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We study the effect of trigonal warping on the focusing of electrons by n-p junctions in graphene. We find
that perfect focusing, which was predicted for massless Dirac fermions, is only preserved for one specific lattice
orientation. In the general case, trigonal warping leads to the formation of cusp caustics, with a different position
of the focus for graphene’s two valleys. We develop a semiclassical theory to compute these positions and find
very good agreement with tight-binding simulations. Considering the transmission as a function of potential
strength, we find that trigonal warping splits the single Dirac peak into two distinct peaks, leading to valley
polarization. We obtain the transmission curves from tight-binding simulations and find that they are in very good
agreement with the results of a billiard model that incorporates trigonal warping. Furthermore, the positions of
the transmission maxima and the scaling of the peak width are accurately predicted by our semiclassical theory.
Our semiclassical analysis can easily be carried over to other Dirac materials, which generally have different
Fermi surface distortions.
DOI: 10.1103/PhysRevB.96.045305

Veselago lenses [1] are special types of lenses, made of
materials with a negative refractive index. Such lenses can
overcome the diffraction limit [2] and can nowadays be
realized in metamaterials [3–5], chiral metamaterials [6–9],
and photonic crystals [10,11]. An electronic analog of a
Veselago lens can be created using n-p junctions, with the
classical trajectories of the charge carriers playing the role of
the rays in geometrical optics. Such junctions focus electrons,
because the group velocity for holes is in the direction opposite
to their phase velocity, whereas the two velocities are in
the same direction for electrons. However, in conventional
semiconductors, such interfaces are unsuitable because of their
high reflectivity, owing to the presence of a depletion region.
Cheianov et al. [12] realized that graphene does not have
this drawback. It has zero band gap, as the valence and
conduction bands touch at two nonequivalent corners of the
Brillouin zone, known as K and K  . The low-energy charge
carriers are ballistic over large distances and follow the Dirac
equation [13–18]. This gives rise to Klein tunneling: normally incident electrons are transmitted with unit probability
[19–27], which makes the interface exceptionally transparent.
Recently, Veselago lensing in graphene was experimentally observed [27,28]. Furthermore, a two-dimensional Dirac fermion
microscope based on Veselago lensing was proposed [29].
Theoretical studies have used the Dirac equation to investigate focusing by flat [12,30] and circular [31–33] junctions
and in zigzag nanoribbons [34]. It was shown that when the
electron and hole charge carrier densities are equal, a flat
interface is able to focus all trajectories into a single point
[12]. According to catastrophe theory [35–38], such a situation
is exceptional: any perturbation of the Hamiltonian will ruin
this ideal focus. Indeed, in tight-binding simulations of an n-p
junction [39], where transmission was studied as a function
of potential strength, a direction-dependent broadening of the
transmission peak was observed. However, the precise origin
of this broadening was not clarified.
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An important correction to the Dirac Hamiltonian is the
second-order term in the expansion of graphene’s tight-binding
Hamiltonian, known as the trigonal warping term [18,40,41].
When adding this term, the Hamiltonian becomes dependent
on the crystallographic direction of the lattice and becomes
different for the two valleys, leading to different classical
trajectories. Using this principle, a valley beam splitter
based on an n-p-n junction was devised [42], in which the
trajectories in the K and K  valleys are deflected in different
angular directions. Creating valley polarization [43–47] is
important for graphene valleytronics applications, where the
valley index is used to encode information in a way similar to
spintronics.
In this paper, we develop a complete semiclassical theory
of Veselago lensing by an n-p junction in the presence of
trigonal warping. We show that the ideal focus generally
disappears and analyze the different diffraction catastrophes,
known as caustics [35–38], that are formed. We show that
electrons from the K and K  valleys are generally focused
at different positions, even at moderate energies. We obtain
these positions using semiclassical methods [30,48,49] based
on the Pearcey function [50–52] and find very good agreement
with tight-binding simulations using the Kwant code [53]. We
also show that an initial sublattice polarization leads to tilting
of the focus. Furthermore, we obtain the transmission as a
function of the hole carrier density from both tight-binding
simulations [53] and a semiclassical billiard model [54,55] that
incorporates trigonal warping. We find that trigonal warping
explains the previously observed peak broadening [39] and
that our semiclassical theory accurately predicts the positions
of the transmission maxima and the scaling of the peak widths.
Since the transmission maximum occurs at a different potential
for the two valleys, we find that a graphene n-p junction can act
as a valley filter and that one can manipulate the polarization by
changing the potential strength. This is similar to the situation
in chiral metamaterials [6–9], where one can select a certain
polarization by tuning the frequency of the incident light.
Trigonal warping adds terms that are quadratic in momentum to the linear term in the massless Dirac Hamiltonian
[18,40,41]. We make all terms in the Hamiltonian
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FIG. 1. (a) Simulation setup with an injector and collector lead (red) and drain leads on each side (blue). (b) Classical trajectories for
the massless Dirac Hamiltonian at U0 = 2E. (c)–(g) Classical trajectories (red) and caustics (black) for the Hamiltonian including trigonal
warping. Unless otherwise indicated, E = 0.4 eV. (c) K valley, U0 = 0.8 eV, θ = 0; (d) K  valley, U0 = 0.8 eV, θ = 0; (e) section of the
butterfly caustic. K  valley, E = 0.6 eV, U0 = 1.18 eV, θ = 0; (f) K  valley, U0 = 0.795 eV, θ = π/12; (g) U0 = 0.8 eV, θ = π/6.

dimensionless [24] by scaling energies with the electron
energy E and lengths with L1 , the distance from the source
to the junction; see Fig. 1(a). Using first-order perturbation
theory, we obtain the classical Hamiltonian in dimensionless
variables [18,40,41,56,57]:
Hα± = ±(|p| + αμ|p|2 cos[3(φp + θ )]) + U (x),

(1)

where μ = E/6t, with t the nearest-neighbor hopping, indicates the relative importance of the quadratic term and α equals
+1 (−1) for valley K  (K). Furthermore, φp = arctan(py /px )
and the angle θ determines the orientation of the lattice, with
θ = 0 corresponding to zigzag edges along the x direction. The
dimensionless semiclassical parameter h equals 3taCC /2EL1 ,
with aCC the carbon-carbon distance.
We consider a sharp, one-dimensional junction: U (x) =
U0 (x), with (x) the Heaviside step function. Then py is

conserved and the classical action for an electron with energy
E emitted from (−L1 ,0) equals [12,30]
Snp (x,y,py ) = L1 px,e,α (py ) + x px,h,α (py ) + y py ,

(2)

with px,e,α (px,h,α ) the longitudinal momentum in electron
(hole) region, i.e., Hα+ (px,e,α (py ),py ) = E. The classical
trajectories, i.e., the points where ∂Snp /∂py = 0, and the
caustics, where ∂ 2 Snp /∂py2 vanishes as well, are plotted in
Fig. 1 for various parameters. The Dirac Hamiltonian, μ = 0 in
Eq. (1) is symmetric in px and py . When U0 = 2E, this leads to
an ideal focus [12], at which all derivatives of Snp with respect
to py vanish [30]. This generally changes when we include
trigonal warping. For θ = 0, the symmetry in py is preserved,
leading to reflection symmetry in the x axis. However, the
symmetry in px is broken and we obtain cusp caustics, shown
in Figs. 1(c) and 1(d). Because we also break the symmetry

FIG. 2. (a)–(c) Results of the tight-binding simulations with L1 = 100 nm. The density |av,α |2 is averaged over sublattices and summed
over lead modes in valley α. (a) K  valley, E = 0.6 eV, U0 = 2E, Wi = 7.5 nm; (b) K  valley, E = 0.6 eV, U0 = 1.18 eV, Wi = 7.5 nm; cf.
the classical trajectories in Fig. 1(e); (c) K  valley, E = 0.4 eV, U0 = 2E, Wi = 40 nm. (d)–(f) Position, on the x axis, of the caustic (dashed
and dashed-dotted lines), semiclassical maximum (solid lines), and simulated maximum (symbols) for varying energy E, lattice orientation θ ,
and L1 . The dashed gray lines indicate the Dirac result. The parameters equal (e),(f) E = 0.4 eV, (d),(f) θ = 0, (d),(e) L1 = 100 nm, (d),(f)
Wi = 40 nm, and (e) Wi = 50 nm. In all cases U0 = 2E.
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between the valleys K and K  , their cusp points, at which
∂ 4 Snp /∂py4 = 0, are at different positions on the x axis. Tuning
the potential, we obtain sections of the butterfly caustic, see
Fig. 1(e), and eventually pass through the butterfly singularity,
at which ∂ 4 Snp /∂py4 = 0, but ∂ 6 Snp /∂py6 = 0 [30,36]. For
generic θ , Fig. 1(f), both symmetries are broken and the cusp
point is no longer on the x axis. Only when θ = π/6 (armchair
edges), the symmetry in px is restored and we recover an ideal
focus at U0 = 2E; see Fig. 1(g).
From here on, we consider zigzag edges along the x
direction (θ = 0), unless otherwise indicated, as they illustrate
the generic situation. We obtain an expression for xcusp,α
by solving ∂ 2 Snp /∂py2 = 0 for x, and setting py = 0 [30].
Expanding the result up to second order in αμ, we find, in
units with dimensions,
xcusp,α



4U0 U0 =2E
U0 − E
8αE
1−α
L1 . (3)
= L1
==== L1 −
E
3t
3t

Hence the cusp point for the valley K (K  ) is always to the
right (left) of the focus for the Dirac Hamiltonian, given by the
first term. Although the above expansion is only sufficient for
low energies, it clearly indicates that the effect is sizable.
We study these effects by performing tight-binding simulations with Kwant [53]. We use the setup of Ref. [39],
shown in Fig. 1(a), where current enters the sample through
an injector lead and is able to exit through a collector lead and
through drain leads on each side (see Supplemental Material
[58]). Considering large L2 and Wc = W , we compute the
sample wave function. Figures 2(a)–2(c) show the resulting
density, averaged over sublattices and summed over lead
modes [30,59]. For narrow leads, i.e., large hlead = h̄vF /EWi ,
we observe cusp caustics in the valleys K and K  ; see Fig. 2(a).
By adjusting E and U0 , we also observe sections of the butterfly
caustic; see Fig. 2(b). Figure 2(c) shows that we obtain a
bright focusing spot for wide leads (small hlead ), as predicted
in Ref. [30]. Subsequently, we fit a Gaussian to a subset of the

points on the x axis. Averaging over subsets, we obtain the
position of the maximum and an error estimate.
Within the semiclassical approximation, the wave function
near a cusp can be constructed in terms of the Pearcey function
[30,48,49,58]. We find the parameters for this function by
expanding the action (2) up to fourth order in py . Figures 2(d)–
2(f) show the predictions xmax,α , obtained from maximizing
this wave function, as a function of electron energy, lattice
orientation, and L1 . They are in very good agreement with
the positions extracted from the simulations. Note that the
approximation fails for low energies, or near θ = π/6, as
we are too close to the ideal focus, at which ∂ 4 Snp /∂py4 = 0.
However, in these cases, xcusp,α provides a good estimate.
Experimentally, one typically measures the transmission T
as a function of potential strength. We therefore fix L1 and
L2 , set Wc = Wi , and compute the intravalley scattering for
varying U0 using Kwant. We compare these results with a
semiclassical billiard model [54,55] that incorporates trigonal
warping in the trajectories and has uniformly distributed
initial positions and transversal momenta. Figure 3 shows
that the agreement between the two methods is very good.
Note that the tight-binding transmission is slightly higher than
the billiard result on the right (left) of the peak for valley
K (K  ), most likely because of interference. Higher order
effects and intervalley scattering only mildly influence the
results. Figure 3(e) shows that, for small hlead , passing through
the butterfly singularity does not significantly enhance the
transmission.
Valley splitting is observed at all simulated energies and the
total transmission peak is broadened with respect to the result
of a Dirac billiard model, which explains earlier observations
[39]. The transmission maximum for the K valley is always at
a lower potential. Setting xcusp,α = L2 in Eq. (3) and solving
for U0 , we obtain, up to O(μ2 ), in units with dimensions,


L1 + L2
8αE 2
4E L2 L1 =L2
U0,cusp,α = E
==== 2E +
1+α
.
L1
3t L1
3t
(4)

FIG. 3. (a)–(e) Intravalley transmission as a function of potential strength obtained from Kwant (light colors, wavy lines) and a billiard model
(darker colors, smooth lines). (a) E = 0.4 eV, L1 = L2 = 100 nm; (b) E = 0.4 eV, L1 = L2 = 300 nm; (c) E = 0.6 eV, L1 = L2 = 200 nm;
(d) E = 0.4 eV, L1 = 100 nm, L2 = 300 nm. (e) K valley, L1 = 100 nm, L2 = 140 nm for various energies (in eV). For E = 0.24 eV,
∂ 4 Snp /∂py4 vanishes at U0 = 0.5 eV and x = L2 . (f) Valley polarization P = (TK − TK  )/(TK + TK  ) as a function of potential for E = 0.4 eV
and various L1 = L2 (in nm). (g) Maximum of the simulated intensity as a function of energy for L1 = L2 = 200 nm. We also plot the potentials
at which xcusp,α and the semiclassical (SC) xmax,α equal L2 . For all figures Wi = Wc = 50 nm.
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FIG. 4. (a) Density |av,K  |2 from tight-binding simulations for E = 0.4 eV, mlead = 0.375 eV, and Wi = 40 nm. (b) Fourier transform (for
each lead mode) of the wave function from (a) at x = −L1 . (c) Symmetry breaking as a function of L2 for various mlead (in eV). K  valley,
E = 0.1 eV, Wi = 50 nm. For all figures L1 = 100 nm and U0 = 2E.

We also obtain predictions U0,max,α for the positions of the
maxima from our semiclassical theory. Solving xmax,α = L2 ,
we obtain values that are in excellent agreement with the
simulated peak positions; see Fig. 3(g). As ∂ 4 Snp /∂py4 is lower
at the K peak, our theory also correctly predicts that it has
lower maximal transmission.
The valley polarization can be increased by going to higher
energies, which increases the peak splitting. Alternatively, one
can increase L2 ; see Fig. 3(d). Finally, one can also increase
both L1 and L2 , see Fig. 3(f), which decreases the peak width
U0 . We obtain a semiclassical prediction for the scaling
behavior of U0 by performing a Taylor expansion of the
equation xmax,α = L2 around U0,cusp,α . For L1 = L2 = L, we
find that U0 ∝ L−1/2 in leading order, which is in perfect
agreement with the billiard results.
Finally, we briefly discuss symmetry breaking due to an
initial sublattice polarization [30]. When we add a constant
mass mlead in the lead, we observe tilting of the main focus;
see Fig. 4. Inspecting the Fourier transform, we observe that it
is not symmetric in py , verifying earlier predictions [30]. To
certify that this effect can be attributed to the Dirac character of
the electrons, and not to trigonal warping, we extract the wave
function at x = −L1 from Kwant and compute its evolution
using the continuum Dirac equations [30]. This reproduces the
tilting, but changes the position of the focus, confirming our
hypothesis.
The symmetry breaking can be quantified by setting Wc =
W and subsequently splitting the collector lead at y = 0.
We then extract the relative transmission ηb,out,α through the
bottom (y < 0) collector lead and subtract the relative intensity
ηb,in,α located on the sites with negative y for the incoming
modes. Figure 4(c) shows that the amount of symmetry
breaking strongly depends on L2 , as expected for a tilted
focus. In agreement with predictions made for the Green’s
function [30], it increases with increasing mass, decreases with

increasing energy, and changes sign when we change the sign
of the mass. Simulating transmission as a function of potential
strength, initial polarization seems to slightly decrease the
valley polarization.
In short, we have developed a complete semiclassical theory
of Veselago lensing in the presence of trigonal warping. We
have observed both cusp and butterfly singularities, which
provide an interesting relation between the physics of graphene
and catastrophe theory [35–38]. Our theory is in excellent
agreement with tight-binding simulations and shows that the
system generally exhibits valley polarization. We believe that
our predictions could be experimentally verified, using, for
instance, a transverse magnetic focusing setup [27]. Although
this would require rather high energies, these have been
experimentally realized [60–63]. We remark that a smooth
junction will lead to additional peak broadening [27,39,64],
but this makes a theoretical study much more complicated [24].
We emphasize that our analysis of the disintegration of
the ideal focus does not fundamentally depend on the fact
that the Fermi surface distortion is trigonal: any distortion
that breaks the symmetry in px will lead to the formation of
cusp caustics. Therefore, our semiclassical analysis can easily
be carried over to other Dirac materials, such as topological
insulators [65,66]. Deviations from Dirac behavior may for
instance be important for the proposed application of Weyl
semimetals in scanning tunneling microscopes [67]. Since
other Dirac materials generally exhibit stronger band bending
than graphene, the deviations from the Dirac behavior will be
much stronger and therefore visible at lower energies.
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