p(p − 1)

For Gaussian copula models with missing values, we cannot
observe the random vector Z directly (refer to Deﬁnition 1),
but an idea is to ﬁrst obtain the Gaussian pseudo-data from
the observed data (i.e., Y ) and then do inference for C. We
use a Gibbs sampling procedure to implement this idea.
Let Z = (zij ) ∈ Rn×p be the Gaussian pseudo-data implied
by Y , thus Z has two parts as well, Zobs and Zmiss . As
initialization of our Gibbs sampling procedure, we propose to
obtain the Gaussian pseudo-data of non-missing values Zobs .
For this, we substitute the empirical cumulative distribution
function based on non-missing data Yobs :
 n

d=1 rdj 1(ydj < yij )
zij = Φ−1
, if rij = 1 , (5)
n
d=1 rdj + 1

1≤j<k≤p

We refer to this estimator n̂ as the global effective sample size.
In this scheme, all the conditional independence tests share the
same effective sample size.
Scheme 2: We give a different effective sample size
to different tests, since each test relies on a local structure
involving only part of the variables. In this case, we rewrite
the conditional independence testing criteria to

n̂uv|S

where 1(·) is the indicator function.
For nonparanormal data with missing values completely at
random, each marginal distribution of Zobs can approximately
represent the underlying true distribution. Then we iterate
the following two steps to impute missing values (step 1, a
conditional Gaussian) and draw correlation matrix samples
from the posterior (step 2, a projected inverse-Wishart) [18]:
1) Zmiss ∼ P (Zmiss |Zobs , C) ;
2) C ∼ P (C|Zobs , Zmiss ).
However, for mixed data under MAR, the initialization
shown in Equation (5) is no longer sufﬁcient for two reasons:
1) tied observations may occur, making the ranks no longer
well-deﬁned; 2) the missing values in one variable may depend
on the values of others. These differentiate the obtained
marginal distributions from the underlying true distributions.
Hence, we need a different strategy to obtain Zobs .
For this, we borrow the idea of the so-called extended
rank likelihood [13], derived as follows. Since the transformation Yj = Fj−1 [Φ(Zj )] is non-decreasing, observing

⊥ Xv |XS ⇔
(3)
Xu ⊥




1
1
+
ρ̂
uv|S
 ≤ Φ−1 (1 − α/2),
− |S| − 3  log
2
1 − ρ̂uv|S 

where n̂uv|S is deﬁned as
n̂uv|S =

2
q(q − 1)



(4)

n̂jk ,

j,k∈{u,v,S}
j<k

with q = 2 + |S|. We refer to n̂uv|S as the local effective
sample size.
In the last step, we take the estimated correlation matrix Ŝ τ
and the global (or local) effective sample size as input to the
standard PC algorithm for causal discovery.
The convergence rate of this rank-based correlation estimator Ŝ τ has been derived in the presence of missing values
(Theorem 1 in [10]). Building upon this convergence property,
one could also derive the error bound of ‘Rank PC’ for
incomplete data following the same line of reasoning as in [4].
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The mean over all the samples is a natural estimate of the
underlying correlation matrix Ĉ, i.e.,

Algorithm 1 Gibbs sampler for mixed data under MAR
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:

Step 1: Zobs ∼ P (Zobs |Zobs ∈ D(Yobs ), C).
for j ∈ {1, . . . , p} do
−1
v T = C[j,−j] C[−j,−j]
σj2 = C[j,j] − v T C[−j,j]
for y ∈ unique{y1,j , . . . , yn,j } do
zl = max{zi,j : yi,j < y}
zu = min{zi,j : y < yi,j }
for i such that yi,j = y do
μi,j = Z[i,−j] × v 
 z −μ 
z −μ 
Draw ui,j from U Φ l σj i,j , Φ u σj i,j
zi,j = μi,j + σj × Φ−1 (ui,j )
end for
end for
end for
Step 2: Zmiss ∼ P (Zmiss |Zobs , C).
Z = (Z T − μ)T , with μ the mean vector of Z.
Step 3: C ∼ P (C|Zmiss , Zobs ).

1  (i)
C .
m i=1
m

Ĉ =

We refer to the estimator as the copula estimator for the
correlation matrix.
For estimating the effective sample size, while it is straightforward for the pairwise deletion method (the one we used in
Section III), a different strategy in the current case is needed.
The projected inverse-Wishart distribution has a property
that is summarized in Theorem 1 (see [7] for the proof),
showing the relationship between the mean, variance and
degrees of freedom.
Theorem 1. Consider a p-dimensional random matrix C. If
P (C) = PW −1 (C; Ψ, ν), we have
(1 − (E [Cjk ])2 )2
,
ν
for each off-diagonal element Cjk and large ν ( p).
Var [Cjk ] ≈

yj = (y1,j , . . . , yn,j )T implies a partial ordering on zj =
(z1,j , . . . , zn,j )T , i.e., zj must lie in

In Equation (4), since generally ν0  n, the posterior
degrees of freedom ν0 + n ≈ n. From Theorem 1, following
the idea in [7], the effective sample size for the correlation
Cjk (denoted by n̂jk for clarity since it can vary for different
combinations of j and k) reads

D(yj ) = {zj ∈ Rn : yi,j < yk,j ⇒ zi,j < zk,j } .
Therefore, observing Y suggests that Z must be in
D(Y ) = {Z ∈ Rn×p : zj ∈ D(yj ), ∀j = 1, . . . , p} .

n̂jk =

Taking the occurrence of this event as the data, one can
compute the following likelihood

P (Z ∈ D(Y )|C, F1 , . . . , Fp ) =
p(Z|C)dZ

(1 − (E n [Cjk ])2 )2
, ∀j = k ,
Var n [Cjk ]

where E n [Cjk ] and Var n [Cjk ] denote respectively the mean
and variance estimated through the correlation matrix samples
drawn from an n-size mixed data set with missing values.
Compared to fully observed and continuous data, the difference now is that the correlation matrix samples contain
some additional variance incurred by missing values and ties
in discrete variables, which results in a reduced degrees of
freedom used as our effective sample size.
When applying the effective sample size to conditional
independence tests, we also compare the two schemes as
shown in Section III.

D(Y )

= P (Z ∈ D(Y )|C),
which is independent of the margins Fj . Then inference for
C proceeds by iterating the following two steps:
1) Z ∼ P (Z|Z ∈ D(Y ), C) ;
2) C ∼ P (C|Z).
The strong posterior consistency for C under the extended
rank likelihood has been proven in [19]. We now use this
method to obtain Zobs from Yobs , resulting in the Gibbs
sampler in Algorithm 1. Note that line 16 in Algorithm 1 needs
to relocate the data such that the mean of each coordinate of
Z is zero. This is necessary for the algorithm to be sound
because the mean may shift when missing values depend
on the observed data (MAR). This Gibbs sampler can be
implemented using the R package sbgcop [20], where line 16
in Algorithm 1 should be added to guarantee that the procedure
is consistent also under MAR 1 .

V. E XPERIMENTS
A. Simulation Setup
Following [21], we generate random DAGs and simulate
normally distributed samples that are faithful to them. This
procedure is implemented via functions ‘randomDAG’ and
‘rmvDAG’ in the R package pcalg [22].
Missing values with a certain percentage δj in a variable
(the jth variable) are created following the procedure in [23]:
• Under MCAR, ∀i, j, zi,j is missing if ri,j = 0 where
ri,j ∼ Bern(1 − δj ).
• Under MAR, for j = 1, . . . , p/2, i = 1, . . . , n: zi,2∗j
is missing if zi,2∗j−1 < Φ−1 (δj ).
We randomly draw δj from a uniform distribution in the
interval [0, 0.5], i.e., δj ∼ U (0, 0.5) , ∀j.

B. Estimating the Underlying Correlation Matrix and the
Effective Sample Size
By iterating the steps in Algorithm 1, we can draw samples of the correlation matrix, denoted by {C (1) , . . . , C (m) }.
1 The
code is also provided in https://www.dropbox.com/sh/
s8cwbavt9kx14ga/AAB6Y7iNwQjwNinM8dcmox4qa?dl=0
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We restrict the number of variables to p = 20. The signiﬁcance level in the standard PC algorithm is set to α = 0.01 and
the sparseness parameter in generating DAGs to s = 2/(p−1),
such that the average neighbors of each node is two [21]. For
the Gibbs sampling, we abandon the ﬁrst 100 samples (burnin) and save the next 100.
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B. Causal Discovery on Simulations
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In this subsection, we assess the justiﬁcation of the usage of
the effective sample size in causal discovery, and compare the
‘Rank PC’ with the ‘Copula PC’ algorithm on simulated data.
The true positive rate (TPR) and the false positive rate (FPR)
are used to evaluate the estimated skeleton, while the structural
Hamming distance (SHD) [24] evaluates the CPDAG. A
higher TPR, a lower FPR, and a smaller SHD imply better
performance.
The results for n = 1000 on nonparanormal data are
shown in Figure 1, where the combinations of CoPC with SS,
GESS, and LESS denote the Copula PC algorithm using the
original sample size, global effective sample size, and local
effective sample size respectively (the same for Rank PC).
We ﬁrst analyze how the effective sample size helps in causal
discovery. Figure 1 shows that there is just a slight decrease
in TPR for both CoPC and RPC, when SS is replaced with
GESS or LESS. However, a big improvement in FPR appears
under both MCAR and MAR, which is especially prominent
for RPC. Therefore, w.r.t. the overall metric SHD, the PC
algorithms with GESS or LESS perform better than with SS.
Also, we notice that LESS can yield more accurate results than
GESS: indistinguishable TPR, but better FPR and SHD. We
conclude that: 1) compared to the sample size, the usage of
an effective sample size (both GESS and LESS) signiﬁcantly
reduces the number of false positives, which thus leads to a
better CPDAG; 2) LESS is a better choice in the conditional
independence tests. Also, we notice that CoPC outperforms
RPC overall for MCAR, which is even more signiﬁcant for
MAR. This is because CoPC can more accurately learn the
correlation matrix from incomplete data and is still unbiased
under MAR.
In order to evaluate the performance of Copula PC on
mixed data, we simulate data as follows: 1) generate Gaussian
data and ﬁll in some missing values (as we did before); 2)
discretize 25% variables (randomly chosen) into binary; 3)
discretize another 25% into ordinal variables with 5 levels.
We then replace the rank correlation in RPC with the socalled Hetcor [25] correlation which tests Pearson correlation
between continuous variables, polyserial correlation between
continuous and ordinal variables, as well as polychoric correlation between ordinal variables. The resulting algorithm is
referred to as the ‘Hetcor PC’ algorithm (HPC).
The performance of HPC and CoPC for n = 1000 on
mixed data are shown in Figure 2, for the same experimental
setting as in the nonparanormal cases. It shows that HPC
and CoPC have similar performance w.r.t. TPR regardless of
MCAR and MAR, whereas CoPC works much better than
HPC w.r.t. FPR. This is because the effective sample size in
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Fig. 1: Performance of Rank PC (RPC) and Copula PC (CoPC)
using sample size (SS), global effective sample size (GESS),
and local effective sample size (LESS) on nonparanormal data
with missing values, showing the mean of TPR, FPR, and SHD
over 100 experiments with 95% conﬁdence interval. The two
rows represent the results under MCAR and MAR respectively.
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Fig. 2: Performance of Hetcor PC (HPC) and Copula PC
(CoPC) on mixed data with missing values, for the same
experiments as in Figure 1.
CoPC can account for both mixed data and missing values
while HPC corrects only for missing values, which incurs more
false positives. As for SHD, CoPC shows an advantage over
HPC under MCAR, which becomes much more obvious under
MAR because of the biased estimation of the correlations in
HPC. Overall, CoPC outperforms HPC on mixed data with
missing values, which is more signiﬁcant when the data are
MAR. In addition, we see that the improvement incurred by
the usage of an effective sample size still clearly exists for both
HPC and CoPC. This is more evident for CoPC in mixed cases
than nonparanormal cases, because the effective sample size
in CoPC works for both mixed data and missing values.
C. Application to Real-world Data
In this subsection, we compare ‘Rank PC’ and ‘Copula
PC’ on a dataset of riboﬂavin production, which is publicly
available in the R package hdi. It contains 71 continuousmeasured observations of 4088 gene expressions. For the ease
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TABLE I: Results obtained by various causal discovery algorithms on riboﬂavinV10 dataset, showing the mean of
TPR, FPR, and SHD over 50 repeated experiments with an
indication of the number of perfect solutions over these trials.
TPR
MCAR
RPC + SS
RPC + GESS
RPC + LESS
CoPC + SS
CoPC + GESS
CoPC + LESS
MAR
RPC + SS
RPC + GESS
RPC + LESS
CoPC + SS
CoPC + GESS
CoPC + LESS

FPR

of the PC algorithm. Especially, we give a local effective
sample size to each conditional independence test, since each
test only relies on a local structure involving part of the
variables (Equation (3)), which makes much sense in particular
when some variables contain more missing values than others.

SHD

R EFERENCES
0.63
0.59
0.60
0.81
0.76
0.71
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of reproduction, we choose 10 genes with largest empirical
variance as our experimental data, denoted by riboﬂavinV10 2 .
With all the 71 observations, the ‘Rank PC’ and ‘Copula PC’
with signiﬁcance level 0.05 output the same structure, which
is taken as the ‘pseudo’ ground truth for evaluating resulting
graphs of the algorithms on data with missing values.
Then, we ﬁll in missing values to the dataset following
the procedure in Section V-A and run our algorithms on the
resulting incomplete data. Table I shows the mean of TPR,
FPR, and SHD over 50 experiments with an indication of the
number of perfect solutions (TPR = 1, FPR = 0, SHD = 0) over
these trials. We see that CoPC substantially outperforms RPC
under MCAR w.r.t. all the metrics, regardless of SS, GESS,
or LESS, which becomes more signiﬁcant under MAR.
VI. C ONCLUSION
In this paper, we extended the ‘Rank PC’ algorithm to
incomplete data by applying rank correlations to pairwise
complete observations and taking the number of pairwise
complete observations as an effective sample size. Despite
theoretical guarantees, this naive approach only applies to
continuous data under MCAR. To make the algorithm more
general, we proposed a novel Bayesian approach, in which a
Gibbs sampler is designed to draw correlation matrix samples
from the posterior distribution given incomplete data. These
are then translated into the underlying correlation matrix and
the effective sample size for causal discovery. The resulting
‘Copula PC’ algorithm works for mixed data under MAR, a
less restrictive assumption, and even if MAR fails, Bayesian
methods like ours can still show strong robustness [12].
For both ‘Rank PC’ and ‘Copula PC’, we proposed to
replace the sample size with an effective sample size in the
tests for conditional independence when that data contains
missing values, which signiﬁcantly improves the performance
2 This data and the code is available in https://www.dropbox.com/sh/
s8cwbavt9kx14ga/AAB6Y7iNwQjwNinM8dcmox4qa?dl=0
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