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Chapter 1 

X-ray Analysis of Crystal Structures: 
a General Introduction 

Today, the determination of crystal structures by X-ray diffraction can be considered 
as a standard method, used in a wide variety of chemical, biological and 
mineralogica! investigations. X-ray diffraction analysis reveals accurate pictures of 
the atomic and molecular arrangements in crystals by determining the electron 
density in three-dimensional space. From the resulting positional parameters of the 
atoms geometric information can be obtained, which can be used to explain specific 
properties of the compound of interest. 

Structure determination by X-ray diffraction used to be laborious since 
calculation of the structure from the measured X-ray data proved to be very time 
consuming and not straightforward as a result of the so-called phase problem. 
However, the development of powerful methods, sophisticated programs and the 
explosive growth in computer power has brought crystal structure determination to a 
level at which most of the structures can be solved by automated standard methods 
in a reasonable amount of time. The word 'mosf in the former sentence should be 
emphasized because this appropriately expresses that there are still structures that 
can not be determined by existing methods without the crystallographer's expertise. 

This thesis deals with the development of new methods and the improvement 
of existing methods for solving 'difficult' crystal structures. The sequence of chapters 
presented in this thesis, closely resembles the pathway of an actual structure 
determination after X-ray data is collected. In this introductory chapter some 
theoretical background in X-ray crystallography is given in the form of a brief 
summary of the principles. At the end, the scope of this thesis will be explained more 
clearly. 
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Chapter 1 

1.1 X-ray diffraction 

A single crystal can be described as a three-dimensional lattice with base vectors, a, 

b and c that define the so-called unit cell. We can also consider a so-called virtual 

reciprocal lattice defined by the base vectors a*, b* and c*. These base vectors in 

reciprocal space are orthogonally related to the base vectors in direct space, 

i.e. a* = V'\b Λ C), b* = V'\c Λ a) and c* = V"1(a Λ b) with V being the volume of 

the unit cell. 

X-rays are only scattered by a crystal in discrete directions, which fulfill 

Bragg's law (Bragg, 1913) 

2cfein($ = ηλ 

where d is the spacing between the lattice planes, θ is the scattering angle, π is the 

order of the Bragg reflection and λ is the wavelength of the X-ray radiation used. This 

leads to a three-dimensional diffraction pattern that can be characterized by the 

diffraction vector H, 

Η = ha* + /cb* + /c* 

where h, k and / are integers and are called the reflection indices. The electron 

density of a crystal, p, has the three-dimensional periodicity of the defined lattice in 

direct space. Because of this periodicity the electron density at every position r can 

be written as a Fourier series 

ρ(Γ) = ΙΤ1ΣΗΡ(Η)βχρ[-2πί(Η.Γ)] 

where F(H) is the so-called structure factor. The structure factor is given by 

F(H) = j;WH)exp[2ni(H.ry)] d-D 
7 = 1 

where ^<H) is the atomic scattering factor (including temperature dependency) of 
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atomy and Ν is the total number of atoms in the unit cell. Equation (1.1) can also be 

written in the form 

F(H) = |F(H)|expMH)] 

where |F(H)| is the amplitude and <p(H) is the phase of the structure factor, F(H). The 

square of |F(H)| is directly proportional to the intensity of the reflection 

/(H)=K|F(H)|2 

where /(H) is the intensity corrected for various experimental factors and Κ is the 

scaling factor. 

The intensities are the observed quantities during an X-ray diffraction 

experiment from which the amplitudes can directly be derived. Because it is not 

possible to observe the phases, <p(H), structure determination from X-ray diffraction 

data suffers from the so-called phase problem. 

1.2 Solution of the phase problem 

1.2.1 The Patterson function 

No general solution to the phase problem is available. It is found though that 

structures containing one or a few heavy atoms often are quite easily solved since no 

prior knowledge of the phases is required. 

Positions of the heavy atoms can be found from the so-called Patterson 

function which makes use of the observable quantities |F(H)|2 as the coefficients in a 

Fourier series 

Ρίιι) = \ r 1 £ H |F(H)| 2 βχρ[-2π i (H.u)] (1.2) 

representing a periodic function on the lattice of the crystal (Patterson, 1934). Since 

|F(H)| = |F(-H)|, known as Friedel's law, we may also write (Patterson, 1935) 
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Chapter 1 

P(u) = \ / - 1 X H | F ( H ) | 2 α>8[2π(Η.ιι)] 

Note that P(u) = P(-u), i.e. the Patterson function is always centrosymmetric even 

when p(r) is not. 

From (1.2), using Fourier theory, we can derive an alternative expression for 

the Patterson function 

1 

P(u) = v j p ( r ) p ( r + u)dr 

ο 

When the vector u is an interatomic vector this integral defines 'peaks' in the function 

P(u) and the heights of the 'peaks' are roughly proportional to Ζ,Ζ, (Ζ, = number of 

electrons for atom / at position r,). The Patterson function contains Λ/2 of such 

'peaks', Ν of which coincide with the origin. Due to overlap, individual 'peaks' may not 

appear in the Patterson function as recognizable maxima. 

In principle, a Patterson map shows peak maxima at interatomic vectors. It is 

obvious that heavy atoms will dominate this map. From Patterson peaks resulting 

from symmetry-related atomic pairs (Marker peaks), coordinates of one or more of 

the heavy atoms can be obtained (Marker, 1936). In case the structure consists of 

only a small number of heavy atoms in the unit cell this method can be used to solve 

the structure completely. However, severe overlap of peaks hampers the 

determination of the positions of all atoms. Then, a first good estimate of the 

structure may be used as input for other kind of methods for structure completion. 

Nowadays, many procedures for automatic determination of positions of 

heavy atoms from the Patterson function have been developed, both for small 

molecules and for biological macromolecules. 

The use of pre-knowledge of part of the structure in Patterson search 

methods (known as vector search methods) appears to be very successful and is 

described by Beurskens, Beurskens, Strumpel & Nordman (19Θ7). 

After applying Patterson interpretation methods often only a small molecular 

fragment is positioned. In this case direct methods can be applied to complete the 

whole structure. 

12 



X-ray Analysis of Crystal Stmctures- a General Introduction 

One can use so-called difference structure factors, i.e. structure factors 

corresponding to the unknown part of the structure with initial phases obtained from 

the known part of the structure. These difference structure factors may be used in a 

weighted tangent formula procedure. 

This procedure is implemented in the DIRDIF program system (Beurskens 

et al., 1992 and 1999) and is extensively discussed throughout this thesis. 

1.2.2 Direct methods 

The term 'direct methods' is used for those methods which try to obtain the structure 

factor phases, <p(H), directly from the observed structure factor amplitudes, |F(H)|, 

through mathematical and statistical relationships. In order to understand how these, 

at first sight independent, quantities are related, two properties of the electron 

density function, p(r), should be considered, i.e. p(r) is positive everywhere and p(r) 

is composed of discrete atoms, which usually are considered to be randomly 

distributed in the unit cell. 

Defining normalized stmcture factors. 

A simplification of the formalism of direct methods can be achieved by defining the 

normalized structure factors (Karle & Hauptman, 1956), which have useful statistical 

properties and enhance the probabilistic implications of phase determining formulae. 

Normalized structure factors can be defined as 

E(H)= , F ( H ) (1.3) 
V<|F(H)|2 > 

or 

"I- V2 

E(H) = £/',exp[2ni(H.r,)] 
y=i 

*(Η)Σ'*2 

*=1 

(1.4) 

where the summations are over Ν atoms in the unit cell, fj is the scattering factor for 
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they , h atom (usually defined temperature independent) and f i s the correction factor 

for symmetry enhanced structure factor amplitudes, the symmetry-enhancement 

factor (Wilson, 1950). Note that (1.3) gives observed |E| values (as derived from 

observed |F| values) while (1.4) is a theoretical expression for E which depends on 

atomic positions η. 

In fact, while defining normalized structure factors one assumes that a crystal 

structure consists of atoms with electron densities concentrated at single points 

having no thermal motion. Normalized structure factors are, therefore, compensated 

for the fall-off of the scattering power f with increasing Β\Γ\(Θ). Besides having useful 

statistical properties, |E| values have certain mathematical conveniences for use in 

probabilistic approaches. However, their most important advantage is that they allow 

the normalization of all classes of reflections to a common basis, making it possible 

to avoid a rather subtle source of error in the comparison of special sets of 

reflections. These aspects are the reason why |E| values are used in direct methods 

for solving the phase problem. 

The tangent equation 

In reciprocal space it appears that among reflections a number of useful relations 

exist making it possible to calculate phases directly from measured intensities. In the 

most favorable case this kind of relations may eventually lead to a solution of the 

phase problem. 

Sayre (1952) has derived such a relation for structures of which all atoms are 

assumed to be identical and well separated 

£(H) = VÄ/£ K E(H-K)E(K) (1.5) 

expressing a given structure factor as a function of all structure factors in reciprocal 

space. The Sayre equation is used for phase extension and refinement of phases in 

case almost all phases are known. In practice, however, this knowledge is not 

available and (1.5) is rewritten (using probability theory) as the well-known tangent 

equation (Karle & Hauptman, 1956) 
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Σ K | E(K)E(H - K) | sin[ç> (Κ) + φ (Η - Κ)] 
tan[p(H)] = ^ (1.6) 

£K|E(K)E(H-K)|cos[p(K) + ?>(H-K)] 

Here the summation is only over known terms. 

The restrictions for the electron density, which are already mentioned, lead to 

the relations (1.5) and (1.6) between structure factors, i.e. for each reciprocal vector 

H such a relation does exist. These relations will eventually result in a system of a 

large number of equations between structure factors, which can be used to solve the 

unknown values of the structure factor phases. Because one deals with a very 

complicated system of non-linear equations special strategies are necessary to come 

to a solution. One of the most common strategies is the definition of triplet invariants 

and triplet relationships (Cochran, 1952; Zachariasen, 1952; Woolfson, 1954; Karle 

& Karle, 1964). 

Structure invanants 

The observed structure factor amplitudes are independent of the choice of the 

reference system, while in general phases depend on it. From the observed 

amplitudes only information on single phases or linear combinations of phases can 

be obtained, which are independent of the choice of the origin. Since their values 

depend only on the structure, they are called structure invariants. 

The most general structure invariant is represented by 

F(H1),F(H2),...F(H/n) = 

|F(H1)F(H2)...F(Hm)|exp{ib(H1) + ç.(H2) + ... + ^(Hm)]} (1.7) 

with 

H1+H2 + . . . + Hm=0 (1.8) 

When the origin is moved by a vector rothe structure factor of reflection H referred to 

the new origin is given by 
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F(H) = £f ; exp{27ii[H.(r y -r 0 )]} 
7=1 

= Γ(Η)βχρ[-2πί(Η.Γ0)] 

showing that the modulus remains unchanged while the phases change by a factor 

Αφ = -2π(Η.Γο). The variation of the phase of (1.7), due to the same origin shift, will 

be 

m 

Αφ = -2πΤ0Υί»ι =0 
/ = 1 

because of condition (1.8). 

The structure invariant, which plays a key role in direct methods, is the sum of 

the phases of a set of three reflections of which the Miller indices sum up to zero 

(Hauptman, 1972). This structure invariant is called the triplet invariant and is given 

by 

Σ?>(Η,) = Φ (1.9) 
7 = 1 

with 

Σ Η , =0 (no) 
y = i 

where Φ is the value of the triplet phase sum. 

Looking at the triplet invariants it appears that the phase sum, which is in 

principle unknown and not depending on the choice of the origin, is likely to be zero 

at large products of the associated |£]-values 

2>(Hy)*0 
7 = 1 
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However, for very small |E|-values the reliability of this so-called triplet relation is low 

and consequently useless. Note that in case of centrosymmetric structures the 

phase sum can be redefined as the product of the signs of the structure factors, 

S(Hi)S(H2)S(H3); the triplet relation then implies that this sign product is likely to be 

positive in case of large |E| values. The possibility of estimating the values of these 

phase sums or sign products make these structure invariants of prime importance in 

direct methods (Schenk, 1973; Hauptman, 1974; Giacovazzo, 1975). 

1.2.3 Completing and refining a structure 

The structural models obtained by the Patterson method are incomplete and those 

obtained by direct methods sometimes inaccurate. The outcome of these methods 

more or less serves as a first approximation of the actual structure. 

In such cases, one assumes that the calculated phases, ^(H), corresponding 

to the structure factors calculated from the 'model', FC(H), are reasonably good 

approximations of the true phases of F(H). It is then possible to calculate an electron 

density map using the observed amplitudes (composed by all atoms in the structure) 

as coefficients with the computed phases. It is obvious that a better agreement 

between |FC(H)| and the observed moduli, |F0(H)|, obtained from the measured 

intensities, leads to a better model of the true structure. 

A parameter widely used to express this agreement is the so-called R index, 

defined as 

E H I I F ° ( H > I - K I F ° ( H > I I 

ZHIFO(H)I 

where Κ is a scale factor bringing |FC(H)| on the same scale as |F0(H)|. To our 

experience, however, the less common R2 formula is much more powerful (Van 

Havere & Lenstra, 1983). 

In favorable cases the electron density map of the model, obtained by one 

Fourier synthesis, constitutes the whole structure. However, more often a Fourier 

recycling procedure needs to be performed to allow location of new atoms and 

improvement of already obtained positions of the atoms of the model. 
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1.3 'Difficult' crystal structures 

As has already been mentioned, nowadays, the described methods are implemented 
in fully automated computer programs which can in principle be run without 
challenging the crystallographers knowledge and expertise. However, in today's 
structure analysis there are often 'difficult' structures, for which the phase problem 
cannot easily be cracked. These structures suffer for example from 
pseudotranslational symmetry or aperiodicity, or are too large (and too flexible) or 
just appear as 'poor' crystals. Not seldom these difficult structures play a key role in 
chemical and physical research. Therefore, new procedures for these kind of 
structures should be developed or existing ones should be improved. 

1.3.1 Pseudotranslational symmetry 

A structure possesses pseudosymmetry when a non-negligible part of the atoms 
approximately satisfies a higher symmetry than that of the whole structure. In cases 
where a large proportion of the structure satisfies a higher symmetry, that part of the 
structure defines a supergroup of the space group to which the whole structure 
belongs. 

If a non-negligible amount of electron density, pp(r), is repeated by a 
translation vector u, which not corresponds to the crystallographic translation 
symmetry of the main structure, pp(r) » pp(r + u), the pseudosymmetry is called 
pseudo-translational symmetry (u is a rational fraction of the unit cell dimensions). 

In case of pseudotranslational symmetry reflections can be divided into a set 
of substructure reflections with high mean intensity and a set of superstructure 
reflections with low mean intensity. 

This pseudotranslational symmetry, implies also the presence of certain 
relations between subsets of atomic positions, and consequently a non-random 
behavior of the atomic coordinates. Since statistical methods developed for solving 
the phase problem, like direct methods, are based upon the randomicity in the 
atomic parameters their usefulness in these kind of structures can quite obviously be 
questioned. 
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1.3.2 Aperiodic structures 

Conventional crystallography deals with crystals with (in principle) perfect three-
dimensional translation symmetry. However, like is mentioned for structures showing 
pseudosymmetry, exceptions on this rule are regularly encountered. In recent years, 
numerous crystals have been found with a periodic distortion of the atomic positions 
(displacive modulation) from the basic structure or of the occupation probability of 
atoms (density modulation) where the periodicity of the distortion is not necessarily 
'commensurate' with respect to the unit cell. The presence of these distortions 
implies the existence of so-called satellite reflections, which are generally weak and 
regularly distributed around the so-called main reflections. Although these crystals 
are not periodic in the common three-dimensional sense, the appearance of satellite 
reflections implies the presence of a long-range order. 

If satellites can be labeled by rational indices in terms of the reciprocal lattice 
of the basic structure the distortion periods are commensurate with respect to the 
translation periods of the basic structure. If, however, only non-rational indices can 
be used, the periodic distortions are incommensurate and the structure can be 
considered as aperiodic. 

Aperiodic crystals show X-ray diffraction patterns with well-separated 
diffraction spots which can only be indexed using more than three integers, 
i.e. hi,...,h3+d, where d is the number of extra indices (d > 1). In physical space, 
diffraction patterns of aperiodic crystal are a projection of the 3+d dimensional 
reciprocal lattice in superspace onto the three dimensional space. 

Statistical methods, which form the basis of many direct-methods procedures 
for conventional crystal structures, are developed assuming a three-dimensional 
reciprocal lattice. It is, therefore, not obvious that above mentioned direct methods 
are a priori applicable to aperiodic crystals. 

1.3.3. Supramolecular structures 

The term 'supramolecular1, as a rule, refers to a larger ensemble than just the 
crystallographic packing of small organic molecules. Many supramolecular 
architectures are based upon the correct manipulation of energetic and 
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stereochemical properties of non-covalent molecular forces like electrostatic and Van 
der Waals interactions and hydrogen bonds. Therefore, main condition for the 
formation of this type of compounds is that the several molecules, which participate 
in these compounds, should 'fit' each other, meaning that the size and shape of the 
molecules should be restricted to this requirement. 

In X-ray diffraction terms, solving crystal structures of supramolecular 
compounds appears to be rather difficult since these kind of compounds usually lack 
the presence of heavy atoms and are therefore unsuitable for heavy-atom Patterson 
search techniques. Moreover, crystallographically spoken, they are rather large, they 
may have flexible chains and they often show disorder. These kind of structures, 
therefore, cannot easily be solved by ab initio direct methods. 

For this reason, vector search methods can be very useful. Unfortunately, 
known fragments of these structures are either relatively small compared to the 
whole structure or may show flexibility, which may hamper a straightforward solution 
of these crystal structures. 

1.4 The scope of this thesis 

The research described in this thesis deals with new strategies, new methods and 
improvements of existing procedures for solving particular structures, which are not 
(easily) solved by conventional methods for X-ray analysis. 

In chapter 2 the scaling method which is handled by the DIRDIF program 
system (Beurskens et al., 1992) is discussed and a new procedure is proposed for 
structures of which a large known model is available after applying Patterson search 
techniques. 

Chapter 3 deals with a systematic research for the validity of the triplet phase 
relationship for aperiodic structures using the normalization of structure factors 
according to the method described by Lam, Beurskens & Van Smaalen (1993). For 
both experimental and theoretical incommensurately modulated structures the 
probability of triplets, involving one main and two satellite reflections, has been 
studied. 

In chapter 4 a new expression has been derived for the joint probability of 
doublet relationships. Using the expression of chapter 3, the application and its 
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reliability to the phasing of triplets has been thoroughly tested and found valid 

In chapter 5 a survey of the Fourier recycling procedure in the DIRDIF 

program system is given. A new strategy is proposed and validated based upon the 

availability of chemical and geometrical pre-knowledge. We have investigated the 

properties of the R2 function and its applicability at various stages of a crystal 

structure analysis. In the appendix of this chapter the improvements on vector search 

techniques is shortly discussed. 

Chapter 6 deals with an actual example of a single crystal X-ray diffraction 

study on a difficult inorganic crystal structure, Sn2P2Se6, member of the family of 

proper ferroelectncs Sn2P2(S1.xSex)6 This structure was first considered to have an 

incommensurate phase. However, the crystal did not show sufficiently resolved 

satellite peaks in the proper temperature range. Refinement of the ferroelectric and 

paraelectric phase was problematic because of the presence of composite twinning 

and large disorder respectively. 
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Chapter 2 

The DIRDIF Scaling Procedures; Rescaling for 

Structures Showing Superstructure Effects 

Dedicated to Prof Dr. H.H. Schulz on the occasion of his 60th birthday 

Abstract 

The DIRDIF program system for solving crystal structures using Patterson 
procedures and direct methods applied to difference-structure factors, uses a variety 
of X-ray intensity scaling procedures based on the formulae of Wilson (1942), and 
when part of the structure is known, Parthasarathy (1966), and Gould, Van den Hark, 
Beurskens (1975). Applications of these procedures for various heavy atom 
structures are discussed. A new scaling procedure is presented which is based on 
the relative frequency of calculated partial structure factors being larger than the 
observed structure factors on an absolute scale. This procedure is especially useful 
for structures with superstructure effects. 

* Published as Israël, R., Smykalla, C, Gelder, R. de, Beurskens, Ρ Τ (1995) Ζ Knstallogr 210, 
909-919. 
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2.1 Introduction 

This paper deals with scaling procedures employed in X-ray crystal structure 
analyses. The discussion is, however, limited to procedures used in the DIRDIF 
program system (Beurskens, Admiraal, Beurskens, Bosman, Garcia-Granda, Gould, 
Smits & Smykalla, 1992). 

One of the oldest systematic methods of crystal structure solution is based on 
the heavy-atom Patterson function interpretation. The classical technique of 'solving' 
the Patterson puzzle employs Patterson peak heights on a relative scale. Usually it is 
sufficient to know whether or not some of the Patterson peaks are relatively large 
enough to be assigned to some of the heavy-atoms vectors. In a modern heavy-atom 
Patterson interpretation program, however, a reasonably accurate scale factor is 
required. For example, in the program PATTY (Admiraal, Behm, Smykalla & 
Beurskens, 1992) various Patterson function-value thresholds are used for accepting 
a relatively large number of possible Marker vectors and interatomic (cross) vectors. 
An incorrect scale factor invalidates the threshold values and may lead to a failure in 
solving the structure (by rejection of correct Patterson vectors) or to a waste of 
computing time (by taking into account too many possible vectors). 

Similar reasoning is valid for vector search methods for finding the orientation 
of a known molecular fragment. The program ORIENT (Beurskens, Beurskens, 
Strumpel & Nordman, 1987) needs the scale factor to ensure storage of low 
Patterson values as small but significant integers, in order to make the 'minimum 
average' function (Nordman, 1970) sufficiently sensitive to discrimination between 
correct and false orientations. 

Direct methods for crystal structure determination depend on normalization 
procedures, most of which need the scale factor and the overall temperature factor. 
Parallel with significant improvements of direct methods, a variety of normalization 
procedures were designed, which we do not discuss here. Accurate scaling is of 
extreme importance in the DIRDIF system, where some of the major procedures are 
based on the application of direct methods to difference structure factors. These 
procedures for phase refinement and phase expansion are performed by the 
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program PHASEX ί (Beurskens & Smykalla, 1991). To ensure proper scaling a 

method was designed which determines the scale factor and two different 'overall' 

temperature-factor parameters ßp and Βτ for the known and unknown atoms, 

respectively (Gould, Van den Hark & Beurskens, 1975). For 'normal' structures and 

using small known fragments, this method works well since errors in the difference 

structure factors are relatively large compared to those in the calculated partial and 

observed structure factors. In case of larger known fragments, however, the errors in 

the difference structure factors become of the same order of magnitude as those in 

the calculated partial and observed structure factors and scaling becomes critical. 

The DIRDIF program system is well-known for its powerful procedures to 

solve the phase problem for heavy-atom structures. Failures may occur when the 

scaling procedure gives bad results. In order to improve the scaling procedure for 

large known fragments, in particular for superstructures, part of the DIRDIF scaling 

procedures were reinvestigated and a new procedure is proposed and discussed in 

detail. 

Notations and definitions 

/=Frel|2 = K | F 0 | 2 

Frell 

\Fo\ = SclFJ 

F 

h 

ρ (as a subscript) 

r (as a subscript) 

observed intensity on a relative scale Κ 

observed structure factor amplitude on a relative scale 

observed structure factor amplitude on an absolute scale: 

S c = K-1/2 

a shorthand notation for the structure factor F(h) 

reflection (h,k,l) 

reference to 'partial structure' or known atoms 

reference to the remainder (unknown part) of the structure 

scattering fraction of the known atoms (expressed by atomic 

numbers Z): 

f-UilU. 

The name PHASEX denotes the computer program, which was called DIRDIF in eariy days. DIRDIF 
now refers to the entire program system, which includes ORIENT, TRACOR, PHASEX, and many 
other programs. 
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Σ , y , Y summations over the known, unknown, or all atoms in the unit 
ρ ί—ΙΓ l—ê) 

œil 

Fp(Sp) calculated structure factor on an absolute scale for the known 

atoms, with an 'overall' temperature factor Sp 

Fp(0) calculated structure factor without any temperature factor 

Ft structure factor for the remainder of the structure: Fr = F - Fp 

<Pp, <pr phase of Fp or Fr 

AF structure-factor difference2 defined as 

A/r = [|F0|-|Fp(Bp)|]exp(i^p) 

fp, fr, fj scattering factors for a known, unknown, or any atom (tem

perature factors not included) 

f a shorthand notation for /(s) 

s sin (θ)/λ 

Sp, Sr, Sov overall temperature factor parameters for respectively the 

known atoms, the unknown atoms, or the complete structure 

^ , < > h average over all or a selected set of reflections h = h,k,l 

Ep normalized partial structure factor 

= F P ( 0 ) / ^ f p 

where f i s the symmetry enhancement factor 

<|Er|> estimated average for all reflections of the squared normalized 

structure factors for the remainder of the structure, which is 

statistically calculated using |Fp(Sp)| and |F0| values for all 

reflections (Woolfson, 1956, Sim, 1959, Beurskens, Prick, 

Doesburg & Gould, 1979). 

2 2 2 

For overall scaling purposes the expenmental value of I F ^ may be negative, but \F0\ cannot be 

negative in the expression for AF Further considerations related to the treatment of 'unobserved' 

reflections in PHASEX are given in Smykalla and Beurskens (1989). 
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Direct methods applied to difference-stmctune factors 

The program PHASEX (Beurskens & Smykalla, 1991) solves the 'phase problem' of 

the remainder of the structure by application of direct methods to difference-structure 

factors. The procedure is initiated using calculated differences AF with phases 

<PiF=<Pp (if |Fp| < \Fo\) οτφρ + π (if |Fp| > |Fo|). 

The |AF| values are normalized and used as initial |£| values of the difference 

structure, and the phases φ^ are used as starting phases for the direct methods 

procedures. During this process the initial Es will converge to the correct E values 

with respect to both amplitudes and phases (i.e. φ&ρ converges to çv). Note that the 

AF values depend on Sp, which may differ significantly from Br and SQV, and this 

dependency is most important for a large partial structure. 

2.2 Present scaling procedures in the DIRDIF program system 

The Wilson plot (Wilson, 1942) is based upon the expression for the averaged 

intensity 

< /> h =K<£/ , 2 exp( -2e 0 V s 2 )> h (2.1) 

Taking the average over sufficiently small ranges of s, (2.1) can be linearized, and Κ 

and SQV are determined by the least squares method. 

When a partial structure is known, its contribution to the average intensity is 

explicitly taken into account in the Parthasarathy plot (Parthasarathy, 1966) 

</>h=K<[|Fp(0)|2

 + X r f r

2 ] e x p ( - 2 B o v S

2 ) > h (2.2) 

Using this plot is especially important when the known part shows special structural 

features, like heavy atoms on (pseudo-)special positions, planar molecules, or 

pseudo symmetry. The calculated structure factors Fp then contain the 

corresponding statistical features, and if the remainder of the structure behaves 

statistically normal, (2.2) is the correct expression for the expected average intensity. 
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The scaling method designed by Gould, Van den Hark & Beurskens (1975), 

hereafter denoted GHB-scaling, allows the determination of the separate 

temperature parameters Sp and Br. It uses averaged intensities defined as a function 

of two variables, |Ep| and s. The shape of the Wilson plot for reflections with large 

|Ep| is mainly determined by flp, whereas this plot for reflections with |£p| » 0 is 

determined by Br. The average intensity is given by 

</> h = K<|Fp(0)|2 exp(-2ßps
2) + £/ r

2exp(-2ß rs
2 )>h (2.3) 

The averaging is over reflections that belong to an element of a two-dimensional 

array defined by ranges in |Ep| and ranges in s. The squared disagreements in both 

sides of (2.3), summed over appropriate ranges in |£p| and s, are minimized by a 

non-linear iterative least squares procedure, the parameters to be refined being K, 

flp, and flr. 

In case the known part consists of heavy atoms or a rigid molecular fragment, 

the average temperature factor of the known part may differ significantly from the 

average temperature factor of the remaining atoms, and separate determination of 

these temperature parameters is necessary for the estimation of reliable AF values. 

Resetting conventions forBov, Bp and Br 

Inaccurate atomic positions lead to an unreliable Parthasarathy plot and therefore 

sometimes to an erroneous result for Sov. In case the βο ν value obtained from the 

Parthasarathy plot differs more than 1 A2 from the Wilson plot results (B™) this 

result is not accepted, flov = f l ^ +1 or öov = S ^ - 1 (whichever is appropriate) is 

substituted and the corresponding scale is recalculated using (2.2). 

Similarly, the values of Bp and Sr, should not deviate too much from flov. 

Sometimes large deviations are physically relevant and may represent unexpected 

(or unusual) statistical behavior. Or, when most reflections have approximately equal 

|Ep| values, the scaling method is unstable and may lead to gross errors. In other 

cases these deviations are caused by errors in the input atoms or errors in the 

expected unit cell contents (Parthasarathy, Beurskens & Bruins Slot, 1983). When 

large deviations occur, the fl-values will be reset to reasonable values. At present we 

use 1 A as a maximal deviation. Thereafter, and in addition, the Sp and flr values 
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should not differ much from eachother, and we use the same limitation for the 

differences. Resetting is done without changing the weighted average of ßp and ßr, 

defined by 

Saver = p 2 B p + ( 1 - p 2 ) S r 

After resetting the Sp and ßr values to within these limits, the scale factor is 

recalculated by (2.3). 

The poor reliability of the weak reflections, especially at high ranges in s, often 

causes scaling problems. Therefore, if problems occur, the scaling procedure is 

repeated once or twice using an s cut-off value. If, however, the procedure does not 

converge, the Κ and ß0v values from the Parthasarathy plot will be used (i.e. reset ßp 

and ßr equal to Sov). 

Test results involving the resetting ofBp and Br 

The compounds used for the tests reported in this paper are tabulated in Table 2.1. 

These compounds are selected to illustrate various characteristics of the scaling 

procedures in use for many years and some effects, which result from recent 

improvements. 

Table 2.2 shows the results of the scaling sequence Wilson - Parthasarathy -

GHB, up to the resetting procedure, for four test cases on two superstructures. The 

results for the scale and temperature factors, obtained before and after resetting, 

may be judged as follows, (i) The reset values for ßp and Br are closer to the 

corresponding 'theoretical' values which are defined as weighted average of the 

published temperature parameters (lit. cit. in Table 2.1). (ii) The values of ßaver for 

the reset values are closer to ßov (values are given in Table 2.1). (iii) The scale 

factor, after resetting, is closer to 1.00, particularly if the scale is outside the range 

0.9 -1.2. (iv) The expectation values for <|Er|
2> are closer to unity. 
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Table 2.1 Some properties and references of test compounds and Wilson results 

CCODEc 

PBAG 

NGUY 

MARS 

TRICO" 

ALP046 

NASEO6 

BOURI3 

Formula 

unit 

PbSbAgSs 

KCr5See 

MeAs(Me2NCS2)l4 

C12H30CI3C0P2 

AIPO4 

NaHSeOj 

Cl26Hl15P7PtAU6 

Ζ 

4 

2 

4 

8 

3 

16 

4 

Space 

group 

P2i/a 

B2/m 

P2i/c 

P-1 

P3i21 

C2/C 

P2i/c 

Cell 

vol (A3) 

571 5 

583 3 

2376 4 

3923 3 

231 3 

1263 2 

14412 2 

Nrefl 

1073 

1008 

6910 

8227 

274 

3234 

13375 

Wilson 

scale8 

1030 

1 189 

1009 

1022 

1068 

1001 

1096 

Wilson 

Sov(A2) 

1451 

0 653 

4 126 

2 850 

0 688 

0 977 

4 673 

-CU4I3N206 

TIP TlePbho 2 P62c 15061 490 1056 2 742 

BAUR6 Na2MgSi04 4 Pn 404 7 3175 1020 0 706 

a The observed intensities have been brought on an absolute scale A deviation of the Wilson scale 
from 1 000 refers to non-random positions of the atoms or errors in the reflection data 

b The data for this structure has been calculated from published structural parameters 
c Code name. References and notes. 

PBAG (Ito & Nowacki, 1974) Freieslebemte, superstructure with substructure of the PbS-
type Two layers are positioned at z*Vt and z=i% 

NGUY (Dung, Tien, Behm & Beurskens, 1987) Superstructure with a pseudo-translation 
vector at a/3 

MARS (Beurskens, Beurskens, Noordik, Willemse & Cras, 1979) the structure shows a 
pseudo-C-centered translation symmetry 

TRICO (Van Enckevort, Hendnks & Beurskens, 1977) The Co atoms form a fourfold 
superstructure 

ALP04 (Sowa, Macavei & Schulz, 1990) The ordered distribution of Al and Ρ atoms results 
in a doubling of the c-axis of the average structure 

NASEO (Chommlpan, Limmga, Sonneveld & Visser, 1981) The structure can be considered 
as a superstructure having a pseudo-translation vector β = V^a + c) 

BOURI3 (Kappen, Schlebos, Bour, Bosman, Smits, Beurskens & Steggerda, 1995) A metal-

cluster compound 

TIP (Stoeger, Schulz & Rabenau, 1977) The structure consists of a Tfele frame, parallel 
2+ 2-

to the c-axis, with channels filled with Pb or I4 ions 
BAUR (Baur, Ohta & Shannon, 1981) The superstructure is related to an ordering of 

deficiencies in the Na sites 
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Table 2.2 Results of the Wilson, Wilson-Parthasarathy, and the GHB scaling procedures for two test 

structures The two entnes for each structure are denoted (A) and (B) For compound codes see Table 

2 1 Theoretical values for Sp, Br and Bever (in A ) are obtained as weighted averages of individual B's 

taken from the published structural parameters 

PBAG 

input 

P2 

Sc 

Sp 

Θ, 

Saver 

<ieri2> 

NGUY 

input 

P2 

Sc 

Sp 

Sr 

Saver 

<|£r|2> 

(A) 
1Pbc 

0 516 

Wilson Partha GHBe GHB6 Theor 

1 029 1 032 0 952 1 058 1 000 

1 063 1 126 1 700 

4 088 1 852 1 892 

1 451 1 436 2 527 1 477 1 787 

1 04 1 04 2 55 1 22 1 00 

(A) 

1Sec 

0183 

Wilson Partha GHBe GHB0 Theor 

1 189 1 171 1 082 1 083 1 000 

0 076 0126 1140 

1 137 1 126 1 448 

0 653 0 645 0 943 0 943 1 395 

1 03 1 00 1 05 1 05 1 00 

(B) 
1Pb+1Sbc 

0 739 

Wilson Partha GHBe GHB0 Theor 

1 029 1 022 0 983 1 092 1 000 

1 264 1 277 1 561 

8 951 1 667 2 496 

1 451 1 480 3 270 1 379 1 787 

0 80 0 80 8 04 0 95 1 00 

( B ) 

SSe" 

0 734 

Wilson Partha GHBe GHB6 Theor 

1 189 1 087 0 924 1 059 1 000 

1058 0 919 1612 

4 494 0 919 0 980 

0 653 0 735 3 580 0 919 1395 

1 57 1 40 6 30 1 47 1 00 

a GHB scaling procedure without resetting 
b GHB scaling procedure with resetting 
c Input atoms are on correct positions, as given by published parameters 
d Positions of the input atoms are obtained by the program PATTY with two incorrect Se atoms 

In all cases resetting of GHB results was required although the resetting was 

insignificant for NGUY(A). In all cases but NGUY(B) the divergence in Sp and βΓ has 

the correct sense. For NGUY(B) the input model consisted of five Se atoms, one of 

which was at a Cr position and another one at the averaged position of a disordered 

Κ atom. Such input errors always make the GHB scaling unreliable. 

Many years of experience has shown that if deviations are larger than 1 A2, an 

improper resetting to the maximum deviation of 1 A2 does not cause a disaster! If on 
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the other hand a difficult structure seems to give scaling problems, an appropriate 

rescaling with restricted values for Bp and BT proved to be of advantage. 

The test cases presented in Table 2.2 are rather extreme examples: the 

results for many structures learned that the GHB scaling usually does not deviate 

much from the Wilson plot results, but the small differences in Bp and BT enhance the 

power and applicability of the PHASEX procedure considerably. 

2.3 Rescaling based on the relative frequency of |Fp| > |F0| 

The scaling procedures discussed above work quite satisfactorily for most structures, 

and the structure-factor difference AF can be estimated with sufficient accuracy. If 

the known part of the structure comprises a large fraction of the scattering power, the 

accuracy of the AF values heavily depends on the accuracy of the scale factor and 

Bp and Br values. If, however, the known part of the structure consists of heavy 

atoms on relative rationally-dependent positions (for instance a row or a plane of 

atoms) the positions of the atoms (obtained from a Patterson synthesis with many 

overlapping vectors or from an incomplete or erroneous direct methods result) may 

be uncertain. The atomic positions may have large errors and consequently the 

scaling procedure may lead to severe errors in scale and temperature factors. In 

particular this is often the case for structures showing superstructure effects.3 

If a large part of the structure is known, an error in the scale factor may easily 

lead for many reflections to a phase change of π in the phases calculated for AF. As 

the AF values are used as trial-Fr values to initiate the direct methods procedure, 

such gross phase errors easily lead to a failure in solving the structure. 

In order to check the validity of the scale and temperature factors obtained by 

the procedures described so far, we count the number of reflections for which the 

calculated structure factor amplitude |Fp| is larger than the scaled observed value |F0| 

The application ofDIRDIF to superstructures has been published (Beurskens, Bosman, 19B2). Apart 
from the distinction between main and superstructure reflections, it is sometimes necessary to use a 
wider classification, especially when the structure at hand is not a true superstructure but a structure 
with anomalous intensity distribution, showing 'superstructure' effects. A more general classification is 
then essential (see Böhme, 1982; Giaccovazzo, 1991). This, however, is outside the scope of the 
present paper. 
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(/' e. φυ: = (ft + π). The observed relative frequency, calculated for a given scale factor 

Sc, is given by 

P(Sc,flp) = £ h s/gn [ | Fp(ßp) | -\F0\ ]/Wh (2.4) 

where sign(x) = 1 if χ > 0, s;gn(x) = 0 if χ < 0. The summation is over all (Nh) 

reflections h of which the normalized structure factors |E0| are above a threshold 

value Ethres· This threshold excludes reflections which are too weak for participation 

in the phase refinement procedure. Note that F0 and E0 depend on Sc and Sov, while 

Fp depends on Op. 

Table 2.3 shows the dependency of P(Sc,ßp) on the relative scale for the 

same test cases as given in Table 2.2. For many years we have noticed that this 

frequency, P(Sc,öp), is very sensitive to model errors, and is highly correlated to the 

statistical behavior of difference structure factors, which influences the possibility of 

solving 'difficult' structures with superstructure effects. 

Table 2.3 Values of P(Sc,Bp) (2 4) for some test cases, showing the dependency on the scale factor 
(Sc) The tabulated P(Sc,Bp) values (with Bp = Bov) refer to the occurrence of /Fp/ > /F0/ for the given 
scaling parameters and input atoms No threshold is used (Ethms = 0) 

CCODE 

Input atoms 

P2 

Bov 

Sc = 0 8 
S c= 10 
Sc=1 2 

PBAG(A) 

Pb 

0 516 

180 

0 435 
0 348 
0 295 

PBAG(B) 

Pb.Sb 
0 739 

180 

0 471 
0 329 
0 256 

NGUY(A) 

Se 

0 183 

0 85 

0 464 
0 372 
0 303 

NGUY(B) 

5Se 
0 734 

0 85 

0 538 
0 465 
0 400 

We now use the frequency P(Sc,Sp) in a new scaling procedure by comparing 

P(Sc,Sp) with Pstat(öp.ßr). which is the expected frequency based upon the statistical 

behavior of the unknown part of the structure. Let Frand be defined as a 'possible' 

value for Fr, randomly generated for the assumed 'correct' composition of the 

unknown part of the structure, and using the expected centric or acentric intensity 

distributions (Ramachandran & Srinivasan, 1968). Then |Fp+Frand| is a statistically 
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possible value for |F0|. Although |Fp+Frand| is meaningless for a single reflection h, its 

average <|Fp+Frand|> does have the correct statistical properties of <|F0|> under the 

assumptions given above. With the randomly generated values for Fri Pstat(öp.ör) is 

determined as 

Psta,(ßp,ör) = S k
S / 9 n [ | / r p ( ß p ) | - | f : p ( S p ) + f :rand(ßr)|]/Wk (2.5) 

The sum is over /\/k reflections k for which the normalized value of |Fp+Frand| are 

above the same threshold value as has been used for P(Sc,Bp). This implies that the 

reflection sets h and k (used in 2.4 and 2.5) are not identical, although the numbers 

of reflections (A/h and Nk) are approximately equal. 

Because the value for P(Sc,ßp) should approach the value for Pstat(ßp.ßr), 

AP = |P(Sc,ßp)-P3tat(ßp,er)| (2.6) 

should be minimal for acceptable scale and temperature factors. Slightly different 
functions which not only depend on the signs of the difference structure factors but 
also on their magnitudes, are defined similar to equations (2.4) to (2.6): 

Q(Sc,ßp)= " (2.7) 
ZhN^(ßp) l /3] 

ZK{tlFp(ep>HFp(ßp) + F'and(ßr)|]/i7} 

^'•V— Z ( [ I W , | / g l
 ( 2 e» 

AQ = |Q(Sc,ßp)-Qstat(ßp,ßr)| (2.9) 

using a sharpening factor 

0 = )/Z7F-exP(Ds2) (2·10) 
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where D is a damping parameter. Note that for D = -Sov, g is the conventional 

normalization factor. At present, after a number of test runs, we use D = 0. The 

summations (2.7) and (2.8) are over reflections with the same threshold Ethres as 

used for (2.4) and (2.5). AQ should be minimal for acceptable scale and temperature 

factors.4 Thus for a given set of temperature factors Sp and Br, two separate scale 

factors are calculated by minimizing ΔΡ and AQ. 

Scaling strategy for difference structure factors 

Systematic variation of trial values for Sp and Br leads to various combinations of 

scale and temperature factors which all satisfy the minimization of ΔΡ and/or AQ. In 

order to distill useful scale and temperature factors we need selection criteria. 

Firstly, we define a criterion based on the expected value for <|ΕΓ|
2>. Of 

course it is possible to scale the data such that the <|Er|
2> = 1, but this does not 

guarantee that the phases of φ^ are correct. Therefore, we define RA as a non-linear 

selection criterion by 

RA = 2 (1.0 - <|Er|
2> ) if <|Er|

2> < 1.0 

RA = 0 if 1.0;S<|Er|>£l.1 and 

RA = <|Er|
2>-1.1 if<|Er|

2>>1.1. (2.11) 

The value of RA should be minimal. The relatively larger variation in RA with <|Er|
2> 

for the case that <|Er|
2> is too small reflects the experience that in this case too few 

reflections participate in the direct-method phase-refinement (program PHASEX). 

Secondly, we define RB as a disagreement factor: 

Note that if all reflections are included, (2.9) gives 

ΔΟ = == 

but this equation is not correct if a non-zero threshold is used. 
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« Β = : ^ ί ψ^—TT-, (212) 

Zhii^.i2/»2] 

using the Wilson expectation value 

< Ι ^ Ι 2 > = Σ/ ' 2 β χ Ρ(-20Γ5 2 ) 

and a sharpening factor g, given by (2.10). 

This expression should be minimal for the correct scale and temperature 

parameters. It is easily shown, after replacing Fig by Ε-values, that the expectation 

value for RB depends on the centricity of the structure; e.g. for non-centrosymmetric 

structures < R B > = 2pV + r4. The difference with the conventional R2 value is the 

term <|Fr|
2> in the denominator of (2.12); this term makes RB much less dependent 

on the scale factor. With (2.11) and (2.12), a combined figure of merit is defined as 

FOM(Bp,Sr,Sc) = u ) ARA+û ) BRB (2.13) 

in which Û>A and ωβ are used as weighting factors. At present, ωΑ and OB are defined 

as the variances of RB and RA, respectively. For an acceptable combination of scale 

and temperature factors this combined figure of merit should be minimal. The 

present scaling strategy consists of finding sets of possible parameters using (2.3), 

(2.6) and (2.9), and selecting one set using (2.13). 

Test results involving the new scaling procedure 

Table 2.4 shows the results on all test structures given in Table 2.1. For each of 

those we have used two different sets of atomic parameters (denoted A and B). For 

most of the structures one of the sets is given by atomic parameters obtained from a 

default run of the program PATTY. For each test case the results (Sc, öp, ßr) 

obtained with the GHB procedure [(2.3) with resetting], as well as the results 

obtained using (2.6) and (2.9) are presented. For each of these results some 

relevant quantities are given in Table 2.4. Each of the results (Sc, ßp, ßr) may be 
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compared with the theoretical values (Sc = 1.000; Sp and Sr as calculated from 

published structural parameters). 

For the first entry, PBAG(A), each procedure leads to acceptable results. 

Inspection of the values for Sc, Sp and Sr, gives preference to the results obtained 

for ΔΟ; nevertheless, the GHB scaling gives the lowest FOM. Comparing the 

numbers of atoms after consecutive runs of the program PHASEX and FOUR shows 

that in all cases all heavy atoms are found in the electron density map but that the 

numbers of light atoms (S) differ. For PBAG(B) the results obtained with ΔΡ (or ΔΟ) 

are the best in all respects, but again not all light atoms (S) are found after 

PHASEX/FOUR. Of course, one or more Fourier syntheses will give all S atoms. 

For the second entry, NGUY(A), each scaling procedure again leads to 

acceptable results. Because one input Se atom is positioned upon a disordered Κ 

atom position, which has a rather large isotropic temperature factor, the calculated 

parameter op (based on published Β values) is larger than Sr. This is, however, not 

found for the GHB scaling, which implies that this parameter set is the worst set to 

use. The FOM selects the parameter set of ΔΟ, although the scale factor of the 

results of ΔΡ is slightly closer to unity. For NGUY(B) we used a composition which 

was intentionally wrong, since this was the expected composition before solving the 

structure. Therefore the Wilson parameters, which are correlated with the cell 

contents, are different from the value given in Table 2.1; they are now: Sc = 1.503 

and Sov = 0.815. We used as input parameters the La atom positions derived by the 

program PATTY. Again no differences can be seen in the number of atoms resulting 

after one run of PHASEX/FOUR. However, looking at the individual parameters (Sc, 

öp, Sr) it is noticeable that the scale factor is closer to unity for ΔΡ (and ΔΟ, which 

leads to the same parameters) and that the temperature factors are closer to the real 

temperature factors. Here again is shown that better results are obtained with the 

new scaling procedure based on ΔΡ and ΔΟ. Moreover, this procedure seems less 

sensitive to errors in the composition. 

All other entries can be studied this way. Some comments are in order. For 

MARS, TRICO and ALP04, the input atoms (A) are obtained by PATTY while (B) are 

pseudotranslationally averaged atomic positions to enhance the superstructure 

effects. Input atoms for BOURI3(A) and (B) are two different PATTY solutions; (B) 

contains incorrect Au positions. For NASEO and BAUR an input model (B) contains 

more atoms than (A). For TIP the input model (B) contains two TI atoms at the exact 
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positions. Inspection of the results shows that in almost all cases the selected set of 

parameters (Sc, ßp, Sr) is equally good or slightly better than the other sets, and just 

in one case, NASEO(A), rescaling proves to be essential as the GHB scale does not 

allow the solution of the structure. Practical experience on many structures allows the 

following conclusions, which are illustrated by the results shown in Table 2.4: 

- In all cases relatively large variations in parameters (Sc, ßp, βΓ) are possible. 

- In some cases the FOM prevents the occurrence of extremely large variations. 

- In most cases the accepted variations do not hamper the solution of the structure, 

because enough missing atoms are found. 

- In a few cases the FOM rejects parameter sets which lead to failure. 

These results generally show that the new scaling procedure (using ΔΡ and 

AQ) based upon a statistical behavior of the remainder of the structure, often gives 

acceptable scale and temperature factors. In general one could say that the new 

procedure serves as an alternative for the GHB scaling procedure (with resetting 

corrections), and the FOM discriminates between the two. For typical problem 

structures like structures showing superstructure effects, the procedure occasionally 

avoids disasters in solving the structure. 

Experience on many structures showed us that for 'normal' structures and 

small partial structures the new scaling method makes no significant differences. 

Therefore, in case of a small partial structure the procedure is not used. 
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Table 2.4 Results of scaling for vanous test structures The two entnes for each structure are denoted 

(A) and (B) The order of the structures is as given for the code names in Table 2 1 The lowest FOM is 

marked * Theoretical values for Bp, Br and Bov (in A ) are obtained as weighted averages of individual 

B's taken from the published structural parameters 

PBAG 

Input 

P2 

Theor values 
Sp, Sr, Saver 

Scale based on 
Sc 

Sp 

sr 

Saver 

<Ι5Γ> 
RA 

RB 

FOM(Sp,Sr,Sc) 
Correct peaks 

Pb(x,y,z) = 

(M 

= (0375,0 417,0250) 

0 516 

1 700, 1 892, 1 787 

GHB 
1 154 

1855 

1 129 

1503 

1400 

0 300 

0 602 

0 080* 
Pb.Sb.Ag, 

S 

ΔΡ 
1236 
1486 

1001 

1251 

1485 

0 385 

0 617 

0 083 
Pb.Sb.Ag, 

3S 

ΔΟ 
1 147 

1 883 

1404 

1651 

1532 

0 432 

0 605 

0 082 
Pb.Sb.Ag, 

3S 

Pb(x,y,z) = 
Sb(x,y,z) = 

(B) 

= (0375,0 417,0 250) 
= ( 0 375, 0 083, 0 250) 

0 739 

1 561,2 496,1 787 

GHB 
1 144 

1682 

1291 

1 580 

2 104 

1004 

0 291 

0 054 
Pb,Sb,Ag, 

2S 

ΔΡ 
1 001 

1768 

1 321 

1651 

1696 

0 596 

0 220 

0 038* 
Pb,Sb,Ag, 

S 

ΔΟ 
1002 

1768 

1 321 

1651 

1698 

0 598 

0 220 

0 038* 
Pb.Sb.Ag, 

S 

NGUY 

Input 

P2 

Theor values 

Sp, Sr, Saver 

Scale based on 
Sc 

Sp 

Sr 

Saver 

<|ΕΓΓ> 

RA 

RB 

FOM(ep,Br,Sc) 
Correct peaks 

Se(x,y,z) = 
Se(x,y,z) = 
Se(x,y,z) = 
Se(x,y,z) = 
Se(x,y,z) = 

(A) 

-- ( 0 000, 0 500, 0 500) 
= ( 0 000, 0 000, 0 000) 
= ( 0 333, 0 500 
= (0243,0170 
= (0408,0 167 

0 734 

0 500) 
0 000) 
0 500) 

1612,0 980, 1395 

GHB 
1059 

0 919 

0 919 

0 919 

1469 

0 369 

0 248 

0 029 
4Se,2Cr,K 

ΔΡ 
0 974 

0 915 

0 683 

0 853 

1 152 

0 052 

0 228 

0 023* 

ΔΟ 
0 951 

0 915 

0 693 

0 853 

1 121 

0 021 

0 230 

0 023* 
4Se,2Cr,K 4Se,2Cr,K 

La(x,y,z) = 
La(x,y,z) = 
La(x,y,z) = 

(B) 

= ( 0 000, 0 000, 0 000) 
= (0243,0170 
= (0408,0167 

0 789 

0 000) 
0 500) 

0 968,1717,1 395 

GHB 
1 380 

0 998 

0 681 

0 932 

2 365 

1265 

0 508 

0 106 
4Se,2Cr,K 

ΔΡ 
1202 

1070 

0 812 

1015 

2137 

1036 

0 503 

0 100* 

ΔΟ 
1202 

1070 

0 812 

1015 

2 137 

1037 

0 503 

0 100* 
4Se,2Cr,K 4Se,2Cr,K 
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Table 2.4 Continued 

MARS 

Input 

P2 

Theor values: 

Sp. Sr. Saver 

Scale based on 
Sc 

Sp 

Sr 

Saver 

<|Hrl> 

RA 

RB 

FOM(Sp,Br,Sc) 
Correct peaks 

l<x.y.z) = 
l(x,y.z) = 
i(x,y.z) = 
i(x,y.z) = 

<Ai 

(-0.005,0.111 
(0.495,0.611 
( 0.007, 0.122 

0.151) 
0.151) 
0.552) 

( 0.507, 0.622, 0.552) 

0.752 

4.752,4 146,4 604 

GHB 
0 970 

4 349 

3 977 

4.257 

1.912 

0.812 

0.340 

0 263 
4l,2As,4S 

C 

ΔΡ 
1050 
4 399 

3 301 

4.127 

1.478 

0.378 

0.300 

0.201* 
4l12As,4S 

2N,4C 

ΔΟ 
1008 
3.959 

2 971 

3.714 

1.243 

0.143 

0.341 

0.203 
4l,2As,4S 

l(x,y.z) = 
i(x.y,z) = 
i(x.y.z) = 
i(x,y,z) = 

fB) 

(0.000,0 111 
( 0 500,0.611 
( 0 000,0111 
(0.500,0.611 

0.752 

0.151) 
0 151) 
0 550) 
0.550) 

4 752,4.146,4 604 

GHB 
0 987 
4 349 

3 976 

4.256 

1.888 

0.788 

0.316 

0.223 
4l,2As,4S 

C 

ΔΡ 
1 084 

4 399 

3.301 

4.127 

1.505 

0.405 

0.286 

0188 
4l,2As,4S 

2N,3C 

ΔΟ 
1052 

3 959 

2 971 

3 714 

1260 

0 160 

0.303 

0187* 
4l,2As,4S 

C 

TRICO 

Input 

P2 

Theor values: 
Sp, Br, Saver 

Scale based on 
Sc 

Sp 

Sr 

Saver 

<|ΕΓΓ> 
RA 

RB 

FOM(Bp,B,,Sc) 
Correct peaks 

Co(x,y,z) = 
Co(x,y,z) = 
Co(x,y,z) = 
Co(x,y,z) = 

fA) 

= ( -0.020, 0.010, 0.250) 
= ( 0.020, 0.490, 0.250) 
= ( 0 440, 0 260, 0.000) 
= ( 0.560, 0.240, 0.500) 

0 293 

3.000, 3 000, 

GHB 
1024 

2.826 

2.826 

2 826 

1.472 

0.372 

0.770 

0.110 
4Co,11CI 

7P,5C 

ΔΡ 
1.227 

3 078 

2.353 

2.565 

1 721 

0 621 

0.741 

3 000 

ΔΟ 
1.227 

3 078 

2.353 

2.565 

1.721 

0.621 

0 741 

0.109* 0.109* 
4Co,12CI 4Co,12CI 
8P,38C 8P,38C 

Co(x,y,z) = 
Co(x,y,z) = 
Co(x,y,z) : 
Co(x,y,z) = 

(B) 

= ( 0.000, 0.000, 0 250) 
= ( 0.000, 0 500, 0 250) 
= ( 0 450, 0.250, 0 000) 
= ( 0.550, 0.250, 0.500) 

0.293 

3 000, 3 000, 3 000 

GHB 
0 902 

3 558 

2 804 

3 025 

0 996 

0 007 

0.728 

0 144 
4Co,12CI 
8P,34C 

ΔΡ 
1.133 
3.762 

2.876 

3.136 

1.496 

0 396 

0.715 

0 145 
4Co,12CI 

8P,42C 

ΔΟ 
0 968 
3 762 

2.876 

3 136 

1 139 

0.039 

0 704 

0.139* 
4Co,12CI 
eP,42C 
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Table 2.4 Continued 

AL.P04 

Input 

P2 

Theor values 
Sp, Sr, Saver 

Scale based on 
Sc 

Sp 

Sr 

Saver 

<|£ΓΓ> 

PA 

PB 

FOM(Sp,Sr,Sc) 
Correct peaks 

(A) 

Al(x,y,z) = ( 0 453, 0 000, 0 333) 
Ρ (x.y.z) = ( 0 500, 0 000, 0 833) 

0 608 

0 863, 1 382, 0 962 

GHB ΔΡ ΔΟ 
0 962 1 089 1 044 

1 080 0 777 0 504 

1 080 0 551 0 464 

1 080 0 688 0 488 

1 247 1 197 1 093 

0 147 0 097 0 000 

0 393 0 395 0 386 

0 106 0105 0101* 
AI,P,20 AI,P,20 AI,P,20 

(B) 

Al(x,y,z) = ( 0 500, 0 000, 0 333) 
Ρ (x,y,z) = ( 0 500, 0 000, 0 833) 

0 608 

0 863, 1 382, 0 962 

GHB ΔΡ ΔΟ 
0 971 1 088 0 954 

1 033 1 003 0 777 

0445 0711 0551 

0 803 0 888 0 688 

1 165 1 591 1 255 

0 065 0 491 0 155 

0 502 0 481 0 557 

0 054* 0126 0129 
AI,P,20 AI,P,20 AI,P,20 

NASEO 

Input 

P2 

Theor values 
Sp, Sr, Saver 

Scale based on 
Sc 

Sp 

Sr 

Saver 

<|Hrl> 

PA 

RB 

FOM(Sp,Sr,Sc) 
Correct peaks 

Se(x,y,z) = 

ÎA) 

= ( 0 350, 0 250 

0 392 

, 0 500) 

1026,1 173,1 115 

GHB 
0 941 
1 580 
0 682 
1034 
0 716 
0 567 
0 828 
0120 

0 

ΔΡ 
0 976 

1231 

1 135 

1 173 

1048 

0 000 

0 829 

0 114* 
2Se,Na 

ΔΟ 
0 926 
0 778 

1098 

0 973 

0 991 

0018 

0 852 

0118 
2Se,0 

Se(x,y,z) : 
Se(x,y,z) = 

(B) 

= ( 0 343, 0 260, 0 480) 
= ( 0 0 3 8 , 0 235,0 120) 

0 784 

1 066, 1 298, 

GHB 
0 893 

1 178 

0 854 

1 108 

1 559 

0 459 

0 692 

0137 
2Se,2Na, 

2 0 

ΔΡ 
0 970 

1026 

0 778 

0 972 

1668 

0 568 

0 679 

0 135* 
2Se,2Na 

2 0 

1 115 

ΔΟ 
0 924 

1 026 

0 778 

0 972 

1624 

0 524 

0 697 

0 138 
2Se,2Na 

20 
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Table 2.4 Continued 

BOURI3 

Input 

P2 

Theor values 

Sp, Sr, Saver 

Scale based on 
Sc 

Sp 

Sr 

Saver 

<|£rf> 
RA 

RB 

FOM(Sp,Sr,Sc) 
Correct peaks 

Au(x,y,z) : 
Au(x,y,z) : 
Au(x,y,z) : 
Au(x,y,z) : 
Au(x,y,z) = 
Au(x,y,z) : 
Pt(x,y,z) = 

IM 

= ( 0 0 0 6 , 0 637,0211) 
= ( 0 1 0 3 , 0 600,0287) 
= (0031,0062,0273) 
= (0150,0118,0 275) 
= (0022,0718,0 211) 
= ( 0 113,0 183,0 352) 
= (0147,0 665,0 211) 

0 692 

5 964, 8 606, 6 737 

GHB 
1 101 

4 726 

4 726 

4 726 

1609 

0 509 

0 363 

0 097 
6Au,Pt,6P 

4Cu,3l,15C 

ΔΡ 
0 998 

5 598 

4112 

5140 

1 134 

0 034 

0 340 

0 084* 
6Au,Pt,6P 

4Cu,3l,24C 

ΔΟ 
0 942 

5 598 

4 112 

5140 

1060 

0 000 

0 348 

0 086 
6Au,Pt,6P 

4Cu,3l,23C 

Au(x,y,z) = 
Au(x,y,z) = 
Au(x,y,z) : 
Au(x,y,z): 

Au(x,y,z) : 
Au(x,y,z) = 
Pt(x,y,z) = 

ÌBÌ 

= ( 0 006, 0 637 
= (0031,0617 
= (0150,0118 
= (0022,0718 
= (0 113,0 183 
= (0103,0 605 

0211) 
0 273) 
0 275) 
0211) 
0 352) 
0 259) 

= (0147,0 665,0 211) 
0 692 

5 964, 8 606, 6 737 

GHB 
1 103 
4 699 
4 699 
4 699 
1856 
0 756 
0 408 
0132 

6Au,Pt,5P 
4Cu,3l,14C 

0 

ΔΡ 
0 992 

5 598 

4 119 

5140 

1300 

0 200 

0 387 

0 113* 

ΔΟ 
0915 

5 598 

4112 

5140 

1 197 

0 097 

0410 

0118 
6Au,Pt,6P 6Au,Pt,5P 

4Cu,3l,12C 4Cu,3l,8C 
0,N 0 

TIP 

Input 

Theor values 

Sp, Sr, Saver 

Scale based on 
Sc 

Sp 
Sr 

Saver 

<\E,r> 
RA 

RB 

FO/M(Sp,Sr,Sc) 
Correct peaks 

Pb(x,y,z) 
Tl(x,y,z) = 
Tl(x,y,z) = 

(A) 

= ( 0 000, 0 000 
= ( 0 006, 0 267 
: ( 0 603, 0 667 

0 606 

2 942, 2 698, 

GHB 
1 108 

2 290 

2 800 

2 491 

1 102 

0 002 

0 556 

0 056 
271,31 

ΔΡ 
1092 

2 561 

2 779 

2 647 

1070 

0 000 

0 561 

156 
31 

, 0 000) 
0 250) 
0 750) 

2 854 

ΔΟ 
1 110 

1884 

2 599 

2 165 

1070 

0 000 

0 548 

0 055* 
2TI,3I 

(B) 

Tl(x,y,z) = ( 0 370, 0 000 
Tl(x,y,z) = ( 0 604, 0 969 

0 518 

0 000) 
0 250) 

3 641,2 279,2 854 

GHB ΔΡ 
0 992 1 099 

2 804 2 155 

2 888 3176 

2 844 2 647 

0 811 0 980 

0 378 0 000 

0 531 0 545 

0 079 0 077 
211,31 2TI,2l,Pb 

ΔΟ 
1075 

2155 

3176 

2 647 

1020 

0 000 

0 539 

0 076* 
2TI,2l,Pb 
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Table 2.4 Continued 

BAUR 

Input 

Theor. values: 
Bp, Br, Saver 

Scale based on 
Sc 
Bp 

Br 
Bavej 
<|Erl> 
RA 

« B 

FOM(Bv,Bx,Sc) 
Correct peaks 

Si (x,y,z) = 
Si (x,y,z) = 

ÎA1 

= (0.500,0.15« 
= ( 0.500, 0.65£ 

0.235 

), 0.500) 
I, 0.500) 

0.505, 0.928, 0.829 

GHB 
0.750 
0.616 
1.471 
1.270 
1.040 
0.000 
0.689 
0.074* 

2Si,2Mg 
4Na,50 

ΔΡ 
1.224 
0.405 

0.537 

0.506 

0.911 

0.178 
0.749 

0.084 
2Si,2Mg 
4Na,0 

ΔΟ 
1.076 
0.725 

0.962 

0.906 
1.277 

0.177 

0.750 

0.081 
2Si,2Mg 
4Na,20 

Si (x,y,z) = 
Si (x,y,z) = 
Mg(x,y,z) = 
Mg(x,y,z) = 

ÎB1 

= ( 0.250, 0.344, 0.007) 
= ( 0.250, 0.844, 0.006) 
= ( 0.000, 0.093, 0.000) 
= ( 0.000, 0.593, 0.003) 

0.407 

0.560,1.012,0.829 

GHB 
0.889 
0.576 
1.299 
1.005 
0.889 
0.221 
0.376 
0.070* 

2Si,2Mg 
4Na,70 

ΔΡ 
1.029 

0.725 

1.030 

0.906 

0.990 

0.020 

0.482 

0.083 
2Si,2Mg 
4Na,60 

ΔΟ 
1.021 

0 725 

1030 

0.906 

0.971 

0.058 

0.478 

0.083 
2Si,2Mg 
4Na,70 

2.4 General conclusion 

The application of direct methods to difference structure factors enables the solution 

of many problems encountered in the use of ab initio direct methods. This is 

especially true for problems related to the presence of very heavy atoms on 

(pseudo-)special positions, pseudo symmetry, and parallel-stacked planar 

molecules. In such cases the structural fragments, which cause the problem can 

often easily be determined and the true problem is to find the remainder of the 

structure. In general we have found that by carefully subtracting the known fragment 

one implicitly also subtracts the cause of the problem. 

The above described resetting procedure and the new scaling method are 

valuable improvements for the calculation of ΔΡ values which enter the 

DIRDIF/PHASEX direct methods procedure. 
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Chapter 3 

Direct Methods for Incommensurately 
Modulated Structures; on the Applicability of 

* 
Normalized Structure Factors 

Abstract 

The recently defined normalized structure factors for incommensurately modulated 

structures [Lam, Beurskens, Van Smaalen (1993), Acta Crystallogr. A49, 709-721] 

have been subjected to extensive tests regarding their applicability in direct methods 

for phase determination. It is shown that the probability distribution associated with 

the structure invariants E(-H)E(HJE(H-H'), where H and H'are reciprocal vectors of 

main and/or satellite reflections, approximately has the same functional form as the 

Cochran distribution, but triplet phase relations are relatively less reliable when 

satellites are involved. The use of the multidimensional Sayre equation for the 

determination of phases of satellite reflections [Hao, Liu, Fan (1987), Acta 

Crystallogr. A43, 820-824; Fu, Fan (1994), J. Appi. Cryst. 27, 124-127] is not 

improved by using normalized structure factors instead of ordinary structure factors. 

* Published as: Gelder, R. de, Israël, R., Lam, E.J.W., Beurskens, P. T., Smaalen, S. van, Fu, Z.Q. & 
Fan, H.F. (1996) Acta Crystallogr. AS2, 947-954. 
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3.1 Introduction 

Direct methods for solving the phase problem in X-ray crystallography have been 
extended to incommensurately modulated structures by Fan and coworkers (Hao, 
Liu & Fan, 1987; Fu & Fan, 1994). The method was successfully used in solving 
modulated structures of ankangite (Xiang, Fan, Wu, Li & Pan, 1990), 
(Bi,Pb)2Sr2Ca2Cu30y (Mo, Cheng, Fan, Li, Sha, Zheng, Li & Zhao, 1992) and 
(Perylene)Co(mnt)2(CH2Cl2)o s (Lam, Beurskens, Smits, Van Smaalen, De Boer & 
Fan, 1995), employing structure factors (F) for estimating the relative importance of 
the terms in the Sayre equation. The method was further extended to incommen
surate composite crystals (Fan, Van Smaalen, Lam & Beurskens, 1993; Beurskens, 
Beurskens, Lam, Van Smaalen & Fan, 1994; Sha, Fan, Van Smaalen, Lam & 
Beurskens, 1994). 

Recently, normalized structure factors (E) were defined for main reflections 
and satellite reflections of incommensurately modulated structures (Lam, Beurskens 
& Van Smaalen, 1992, 1993, 1994). The conventional definition of normalized 
structure factors is 

where g(H) is a real function that compensates the fall-off of the scattering power of 
the atoms with increasing sin(^, including the effect of the overall temperature 
factor. This definition was extended to modulated structures by the introduction of a 
modified expression for the function g(H) which includes overall modulation effects. 
Different expressions for g(H) were required for main reflections and satellites. It was 
shown that the statistical distributions of the magnitudes of the newly defined E 
values obey similar distributions as are known for non-modulated crystals. It is not at 
all trivial or obvious, however, that phase relationships employing normalized 
structure factors of main and satellite reflections have the same statistical properties 
as for conventional (non-modulated) structures. 

In the present paper, we explore in two ways the meaning of normalized 
structure factors for modulated structures. Firstly, the probability distributions for 
triplet phases are calculated for a series of structures and compared with the 
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Cochran distribution (Cochran & Woolfson, 1955; Cochran, 1955). Secondly, 

normalized structure factors instead of F values are used in the direct-methods 

procedure for phase determination as developed by Fan et al. (1993). Although it is 

expected that both approaches (F and E values) will generally provide a good 

solution of the phase problem, we investigated the possible advantage of using 

normalized structure factors. 

3.1.1 Formulae and definitions 

The most frequently used phase relation in direct methods for solving (non-

modulated) crystal structures is the three-phase structure invariant, i.e. the phase of 

the triple product Ε(-Η)Ε(Η·)Ε(Η - Η') or F(-H)F{H')F(H - H"). The phase sum Φ of the 

triplet, 

Φ(Η,Η') = φ(-Η) + φ(Η') + φ(Η-Η') (3.1) 

is independent of the choice of the space-group origin and is likely to be close to 

zero for large magnitudes of E^H), E(H') and E(H - H'). In other words, the so called 

J ] relationship 

φ(Η)*φ(Η·) + φ{Η-Η·) (3.2) 

is more reliable if all three corresponding |E| values are large. 

The probability density for Φ is given by the Cochran distribution (Cochran, 

1955): 

Ρ(Φ) = [27i/o(x:)r1exp[A:cos(0)] (3.3) 

where ln is a modified Bessel function of the first kind and 

^(Η,Η·) = 2C | E(-H)E(H')E(»-»')\ (3.4) 
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with 

«0 

Σ^ 2 
-3/2 

(3.5) 
J = 1 

Λ/ο is the number of atoms in the unit cell. Note that, for equal atom structures, 

C = N0

 V 2 . The variance of Φ is given by (Karle & Karle, 1966) 

2/ \ ' t 

3 MO 
yhnM γ /2n+l(«·) 
^ , ( 2 0 ^ n^ 0(2n + 1)^ 

In the case of centrosymmetric structures, where the phases pare restricted to 0 and 

π, the probability that the sign relationship 

s t H ^ s i H ^ s i H - H ' ) (3.6) 

is true, is given by (Cochran & Woolfson, 1955) 

P+(x) = 1/2 + 1/2tanh(x) (3.7) 

with 

xiKH') = C | Ε(-Η)Ε(Η·)Ε(Η-Η·) |= ΛΓ(ΚΗ , )/2 (3.8) 

For modulated structures the phase sum 

Φ = <P("Haat ) + rtH'm·.,, ) + ρ(Ηββ1 - H'maln ) 

where H'mam (h',k',l',0) is a main reflection and Ηββ{ {h,k,l,m) and Hgat-H'mam are 

satellite reflections, is also a structure invariant. The following triplet relations can be 

distinguished: 
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mmm: 

^ a l n ) * ^ Η ' ^ , η ) + ^ ( H ^ - H'm a i n ) ; (3.9) 

sms: 

φν^νφ^Μη ) + <P(Haal -Η'^,π ); (3.10) 

sss: 

φ(ΗΜ)*φ(Η·Μ) + φ(Η„{-Η'„{); (3.11) 

with similar expressions for centrosymmetric mmm, sms and sss triplets for the sign 

relation (3.6). 

In analogy with ordinary direct methods and in view of the validity of the Sayre 

equation for modulated structures (proved by Hao et al, 1987), it may be expected 

that the reliability of the triplet relations (3.2) and (3.6) increases with increasing 

values of |E(-H)|, |£(H')| and |E(H - H')) for all triplet structure invariants. In this 

paper, we present numerical tests for this hypothesis. In addition, it may be expected 

that the probability distribution associated with the structure invariants E(-H), E(H') 

and E(H - H') closely resembles the Cochran distribution (3.3) for the mmm triplets, 

but the nature of the distribution for sms triplets is in principle unknown. In this paper, 

we also investigate the resemblance of the sms triplet distribution with the Cochran 

distribution. 

3.2 Numerical test procedures and results 

Numerical tests have been performed with structure factors from several compounds 

with a one-dimensional displacive modulation. In all cases, main reflections and first-

order satellites were used. Several data sets were obtained for experimentally 

determined centrosymmetric structures (Table 3.1) but, instead of the measured 

intensities, calculated structure factors were employed, thus avoiding complications 

due to incomplete data sets as published in the literature. Further tests were done for 

artificial non-centrosymmetric and centrosymmetric test structures (Tables 

3.1 and 3.2), with randomly generated atomic coordinates and various 
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modulation characteristics (Lam et al, 1993). For each structure but (Perylene)-

Co(mnt)2(CH2Cl2)o.5, all reflections within the sin($/A range as given in Table 3.1 

were calculated in order to be able to use the normalization procedure and to 

perform the calculations given in §3.2.1. For (Perylene)Co(mnt)2(CH2Cl2)o.5 we used 

the same set of reflections as used in the structure refinement (Lam et al, 1995). 

Only the reflections with largest F and largest E values were used for the tests given 

in section 3.2.2. 

Table 3.1 Test structures, with space group of the average structure and references; limitations for 

s [= εΙη(θ)/λ] are given. 

Compound Space 

group 

s (A"1) Reference 

NazCOa 

K2Se04 

NbTe4 
K0.3M0O3 

M08O23 
PECO' 

A1-A4 

C1-C4 

C2/m 

Pnam 

P4/mcc 

C2/m 

P2/C 

PI 

P1 

PI 

1.00 

1.00 

1.00 

0.80 

0.80 

0.66 

0.80 

0.80 

Van Aalst, Den Hollander, Peterse, De Wolff (1976) 

Yamada, lkeda(1984) 

Van Smaalen, Bronsema, Mahy (1986) 

Schutte, De Boer (1993) 

Komdeur, De Boer, Van Smaalen (1990) 

Lam, Beurskens, Smits, Van Smaalen, De Boer, Fan (1Θ95) 

Artificial C50 structure, see Table 3.2 

Artificial C50 structure, see Table 3.2 

PECO fe f/»e shorthand notation of the compound (perylenejCofmntjtfCfyCldo.s. 

mnt is meleo-nitriledithiolate. 

Table 3.2 Characteristics of artificial C50 structures with displacive modulations (see Table 3.1). (Lam, 

Beurskens, Van Smaalen, 1993). 

Compound Atomic modulation function 

A1 
A2 
A3 
A4 
C1 
C2 
C3 
C4 

Random amplitudes & directions 
Random amplitudes & directions 

Identical amplitudes & random directions 
Rigid-body displacement 

Random amplitudes & directions 
Random amplitudes & directions 

Identical amplitudes & random directions 
Rigid-body displacement 
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3.2.1 Test results regarding the three-phase structure invariant 

To investigate the meaning and usefulness of |E| values for modulated structures, a 

number of tests were done on structures given in Tables 3.1 and 3.2. Of the three 

types of triplet relations given by equations 3.9-3.11, the sms triplets (3.10) are of 

prime interest, because they play a key role in the expansion from phases of main 

reflections to those of the satellites. Almost all incommensurately modulated 

structures determined up to now, were solved after finding the average structure. 

Good starting phases of the main reflections therefore can be assumed to be 

available for generating phases of the satellites. For most of the strong reflections, 

the phases will not differ much from the phases calculated for the average structure, 

therefore mmm triplets should follow the Cochran distribution reasonably well. 

Nevertheless, for comparison, we have included the mmm triplets (3.9) in our test 

calculations. The sss triplets (3.11) have not been included because they involve 

second- or higher-order satellites, which are usually few and weak. Moreover, if all 

phases of first order satellites have been determined, straightforward tangent 

expansion would lead to the phases of the higher-order satellites/ 

For all test structures, all possible mmm and sms triplets were generated and 

the phase sums (3.1) were obtained from the contributing calculated structure 

factors. Triplets involving special reflections were omitted because they may show 

different statistical behavior. Nevertheless, preliminary test runs for Na2C03, NbTe4 

and K2Se04 show that the inclusion of special reflections does not make any 

significant difference in the probability distributions. 

For the non-centrosymmetric case, the variance was calculated by 

determining the average squared phase sums found for the mmm and sms triplets in 

intervals of κ. For the centrosymmetric case the dependency of P+ as function of χ 

was calculated by determining the ratio between the correct Σ? relations and the 

total number of ^ 2 relations in a given interval of x. 

A number of typical examples are given in Figures 3.1 to 3.4. In all figures, the 

experimental points are presented together with the theoretical Cochran distributions 

[(3.3) and (3.7)] for non-modulated structures (solid line). 

The program DIMS (see section 3.2.2) does use higher order satellites, when available. 
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The interval between the vertical lines given in Figures 3.1 - 3.4 represent 

triplets, which are of importance in direct methods procedures. Triplets on the left are 

too weak to be used while triplets on the right are important but few in number. 

Although the test structures show distributions of Ρ(Φ) or P* that roughly follow the 

general shape of the Cochran distributions, there are some differences which will be 

discussed later. 

The general trend in the results for the test structures shows that the triplet 

relationships involving satellite reflections are less reliable than as given by the 

Cochran distribution for non-modulated structures. This is not surprising since the 

factor C (3.5) is smaller for larger structures, which suggests that C should also be 

smaller for modulated structures as they are 'larger" (i.e. more complicated) than the 

average structures. Note that for modulated structures we have taken NQ as the 

number of atoms in the unit cell of the basic structure but it is clear that more 'atoms' 

are needed to describe the complete structure. In principle, we do not know how to 

define C for modulated structures. Therefore we introduce an adjustable expression 

as follows 

''mod = QC a v e r 

in which CaVer is the value of C calculated for the cell contents of the average 

structure (3.5), q is a 'correction' factor, and C m o d is the redefined C for modulated 

structures. C m o d is used in the theoretical expressions (3.4 and 3.8). The parameter q 

is not known at the outset of the application of direct methods. It is expected that 

q(mmrn) for mmm triplets is about unity because the atomic positions of the average 

structure are usually well determined by the main reflections only. The q(sms) values 

are expected to be smaller than unity because the main and satellite reflections 

together define a 'larger' structure. To describe the behavior of the triplets we have 

determined the q values for all test structures using the phases calculated from the 

known (modulated) structure. A fit2 of the Cochran distribution to the experimental 

points, using q as the fitting parameter is also presented in the figures (dashed line). 

Minimizing the squared differences of the experimental points and the Cochran function values. An 

experimental point is the observed σ (κ) or Ρ (χ) for a given interval in κ or χ respectively; the number 

of points is arbitrarily chosen. 
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The residual factor of the experimental points towards this modified Cochran 

distribution for centrosymmetric structures is defined as 

R = 

V2 

Z ^ - ^ o d , ) 2 / ! ^ , , ) 2 

;=1 

in which Ρ* is the experimental value, P ^ , is the value belonging to the fitted 

curve of the modified Cochran distribution and η is the number of points used in the 

fitting procedure (n ranges from 6 to 14). A similar expression for non-

centrosymmetric structures can be defined. [The least-squares estimated variance of 

g is given by a2(g) = q2f?2(n-1)"1]. Numerical values for the g values as well as the 

R values of mmm and sms triplets are given in Table 3.3 to describe the modified 

Cochran distribution. Some of the q(mmm) values for experimentally determined 

structures deviate from g = 1, which is due to structural effects.3 For randomly 

generated structures the q(mmm) values are around g = 1, showing that the Cochran 

distribution is valid for mmm triplets. For all structures the q(sms) values are much 

smaller, implying that the sms triplets are less reliable than the mmm triplets. A 

relatively small R value implies that the fitted curve follows the modified Cochran 

distribution rather well. 

3 
i.e. non-random distribution of atoms, e.g. heavy atoms at special positions. 
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(b) 

Figure 3.1. Probability distribution Ρ (χ) for stmctum A ^ C O j . Circles represent experimental values. 

Solid curves represent the theoretical distribution for non-modulated structures according to Cochran. 

Dashed curves represent the q-fitted curve through the experimental points. Vertical lines ere drawn at 

values of χ where \E(-H)E(H')E(H-H')\1/3 is equal to 1.3 or 2.6. (a): probability distribution involving 

mmm triplets, (b): probability distribution involving sms triplets. 
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+ 
Q. 
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χ 

(a) 

(b) 

Figure 3.2. Probability distribution Ρ (χ) for structure foSeO* See Figure 3.1 for explanation. 
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Figure 3.3. Probability distribution P*(x) for structure C1. See Figure 3.1 for explanation. 
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Figure 3.4. Standard deviation α(κ) for structure Al Circles represent expenmental values Solid 

curves represent the theoretical distnbution for non-modulated structures according to Cochran 

Dashed curves represent the q-Med curve through the expenmental points Vertical lines are drawn at 

values of where \E(-H)E(H')E(H-H')\ is equal to 13 or 2 2 (a) standard deviations involving mmm 

triplets (b) standard deviations involving sms triplets 
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Table 3.3 Numerical results of the q-Ming procedure, together with the overall modulation amplitude 

U (A) for severa/ fesf structures. The residual factor R refer to the distribution of σ(κ) or Ρ (χ) for non-

centmsymmetric (A1-A4) and centrosymmetric (C1-C4) structures, respectively. 

CODE 

Na2C03 

K2Se04 

NbTe4 

K0.3M0O3 

Μθβθ23 

PECO 

A1 

A2 

A3 

A4 

C1 

C2 

C3 

C4 

Caver 

0.217 

0.279 

0.226 

0.131 

0.155 

0.183 

0.141 

0.141 

0.141 

0.141 

0.141 

0.141 

0.141 

0.141 

υ 

0.3Θ6 

0.096 

0.169 

0.033 

0.046 

0.421 

0.040 

0.200 

0.200 

0.200 

0.040 

0.200 

0.200 

0.200 

R(mmm) 

0.014 

0.008 

0.012 

0.006 

0.007 

0.013 

0.031 

0.032 

0.037 

0.016 

0.008 

0.006 

0.006 

0.004 

q(mmm) 

1.400 

2.106 

2.699 

3.526 

2.642 

0.770 

1.192 

1.133 

1.050 

0.834 

1.204 

1.117 

1.070 

0.953 

R(sms) 

0.005 

0.054 

0.007 

0.046 

0.057 

0.020 

0.005 

0.018 

0.027 

0.023 

0.011 

0.006 
0.007 

0.014 

g(sms) 

1.113 

0.381 

0.824 

0.469 

0.203 

0.718 

0.438 

0.537 

0.577 

0.504 

0.435 

0.529 

0.543 

0.513 

3.2.1.1 Individual results 

Firstly, consider Na2C03 (Figure 3.1). Within the interval, given by the two vertical 

lines, the Cochran distribution (solid line) rises rather quickly to its maximum at 

P+(x) = 1. Consequently, the triplets within this interval are associated with large 

probabilities. (Of course, ^ C O s is a small structure and its basic structure is easily 

solved by direct methods.) The experimental curve for main reflections gives higher 

probabilities than the Cochran curve, which is related to the systematics in the 

structure (atoms at special positions; hypercentric |E| distribution). Although the 

experimental curve, involving sms triplets, follows the Cochran curve rather precisely, 

it is lower than the corresponding mmm curve, which means that the sign relationship 

for sms triplets is slightly less reliable than for mmm triplets. The modified Cochran 

curves (dashed lines) follow the experimental points rather closely for I^COs. Both 

q(mmm) and g(sms) values are larger than 1, showing that the direct methods for 

this modulated structure should work extremely well. 
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The second example is K2Se04 (Figure 3.2). Compared with Na2C03, the 

experimental points for mmm triplets are much higher; q(mmm) = 2.106. The 

probability curve for the mmm triplets rises very fast to its maximum, showing that no 

problems will be encountered when solving the basic structure by direct methods. In 

contrast with Na2C03, however, the modified Cochran curve involving sms triplets 

does not follow the experimental points very well. Moreover, although the individual 

experimental points of the sms triplets show a similar trend compared to the 

theoretical Cochran distribution for non-modulated structures, the maximum 

probability of P+(x) = 1 is not reached within the important interval between the 

vertical lines in Figure 3.2. Consequently, these sms triplets are less reliable than 

predicted by the conventional Cochran distribution; (/(sms) = 0.381. 

Other experimentally determined structures given in Table 3.1 show a similar 

trend, hence their results need not be discussed individually.4 However, 

corresponding fitting parameters q(mmm) and q(sms) are given in Table 3.3. 

Results for the random centric test structure C1 are given in Figure 3.3. For 

this test structure, which also reflects the general pattern of the other artificial centric 

structures, the mmm triplets show a distribution which approximately follows the 

Cochran distribution5, but again, the distributions for the sms triplets are below the 

Cochran curve. 

For the random non-centric structure A1 it is seen that the variances involving 

mmm triplets are approximately normal5 and that the variances for sms triplets are 

much larger than normal, again showing that the sms triplets are less reliable than 

predicted by the Cochran distribution. Differences in results regarding the different 

types of modulation (comparing Tables 3.2 and 3.3) are significant but not dramatic. 

Figures representing the probability distribution P+(x) and standard deviation σ(κ) for all 
centrosymmetnc and non-centrosymmetnc structures presented in Tables 1 and 2, except for those 
presented in Figures 3 1-34, have been deposited with the lUCr (Reference JS0032) Copies may 
be obtained through The Managing Editor, International Union of Crystallography, 5 Abbey Square, 
Chester CH1 2HU, England 

Additional experiments on the mmm triplets, in which mam reflections were normalized according to 
the conventional Wilson procedure, showed no significant difference to the mmm distribution given 
Figure 3.3. As a consequence, the small deviaüons of the expenmental values for mmm distributions 
from the Cochran curves may be assigned to the non-exactly randomness of the generated structures 
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Numerical results for the fitting parameter q, given in Table 3.3, are compared 

with the overall modulation amplitude U. No clear correlation can be seen between 

the q values involving mmm triplets and the overall modulation amplitudes. However, 

the q values for sms triplets seem to increase with increasing modulation effects, 

suggesting that the reliability of the sms triplets increases with increasing magnitude 

of the modulation.6 

3.2.2 Test results using normalized structure factors in 
the Sayre relation 

To examine the result of using normalized structure factors instead of ordinary 
structure factors, a number of tests were done using the program DIMS (Fu & Fan, 
1994), which employs the full Sayre relation for modulated structures (Hao et al, 
1987) to refine the phases of the satellite reflections using calculated phases for the 
main reflections and random starting phases for the satellites. Because the 
procedure uses all reflections simultaneously, the reliabilities of the individual (sms) 
triplets are not relevant.7 

All tests were performed with known centrosymmetric incommensurately 
modulated structures (Table 3.1). The program DIMS was used to obtain the phases 
of the first order satellites. Various program parameters were used as default values, 
limiting the number of participating reflections implied using the strongest E and F 
values. For each structure the phases (signs) of the largest (normalized) structure 
factors were calculated by DIMS and compared with the true values. In Table 3.4, 
results are given for a number of test structures. Increasing the number of reflections 
(mains and satellites) causes reflections with lower E values to participate in the 
Sayre-tangent refinement. Increasing the number of main reflections generally leads 
to slightly more phase errors which is due to the participation of more weak main 

|F| values of satellites increase with increasing modulation effects, which presumably enhances the 
information contents of the E values. The magnitudes of the \E\ values have been normalized, but such 
enhancement can be present in the distributions of the E values. 

Note that Cmod (section 3.2.1) is obtained a posteriori for the purpose of investigating the validity of 
the Cochran distribution for modulated structures. If q(sms) was known a priori it would have no effect 
to the DIMS procedure. 
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reflections into the procedure (/' e less reliable phase relationships). Increasing the 

number of satellites generally leads to many more phase errors Although the weaker 

satellite reflections are less accurately phased, they are phased sufficiently well to be 

useful for the Fourier synthesis, in order to minimize truncation effects 

Comparing the use of E values versus F values as input to the direct- method 

procedure, no general trend is observed: the use of E values does not really reduce 

the number of wrongly determined phases. In all cases the structures were easily 

solved by DIMS. 

Note: after solving the phase problem a four-dimensional electron density 

map or an E map (see Appendix I) is to be constructed to extract the modulation 

amplitudes. 

raWe 3.4 Number of incorrect signs determined by programs DIMS for several test structures E using 
normalized structure factors F using ordinary structure factors Different numbers of mam and satellite 
reflections are used, minimum E values for each set of reflections are given in parentheses 

Nr of satellite 
Compound reflections Nr of main reflections 

500 (102) 

1000 (056) 

500 (151) 

1000 (0 98) 

350 (1 11) 

500 (086) 

500 (1 52) 

1000 (0 83) 

500 (2.26) 

1000 (1 93) 

E 

500 
(0 67) 

2 

71 

(116) 

2 
16 

(0 34) 

49 
101 

(1 66) 

6 
96 

(188) 

4 
4 

F 

500 

13 
110 

1 
27 

77 
114 

β 

52 

1 
1 

E 

1000 

(017) 

2 
63 

(0 75) 

2 
29 

(0 00) 

60 
126 

(121) 

12 
129 

(157) 

1 
1 

F 

1000 

17 
111 

31 
38 

100 
138 

9 
81 

1 
2 

a Only 642 mam reflections are available for NbTe4 
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3.3 Concluding remarks 

All test structures show distributions of P* or Ρ(Φ) that more or less follow the shape 

of the Cochran distribution. Although no mathematical proof is given, the conclusion 

is reached that the meaning and behavior of E values for incommensurately 

modulated structures, when considering the triplet relation, are similar to E values of 

non-modulated structures. In general, the probability for centric structures of a triplet 

relation involving satellites and main reflections is lower compared with one involving 

main reflections only; the standard deviation for the case of non-centrosymmetric 

structures is larger for the same value of the triple product lEi-HJEÌH'JEÌH-H')!. 

However, the phase problem for the satellite reflections may still be solved using 

procedures based on the triplet relation. Phase information may be extracted from 

the triplet relation by means of symbolic addition, multiSolution methods, efc. Further 

investigations regarding an adjustment of the constant Cmod are in progress. To 

obtain a more reliable estimation of the triplet probabilities, triplet probability 

distribution functions are being derived (Peschar, Israël, Beurskens, 2000). 
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Appendix I 

After the application of the direct-methods procedure, it is questionable whether a 

four-dimensional electron density map or an Ε-map is to be constructed. A 

comparison of one atom in an F-map with the same atom in an Ε-map is given in 

Figure 3.5. The sharpening effect of using E values instead of F values on the 

electron density shape of a sodium atom of ^ C O s is displayed on a two-

dimensional section in four-dimensional space. The effect of sharpening is partly 

compensated for by truncation effects (a limited set of reflections is used, while only 

main reflections and first order satellites were used in the calculation). The use of E-

maps in conventional direct-methods procedures suggests that Ε-maps are suitable 
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for automated determination of the modulation amplitudes (see for example Oleksyn 

& Akselrud, 1995). Nevertheless, care should be taken especially for the higher 

harmonics of the modulation; it seems that the shape of the modulation of the 

sodium in the F-map is smoother than in the E-map. 
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Figure 3.5. Section of the four-dimensional Fourier synthesis of Νβ2θθ3 through the position of a 
sodium atom. Contours are plotted at arbitrary equally-spaced intervals. Left: using conventional F 
values. Right: using E values. 
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Chapter 4 

The Joint Probability Distributions of Structure-
Factor Doublets for Displacive 

Incommensurately Modulated Structures and 
their Applicability to Direct Methods 

Abstract 

In 1993, alternative normalized structure factors for incommensurately modulated 
structures were defined [Lam, Beurskens & Van Smaalen (1993), Acta Crystallogr. 
A49, 709-721]. The probability distribution associated with the structure invariants 
E(-H)E(H')E(H-H') has approximately the same functional form as the Cochran 
distribution. It was shown, however, that triplet-phase relations are relatively less 
reliable when satellites are involved [De Gelder, Israël, Lam, Beurskens, Van 
Smaalen, Fu & Fan (1996) Acte Crystallogr. A52, 947-954]. 

In the present paper we present an alternative approach: instead of studying 
the distribution of a three-phase invariant we have derived the probability distribution 
of the phase sum of two first-order satellite reflections (h.k.l, 1 and h',k',l',-1) under the 
assumption that the phase of the associated main reflection (h+h',k+k',l+l',0) can be 
calculated from the known main (or averaged) structure. 

Intensive tests with randomly generated artificial structures and one real 
structure show a significant improvement of direct-methods phase-sum statistics. 
Functional similarities with conventional direct methods, employing normalized 
structure factors and the Cochran distribution, are discussed. 

* Submitted to Acta Crystallographica by Peschar, R., Israel, R. & Beurskens, P. T. (2000). 
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4.1 Introduction 

In the past, normalized structure factors (£) were defined for main reflections and 

satellite reflections of incommensurately modulated structures (Lam et al., 1992, 

1993,1994). The conventional definition of normalized structure factors is 

««-{ΕΙ (4.1, 

where g(H) is a real function which compensates the fall-off of the scattering power 

of the atoms with increasing sin(^, including the effect of the overall temperature 

factor. By introduction of a modified expression for the g(H) that includes the overall 

modulation effects, this definition was extended to modulated structures. Different 

expressions for g(H) were required for main reflections and satellites. The statistical 

distributions of the magnitudes of the newly defined E values seem to obey similar 

distributions as are known for non-modulated crystals. 

The £ relationship 

p(H) « ^(H' ) + φ(Η - H' ) (» means 'probably close to') (4.2) 

which is more reliable if all three corresponding |E| values are large was tested for a 

series of incommensurately modulated structures by De Gelder et al., (1996). This 

was done by determining the probability density of the three-phase structure 

invariant, being defined as the phase sum 

Φ(Η, Η·) = φ(-Η) + φ(Η') + φ(Η-Η') 

and given by the Cochran distribution' (Cochran, 1955): 

For centrosymmetric structures the phases φ are restricted to 0 and κ. The probability that the sign 
relationship s(H) s s(H')s(H-H') is true, is given by Cochran & Woolfson (1955) as FM^A+'Atanhfx) 
with x(H,H')=C\E(-H)E(H,)E(H-H')\= κ(Η,Η·)/2. 
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Ρ{Φ) = [2π/0(κ·)Γ1βχρ[κ· cos(<2>)] (4.3) 

where ln is a modified Bessel function of the first kind and 

κ{Η, H' ) = 2C | Ei-HJEfH' )E(H - H' ) | (4.4) 

with 

3 

J=1 

Ν 
-3/2 

(4.5) 

-1/2 Ν is the number of atoms in the unit cell. For equal-atom structures, C= N' 

From these tests it was concluded that the probability distribution associated 

with these structure invariants approximately has the same functional form as the 

Cochran distribution. However, when in triplet-phase relations (first order) satellite 

reflections are being involved it appears that they are less reliable than when only 

main reflections are involved (De Gelder ef al., 1996). Since probability distributions 

were not mathematically derived so far, it may quite well be possible that Cochran's 

description of the probability of triplet phase relations should not be applied as such 

when satellite reflections are involved. Therefore, an investigation to obtain a better 

theoretical foundation and practical approach was necessary. 

This report deals with the derivation of the probability distribution of structure 

factors of two first-order satellite reflections; the validity and the actual applicability of 

this new distribution function were tested and compared to the Cochran distribution 

applying the E values as defined by Lam et al., (1993). 

4.2 The derivation of the probability distribution of 

two satellite structure factors 

In a three-dimensionally periodic crystallite or single crystal with reciprocal lattice (a*, 

b*, c*), the structure factor for the direction Κ = ha* + kb* + /c* can be expressed as 
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a function of the contents of a single unit cell since all unit cells are assumed to be 

identical, 

^κ = Χ^(Κ)βχρ[2πΐΚ.Γ7] (4.6) 
7 = 1 

In contrast, in modulated crystals the atomic positions r, are not constant but they 

can vary from cell to cell as a result of one (or more) modulation waves. This report 

discusses the influence of a single displacive modulation wave only. Such a 

modulation leads to an additional index (m) with respect to the modulation vector q in 

order to index the total diffraction pattern, 

q = a a * + ß b * + Y C * (4.7) 

As a result, the satellite diffraction vectors are expressed using four integer indices 

(Λ, k, I, m), 

H = K + mq (4.8) 

In this report only first-order satellites (m = ±1) will be considered. 

A useful way to handle the unit-cell dependency of r, is to introduce so-called 

'basic' coordinates r, (b), that are assumed to be constant from cell to cell, on top of 

which atomic modulation functions uy are present. Together they determine the 

actual position r,,, of atom number; in a unit cell referred to by a lattice vector n, 

r,n = r, (b) + u, (0) + η + u, {q.[r, (b) + n]} (4.9) 

The atomic modulation functions are assumed to be periodic functions 

[Uj (t) = Uj (t+1)] so they can be expanded in a Fourier series (e.g. Yamamoto, 1982; 

Perez-Mato ef al., 1986). The zero-order term of this series [u;(0)] is usually com

bined with Tj (b) into the average position r, (0), 

ry(0) = r/(b) + uy(0) (4.10) 
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In practice, the determination of an incommensurately modulated structure 

involving main reflections (m = 0) only results in the average structural positions r, (0). 

Due to the modulation, the r, (0) should not be looked strictly upon as being point 

positions but be interpreted as being the centers of the area(s) in the unit cell to 

which the possible positions ryn are limited. 

Occasionally, one encounters in literature q.r, (0) as argument of u, instead of 

q.r, (b). The latter is more logical because otherwise uy contains its own zero term. 

From the point of deriving joint probability distributions, it does not make much 

difference since either choice results in η changing continuously from cell to cell. 

Moreover, incommensurately modulated structures exist for which no basic structural 

positions can be defined (Janner & Janssen, 1980). 

4.2.1 Structure factor expressions in presence of a 

single displacive modulation. 

No symmetry (except identity operation) 

In this section only the basic expressions of the structure factor will be discussed, the 

role of the superspace group symmetry is left out. 

In presence of a displacive modulation, the structure factor scattered in the 

direction Η can be expressed as 

ΡΗ = ΣΣ„ , Γ ) ( Η ) Θ Χ Ρ( 2 π ί Η · Γ /η) (4-11) 

in which now an explicit summation is present over all contributing unit cells, each 

cell being referred to by a different lattice vector η while the atomic positions r, n are 

defined as in (4.9). It is assumed that the atomic scattering factors are not 

modulated, so ^n(H) = ^(H), but they are allowed to be complex-valued as a result of 

anomalous scattering 

ί7(Η)=μν(Η)|βχρ[ΐ^(Η)] (4.12) 

71 



Cheater 4 

Taking (4.8), (4.9) and (4.10) into account, (4.11) becomes 

F H = Σ Σ η ^ Η ) θ χ Ρ ΐ 2 π ' ( Κ · Γ > ( 0 ) + / ί7^π)]βχρ[2πίΗ.υ ;(ί ;η)] (4.13) 

withfv n = q.[r,(b) + n]. 

Because q is incommensurate with respect to (a*, b*, c"), ί, n can take on any 

value in the interval [0,1] when η ranges over all unit cells. In practice, the 

summation over the contributing tj n (all unit cells) is usually carried out by replacing 

the summation by an integral involving a continuous variable τ, [0,1] that is often 

referred to as an 'internal' or 'fourth-dimensional' variable. Note that τ, depends 

explicitly on) because it is defined in relation to r, (b). By means of the integration, via 

Uj a 'string' of atomic positions is defined that in fact corresponds with the atomic 

modulation function, 

Ν 1 

^H =X77(H)exp[27ciK.ry(0)] iexp(2nin7ry)exp[2uiH.uy(ry)]dr ; (4.14) 
y=i ο 

After choosing a displacive modulation function, the integration of (4.14) can be 

carried out so an internal-coordinate-independent FH is obtained. At this point we 

notice that this approach, common practice in analysis of incommensurately 

modulated structures and therefore referred to here as 'conventional', affects not 

only the satellite structure-factor expressions but also (the derivation of) their joint 

probability distribution. Thus, before actually discussing the latter in more detail, we 

will briefly outline the general derivation procedure and argue that also an alternative 

to the 'conventional' approach is possible. Mathematical details of this alternative will 

be discussed elsewhere. 

The derivation of a joint probability distribution of structure factors in normal 

direct methods involves the definition of a series expansion in moments, each 

moment consisting of a product of trigonometric parts of one of more structure 

factors. When this expansion in the moments is set up, the primitive random 

variables that are associated with the atomic coordinates are kept constant. Only 

after the moments expansion has been set up, the actual contribution of each 
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moment to the probability distribution can be calculated by allowing the primitive 

random variables to take on their possible values. In this way, the influence of the 

primitive random variables on the joint distribution of structure factors can be 

assessed. In absence of any prior knowledge, the primitive random variables are 

assumed to be uniformly distributed in the unit cell. This comes down to integrating r, 

on the interval [0, 1]. 

In case of satellite structure factors the η (0) together with η determine a 

continuous sequence of atomic positions ryn of an atom (labeled;) in the subsequent 

unit cells (labeled n). The prior functional distribution is described by means of a 

modulation function. The coordinate function of r, (0) together with r; suggests to set 

up a joint probability distribution with a structure factor expression like (4.13) and to 

carry out the ry integration only after setting up the joint distribution of structure 

factors. 

Sinusoidal displacive modulations 

In descriptions of modulated crystals it should be allowed for that with each atom ; a 

different atomic modulation function uy is associated. In literature various expressions 

have been proposed for a displacive uy. In this report we will consider only harmonic 

sinusoidal type modulations that in its general form can be noted (Petricek ef al., 

1985, 1988; Paciorek & Kucharczyk, 1985; Steurer, 1987), 

u y (f j n ) = Uy8in[2n(fy n-!PJ k)] k = X2,3 (4.15) 

in which six independent variables are present, the three components of Uy and three 

phase components ffy (k=1, 2, 3). Expression (4.15) can be rearranged into an 

expression involving two (independent) vectors V, and W, (McConnell & Heine, 1984) 

u,(fy n) = V,sin(2nfyn) + W,cos(2nf y n) (4.16) 

A more simple atomic modulation function, referred to as a rectilinear 

modulation (Paciorek & Kucharczyk, 1985) is arrived at under the assumption that 

the phase components ¥j k along the three axes are identical ( ÏJ = !fy for k = 1, 2, 3), 
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u J(f y n) = U7sin[2n(i y n-!i' y)] with Ψ e [0,1] (4.17) 

This model, that has been applied amongst others by Petricek et a/., (1985), contains 

only four variables, the Uy and the Ψ,, for each modulated atom. 

4.2.2 Structure factor expressions in presence of a sinusoidal modulation 

After inserting a modulation expression like (4.16) or (4.17) in (4.13) and changing 

over to a continuous variable ry, like from (4.13) to (4.14), the integral involving the 

continuous variable τ, can be carried out if exp[2ni H.uy (ry)] is expanded in a series of 

Bessel functions using, 

00 

exp[izsin(a;)]= £j_ n (z)exp(-ina) (4.18) 
η = - < E 

In case of the rectilinear modulation (4.17) an attractive simplification of the 

structure factor is arrived at, 

w 
^H = Σθ(Η)β χΡΐ2 π 'Κ·Γ7(0)^-/η(2πΗ.υ7)βχρΗ2π/π!Ρ ;] (4.19) 

[see e.g. equation (4.6) in Petricek et al., (1985)]. This expression has been shown to 

be very useful in the refinement of modulated structures. 

The same procedure for the general sinusoidal modulation (4.16) gives the 
integral, 

| Σ Σ·/-»ι<2πΗ·ν;>·/-»2<2πΗ.νν7). 
Ο Π1 = -αοη2 = -οο 

exp^Tiirim-n, -n2)-in27i/2]dr (4.20) 

74 



The Joint Probability Distributions of Structure-Factor Doublets 

After interchanging the integral and the summations, the integral can be carried out, 

leading to the condition Π2 = m - n-\. Using J.n(x) = Jn{x)exp(tnn), the integral part of 

(4.20) becomes, 

βχρ(-ΐπ?^2)Σ^(2πΗ.ν7νιιν.ιη(2πΗ.ννι)8χρ(ϊ3πη1/2) (4.21) 
m 

After applying Grafs theorem (Abramowitz & Stegun, 1965), 

00 

Jn(u))exp(\nz)= ^J^iuVuMexpiika) (4.22) 

with 

ω = ^υ2 +v2 -2uvcos(a) 

and 

expO*) = ΰΓ1[υ - vexp(-ia)] 

to (4.21), the structure factor expression is obtained as, 

(V 

^H = X0(H)exp^iK.ry(O)]J.m(û)y)exp[im(^ -π/2)] (4.23) 

ω, = 2 π ΙΗI [| Vy |2 cos2(f)+1 Wy |2 cos2(^ ")]1 / 2 

H.Vy = | Η || V, | cosfo '); H.W,· = | Η || Wy | οο8(ψ ») 
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4.2.3 The joint probability distribution of structure factors in case of 

a single displacive sinusoidal modulation 

Random and primitive random variables 

The problem of phasing satellite structure factors of incommensurately modulated 

structures by means of direct methods differs considerably from the phase problem 

in ab initio direct methods. The mathematical model behind the latter is based upon 

Ν primitive random variables, each one being associated with one of the Ν atomic 

positions. Lack of knowledge concerning the atomic positions is translated into the 

model that the Ν primitive random variables are independent and uniformly 

distributed in the unit cell. 

In incommensurately modulated compounds the phase problem of the main 

reflections (K) can be assumed to be solved by a standard aò initio technique so that 

the set of phased structure factors (FK) determines the average structural model 

[r/0)]. Taking this structural model as a start, the problem is to phase the satellite 

structure factors correctly or, equivalently, to find the correct parameter values of the 

atomic modulation functions. This has the following consequences: 

(i) If the FK, and correspondingly r/O), are (assumed to be) completely known, it is 

not necessary to consider the FK as random variables, i.e. as functions of primitive 

random variables for which a uniform distribution in the unit cell has to be assumed, 

(ii) In contrast to FK, the phases of FH are unknown while the FH are functions of the 

atomic modulation functions. Because the latter determine the cell-dependent atomic 

positions r/n, it seems a reasonable assumption to take the atomic modulation 

function parameters as primitive random variables. In case of a rectilinear modulation 

this comes down to taking the Uy and the ^ as the primitive random variables while 

for the general sinusoidal modulation, the Vy and Wy fulfill this role. 

Like in normal direct methods, the primitive random variables are assumed to 

be independently distributed and, unless more precise information is available, also 

to be uniformly distributed within a certain range. Concerning the phase parameters 

fj, this comes down to a uniform distribution in the interval [0, 1]. The magnitudes of 

the vectorial parameters Uy in the rectilinear modulation and Vy and Wy for the general 

modulation are certainly not uniformly distributed over the complete unit cell. Two 

possible cases will be considered in some detail: 
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(i) The magnitudes of the vectors, i.e. |U| in case of a rectilinear modulation or |V| 

and |W| in case of a general sinusoidal modulation, are assumed to be known, e.g. 

from a fitting procedure like devised by Lam et al., (1992), while the orientation of the 

vector(s) is assumed to be arbitrary. 

This approach reduces the problem to the calculation of oriental averages, as 

will be discussed in the next sections. 

(ii) In addition to the orientational average of the vector(s), also their magnitudes are 

not known. One option is to assume a uniform distribution on the interval [0, |Umax| ]. 

4.2.4 The joint probability distribution of two first order satellite 

structure factors in case of 

a single sinusoidal displacive modulation 

The joint probability distribution of two structure factors of first order satellites can be 

set up in the same way as described in Peschar & Schenk (1991). Let us denote the 

first order satellite reflections by Hi = Ki + q and hfe = K2 - q and consider the phase 

sum, 

Φ2=φ,+φ2 (4.24) 

with φι being the phase of satellite reflection h^ and φζ being the phase of satellite 

reflection H2. In general, (4.24) will not be a structure invariant. However, it is easily 

shown by calculating the moments of order N0 that (4.19) does become a doublet 

phase sum invariant, as present between two isomorphously related structure 

factors, if the modulation parameters Uy and fj (or V, and W,) are used as primitive 

random variables. In order to show this we follow the definition of the moments as 

given in Peschar ef al., (1991) and it is readily observed that the definition of the 

structure factor therein is analogous to expressions (4.19) and (4.23) provided the 

atomic scattering factors are now replaced by //(H)exp[27tiK.r,{0)] while the quantity 

6χρ[2πΐΗ.Γ,], that is associated with the primitive random variables, is now replaced 

by J.m(2nH.Uj)exp(-\2nm'fy and ^(a^expHmix, -π/2)] as defined in (4.19) and 

(4.23) respectively. For simplicity we will discuss now the former only. 
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Rectilinear modulation 
In view of the above and referring to sections 2-4 in Peschar ef al., (1991), the 

moments expression of two structure factors F(Hi) and F(H2) in presence of a 

rectilinear modulation can be expressed as, 

2 
mf1f2 <*fl{\fr\av+ßv exp[\SJV(av-ßv)]expP*Hav-ßv)Kv.rim). 

1 * v=1 

^ { ^ " ^ ( Η , , . υ , Ι β χ ρ ^ π ϋ Ρ ^ α , -ßv)mv}> (4.25) 
2 

v=1 

The average in (4.25) can be carried out under the assumption of a prior distribution 

of the primitive random variables associated with the vector U7 and the phase 

parameter fj. Concerning the (primitive random variable associated with) fy it is 

assumed that it is uniformly distributed on the interval [0, 1] and up to order N0 the 

same conditions for non-zero moments are obtained as in Peschar et al., (1991), 

(<*! - ßi) - (α2 - ßz) = 0 with ori + «2 + A + /% < 2 

This gives the following non-zero moments 

αϊ β: α2 βι F 

1 1 0 0 Fi»,) 

0 0 1 1 F(H2) 

1 0 1 0 FiHO and F(H2) 

0 1 0 1 FiHO and F(H2) (4.26) 

The first two are moments of the individual structure factors only, the last related two 

involve the doublet terms. 

In case of a single structure factor, a„ = ßv = 1, for each moment still an 

orientational average, 

<J.21[2n(H,.Uy)]> (4.27) 

78 



The Joint Probability Distributions of Structure-Factor Doublets 

has to be carried out because of the presence of U7 in (4.25). The calculation of this 

type of average is discussed in detail in Appendix I. Expression (4.27) resembles 

closely expression (4.12) from Lam ef al., (1992) although their calculation of the 

orientational average is slightly different from the one given here in Appendix I. 

The subsequent operations in the derivation of the joint probability distribution 

of structure factors, the moments-cumulants transformation and summing the 

contributions of all Ν primitive random variables, can be carried out completely 

analogous to Peschar ef al., (1991) and results in, 

zvv = ̂ \f](Hv)\2<Al2n(Hv.Ul)]> (4.28) 

The moments in (4.26) involving two structure factors can be handled in a similar 

manner. The moments with «i = «2 = 1 are: 

m i ?"ΠίΙ , ,ν·Ίθ χΡ^·')β χΡΐ2 π ΐ Κ ·'·Γ^0>1>-
1 Ί v = 1 

< Λ,ΡπίΗ, .U, )μ[2π(Η2 .U, )] > (4.29) 

The calculation of the orientational average present in (4.29) is explained in detail in 

Appendix II. 

The remaining steps in the derivation, the moments-cumulants transformation 

and the summation of the contributions of all Ν primitive random variables, are again 

standard and result in 

Ν 

Ζ12=Σ 
7 = 1 

fp,(HJexp[2 n iK, .r y (0)] 
κ = 1 

< Λ,ΡπίΗ, .Uy)μ[2π(Η2 .U,)] > (4.30) 

A comparison of the current derivation and the derivation given in Peschar et al., 

(1991) leads to the conclusion that the only difference between the distributions 

resides in the exact definition of the functions zu, Z22 and z^. This implies that the 

joint probability expression given in Peschar et al., (1991) for two isomorphously 
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related structure factors [see Peschar et al., (1991) equation (60) with H2 = -Η·\ and 

Si 2 = -1 in equation (19)] carries over provided the appropriate definitions of z w and 

Zi2 are used. Thus, the joint probability distribution of the random variables <fa and fa, 

associated with the phases <pi and <pz respectively, and the random variables Ri and 

R2, associated with the structure-factor magnitudes |Fi| and IF2I respectively, can be 

expressed as [for the benefit of this report we use a notation that is slightly different 

from that used in Peschar et al., (1991)], 

P M ^ . R ^ J o c e x p I - G ? -G2

2 +26^2 |L12 I c o s ^ +φ2 - ^ M (4-31) 

with 

i ^ = | L,21exp(i42) = |d 1 2 1exp(i4 2 )[1-1d 1 2 1 2 ]" 1 ' 2 

d12 =ζ,2(ζ„ζ22)-υ2 =|2 1 2 ΙβχρΟ^ίΚζ,,ΖοΓ1'2 

G ^ ^ i z , , ) - 1 ' 2 ! ! - ! ^ ! 2 ] - 1 ' 2 (4.32) 

G2=R2(z2 2)-1 / 2[1-|d1 2 |2]-1 '2 (4.33) 

in which zvv and z ^ are defined in (4.28) and (4.30) respectively. Eventually, working 

out (4.31) in more detail gives the new expression for the joint probability distribution 

of two first order satellite structure factors in case of a single sinusoidal displacive 

modulation 

Ρ(φί,φ2ιΗ^2)α:βχρ[(ζίίζ22-\ζί2 \2)-\-R^z22 -flfz,,)]· 

expp/?,^ | z121 (Ζ,,ΖΗ-I z121
2)"1 cos(A +φ2 - 4 2 ) ] (4.34) 

The above described expression for the probability distribution in case of presence of 

a rectilinear modulation is a simplification of the expression valid in presence of a 

general sinusoidal modulation. For, the assumption is made that the phase 

components !fy along the three axes are identical (for k = 1, 2, 3). 
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The joint probability distribution in presence of a general sinusoidal 

modulation can be obtained in a way similar to that described for a rectilinear 

modulation. Expression (4.31) holds again and only z w and the Zi2 need to be 

redefined because the orientational averages are different. In our investigation we 

only studied the validity of expression (4.34), thus using rectilinear modulations for 

the randomly generated artificial structures and assuming a rectilinear modulation in 

our 'real structure' test case. 

4.3 Comparison of the new distribution (4.34) and the Cochran distribution 

Before discussing the test results of (4.34), it is useful to compare (4.34) with the 

standard direct-methods expression of Cochran (4.3)-(4.5). 

Triplets versus doublets 

The triplet phase-relationship is the most used phase relation in direct methods. For 

incommensurately modulated compounds with a known (or assumedly known) basic 

structure the origin is fixed and any phase of a main reflection is a sem-invariant 

under these conditions: the phases of the satellites, however, are not fixed by the 

main (averaged) structure. Now consider a doublet of two satellites, Hi and hfe with 

Hi = (Λ,, fri, / ι , 1) and H2= ( ^ ^ fc-l) 

and with 

K1 = (/)1,fr1,/1,0)andK2=(/72,/f2)/2l0) 

so 

K12 = H, + H2 = K, + K2 = (h:+h2l h+ka, h+k. 0). 

The main reflection K12 (defined this way, with phase p^) is the third reflection 

in the Cochran triplet relation: 
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(ft* Ψι -ψ\2 =0. 

This is to be compared with the result inferred from (4.34): 

φ\ + φι -^12=0. 

Once it has been ascertained that Δ\2, closely resembling the phase of the triplet-

related main reflection K^, is indeed (almost) equal to ^ 2 . in principle almost all 

direct methods procedures can be used, and in practice even in a very powerful way 

because all phases 1̂ 2 are known at the outset. 

Similarity o M i 2 and <p12 

The phase of z ^ (in 4.30) is determined by Ν atomic contributions of the form 

f y i H ^ H ^ e x p p j i i K « .r,(0)] < J.&n (Η, .υ7)μ[2π (H2 .Uy)] > (4.35) 

This is almost identical to 

/)2(Κ12)θχρ[2πΐΚ12 .ry(0)] < J_,[2n (H, .U, )]J,[2n (H2 .Uy)] > (4.36) 

Expression (4.36) can be compared with the atomic contributions to the structure 

factor of reflection K«, 

^(Κ12)βχρ[2πίΚ12.Γ,(0)] (4.37) 

The difference between (4.36) and (4.37) is the weighting power of atom j: for the 

structure factor it is fj (including the atomic displacement factor) while for z^ [using 

(4.36)] it is 

f,2 < Λ,Ρπ (Η, .υ ; )μ[2π (H2 .Uy)] > (4.38) 
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The last factor in (4.38), which describes the influence of the modulation on the 

structure factor, often shows in practice as a (possible large) pseudo-temperature 

factor, but it is not expected to influence the calculated phase of Δ-\2 very much. 

Therefore, the differences between the phases Δ^ and ^ 2 are expected to be very 

small for equal-atom structures. For heavy-atom structures these differences are 

(almost) entirely caused by the larger impact of f2 in (4.36) relative to fin (4.37) for 

the heavy atoms. If relatively few heavy atoms are present in the structure only a few 

terms in (4.37) have this enhanced weight, and the corresponding phase zl^ should 

not differ much from ^2· For strong reflections, which are of prime importance in 

practical direct methods, most atoms have similar constructive contributions to both 

Δκ and <pì2, so again the difference will be small. Only for weak reflections in heavy-

atom structures significant phase differences may be expected. This is subject to 

further tests, see section 4.4. 

Normalization 
As commonly known, the derivation of the joint probability distribution of structure-
factor magnitudes and phases automatically ends up in an expression in which 
normalized magnitudes (|£|'s) are easily recognized. Expressing such distribution in 
terms of Es simplifies the equations and the computational procedures. The major 
properties of Es are: (1) the average of |E2| is equal to unity, (2) the 'local' average 
is independent of the scattering angle, and (3) the E's appear in a simple form in the 
probability equations (e.g. Cochran, 1955). In the present doublet distribution 
function (4.34), property (3) may not be obvious. Nevertheless, the concept of 
normalization is hidden in the formulations. First of all, the 'normalized' average, re 
(1), is not of any relevance, except that the observed structure factor amplitudes are 
on approximately absolute scale. The normalization with respect to the s\n(0) 
dependency, however, is important in classical direct methods: the phasing power of 
a participating reflection depends on its relative intensity (relative to the average 
intensity at a given scattering angle) and nof at all on its scattering angle. This 
normalization aspect is apparent in (4.34). 

Comparing the exponential form in (4.34) with the similar form in the Cochran 
distribution, 
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2C |£(Ki) £(K2)E(-K12)| cos(^ + φ2-φίύ (4.39) 

suggests the definitions of normalized structure factors G-, and G2 and a quasi-

normalized magnitude G12, via (4.32) and (4.33) (upon substitution of (d^l): 

G, =Fi(z2 2)-1 / 2[z1 1z2 2-|z1 2 I2]"1 '2 (4.40) 

G2=F2(z1 1)-1 / 2[z1 1z2 2-|z1 2|2]-1 / 2 (4.41) 

G ^ z ^ z , ^ ] - 1 ' 2 (4.42) 

and we define the structure invariant triplet factor 

Κ = 216,626,2 | = 21F1F2Z12 | [z„za- \ zn I2]"1 (4.43) 

which is present in (4.34) and plays the same role as the κ in non-incommensurate 

direct methods. 

Κ is expected to be 'normalized' with respect to the scattering angle. Both IF,] 

and |F2| depend on f while z,2, z22 and z12 depend on f2 so the order dependency on 

f in |F,F2Zi2| and [z11Z2r|zi2|2]"1 is the same. We note that 6 i 2 can be interpreted as 

a quasi-normalized structure factor of the triplet-related main reflection K12 so the 

normalization concepts for normal and modulated structures turn out to be largely 

similar. For more details about practical aspects of the normalization of modulated 

structures, see Lam et al., (1993). 

4.4 Numerical test procedures 

Numerical tests have been performed with structure factors from several randomly 

generated non-centrosymmetric and centrosymmetric structures, with and without 

heavy atoms, and with different one-dimensional rectilinear displacive modulations. 

All structures have 50 atoms in the unit cell; the equal-atom structures contain C 
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atoms, the heavy-atom structures contain also S or Fe atoms. In all cases, main 

reflections and first-order satellites were generated with 8ίη(θ)/λ < 0.75. 

Table 4.1 shows an overview of the generated structures together with their 

code name, composition and kind of modulation. The structures used have the same 

atomic positions and code names as used by De Gelder et al. (1996), but now heavy 

atoms were introduced and different modulation functions were used (details given in 

Table 4.1). Structure factors were calculated the same way as described in 

De Gelder ei al. (1996) 

In addition we also used a data set which was obtained from an 

experimentally determined centrosymmetric structure, but instead of the measured 

intensities, calculated structure factors were employed, thus avoiding complications 

due to an incomplete data set as published in the literature. The code name for this 

structure is PECO; for further details we refer to section 4.6. 

Table 4.1 Characteristics of artificial non-centrosymmetric (A) and centrosymmetric (C) Cso-x-ySxFey 
structures with displacive rectilinear modulations. The orientational averages were calculated 
according to Appendices I and II. 

Compound 

Code names 

A1 to A4 (*) 

A1aandA3a 

A1btoA4b 

AISetoMSe 

A1Si6toA4Sie 

A1FeetoA4Fe6 

A1Fei6toA4Fei6 

C1toC4 
C1aandC3a 

C1btoC4b 

C1S6toC4S6 

C1SietoC4Si6 

C1Fe6toC4Fe6 

C1Fei6toC4Fei6 

Composition 

(in the asymmetric unit) 

50 C atoms 

50 C atoms 

50 C atoms 

44 C and 6 S atoms 

34 C and 16 S atoms 

44 C and 6 Fe atoms 

34 C and 16 Fe atoms 

25 C atoms 

25 C atoms 

25 C atoms 

22 C and 3 S atoms 

17 C and θ S atoms 

22 C and 3 Fe atoms 

17 C and 8 Fe atoms 

Modulation 

amplitude8 

random 

fixed 

fixed 

fixed 

fixed 

fixed 

fixed 

random 

fixed 

fixed 

fixed 

fixed 

fixed 

fixed 

Modulation 

direction 

random 

fixed 

random 

random 

random 

random 

random 

random 

fixed 

random 

random 

random 

random 

random 

a The random amplitude varies between 0.0 and 0.4 A, the fixed amplitude is 0.2 A. 

(*) A1 to A4 means A ι, i = 1,4 . 
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We distinguish the following triples: 

mmm for a triplet formed by 3 main reflections, 

ssm for a triplet (or doublet !) formed by 2 satellites and 1 main reflection, 

sss for a triplet of 3 satellites ( not used in this paper ). 

As a first test we wished to see the influence of the different types of modulations as 

compared with the tests made by De Gelder ef al. (1996). Therefore all our test 

structures were subjected to the same calculations as performed by De Gelder et al. 

(1996) with the same pseudo-normalized structure factor definition of Lam et al. 

(1993). Figure 1 shows the Cochran distribution plot (a: for mmm triplets and b: for 

ssm triplets) as obtained by De Gelder et al. (1996) for 'their* structure A1. Figure 2 

shows the results obtained for 'our1 structure A1. 

The overall statistics depicted in Figure 1 do not differ significantly from those 

in Figure 2 and similar results were obtained for other equal-atom test structures. 

86 



The Joint Probability Distnbutions of Structure-Factor Doublets 
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Figure 4.1 Standard deviation of the tnplet phase sum, σ(κ), as a function of κ for structure A1 as was 
defined in De Gelder, et al (1996) Circles represent expenmental values Solid curves represent the 
theoretical distnbution for non-modulated structures according to Cochran Dashed curves represent a 
fitted curve through expenmental points (a) standard deviations involving mmm tnplets (b) standard 
deviations involving ssm tnplets 
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Figure 4.2 Standard deviation of the tnplet phase sum, σ(κ), as a function of κ for structure A1 as is 
defined in this study and presented in Table 4 1 See Figure 4 1 for explanations 
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4.5 Test calculations I. 

Comparison of A^ and ^ 2 

Earlier it was shown that z^ is associated with the main reflection K12 that completes 

the triplet phase relationship Hi + H2 = K^. It was argued that the phase Δ^ 

occurring in (4.34) is expected to be (for most cases) approximately equal to the 

phase ^ 2 of the main reflection K^. This is an observation, which is of importance 

for the calculation of phase relationships for solving an unknown incommensurate 

structure with direct methods. In order to establish whether the doublet phase-sum 

estimate Δ^ equals the known phase ^ 2 of the main reflection K^, some statistics 

have been made. 

Table 4.2 lists some representative individual phase differences |zli2 - ^ 2 ! at 

several Κ levels for various non-centrosymmetric structures. Table 4.3 gives the root-

mean-square (rms) deviation, Sma, between ^ 2 and ^ 2 for the two non-centro

symmetric structures. The rms deviation is defined as 

ΣΙ*« "4212 

^ims = ' 

with η being the number of doublets participating in a certain interval of K. 

Table 4.2 Phase differences \Δΐ2 - φΐ2\ (in ") vs intervals of the largest Κ values in case of non-
centrosymmetric structures. 

Structure Interval of Κ Individual phase differences of single doublets 

A1 
Ala 
A1b 

A1 S
6 

AIS16 

AlFee 

A1Fei6 

5.0 - 7.0 
9.0-11.0 
6.0-10.0 

13.0-14.0 

8.0 - 9.0 

18 0-23.0 

7.0-8.0 

0.02 
0.00 
1.18 
13.66 
1.71 

3.65 

5.66 

0.81 
0.00 
0.04 1.18 

0.51 
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Table 4.3 Results of the rms deviation, i ^ s , between Δ12 and φη for two non-centrosymmetnc 

structures vs intervals of Κ 

Κ 

5 0-8.0 

4 0-5 0 

3 0-4 0 

2 0-3 0 

10-2 0 

0 0-1 0 

η 

11 
58 
262 
2389 

42349 

39906587 

A1b 

*η·Λ 

10 
12 
22 
22 
34 
177 

η 

34 
169 
1137 

6799 

80218 

39863299 

ΑΙΡβΊβ 

<W
0
) 

39 
47 
50 
60 
74 
28 2 

In Table 4.4 averages are given of the absolute difference, \Φ D\, of the 

doublet phase sum and its estimate according to (4.43) 

Φο = p i + <P2 - Λ12 (4.44) 

and the absolute triplet phase sum (ssm case), |Φτ|, 

Φτ = pi + 92 +(-ρΐ2) (4.45) 

at various Κ levels and for several non-centrosymmetric structures. For the 

centrosymmetric structures the quantities PD and Py are given as the percentage of 

correct doublet signs and the percentage of correct triplet signs with triplets ranked 

according to decreasing Κ respectively. For shortness, the derivation of the joint 

probability distribution of two first-order satellite structure factors in case of a single 

sinusoidal displacive modulation in the centrosymmetric case has not been given. Its 

functional form is that of the Cochran & Woolfson (1955) expression (see note in 

Introduction) with χίΗ,Η') being replaced by I F ^ z ^ / t a · ^ - |zi2l2)l· 

Please note that the amount of contributions to each interval (not listed) varies 

per structure and range from almost 40,000,000 for the interval with the lowest Κ 

values to just a few per interval for the larger values of K.2 

The number of contnbutions to the intervals of Κ given in Table 4 3 are typical values 
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Table 4.4 Average phase differences (in ), <|tfb|> and <|<PH> vs intervals of Κ in case of non-centmsymmetnc structures 

Percentages (/100) of correct sign relations Ρτ (tnplets) and correct sign relations Po (doublets) vs Κ a 

Κ 

12 0-24 0 
10 0-12 0 
8 0-10 0 
7 0-8 0 
6 0-7 0 
5 0-6 0 
4 0-5 0 
3 0-4 0 
2 0-3 0 
1 0-2 0 
0 0-10 

Κ 

8 0-10 0 
70-80 
6 0-7 0 
5 0-6 0 
4 0-5 0 
3 0-4 0 
2 0-3 0 
10-2 0 
0 0-1 0 

A1 

<|ΦοΙ> <1<ί>τ|> 

— 
— 
— 
— 
— 

28 8 28 3 
394 39 0 
46 7 46 4 
61 1 60 8 
87 2 86 3 

C1 

PD Pr 

— 
— 
— 
— 
— 

0 854 0 858 
0 766 0 771 
0 510 0 514 

A1a 

<|<PDI> <|ΦΤΙ> 

— 
— 
— 

40 4 404 
36 8 36 8 
40 7 40 7 
46 6 46 4 
55 6 55 6 
63 4 63 4 
861 861 

C1a 

Po Pr 

— 
— 

0 974 0 974 
0 947 0 947 
0 850 0 850 
0 812 0 812 
0 730 0 730 
0 515 0 515 

A1b 

<|<PDI> <I<PTI> 

_ 
— 
— 
— 
— 
— 

37 0 37 1 
43 0 42 7 
49 7 49 4 
62 3 61 9 
87 1 86 5 

C1b 

PD Pr 

— 
— 
— 

1000 1000 
0 958 0 958 
0 855 0 855 
0 762 0 763 
0 509 0 512 

A1S6 

<|ΦοΙ> <|<ί>τ|> 

15 1 
20 5 
24 6 
23 4 
26 5 
29 6 
32 8 
414 
53 6 
843 

_ 
178 
20 7 
261 
25 2 
28 3 
30 7 
340 
42 6 
546 
840 

C1S6 

PD 

1 000 
1000 
0 976 
0 948 
0 934 
0 864 
0 772 
0 523 

Pr 

_ 
1000 
1000 
0 958 
0 928 
0 931 
0 852 
0 768 
0 527 

A1S1 6 

<\ΦΌ\> <\ΦΤ\> 

— 
— 
— 

25 1 24 5 
31 1 30 7 
32 9 32 9 
37 5 37 0 
45 8 45 2 
58 3 57 9 
86 5 85 7 

C I S « 

PD PT 

— 
1 000 1 000 
0 957 0 978 
0 966 0 966 
0 935 0 940 
0 883 0 883 
0 784 0 785 
0 520 0 523 

AlFee 

<|<PD|> 

14 3 
170 
196 
20 0 
22 3 
23 8 
26 7 
31 3 
38 8 
510 
83 5 

<|ΦτΙ> 

16 5 
17 1 
20 6 
21 8 
227 
24 1 
27 1 
315 
38 9 
510 
82 7 

CIFee 

PD 

1000 
1000 
0 994 
0 985 
0 974 
0 945 
0 886 
0 790 
0 527 

Pr 

1000 
1000 
0 994 
0 970 
0 967 
0 941 
0 884 
0 795 
0 535 

A1Fei6 

<|ΦοΙ> <\Φτ\> 

— 
— 
— 
— 
— 

24 8 25 5 
23 7 23 6 
30 5 30 4 
44 2 43 9 
85 3 84 3 

CI F e« 

PD Pr 

_ 
— 

0 984 0 984 
0 994 0 994 
0 966 0 972 
0 942 0 943 
0 903 0 901 
0 809 0 808 
0 521 0 525 

Note that for statistical significance only intervals are reported with 20 or more participating doublets 
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Conclusions from Table 4 2 to 4 4 

The phase statistics m Tables 4 2 - 4 4 show that ^ 2 and Λ,2 do not differ much, 

especially for the equal-atom cases and at the larger Κ values The average 

M12 - P12I for the 15 doublets in Table 4 2 is only 2 1 degrees while Table 4 4 shows 

that also the average <PD vs Φτ values and PD vs PT do not differ much 

As expected, the differences are larger for S- and Fe-containmg structures and at 

the lowest reliability levels (see Tables 4 3 and 4 4) This leads to the conclusion 

that, keeping the above restrictions in mind, the G^ acts as a 'third' structure factor 

that from a practical point of view changes the doublet into a triplet 

4.6 Test calculations II. 

The applicability of the doublet distribution 

We have shown that (4 34), derived for non-centrosymmetnc structures, can be quite 

easily calculated, resulting in an expression that has the same Von Mises form as 

the Cochran distribution The question arises which distribution is best for the 

performance of direct methods 

In order to test this, the standard deviation, σ(Φο), of the doublet phase 

differences, dfo (4 44), as a function of Κ (4 43) was compared with the standard 

deviation, σ(Φτ), of the triplet phase sum, Φγ (4 45), as a function of κ (4 4) [in the 

latter case using E values defined according to Lam ef al (1993)] For the tests, 

intervals (decreasing in Κ or κ) were chosen to contain approximately equal number 

of doublets and triplets The calculations have been performed for a series of 

structures but for shortness only those of A1 are listed in Table 4 5 3 

The behavior of the tested structures is different but the general trend with 

respect to the comparison of the cumulative standard deviations, σ(Φο) and σ(Φγ), is 

the same In order to show this, in Table 4 6 an excerpt is given of the cumulative 

standard deviations of <Zb and Φρ of the approximately 650 and 2700 strongest 

doublets or triplets respectively for all A1 and A3 related test structures 

Results for all other test structures have been deposited and are available through the managing 
editor of Acta Crystallographica 
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Table 4.5 Companson of the standard deviations of Φο and Φτ as calculated using the new distnbution 
(4 34) (on the left) and the Cochran distnbution (4 4) (on the nght) for the artificial structure A1 

A1 

middle of 

interval Κ 

6 37 
4 62 
4 05 
3 59 
319 
2 79 
2 43 
211 
1 83 
156 
1 32 
1 10 
0 91 
0 73 
0 57 
0 43 
0 31 
0 21 
0 12 
006 
0 02 

o(*b) 0 
per interval 

35 2 
45 5 
40 1 
47 3 
516 
564 
60 6 
63 0 
69 0 
73 8 
76 2 
791 
82 6 
85 8 
88 8 
91 5 
93 9 
961 
98 5 
100 7 
102 1 

o(<2W 0 
cumulative 

35 2 
42 3 
41 1 
445 
48 3 
52 6 
567 
60 0 
646 
69 5 
73 0 
761 
79 5 
82 8 
85 9 
88 8 
914 
93 8 
96 5 
98 7 
100 8 

cumulative 

nr of 
doublets 

11 
32 
74 
158 
331 
670 
1335 
2720 
5424 
11220 
22694 
45069 
91691 
188378 
386547 
793164 
1621082 
3290097 
7413146 
15508954 
39951656 

middle of 

interval x-

519 
4 12 
3 87 
3 58 
3 29 
304 
2 78 
2 53 
2 31 
2 08 
186 
166 
145 
127 
109 
0 92 
0 75 
0 60 
0 45 
0 30 
0 12 

σ(Φτ)(°) 
per interval 

42 7 
60 1 
63 1 
67 9 
612 
70 5 
65 2 
714 
75 6 
76 6 
78 6 
80 8 
83 0 
85 3 
87 8 
90 0 
92 4 
94 5 
968 
99 0 
102 2 

ο{Φτί(0) 
cumulative 

42 7 
549 
59 6 
643 
62 7 
66 8 
66 0 
68 7 
72 2 
74 5 
76 6 
78 7 
80 9 
83 2 
85 5 
87 8 
90 1 
92 3 
946 
96 9 
100 7 

cumulative 

nr of 
triplets 

11 
33 
75 
166 
338 
680 
1388 
2740 
5479 
11157 
22594 
44586 
90424 
183139 
368002 
735907 
1465945 
2912006 
5777485 
12014996 
39951656 

Table 4.6 Cumulative standard deviations (in )οίΦο and Φτ of approximately 650 and 2700 doublets 

and tnplets with the largest Κ and κ values, as ranked according to decreasing Κ and κ respectively 

nr of doublets 

Test structure 

A1 

A1a 

A1b 

A1S6 

A1Si6 

AlFee 

A1Fei6 

±650 

ο{Φο) 

52 6 

52 4 

50 5 

32 9 

41 8 

24 8 

33 9 

ο{Φτ) 

66 8 

847 

55 3 

33 5 

449 

28 0 

49 3 

±2700 

ο{Φο) 

60 0 

57 4 

59 3 

38 2 

46 3 

301 

38 0 

ο{Φτ) 

68 7 

68 5 

619 

42 0 

51 0 

32 7 

48 9 

Test structure 

A3 

A3a 

A3b 

A3S6 
A3S16 

ASFee 
A3Fei6 

±650 

σ{Φο) 

62 0 

50 6 

601 

31 9 

42 9 

23 7 

40 1 

σ{Φτ) 

665 

843 

56 5 

42 6 

42 6 

41 3 

39 2 

±2700 

°{Φο) 

65 2 

58 3 

65 1 

35 4 

46 6 

27 8 

43 1 

ο{Φτ) 

70 6 

69 7 

62 4 

43 1 

49 6 

39 3 

43 8 
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From the data given in Tables 4.5 and 4.6 a tentative conclusion is possible 

concerning the quality of (4.43) compared to the procedure developed by Lam ef al. 

(1993). At larger Κ or κ values the (cumulative) standard deviations are 

systematically lower in case of (4.43). The structures A1a and A3a, having fixed 

modulation amplitude and fixed modulation direction, show the above-mentioned 

tendency most convincingly. Using the procedure of Lam et al., the standard 

deviations are large, even at higher values of ic (4.4), while using (4.43) a large 

improvement is accomplished. On the other hand, the structures A1b and A3b show 

no improvement using (4.43) (see supplementary material). 

Since the above mentioned structures are artificial, it would be useful to 

perform also a test for experimental data. Recently, the centrosymmetric 

incommensurately displacive modulated structure of PECO [short for 

(Perylene)Co(maleonitriledithiolate)2(CH2CL2)o5] was determined by direct methods 

(Lam ef al., 1995). The same structure was also used in the investigation of the 

applicability of the Cochran distribution for incommensurately modulated structures 

using the £ values defined by Lam ef al., (1993) (De Gelder ef al., 1996) and 

provides a first assessment of both approaches. In Table 4.7 the percentage (/100) 

of correct sign relations is listed when ranked according Κ and κ/2 (defined as x, see 

note in Introduction) [using |E| values of Lam ef al., (1996)] respectively. The data of 

PECO show a similar trend as observed at the artificial structures. 
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Table 4.7 Results of the comparison between the Cochran distribution and the new distribution (4 34) 

The percentage (/100) of correct sign relations PD (doublets) as function of Κ and correct sign relations 

PT (tnplets) as function of χ (= κ/2) for PECO. 

PECO 

middle of PD* PD* amount of middle of Pr* Pr* amount of 
interval Κ per interval cumulative doublets interval χ per interval cumulative triplets 

11.91 

9.51 

8.39 

7.29 

6.20 

5.21 

4.32 

3.49 

2.75 

2.08 

1.50 

1.02 

0.64 

0.37 

0.20 

0.10 

0.04 

0 01 

1000 

1.000 

1.000 

1.000 

1.000 

1.000 

0.997 

0.992 

0.977 

0.961 

0.934 

0.875 

0.795 

0.688 

0.588 

0.526 

0.503 

0.496 

1.000 

1.000 

1.000 

1.000 

1.000 

1000 

0.998 

0.995 

0.986 

0.973 

0.953 

0 914 

0 854 

0.768 

0.673 

0.594 

0.539 

0 506 

11 
32 
74 
155 
316 
641 
1306 

2619 

5256 

10555 

21261 

42868 

86054 

179219 

378822 

822368 

2060021 

8677498 

29 85 

20.23 

15.98 

13.53 

11.62 

10.07 

8.53 

6.95 

5.41 

4.03 

2.84 

1.90 

1.19 

0.69 

0.39 

0 21 

010 
0 03 

1 000 

1 000 

1.000 

0.976 

0.994 

0.994 

0.989 

0.993 

0.981 

0.974 

0.958 

0 920 

0.847 

0.742 

0.635 

0 566 

0.535 

0 512 

1000 

1000 

1000 

0 987 

0.991 

0.992 

0.991 

0 992 

0.986 

0.980 

0.969 

0.944 

0.895 

0.817 

0.721 

0.638 

0.581 

0 526 

11 
32 
73 
155 
318 
642 
1296 

2506 

5222 

10430 

20980 

41977 

85876 

175348 

373150 

796899 

1797331 

8677498 

* PD and Pr were calculated by determining the ratio between the amount of correct sign relationships 

and the total amount of sign relationships. 

Although the reliability of the triplets does not differ too much from one method 

to another, at higher Κ (or x) values the percentage of correctly predicted sign 

relations is slightly larger using (4.34). 

4.7 Conclusions and discussion 

The new doublet probability distribution for incommensurately modulated structures 

can be used for the determination of the phases of the satellite reflections for those 

cases where the atomic positions of the basic structure are known. 

The type of modulation assumed at the outset of the present derivation of the 

doublet probability distribution leads to the same statistical behavior as other types of 
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modulations used in former work on statistical properties of incommensurate 

structures [Lam ef a/.(1992l 1993, 1994, 1995), and De Gelder ef al. (1996)]. 

Under the assumption of a known basic structure, it was shown that the phase 

argument of the resulting probabilistic expression of two first-order satellite 

reflections Hi = Κι + q and H2 = K2 - q with phases φ: and ^ 2 can be expressed as 

(φι + φ2 - ^12)· Although the main reflection Ki + K2 was not considered a random 

variable, the doublet phase-sum estimate Δ-\2 is in most cases closely related to ^ 2 . 

the phase of the main reflection K-, + K2. 

It is very important for the success of direct methods that as much phase 

information as possible is used in the very beginning of the procedures, i.e. we need 

to use many reliable doublet or triplet phase sums. In this respect, our test results 

show that the new doublet distribution is expected to work well, and that doublets 

with the largest Κ values can be used with confidence for the phase detemnination of 

the satellite reflections. 

The conclusion from foregoing results (e.g. De Gelder ef al., 1996) that triplets 

involving satellites are less reliable than triplets consisting of three main reflections 

still holds in the sense that at high Κ levels the amount of triplets with two satellite 

reflections is relatively small. Nevertheless, with the input of all phases calculated 

from the known basic structure the doublet formula for satellite phases should be 

sufficiently powerful to guarantee the straightforward solution of the phase problem. 

It is suggested for future developments of direct methods for 

incommensurately modulated structures to reprogram the computerized procedures 

by Lam et al. (1993-1995) with implementation of the newly defined quasi-normalized 

structure factors [(4.40), (4.41), (4.42)]. 
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Appendix I 

The orientational average < J 2 , ^ ^ .Uy )] > 

With respect to the orientational average of a function Aonent involving a triangle 

between the vectors U and H that can be oriented arbitrarily in space, two cases can 

be distinguished: 

i) Both |H| and |U| are known and can be kept fixed during the averaging process 

(Debye, 1915). 

ii) The |H| is known and fixed but the |U| is distributed (e.g. uniformly) in a certain 

interval [0,UmaJ. 

Case /. |U| is fixed 

Abbreviating ρ = 2π |H|.|U| and defining L to be a normalization factor, the 

orientational average can be expressed, 

2ππ 

orient = L-' ƒ ΐΑ[ροο5(ψ)]5\η(ψ)άψάθ (4.46) 
ο ο 

2ππ 

ί.= jjsin(^)d</d(9 = 4n (4.47) 
ο ο 

As a result, /Aorient becomes 

1 π 1 

orient = -« p?ilPco8(^)]dcos(^) = J^JpxJdx (4.48) 
0 0 

Expression (4.48) can be evaluated numerically. 
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Case II: |U| is uniformly distributed on [0, Um] 

The definition of the orientational integrals leads to a normalization factor L as 

follows 

Um 2ππ . 

L= ƒ ƒ jr2sin((9)d6»d(i7dr = -7iiy^ (4.49) 
0 0 0 

Consequently, the normalized expression of Aonenl becomes 

Urn 1 

Λοηβη, = 4π/.-1 j r2 jj%[2« | Η | n(]dxdr (4.50) 
0 0 

Again expression (4.50) can be evaluated numerically. 

Appendix II 

The orientational average <J.1[2n(H1.Uy)]J1[2^H2.U7)]> 

In an orthogonal direct cell spherical polar coordinates R, ΘΓ and φΓ with Os R < œ, 

0 <, θΓ<π and 0 < </>r < 2π, can be related to the direct-cell coordinates X, /and Ζ (all 

in A) via the relations, 

X=Rsin(0,)cos(0r) withX = xa 

/ = R 8ΐη(^)8ΐη(^) with/= yb (4.51) 

Z=Rcos(^) withZ = zc 

Accordingly, a volume element dXd/dZ = dV is changed into dV = / ^ s i n ^ d / d ^ d ^ 

and a vector R in the direct cell is now written as, 

R = R sin(#)cos(fV ̂  + R sin(#)sin(^ )θ2 + R cos(^)e3 (4.52) 
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with β!, θ2 and 63 unit length vectors along a, b and c respectively. If the cell is not 

orthogonal, an orthogonalization should be carried out first. 

In a similar way, spherical coordinates Q = |H|, fy, fa, with 0 < Q < 00, 

0 <, Oq < π and 0 < $, < 2π in the orthogonal reciprocal system can be expressed in 

terms of the non-spherical coordinates Η, Κ and L: 

H=Qsin(6i,)cos(rt,) with Η = ha* 

K=Qsm(eq)smWq) with Κ = fcb* (4.53) 

L = Qcos(6t7) with L = /c* 

Accordingly, a reciprocal vector Η can be expressed, 

Η = Q s i n i ^ c o s i ^ e i * + Q sini fy js in^fo* + Qcos(^)e3* (4.54) 

with βί*, e2* and 63* unit length vectors along a*, b* and c* respectively. 

The scalar product of R and Η becomes now, 

H.R = QR [cosifyjcos^) + s in^s in iéOcos^ - φΓ)] (4.55) 

Both H Ì .U ; and H2.Uy can be expressed like (4.55). Let us introduce the abbreviations 

Q, = |H,| for /' =1, 2 and Rj = |Uvi so that 

H,.U7 = Qfìj [cosi^cosiör) + 5\η{θφ)5\η(θΓ)(ί08(φφ - φΓ)] i = 1, 2 

As a result, the onentational average reduces to a two-fold integration that can be 

carried out numerically. 

π 2π 

^nent = W' J J j . ^ H , .U ; )J1(2BH2 .Uy )sin(ör )άφΓάθΓ 

ο ο 
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Chapter 5 

The Reliability Index R2 as a Selection Criterion 

in Patterson Procedures, and R^driven 

Recycling Strategies in Structure 
* 

Expansion Methods 

Abstract 

The reliability index R2 for normalized structure factors E is defined by 

Σ,,<ΐε.Ι2-Ρ2ΙΕ|,Ι2>' 

where the occurrence of the scattenng power p2 of the known structural fragment (p) 

is a consequence of normalization 

It is shown that the R2 value can successfully be used as a selection cntenon 

when multiple solutions are created by Patterson procedures For heavy-atom 

interpretation techniques as well as for applications of vector-search methods, the 

match of the model (heavy atoms or molecular fragment) with the Patterson function 

often leads to a number of about equally probable solutions In that case, the R2 

function can be used to judge the quality of the solutions and to reject false solutions, 

which may be crucial for further structure elucidation 

* Part of this chapter has been submitted to Journal of Applied Crystallography by Beurskens, Ρ Τ, 
Israël, R, Gelder, R de, Beurskens, G & Graaff, RAG de (2000) 
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The use of R2 in finding the complete structure from a (small) trial structural 

fragment was found to be very effective. The tentative (known or trial) partial 

structure, which may include one or more heavy atoms and which may exhibit 

pseudo symmetry, is subjected to an R2 criterion test (Van Havere & Lenstra, Acta 

Cryst. A39, 920-924, 1983) to allow misplaced atoms to be rejected prior to the start 

of the expansion procedure. The fragment, which now may have been greatly 

reduced in size, is expanded by the application of direct methods to difference 

structure factors (DIRDIF/PHASEX, Beurskens & Smykalla, in Direct methods of 

solving crystal structures, Plenum Press p. 281-290, 1991), and/or by various Fourier 

procedures (DIRDIF/FOUR, lit.cit, and AUTOFOUR, Kinneging & De Graaff, J. App. 

Cryst. 17, 364-366, 1984). 

The Fourier peaks are accepted and nominated as atoms using peak-height 

and integrated number of electrons per peak, and some atoms may be rejected on 

geometrical (i.e. chemical) criteria. The resulting list of atoms, i.e. original input atoms 

together with newly obtained atoms, are subjected to the R2 criterion test again, 

which allows one or more atoms (original and/or new) to be rejected from 

participating in the next DIRDIF or AUTOFOUR cycle. At each cycle, the number of 

correct atoms usually increases and convergence is reached in a limited number of 

cycles. 

Details about the R2 criterion and recycling strategies are presented. 

5.1 Introduction 

Modern techniques for solving small or medium sized crystal structures are almost 

exclusively based on direct methods or Patterson methods. 

(1) Ab initio direct methods are mostly preferred because they are very 

powerful, easy to use, and do not require input of chemical knowledge. These 

methods, in general, lead to the complete structure only in a relatively small number 

of cases; usually some recycling procedure is needed for expansion of the structure. 

For 'larger1 or 'difficult' structures, sometimes only a small or erroneous fragment is 

obtained or recognized, and expansion of the fragment to the complete structure 

may be far from trivial. Problems concerning heavy atoms, pseudo symmetry, 
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misplaced fragments, chicken mesh structures, et cetera, may be prohibitive for a 

straight-forward automatic determination of the complete structure by Fourier 

recycling only. 

(2) Patterson methods are mostly used for heavy-atom structures, especially 

when the 'heavy atoms' present are very heavy. Usually just one or a few heavy 

atoms are found by heavy-atom interpretation techniques. The heavy-atom 

interpretation followed by multiple superposition methods can lead in principle to the 

complete structure, however, this is only rarely achieved in one go. Common practice 

is to use phase refinement and Fourier techniques for expansion of the model to the 

complete structure. 

(3) The Patterson vector-search technique for the positioning of a trial model 

(e.g. a known molecular fragment) is not frequently used. It needs user-input 

regarding the geometry of the known fragment: the fragment may be 'known' in 

principle, but it takes some effort and it costs time to generate or to retrieve the 

corresponding atomic parameters. Usually only a relatively small rigid equal-atom 

fragment is 'known' and can be used. The model then is positioned by the 

vector-search techniques (i.e. using orientation and translation functions) and 

expanded to the complete structure in the usual way. Although this technique is not 

frequently used, it is well known for its power in solving 'difficult' structures. 

These three techniques, as a rule, initially lead to an incomplete structural 

model, and consecutive Fourier recycling is used to find the complete structure. The 

R2 function, as described in this paper, can be used as a powerful tool in speeding 

up the calculations and broadening the range of convergence in routine crystal-

structure analyses. However, if the fragment is very small, or if the known (heavy) 

atoms are at special or pseudo-special positions, conventional Fourier recycling 

techniques may fail to expand the fragment into the complete structure. For those 

cases, the use of the R2 function can be crucial in solving the structure. 

In practice, therefore, automatic selection from a multiple of solutions obtained 

by Patterson methods, and automation of powerful recycling techniques are of great 

importance for both 'routine' as well as 'difficult' structure analyses, and it is not 

surprising that this topic is the subject of many publications. Of special interest is a 

paper by Sheldrick and Gould (1995). In the following sections we describe the use 

of R2 as a selection criterion for multiple Patterson results. Thereafter we discuss the 
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R2 driven recycling strategy. Therein we distinguish four aspects of 'powerful 

recycling': 

methods of phase refinement, 

types of Fourier syntheses, 

criteria for acceptance and interpretation of Fourier peaks, 

global expansion strategies, 

and we discuss their application in DIRDIF (Beurskens & Smykalla, 1991; 

Beurskens, Beurskens, De Gelder, Garcfa-Granda, Gould, Israël & Smits, 1999) and 

in CRUNCH (De Gelder, De Graaff & Schenk, 1993). 

Automatic recycling has been in use in the program system DIRDIF for many 

years, often changing strategy, thereby building up experience, the results of which 

are (in part) presented in this paper. The structural fragment, which is to be 

expanded by DIRDIF, usually has been obtained by either heavy-atom Patterson 

interpretation techniques (subprogram PATTY, Admiraal, Behm, Smykalla & 

Beurskens, 1992) or, when a geometrically known fragment was available, by vector 

search methods (subprogram ORIENT, Beurskens, Beurskens, Strumpel & 

Nordman, 1987) followed by reciprocal-space correlation methods (subprogram 

TRACOR, Beurskens, Gould, Bruins Slot & Bosman, 1987). At the start of the cyclic 

expansion procedure most atoms of the fragment (partial structure) are assumed to 

be at approximately correct positions. The program system DIRDIF then is keyed to 

solve possible existing pseudo-symmetry problems and to expand the fragment to 

the complete structure in a fast and automatic way, thus making DIRDIF an efficient 

tool for both routine structure and 'problem' structure analysis. 

The CRUNCH system is aimed at the determination of 'difficult' structures. 

The models obtained from the direct methods section, DETER (De Gelder, De Graaff 

& Schenk, 1993), usually contain a limited number of atoms only. In the program 

AUTOFOUR (Kinneging & De Graaff, 1984), which is one of the main subprograms 

of CRUNCH, a 'starting' model obtained from DETER is evaluated before expansion 

of the model is attempted. The R2 value is compared with the a prion estimated R2 

value (section 5.2; Van Havere & Lenstra, 1983c). If this comparison indicates that 

the model contains errors (i.e. 'atoms' from false peaks), the model is pruned: e.g. 

based on R2, individual atoms are rejected (section 5.3). Allowance is made for the 
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possibility that a relatively large number of atoms in the starting model may be 

incorrect. 

The techniques employed in AUTOFOUR, using the R2 rejection criterion f rom 

the outset, now have been implemented (partly, and as far as useful) in the DIRDIF 

system which has significantly increased the power and the speed of the DIRDIF 

recycling procedure. The /^ - imp lementa t ion and other recent improvements of the 

recycling strategy in DIRDIF and in A U T O F O U R are presented. 

Notation 
^ summat ion over a selected set of reflections h 

h reflection h, k, I 

F short-hand notation for F(h) 

|F0 | observed structure factor on an absolute scale 

F0 observed structure factor with a given (estimated / calculated) phase 

Fp partial structure factor (calculated for the given model) 

|E0 | observed normalized structure factor 

Ep normal ized partial structure factor (calculated for the model) 

(ph phase of F 

tpp phase of F p 

Bj temperature factor parameter for atom j 

S o v overall temperature factor parameter 

Sp est imated (averaged) temperature factor parameter for the atoms of the 

input model , and 

B, est imated (averaged) temperature factor parameter for the remainder 

of the structure (see Gould, Van den Hark & Beurskens, 1975; Israël, 

Smykal la, De Gelder & Beurskens, 1995) 

Zj number of electrons of a tom j 

Ν n u m b e r of a toms in the unit cell 

Λ/ρ n u m b e r of a toms in the current model (partial structure), in the unit cell 

p2 scattering fraction of the m o d e l (expressed by atomic numbers): 

P 2 

Wp / Ν 

=ΣΪ Σϊ (5.1) 
7=1 / /=1 

105 



Chapter 5 

s sino Ι λ 

fj (s) scattering factor (form factor) of atom j at rest 

ε symmetry enhancement factor 

η0(8) normalizing factor in E0 = F01 η0(8) : 

^ ( S ) = £ £ f / e x p ( - 2 e o v s 2 ) (5.2) 

7p(s) normalizing factor in Ep = Fp Ι ηρ(8) : 

η2

ρ(8) = ε^βχρ(-2Βρ3
2) (5.3) 

p| scattering fraction of the model (expressed by form factors): 

PÌ=T£{s)ltti(s) (5.4) 

Λ/at number of symmetry independent atoms of the model 

r position vector of atom j in the unit cell 

Test structures 

Table 5.1 gives crystal data, references, and other relevant items for all test 

structures referred to in the present paper. Here follows, in alphabetical order of their 

compound code name, a short description of some characteristics of the test 

structures, including literature references. 
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Table 5.1 Test structures. CCode = compound code name, Nat = number of symmetry-independent 

atoms, HA = symmetry-independent heavy-atoms, FORM = molecular formula defined per asymmetnc 

unit (except for NGUY), SpGr = space group * = (esf stmctures using \F0\ values calculated from 

published atomic parameters. 

CCode 

ACNORT* 

ANTZN 

JOOST 

KAP3 

MONOS 

NGUY 

PBAG* 

Nat 

31 

43 

101 

158 

20 

8 

6 

HA 

_ 
4Br, 2Zn 

-
7Au, 1W 

IS 

4Se 

Pb, Sb, Ag 

FORM 

C23H23NO7 
2CioH7NeBr2Zn.H20 

CeoHeoNioOe-C^ioO 

AU7W(CO)3(PCieHl5)7.PF6 
CisHieNzOzS 

KCrsSee [ Z = 2 ] 

SbPbAgSa 

SpGr 

P4i2 i2 

P2i/n 

P21/n 

Ρ 2,1η 

Ρ2 1 2 1 2ι 

B2/m 

Ρ 2^3 

ACNORT is used as a test structure for checking the performance of the vector search: part of the 

molecule is 'almost' planar, and the planar phenanthrene molecule is used as, in principle, 

an erroneous search model. Zabel, Watson, Urzua & Cassels (1997) 

ANTZN is a simple structure: the patterson interpretation program PATTY locates 6 heavy atoms at 

correct positions, but one Br and one Zn are interchanged. Note that the slightly heavier Br 

atoms have larger vibrations and cannot easily be distinguished from Zn atoms by Fourier 

methods. Sanni, Smits, Beurskens, Haasnoot, Schild & Lenstra (1986) 

JOOST is one of a series of supramolecular complexes with a basket-type moiety in common. The 

basket varies slightly in different compounds, it has been used as a starting model in 

vector-search (ORIENT) in several structure analyses. Reek, Rowan, De Gelder, 

Beurskens, Crossley, De Feyter, De Schrijver & Nolte (1997) 

KAP3 is a 'gold'-cluster compound: the cluster-skeleton consists of seven Au atoms, and in the 

center one W atom; the outer (stabilizing) shell consists of seven triphenylphosphme 

ligands. As a rule for such compounds, the heavy atoms are easily found, but it is difficult 

and tedious to locate the large number of C atoms (phenylrings). The structure also 

contains two independent PFe counter ions, one on an inversion center and one with 0 5 

occupancy. Kappen, Van den Broek, Schlebos, Bour, Bosman, Smits, Beurskens & 

Steggerda (1992) 

MONOS was a problem structure in the past: the position of the symmetry independent sulfur atom 

is close to χ = 0.0 which implies a psei/do-centrosymmetric sulfur structure. Noordik, 

Beurskens, Ottenheijm, Herscheid & Tijhuis (1978) 

NGUY is a superstructure with a pseudo-translation vector at a/3. When we solved the structure, 

the composition was not known at the outset Nguyen-Huy Dung, Vo-Van Tien, Behm & 

Beurskens (1987) 

PBAG is a superstructure with a substructure of the PbS-type Two layers are positioned at 

ζ * 0.25 and ζ = 0.75 Ito & Nowacki (1974) 
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Example 

One of the reasons for investigating the properties of the R2 function is illustrated by 

the following example. An old version of the direct-methods program MULTAN 

(Germain. Main & Woolf son, 1971) failed to solve the structure of MONOS (see 

above). The best solution obtained consisted of 1 S atom at approximately correct 

position, and 24 C atoms of which 14 atoms were incorrect or misplaced by more 

than 0.4 A. We found it difficult to solve the structure, but nowadays this fragment is 

easily expanded to the complete structure by R2 recycling with DIRDIF or 

AUTOFOUR. 

5.2 The /?2 criterion 

The disagreement factor R2 is conventionally defined using either structure factors F 

or normalized structure factors E. Where this distinction is of importance in our 

present discussion we explicitly use the superscript (F) or (£). Thus R2 is defined as: 

and: 

R { E ) = ^ h 

Σ,,!*« I4 

The occurrence of p^ in (5.6) is a consequence of the normalization, which implies a 

'sharpening' of the corresponding Fourier transform. If one wishes to use a less 

severe sharpening, then (5.5) should be used, where F may be replaced by a 

'sharpened' F value. Note: (5.6) is valid for triclinio symmetry; for other space groups 

£-= 1 is used for all reflections; changes in weights for special reflections are ignored. 

The estimated value of R^E) for a given model can be calculated a priori from 

the following expression: 
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Σ„Ι £ ο I' O-Ps)2 -2 |ge I' (C-P,4)(Ps -Ps) + C(Ps -Ps) 2 

where c = 3 for centric and c = 2 for a-centric distributions (Van Havere & Lenstra 

1983a,c) in case h includes all reflections within the sphere of measurement. 

The relation of R2 with reciprocal space correlation functions is apparent when 

(5.6) is written in the following form 

R(E) = <|£o | 4 > h -2p 2 <|E0 |
2|Ep | 2 > h V <|Ep | 4 > h 

2 <|E0|4>h 

(5.8) 

where ρ is used instead of p,. 

The middle term is the correlation term, which is the main expression of the 

function to be maximized in the translation-function program TRACOR (Lit.cit). 

Comparing (5.5) with (5.6) it is obvious that many different forms of R2 may be 

defined, depending on the sharpening and on possible rejection criteria for, say, 

weak reflections. Experience with TRACOR has shown that damping (i.e. using a 

less severe sharpening function) and an Ε-cutoff (i.e. leaving out the weakest 

reflections) in general is not useful. We have experimented with R2 in our recycling 

strategy, and reconfirmed that using partly normalized structure factors does not 

improve the effectiveness of the R2 criterion and sometimes leads to bad results. 

Therefore E values are used in all R2 calculations described in this paper. 

Although pf is correctly introduced in (5.6), one often encounters the use of 

p2 in the literature. In stead of calculating p2 for each reflection it is easier to use the 

constant p2. There is no difference for an equal atom structure. For heavy atom 

structures, however, p| is far from constant and we found that calculated R2 values 

compare less well with estimated R2 values as usually is the case for equal atom 

structures. Therefore we substituted p2 in (5.6) and (5.7). Dropping the superscript 

(E), we now write: 
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£ h (|E 0 | 2 -p 2 |H p | 2 ) 2 

R2 = v. τ1 ( 5 · 9 ) 

Z h l £ o I4 O-P4)2 - 2 | £ 0 | 2 ( c - p 4 ) ( P

2 -p 4) + c(p2 -p 4) 
R2^=±±-L—— • - _ ]A •• •——: •— (5.10) 

It appeared that these equations give better results for heavy atom structures. 

For a structure consisting of randomly distributed atoms, the estimated value 

for a correct model is approximated by 

R 2 .es.*1-P 2 (5.11) 

When the structural model reaches completeness, p2 goes to unity and /?2,est 

converges to zero. Due to experimental errors and errors in the model the observed 

R2 usually does not become less then 0.10. To mimic the influence of the errors, the 

^2,est (5-10) is modified as follows: 

R2iest (mod) = R2,e9t + (1 - R2,eet ) ( / ? ! ^ + a 2 ) 1 / 2 (5.12) 

where a (» 0.10) is the lowest R2 value expected for an unrefined structural model. 

Any R2,est value given in following tables and discussions refer to this modified value. 

To illustrate the effect of the replacement of pf by p2 we present some test 

results for the compound MONOS. Table 5.2 gives R2 values for MONOS, calculated 

for two input models: (a) one sulfur atom at the correct position, and (b) the sulfur 

position misplaced by 0.3 A. For both cases the known part (one independent S 

atom) has the same scattering power (p2 = 0.253), but naturally, R2 for case (a) is 

lower then for case (b). For case (a) it is seen that R2 is very close to R2iest when p2 

is used in the calculations [(5.9) and (5.10)], but also for case (b) the agreement is 

better. 
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Table 5.2 The effect of the p2 substitution for p | for compound MONOS (see Table 5 1) Structure 

factor calculation for 1 S atom (a) on correct position, (b) on slightly misplaced position (error 0 3 A) 

Equations used 

Error (A) 

case (a) 0 0 

case (b) 0 3 

(5 6) (5 7) 

^2 " 2 «t 

0 672 0 600 

0 741 0 600 

(5 9) (5 10) 

R2 R2.est 

0 767 0 763 

0 810 0 763 

(5 11) 

1-P2 

0 747 

0 747 

5.3 Applications of R2 

The agreement between a calculated model of the structure and the true structure is 

usually judged by the conventional reliability index R defined by: 

R = ̂ = (5.13) 

where Fc is the calculated structure factor. Especially for partial structures, however, 

the R2 function is to be preferred, because its value can be estimated a priori (5.10), 

it is easily approximated (5.11), and it has powerful properties, as shown in the 

present paper. 

The R2 function is used 

to select a model from multi-solution Patterson or direct-methods results, 

to reject wrong atoms from starting models as well as 

to reject wrong atoms during the cyclic structure expansion procedure by 

calculating the contributions of individual atoms to R2 (see section 5.5), 

to judge the quality (or correctness) of the model or partial structure during the 

expansion procedure by comparing R2 and ^.est · 
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5.3.1 The /?2 function as a selection criterion for starting models 
or multiple Patterson solutions 

In routine structure analyses one often expects that the first step in solving the phase 

problem leads to one single model or partial structure. For a service crystallographer 

it is a nuisance if this 'solution' is incorrect and he has to work out a second (or 

third...) possible model. When chemical research projects involve larger molecules or 

more difficult structures (flexible molecules, poor diffraction data, pseudo symmetry, 

etc.), it may be the rule rather than the exception to end up with a multiplicity of 

models. 

The following examples show that the R2 value can be used as an additional 

selection criterion in cases where Patterson methods lead to multiple solutions. 

Patterson method, heavy atom interpretation 

The Patterson interpretation program, PATTY, assigns a FOM (Figure Of Merit on a 

relative scale) to each generated set of heavy-atom coordinates. Additionally, the R2 

value is calculated for each set. As a rule, the first model {i.e. the atom set with the 

highest FOM) is correct, and shows the lowest R2 value. Here we discuss some 

exceptions. 

KAP3 

As a first example we discuss the structure solution of a gold cluster compound 

denoted KAP3, where a large number of starting models was obtained by the 

heavy-atom Patterson interpretation program PATTY. Crystal data are given in 

Table 5.1. The list of PATTY results is given in Table 5.3. The large number of partly 

overlapping Au-Au and W-Au vectors in the KAP3-Patterson gives rise to many 

combinations of possible Au and W positions, and thus to many different starting 

models, i.e. a multiple solution has been obtained. In this case, all possible solutions 

are basically correct and all will undoubtedly solve the structure, nevertheless the 

table illustrates the power of using the R2 criterion. The table shows that for a given 

number of atoms, the set with the highest FOM (from PATTY) is not the most 

accurate set of atoms. According to our experience, the positions of the atoms 

sometimes are more accurate if sets with less atoms are considered. As a rule, 
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however, we tend to use the PATTY solutions with the largest number of heavy 

atoms: the phasing power of additional heavy atoms appears to be more important 

than the accuracy of the positions of the individual atoms. 

In the present example, the second, 8-atom PATTY solution is the best. Of 

the 7-atom solutions, # 3 and # 4 have R2 values which are much closer to the 

expected /^.est value, the atomic positions are slightly more accurate, but not enough 

to give preference to these two solutions. (The columns with Q2' and CFOM will be 

discussed later.) 

Table 5.3 Data for 15 possible solutions for the heavy atom positions m KAP3 as found by PATTY. 
FOM = PA TTY-Figure-Of-Merit, Nat = number of atoms found by PA TTY; sd and max are the standard 
deviation and the maximum deviation (in A) of the atoms from the correct positions. (Q2' and CFOM 
are defined later.) 

Set# 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 

FOM 

1000 

982 
903 
886 
881 
872 
818 
761 
760 
742 
696 
682 
680 
679 
652 

Nat 

8 
8 
7 
7 
7 
7 
7 
7 
7 
7 
6 
6 
6 
6 
6 

P2 

0.864 

0.864 

0.765 

0.765 

0.765 

0.765 

0.765 

0.765 

0.765 

0.765 

0.656 

0.656 

0.656 

0.656 

0.656 

K2,est 

0.197 

0.197 

0.305 

0.305 

0.305 

0.305 

0.305 

0.305 

0.305 

0.305 

0.424 

0.424 

0.424 

0.424 

0.424 

«2 

0.407 

0.304 

0.339 

0 328 

0 478 

0.380 

0.480 

0.506 

0.396 

0.394 

0.433 

0.470 

0.449 

0.433 

0.432 

sd 

0.24 

0.19 

0.15 

0.17 

0.25 

0 20 

0.25 

0.26 

0.20 

0.20 

0.16 

0.20 

0.16 

0.16 

0.18 

max 

0 45 

0 35 

0.29 

0 35 

0 45 

0 35 

0.45 

0.45 

0.35 

0.35 

0.29 

0.35 

0.29 

0.29 

0.35 

02' 

0.343 

0 462 

0 467 

0 491 

0 295 

0.423 

0.292 

0.258 

0.402 

0.404 

0.412 

0.356 

0.388 

0.412 

0.414 

CFOM 

343 
454 
430 
435 
260 
369 
239 
196 
306 
300 
287 
243 
264 
280 
270 

PBAG 

Next example is PBAG: it is a super-structure, which leads to rather different results 

from PATTY. The list of results is given in Table 5.4. In each of the four Patterson 

models (two or three atoms), the heaviest atom (Pb) is correct, but the correctness of 

other atoms varies. The Patterson result with the highest FOM fails to solve the 
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structure. The second solution has the lowest R2 and solves the structure although 

during the expansion procedure the Sb and Ag positions interchanged several times. 

Table 5.4 Test compound PBAG (see Table 5.1). Heavy Atom Patterson interprétation with, for all 
resulting sets, assignments of atoms in the set (and distance to literature positions) and R2 values. (Q2' 
and CFOM are defined later.) 

Literature: 

FOM 

Pb 

atoms 

Sb Ag 

Ρ2 R2,est «2 Q2' CFOM after 

expansion 

seti 1000 Pb Ag Sb 0.931 0 114 0 390 0 328 328 
dist(A) 0.16 0 11 0.30 

set 2 
dist (A) 

942 Pb 
0.16 

Sb 0 739 0 289 0 271 0 574 541 
0.24 

set 3 768 Pb Sb Ag 0 931 0114 0 364 0 356 273 
dist(A) 0 16 0 11 0.49 

set 4 617 Pb Sb 
dist(A) 0 16 0 11 

0 739 0 289 0 281 0 560 346 

failure 

solved 

solved 

solved 

* all atoms found but Ag and Sb interchanged 

Patterson method, vector search procedures 

The subprogram TRACOR assigns a FOM to each generated shift vector. For each 

shift vector, the model is shifted accordingly and for the resulting partial structure, the 

R2 value is calculated. As a rule, if the model is correct, the first shift vector (i.e. with 

the highest FOM) brings the model to the correct position and the resulting partial 

structure shows the lowest R2· Here again we discuss some exceptions. 

ACNORT 

Test compound ACNORT was used in an experiment where problems are to be 

expected: the planar input search model gives rise to large weights of the inter

atomic vectors (due to overlap of parallel vectors) which are not present in the actual 

molecule of the structure. The four top results of TRACOR led to heavy overlap of 

symmetry-dependent molecules, which for the present example is not correct. The 
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corresponding FOWs are higher than the FOM of the correct shift, which is number 5 

in the list. It is seen that the corresponding R2 value is the lowest of all. (The columns 

with Q2' and CFOM are discussed later.) 

Table S.S. ACNORT (see Table 5 1) Positioning of a model by vector search Patterson-FOM and R2 

are given for each shift vector c.q. set of atomic positions. Input model, phenanthrene, 14 atoms, 

ρ = 0.373. 

shift, 

set # 

1 

2 

3 

4 

5 

6 

7 

8 

shift apphec 

FOM 

155 

149 

148 

142 

140 

134 

133 

129 

I 

Rz 

0.754 

0.762 

0.780 

0.770 

0.723 

0.730 

0.744 

0.746 

02' 

0.330 

0.308 

0.260 

0.287 

0.413 

0.394 

0.356 

0.351 

CFOM 

512 

459 

385 

408 

578 

528 

473 

453 

collision 

collision 

collision 

collision 

collision 

structure 

after expansion 

_ 

-
-
-
solved 

failure 

-
failure 

Noie: In the case of a supramolecular structure, one often has a large search model 

available, but its geometry often is uncertain. The best solution obtained for JOOST 

included many inaccurately positioned atoms (although cleaning up the model and 

further structure expansion was straightforward, see section 5.6). The inaccuracy of 

the input model may also give rise to several partially correct orientations and 

positions of the model and multiple Patterson vector-search solutions will result, but 

all solutions may be of poor quality. If the use of the large model fails to solve the 

structure, a strategy is to remove parts of the input search model, and one almost 

always ends up with a multiple solution consisting of better models. 

How to use the R2 value? 

In the foregoing cases, the FOAfs assigned to the generated models (Patterson 

'solutions') are not sufficiently decisive to distinguish correct from false models, and 

the additional use of the R2 criterion helps in finding the correct solution of the phase 

problem. An unavoidable correlation exists between a Patterson FOAfs and the 

value of R2 calculated for the model. The FOAfs in PATTY and TRACOR measure 
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the correlation between Patterson function values, or between |E] values, 

respectively, which should be maximal. We have often found that the correct model 

has a FOM, which is about 80% of the maximum value, but in some cases it may be 

as low as 50%. The R2 values of different models of approximately equal sizes may 

vary only a few percent. It is therefore not easy to find a balance between the 

decisive powers of FOM and ί?2- From experience it is found that small variations in 

large R2 values often are as significant as relatively large variations in small R2 

values. Therefore, we introduce a new R2 related function Q2: 

(1-*,) m<tM (5.14) 
O - f W P2 

The Q2 value varies between 0 and 1 and is expected to be maximal for the 

correct model. Variations in Q2 have 'relative' significance, and Q2 is supposed to be 

independent of the size of the model, so it can be used as a multiplication factor in 

combined figures of merit. The spread in Q2 for different models of comparable 

quality, however, is still much less than the spread in the FOWs obtained by PATTY 

and TRACOR, and we enhance the influence of Q2 by a slightly modified expression: 

Q2.= ^zM (5.-15) 
Ρ 

where χ is a constant with 1 > χ > /^(max), where f?2(max) is the largest value for all 

models. 

In the following test runs we have used 

x = [1 + R2(top)]/2 (5.16) 

where R2(top) is the R2 value of the first and most probable solution (i.e. with the 

highest FOM), but this will be modified in the future as experience demands. As a 

combined figure of merit (CFOM) for the ordering of possible solutions we define 

CFOM = FOM.Q2' (5.17) 
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In case the first solution (generated model with the highest FOM) is correct, it almost 

never happens that the R2 value is not the lowest of all. 

In foregoing Tables 5.3 - 5.5 the results of the test structures KAP3, PBAG 

and ACNORT are shown with the values of 02' and CFOM. We have selected these 

three test structures because the solution with the highest FOM does not have the 

lowest R2. Indeed, the first solution is not correct or not the best and we see how R2 

can help. In these examples, the R2 value of the correct solution is the lowest (Cfe' is 

maximal), but this certainly is not a general rule. Reducing the value of χ in the 

expression for Q2' may force the lowest R2 to be selected, however, that is not 

desired: the Patterson FOMs should not be ignored. 

In case the model with the highest CFOM is not correct (i.e. can not be 

expanded to the complete structure), one has to use the model with next lower 

CFOM. Alternatively, structure solution procedures can be programmed to 

investigate automatically all acceptable solutions coming from Patterson methods 

with CFOMs down to, say, 70% of the highest CFOM. 

At present we are investigating the automatic generation of multiple molecular 

conformations followed by vector search and finally the selection of the most 

promising models for further expansion of the structure. This will allow automatic 

structure solution based upon Patterson techniques for larger flexible molecules. 

5.3.2 The contribution of an individual atom to R2 

Let us consider a model (partial structure) consisting of Λ/ρ independent atoms, and a 

subset of these atoms, which are subjected to a quality test based on Rz- The 

correctness of one atom j may be judged by its influence on R2; for that purpose the 

partial contribution of atom j to /?2, Δ/?^, is defined as: 

ARl=R^-R^-' (5.18) 

where/?2

P is the R2 value for the partial structure and R^'1 is the R2 value for a 

reduced model, i.e. for the partial structure after one atomy' has been removed from 

the model. 
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If atom j is correctly positioned it lowers the R2 value, so AR^ is expected to 

be negative. If AR^ is close to zero or positive, then atomy may be slightly misplaced 

or even completely wrong. Thus suspect atoms are identified by calculating (5.18). 

The atoms with the highest AR£ values may be removed from the model one by 

one, up to a certain point. Now let us consider removing two atoms, j and k. 

Analogous to (5.18), we define 

AR* =R 2
W p

 -R"'-'-1' (5.19) 

According to the statistical expectations, two arbitrary atoms presumably are 

independent, but in practice their effect on R2 can not be treated as independent 

since two correct atoms are highly correlated via E0, so AR? is not exactly equal to 

the sum of the individual AR^s: 

AR* * AR^ + ARÏ (5.20) 

Calculation of AR^ for every atom in a given model is straightforward but the 

influence of deleting more than one atom on R2 is a problem. We have tried three 

different ways of dealing with this problem. 

Method 1 

After removing one atomy, we can recalculate all structure factors (by subtracting the 

contribution of y from the structure factors calculated earlier). This accurate but time 

consuming method is used in the initial stage of AUTOFOUR, see below. 

Method 2 

Instead of recalculating all structure factors for a given reduced model, the effect on 

the R2 of removing individual atoms is approximated as follows. Expression (5.6) is 

written [with η0 = η0(8)] as: 

« Γ = 1 + W Z J F P |2AO2)2 - 2 ( Z J E O iVp I 2 A 7 O ) ] / I J E O I4 (5.21) 

with 
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^ Œ J ^ P I V ^ / Œ J ^ A O 2 ) 2 (5.22) 

Since k is approximately constant (Van Havere & Lenstra, 1983a) and independent 

of the rejection of one or more atoms from the model, k can be calculated a priori 

from the Fp values. 

Define: 

/•=1f< = 1 

and: 

c=ZhiEo iaiFp \2lr,l =Σ„ΙΕΟ ι2 S S ^ v A o 

with 

9(ß)ik -j(s)j f(s)k exp[-(S,+ö>f)s2]. [cos(2n h.r;)cos(2n h.Tk) + 8ΐη(2π h.ry)sin(2n h.rk)]. 

The equation for R2 can now be approximated as: 

R< £ ) = 1 + (/cB2 -2C)/X h |E 0 |4 (5.23) 

The atomic contributions to the Β and C terms can be stored pair wise. The influence 

of one atom or a group of atoms on the value of the Β and C terms can easily be 

calculated without recalculating all structure factors all over again. It is assumed that 

the factor k remains constant while pruning the model. For many structures this 

approximation, introduced in DIRDIF92, has worked well, in fact, this approximation 

has been used up to 1996. The most important C term containing the <£%£*> 

correlation is calculated exactly, but the Β term contains the approximation for k 

which for several cases (mainly heavy atom structures) was not as good as might 
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have been expected. As a result of this experience we have abandoned this method, 

replacing it by the following method. 

Methods 

The contribution AR^ is assumed to be unaffected by the deletion of any other atom. 

This method neglects the correlation between the individual contributions. This 

method is less accurate than method 1, but it is much faster. It is used in the 

expansion part of AUTOFOUR and in all stages of DIRDIF. 

The relative contribution of an atom to R2 

For heavy-atom structures the contribution AR£ should be compared with the 

expected difference in R2 and therefore we define the relative contribution of atom j 

to R2 as: 

Δ{β, = (R2Wp - «2Wp"y ) / Α - < £ / ) (5-24) 

where /?2,est for Λ/ρ atoms is given by (5.12) and Λ/ρ.7 refers to the removal of atom ƒ 

The expected result for Δ{β,, in case of one good atom in a well-defined 

structure, is a value of - 1 . In case of a slightly misplaced (i.e. suspect) atom Δ^, will 

be close to zero. For a misplaced (or wrong) atom Δ(βΙ will be greater than zero. 

Atoms which raise the value of the R2 (i.e. Δ^, > 0) should be removed from 

the model. Atoms, which hardly lower the R2 value, may be considered as 'suspect' 

atoms. 

This property is used to clean up a set of input atoms, i.e. to remove the false 

atoms of the set. We calculate the average and standard deviation for all Δ^, values 

for a set of atoms, and decide whether or not an individual Δ^, value justifies the 

removal of the atom. This cleaning up is done for any starting set of atoms as well as 

for intermediate atom sets during the expansion of a partial structure. The use of R2 

in the expansion strategy is further described in section 5.6. 

We refrain from using an expression for the estimated R2 containing 

contributions of misplaced atoms (Van Havere & Lenstra, 1983b). We assume that 

all atoms in the model are correct, whilst comparing R2 with R2,est· Nevertheless the 
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general features described in this section are valid and are used for the removal of 

wrong or suspect atoms 

Examples 

KAP3 

The R2 criterion is very useful when many light atoms are present in a very-heavy-

atom structure, as will be shown for KAP3 (150 light atoms, constituting only 14 % of 

the total scattering power). The peaks taken from the first Fourier synthesis based 

upon 8 heavy atoms (output Patterson interpretation, see Table 5.3) should include 

158 atoms. After cleaning-up and atom-nomination, 58 atoms were selected and 

accepted as input to next expansion cycle. These atoms were subjected to the R2 

test. The values of <Δ|βΙ> and sdiA7^) are 0.649 and 1.105, respectively. These are 

rather large values! Using the rejection criterion Δ^, > 0.80, now 23 atoms were 

removed from the set, these atoms are presented in Table 5.6. (Note: the sequence 

in the atomic numbering was generated before the pre-removal of seven atoms with 

bad geometry.) All 'atoms', which were removed, indeed were not correct atoms, 

except the last one, which was a correct Ρ atom that should not have been removed. 

This is not just bad luck: to our experience, the R2 test is not very reliable for heavy 

atom structures in case the atom set has large 5α(Δ;

Γβ,). For the present example, it 

would have been better, probably, to remove more of the lighter atoms anyhow. 

Table 5.6 Atoms removed by the R2 test after the first Fourier synthesis of KAP3 (see Table 5 1) 

Atoms are listed in order of removal Nr = atom sequence number 

Nr 

57 
30 
33 
19 
35 
40 
36 
23 

atom 

C64 
C30 
C33 
F19 
C36 
C43 
C37 
F23 

4* 

4 1Θ 
3 37 
2 61 
234 
2 32 
2 27 
2 20 
2 06 

Nr 

45 
41 
31 
34 
47 
17 
2Θ 
22 

atom 

C50 
C44 
C31 
C35 
C52 
P17 
C28 
F22 

4-

1 86 
1 76 
165 
164 
140 
140 
1 19 
1 18 

Nr 

53 
55 
48 
32 
56 
26 
10 

atom 

C59 
C62 
C54 
C32 
C63 
026 
P10 

*L· 
1 11 
109 
107 
101 
0 95 
0 95 
0 89 
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ACNORT 

When a bad search model is used in vector search procedures, problems are to be 

expected. ACNORT, for instance, when using the planar model (see Table 5.6) as 

input to TRACOR, enters the expansion procedure with a very poor model: two 

atoms (C(3) and C(8), for further reference) are non-existing in the final structure and 

the standard deviation of the position of the remaining 12 atoms is 0.25 A. Some 

values for Δ{β| are given in Table 5.7. 

Table 5.7 ACNORT (See Table 5 1) Values of Δ^, for two atoms under different conditions (See text) 

7^0(3) 7^C(8) 
==1994== Wat R2,est «2 < Δ ^ Ι > s d ( A ^ ) Δ^, Δ^, 

Input model 14 0 661 0 738 -0 837 0 264 -0 483 -0 343 

==1999== 
Input model 14 0 660 0 737 -0 423 0 208 -0 429 -0107 
Next cycle 30 0103 0 265 -0 583 0 509 +0 716 +0 570 

Note: <Δ;

ΓβΙ> is the average value of Δ^, for 14 or 30 atoms, respectively, with 

standard deviation: sd(Ay

rel). 1994 and 1999 referto different versions of the program 

DIRDIF: slight modifications of the scaling procedures [Israël, Smykalla, De Gelder, 

Beurskens (1995)] and the vector search procedures [Israël, Infantes, Beurskens, 

Beurskens, (1996), see also Appendix I] lead to significant differences in the 

resulting data; the general trend, however, is the same. The two atoms C(3) and C(8) 

really are not present in the structure. But because the entire model is not 'good' as a 

whole (bad geometry, misplaced atoms) the R2 value can not well distinguish good 

and bad; it appears that in the first cycle (14 atoms) no atoms is deleted from the list. 

However, the overall geometry of the molecule is able to generate (via PHASEX and 

Fourier methods) a not-so-bad larger set of atoms (16 more atoms), and the R2 then 

is able to clearly indicate that C(3) and C(8) have to be removed. That C(3) and C(8) 

are not immediately recognized as wrong atoms is related to the planar geometry of 

the input molecule: these two atoms fit in the chicken mesh pattern of the planar part 

of the molecule and therefore correspond to relatively strong Patterson vectors. 

Later, with 16 more atoms, the overall plananty is less pronounced and the two 

wrong atoms are immediately recognized by ^2-
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5.4 INTERMEZZO. 
Structure expansion by phase refinement and Fourier techniques 

As we limit our discussion to small and medium-sized structures, we can state with 

confidence that the most important methods of phase refinement are based on direct 

methods The classical Karle-recyclmg procedure based on repeated use of the 

tangent formula (Karle, 1968) has proved to be very valuable, and it has been 

implemented in many computer programs Later developments, as implemented in 

the programs SHELX (Sheldnck, 1985), SIR (Altomare, Cascarano, Giacovazzo & 

Guaghardi, 1993) and DIRDIF (Beurskens, Beurskens, Garcfa-Granda, De Gelder, 

Gould, Israel & Smits, 1999) include additional procedures for special cases or 

'difficult' structures 

Before describing the R2 driven expansion procedure we summarize in this 

intermezzo 

the DIRDIF method for phase refinement and phase expansion, 

definitions of Fourier coefficients, and 

Fourier-peaks interpretation strategies, 

because the strength of R2 is clearly enhanced by proper implementation in the 

recycling procedure 

Phase refinement and phase expansion 

In the DIRDIF suite of programs, direct methods are applied to difference-structure 

factors (Beurskens & Smykalla, 1991), which are defined formally by 

Fr=Fo-Fp (5 25) 

where F0 is the correctly phased 'observed' structure factor Fr is the structure factor 

of the structure, which consists of all atoms minus the known atoms The phase 

refinement procedure is initiated using the structure-factor difference (AF) as a first 

estimate for Fr 

F r=AF = (|F0 |- |Fp |)exp(i^p) (5 26) 
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Note: the AF 's are the coefficients for the classical difference Fourier synthesis. The 

initial phases of Fr are <pp or ψρ+π. These phases are refined by the tangent formula, 

which for the difference structure is given as: 

E r ( h ) * £ k E r ( k ) E r ( h - k ) (5.27) 

where Er is the normalized Fr value. The best phased F0 value is then obtained by 

F0(h) = Fp(h) + c £ k E r ( k ) E r ( h - k ) (5.28) 

where c is a positive scaling factor defined to satisfy (5.25). The resulting phase of 

F0(h) is denoted φ*. Initial phases of Er are refined by (5.27); every refinement cycle 

leads to new phases of F0(h) (5.28), new phases and magnitudes of Fr (5.26), and 

new renormalized Er as input to the tangent formula (5.27). Convergence usually is 

achieved in three or four cycles. The weights used for input and recycling in this 

procedure are published (Beurskens, Bosman, Doesburg, Van den Hark, Prick, 

Noordik, Beurskens, Gould & Parthasarathi, 1983). The refined reflections have 

weights and phases denoted by w* and φ*, respectively, thus the Fourier 

coefficients of these reflections are: 

C h

R =w h

R |F 0 |exp(i^) (5.29) 

Reflections with initial |Er| values below a certain threshold do not enter the 

refinement procedure, and are denoted unrefined. Reflections which return from the 

refinement with low output weights (inconsistent tangent results) also are treated as 

unrefined thereafter. These reflections will keep their unrefined phases φ^ and the 

corresponding Fourier coefficients are as described below (5.32). 

Fourier syntheses 

Classical Fourier techniques use Fourier coefficients defined as (weighted) F0 

(phased by the known atoms), difference structure factors (F0 - Fp), or (2F0 - Fp), etc. 
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There are many discussions and comparisons in the literature, see for instance Main 

(1979). Some of these techniques are of importance in the present discussion. 

First of all, we assume that some atomic parameters are available defining a 

partial structure of either good or poor quality. (Whether or not some of the worst 

positioned atoms of an original set of atoms have been removed using the Rz 

criterion -see section 5.5- is not relevant for the present discussion.) Phases φ^ can 

then be calculated for all reflections h, and are used for the calculation of (weighted) 

Fourier coefficients Q,. 

Coefficients commonly used in a weighted Fourier synthesis are given by: 

C h

s = W h |F 0 |exp(ip p ) (5.30) 

where wh is the weighting factor defined by Sim (1960) for non-centrosymmetric 

structures, or Woolfson (1956) for centrosymmetric structures (and for special centric 

reflections of non-centrosymmetric structures). It may be noted that the weights ivh 

are based on the expected distributions of the partial structure factors of the 

unknown part of the structure and they are calculated from the structure factor 

differences Δ = |F0| - |Fp|. When most of the structure is already known (say, 

p2 > 0.95), the magnitudes of Δ are mainly determined by experimental errors in |F0| 

and errors in the calculated |Fp|, and we prefer not to use statistical weights. In stead, 

the unweighted (2F0 - Fp) synthesis (Main, 1979) is preferred: 

Ch

M=(2|F0|-|Fp|)exp(ipp). (5.31) 

The DIRDIF strategy implies using a mixture of these coefficients: 

C h =(1-x)C h

s +xC h

M (5.32) 

gradually increasing χ when the size of the known part increases during the 

structure-expansion procedure. Such coefficients are assigned also to the 

reflections, which were not refined by the direct-method procedure for phase 

refinement. (A limited set of reflections will thus end-up having refined phases φ*, 

while other reflections keep their phases φρ.) 

125 



Chapter 5 

In the CRUNCH procedure, direct methods (i.e. Karle-Hauptman matrices, 

subprogram DETER) are used to generate a starting model, which by the program 

AUTOFOUR is extended to completeness. In AUTOFOUR, essentially Sim-weighted 

(2F0-FC) Fourier maps (5.30) are calculated. 

Acceptance of Fourier peaks and peak interpretation 

Fourier peaks are usually sorted on peak heights. In DIRDIF, the sorting is on quasi-

integrated peak values applying an ad-hoc type of integration. In a limited area 

around the peak maximum electron density values are obtained by interpolation and 

the results are added, properly weighted, to obtain a qivas/-integrated number of 

electrons constituting the peak volume. No attempt has been made to find a perfect 

integration method, because the method to be employed in 'difficult' structures 

should be robust with respect to errors in the data as well as in the phases. (For 

instance: a CO group does come up in a poorly-phased Fourier map as a very-heavy 

overlapping double peak: we must be able to define the integrated electron density 

also for this case!) 

In both DIRDIF and AUTOFOUR the atomic positions of the input model 

(which have played a role in the phasing of the reflections) are compared with the 

coordinates of the peaks in the new Fourier map. Input atoms not present in the map 

are deleted from the model. AUTOFOUR uses straightforward averaging of the old 

and the new coordinates while DIRDIF uses a weighting scheme based on peak 

heights and the distance between the old and the new positions. 

Atom assignments 

The nomination of the Fourier peaks in terms of atom types depends on the atom 

types of the input atoms, on the peak integral or peak height, and on the expected 

(user supplied) contents of the unit cell. In addition, one can re-adjust the atomic 

nominations via the predictions of the peak height for each atom kind (within a range 

of temperature factors) from the number of observed reflections, and by checking the 

effect on the R2 value upon a change of the nominations. 

In AUTOFOUR atomic numbers are assigned to the peaks, not based on the 

height of the peaks in the map but only on the basis of R2, the atomic number 

minimizing R2 is used. The coordinates of atoms already in the model are averaged 
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with those obtained from the Fourier map. It may be stressed that the power of 

AUTOFOUR is the result of (i) using Sim's weighted Fourier synthesis (5.30) and (ii) 

taking the averages of input atom positions and Fourier peaks, (iii) combined with 

rigorous rejections of false and suspect atoms by the R2 criterion. 

We now assume that the nominations for the heavy atoms are known. The 

nominations of the light atoms (C, N, O) often remain uncertain until the final cycles 

of the structure expansion procedure. 

Example: 

ANTZN 

The heavy-atom Patterson interpretation gives a number of solutions and the first 

one easily solves the structure. At the end of the recycling procedure (R2 = 0.050) we 

have 43 correctly positioned atoms and no spurious peaks, but some atoms are 

incorrectly nominated. In Table 5.8 all peaks are tabulated with their nomination 

(atom name), the integrated Fourier peak value, and the peak height. The last 

column gives the correct nomination for two interchanged atom pairs; all other peaks 

have been correctly nominated. 

Considering the heavy atoms: one Br and one Zn are interchanged. Br is 

slightly heavier, but the Br peak-heights are reduced by the larger thermal vibrations, 

thus it is very difficult to distinguish between Br and Zn by considering the peaks 

only. (Small differences in scaling and input model have significant effects on the 

Fourier peaks. The failure to give all six heavy atoms their proper name may also be 

caused by the inaccuracy of our Fourier interpolation procedure.) The correct 

nominations, of course are easily found by either chemical reasoning or by 

completion of the structure analysis using least-squares refinement. 

Considering the light atoms, we notice that one O and one Ν are 

interchanged. The ANTZN structure contains two independent molecules, and one 

additional water molecule. The water Ο atom shows higher thermal vibrations and 

does not appear as a strong peak: the peak height (9.11) ranks number 18 after the 

heavy atoms. However, the integral value (6.53) is second after the heavy atoms. 

(The small differences in various peak integral-values are not highly significant; in 
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fact, in the DIRDIF-1994 version the O atom correctly appeared on top of the light-

atom list.) Otherwise, none of the Ν and C atoms are misnamed! 

Table 5.8 Fourier peaks and their nomination after the final cycle of ANTZN (see Table 5 1) (') 

denotes atom-name interchanges Br-Zn and O-N 

atom- peak- peak- atom- peak- peak- atom- peak- peak-

name integral height name integral height name integral height 

Br1 

Br2 

Br3 

Br4 

Zn5 

Zn6 

0 7 

N8 

N9 

N10 

N11 

N12 

N13 

N14 

N15 

47 18 

4120 

39 48 

39 03 

36 93 

35 16 

6 78 

6 53 

6 45 

6 35 

6 35 

6 27 

6 27 

619 

619 

71 55 

65 51 * 

70 72 

61 00 

7128 * 

62 50 

11 34 * 

911 * 

10 90 

11 55 

1122 

11 11 

10 09 

10 90 

9 59 

N16 

N17 

N18 

N19 

N20 

N21 

N22 

N23 

C24 

C25 

C26 

C27 

C28 

C29 

C30 

6 17 

5 97 

5 93 

5 88 

584 

5 72 

5 63 

544 

5 04 

5 02 

4 90 

4 90 

4 77 

4 72 

4 71 

10 30 

10 20 

9 89 

9 70 

8 09 

9 21 

10 09 

10 00 

911 

9 21 

8 19 

7 91 

7 91 

9 21 

8 28 

C31 

C32 

C33 

C34 

C35 

C36 

C37 

C38 

C39 

C40 

C41 

C42 

C43 

4 69 

4 60 

4 59 

4 59 

4 57 

4 50 

4 47 

4 47 

417 

4 09 

4 07 

3 96 

3 86 

7 14 

7 38 

8 36 

7 83 

7 83 

7 31 

8 63 

7 91 

7 91 

8 00 

7 38 

6 23 

6 16 

Geometrical criteria 

After the (preliminary) atomic assignments, distances and angles are calculated, and 

geometrical (i.e. chemical) criteria are used to reject peaks, which are likely to be 

false, especially at the early stages of the expansion procedure. Atoms with bad 

geometry can be removed by manual intervention upon inspection of the 

intermediate partial structure, but many geometrical criteria can also be implemented 

in computerized procedures. 

A major aspect of geometrical criteria is the removal of heavy-atom satellites: 

spurious peaks around the heavy-atom position. The procedure requires the correct 

nomination of the heavy atoms, which as a rule is not critical. A table of atomic radii 

is all that is needed. The importance of the removal of satellites is shown in Table 

5.9. In all heavy-atom Fourier maps (based upon the heavy-atom Patterson results, 

or during the Fourier recycling), the heaviest peaks are identified as heavy atoms, 
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and a large number of satellites then can be removed; in Table 5.9 that number is 

listed for several compounds. The rejections are always correct, unless the peak 

height of the satellite is of the same order of magnitude as the peak height of the 

heavy atom, in which case the heavy atom is misplaced. 

Table 5.9 Removal of heavy-atom satellite peaks. HA = number of input heavy atoms, Satell./Tirst = 
number of removed satellite peaks at the first Fourier synthesis, Satell./last = same af the final Founer 
synthesis. 

CCode 

ANTZN 
KAP3 
PBAG 

HA 

6 
8 
3 

Satell. 
first 

24 
69 
6 

Nat 

43 
158 
6 

Satell. 
last 

47 
85 
8 

A more interesting aspect is the geometry of organic molecules. Usually it is 

not possible to be sure of the assignments of the light atoms, but as a rule we can 

define some common geometry. 

In AUTOFOUR, the equal-atom model is checked for chemically unrealistic 

distances as follows. For each atom in the model the number of bonds is counted. 

More than 4 bonds per atom are not permitted. Atoms, which are closer together 

than 1.0 A are not accepted. The maximum allowed bond distance is 1.8 A. If more 

than one bond is present the bond angle is checked. Angles smaller than 90° and 

larger than 135° are not accepted. From the atoms involved in unacceptable 

geometry, the one with the highest AR^ is deleted from the model. These are the 

values used for equal-atom structures; for the environment of metals other values 

are used. To avoid problems with compounds containing cyclopropane and such, 

these checks on the geometry of the model are used only if the current R2 exceeds 

0.4, and they also are omitted after a given number of cycles. Atoms causing 

problems are deleted. 

In DIRDIF, similar criteria are used which, however, are based upon a 'Figure 

of Badness': for each atom the number of 'bad properties' (distances, angles, 

coordination) are counted, weighted with reciprocal peak integral, and the peak with 

the highest Figure of Badness is removed. This procedure is repeated until some 
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trivial criteria are met In simple small molecule structures usually only one or two 

peaks are removed this way, but for larger structures the removal of wrong peaks is 

very important' 

Example 

KAP3 
The 8 input heavy-atom positions, obtained from the Patterson, are not very 

accurate, and the expansion of the structure to completeness by conventional 

methods is far from trivial After the first Fourier synthesis based upon these 8 

atoms, about 300 peaks were considered, but after removal of the satellite peaks, 

only 160 peaks were nominated and taken into consideration Of these, 22 peaks 

were rejected because of geometrical characteristics The rejected peaks and their 

distances to the correct (refined) atom positions are listed in Table 5 10 The atomic 

numbering in this case corresponds to decreasing peak-integral values Note that not 

only weak peaks are rejected 'atoms' C34, C38, C40, etc , belong to the strongest 

non-heavy-atom peaks and are correctly removed from the peak list 

Table S. 10 KAP3 (see Table 5 1) List of peaks f mm the first Fourier synthesis, rejected on geometncal 
consideration Dist = distance to correct position, ">'signals greater than 0 40 A 

Atom 

C128 
C109 
C53 
C40 
C60 
C147 

Dist 

> 
0 37 

> 
> 
> 
> 

Atom 

C136 
084 
C95 
C49 
C76 
C139 

Dist 

> 
> 
> 
> 
> 
> 

Atom 

C46 
C38 
C106 

cm 
C121 

Dist 

> 
> 
> 
0 39 
> 

Atom 

C94 
C131 
C68 
C34 
C137 

Dist 

> 
> 
> 
> 
> 

The peak list has been converted now to a more-or-less reliable list of atoms The 

atomic coordinates are used in structure factor calculations, to start the next cycle of 

the expansion procedure At this stage, however, the contributions of individual 

atoms to R2 can be used as a rejection criterion to remove wrong atoms, as will be 

shown in the next section 
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5.5 Expansion strategy, 

Peak interpretation, selection for next cycle, when to stop 

The expansion of a small structural model to the complete structure often needs 

advanced techniques. In ab initio direct methods it is quite normal to work with 

multisolution techniques, which may require the expansion of many structural 

models. It is known that in expansion procedures it has great advantages to 

alternatively use reciprocal-space and direct-space techniques, i.e. direct methods or 

correlation methods versus electron-density modifications or peak-list optimizations. 

Well-known examples are DeTitta, Weeks, Thuman, Miller & Hauptman (Shake and 

Bake, 1994) and Sheldrick & Gould (1995). Such alternating expansion procedures 

are used from the early seventies in AUTOFOUR and in DIRDIF. 

In most publications on (automatic) structure solution employing automatic 

Fourier recycling techniques, we have not noticed a clear description of 'how to 

proceed' in the next cycle. Whether to accept 'all peaks' and try to go fast, or to 

accept just a few peaks and make sure that the procedure does not fail is not 

discussed in detail. In this section we present the major aspects of our expansion 

strategy. 

Recycling in AUTOFOUR 

Since AUTOFOUR is developed for 'poor1 models, special attention is paid to the 

very first screening of the input model. In Crunch, the initial model, generated by the 

direct methods section DETER, is checked in the most accurate way to obtain ideally 

a starting model for expansion only containing correct atoms. R2 of the initial model 

is calculated. If it is higher than the expected value, the model is always pared down 

until ρ equals approximately 0.08. During this reduction process in each case the 

atom which raises the value of the R2 most is removed from the model. After the 

removal of an atom, all individual contributions to R2 are recalculated according to 

method 1 as described in section 5.3. If AUTOFOUR is offered a largish fragment, 

instead of the complete fragment only the Ν highest peaks are taken as the input 

model and screened using method 1 ; N=20 or 20% of the number of atoms in the 

structure, whichever is the highest. 
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Between cycles AUTOFOUR checks the current model by calculating R2 and 

comparing the value obtained to its estimate. This is done at each cycle, after the 

model has been changed based on the current 2Fo-Fc map. No more than half the 

number of the atoms already present in the model is added in each cycle. The 

atoms, old as well as new, are sorted on their individual contributions to R2 using 

method 3. If R2 is still above 0.4, the first step in each cycle is to remove 

geometrically suspect atoms. From the atoms generating a conflict the one with the 

highest contribution to R2 is removed. The threshold of 0.4 takes care of problems, 

which might otherwise arise with structures containing elements of strange geometry. 

The resulting pruned model is checked against the expected value for R2. If the value 

of R2 is deemed to be too high all atoms with a positive contribution to R2 are 

removed from the model (using method 3). This careful strategy is based on 

Lenstra's observation that R2 is most effective as a criterion in atomic models 

containing not too many wrongly placed atoms. In fact, if the ratio between correctly 

and wrongly placed atoms approaches one, the effectiveness of R2 approaches zero. 

During recycling the program only discriminates between atoms differing more than 

two in their atomic numbers. Thus, a structure containing only carbon, nitrogen and 

oxygen is treated as containing only one type of scatterer. (The actual atomic 

number used is chosen to minimize the error caused by this approximation.) When 

more than one atomic number is used within the program, atomic numbers are 

assigned to the peaks, not based on the height of the peaks in the map but on the 

basis of R2; the atomic number minimizing R2 is accepted for this peak. 

Recycling in DIRDIF 

At each cycle of the expansion of the model, the partial contributions to R2 are 

calculated and atoms are removed (in the latest DIRDIF version) only on the basis of 

method 3. Since DIRDIF assumes that the starting model contains not too many 

wrong atoms it is not expected that the number of wrong atoms in consecutive cycles 

is very large. Moreover, the first few cycles include the direct-methods phase-

refinement step, which is expected also to remove wrong atoms from the model. This 

justifies the less accurate but faster screening of atoms on the basis of R2 in DIRDIF 

as compared with AUTOFOUR. Ideally, the cyclic expansion procedure is concluded 
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when the set of atoms converges to the complete structure, i.e. no more atoms are 

rejected and no more peaks are found. 

Although the recycling strategy for AUTOFOUR and DIRDIF differs in many 

details, the basic strategy is the same, i.e. in crystal space: get peaks from a Fourier 

synthesis, assign atoms, remove atoms on the basis of geometrical features, and 

continue in reciprocal space: use the R2 criterion to remove false atoms, apply the 

DIRDIF phase refinement, and return to crystal space for the next cycle. Note that 

the R2 function is used in combination with chemical geometry considerations, which 

is a powerful improvement on the former R2 recycling strategy. 

During the expansion process, the number of atoms converges to the number 

of atoms of the complete structure. At the end of the expansion procedure, the 

complete structure is obtained only in cases where all atoms are well defined: 

disordered structures and structures with strongly vibrating side chains can not fully 

be completed by testing the R2 contribution of one single atom with very week 

scattering power. Of course, for the final details about the structure one has to pass 

on to proper least-squares refinement methods. 

Examples: 

ACNORT 

As the first example of a recycling sequence we show in Table 5.11 for test structure 

ACNORT what is happening during the automatic structure expansion procedure. It 

is seen that starting with a very poor model (phenanthrene obtained via TRACOR, 

see Table 5.5 and 5.10), at the end the complete structure is obtained albeit that 

some nominations are not entirely correct. At this stage the user may correct the 

nominations based on his chemical knowledge, but one could as well immediately 

proceed with least-squares structure-refinement. Note that two atoms of the input 

fragment (14 C atoms) remain wrongly nominated after positioning of the fragment: 

one is an O, and one is an Ν atom: the differences with C are not enough to force a 

renomination in the recycling procedure. Following the cell contents, two C atoms 

then have been denoted Ο and N; otherwise no nomination errors have been made. 

(The final R2 value is too low, because the data has been artificially generated.) 
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Table 5.11 Test compound ACNORT (See Table 5.1). Analysis of atoms in phase refinement and 

Fourier recycling via R2. Consecutive columns show the history of individual peaks or atoms. 

A 

input 

C1 0.52 
C2 0.41 
C3 > 
C4 
C5 
C6 
C7 
C8 > 
C9 0 24 
C10 0.24 
C11 0.24 
C12 
C13 
C14 

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
14 

0.737 

Β 

Fourier 

C1 0.49 
C2 0.21 
C3 > 
C4 
C5 
C6 
C7 
C8 > 
C9 
C10 
C11 
C12 
C13 
C14 
015 
016 
017 
018 
019 
O20 
021 
N22 
C23 
C25 
C26 
C27 
C29 
C30 
C31 
C32 

-
-
-
-
30 

0.265 

C 

R2 

Reject 

Reject 

Reject 

Reject 

26 

0.235 

D 

Fourier 

C27 
C2 

C4 
C5 
C6 
C7 

C9 

>» 

[C10Geo-rej.] 
C11 
C12 
C13 
C14 
C31 
013 
N19 
012 
C21 
018 
014 
015 
C20 
C24 
017 
C23 
C22 
016 
C25 
C26 
C28 
C29 
C27 
C30 
30 

0.071 

E 

final 

C23 
C2 

C4 * 
C5 
C6 
C7 

C9 * 
C20 
C11 
C12 
C13 
C14 
C24 
015 
017 
C11 
C28 
C26 
C18* 
013 
C16* 
C29 
014 
C25 
C22 
012 
C27 
C30 
C21 
C19 
C23 
C31 
31 

0.025 

0 

Ν 

Ν 

0 

<=== nr of atoms 

<=== R2 value 

Definition of columns' 

A Input model with deviation of the atom from the correct position (A), only given if > 0 20 A 

( > means no matching atom ). No R2 rejections yet! Β Output Fourier. 2 peaks rejected because of 

bad geometry. Ç Next cycle· 4 atoms rejected by the R2 test. D Output Founer E Final output after 
several more cycles! * = incorrect nominations 
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JOOST 

As an example of a fairly routine (DIRDIF-) structure analysis we show in Table 5.12 

some typical aspects for JOOST. 

As input model to the vector search method we used a 42 atom model 

(denoted BASKET in the DIRDIF - fragment library). Finding the correct orientation 

and position in the unit cell was straightforward. The basket, however, is slightly 

flexible and the starting model for the expansion of the structure did not appear to be 

very good. 

Table 5.12 gives all 42 atoms, with (column 2) the distances of the atoms to 

the correct positions. Four atoms were too far from any atomic position. Immediately, 

9 atoms were rejected by the R2 test: mostly -but not all- poorly positioned atoms. 

After the first phase refinement and Fourier synthesis (based upon 33 atoms), all 

atoms of the model were present in the list of Fourier peaks, at very much better 

positions than the input atoms. (Because 02 and N1 are not used as input for the 

phase refinement and Fourier synthesis, their peaks are less pronounced, and their 

nomination is Ν and C, respectively (last column). This will be automatically 

corrected in following cycles.) Many more atoms were found, of course, but we limit 

our discussion to the 42 input atoms. The geometrical test removed four correct 

atoms ('Geo-rej.'), -bad luck- but the reason is clear: their neighbouring atoms are 

relatively consistent but in absolute sense not well positioned, so the good atoms 

have the highest Figure-Of-Badness. At this cycle, two atoms ('Pk-low') are not used 

for the next cycle because their Fourier peak value is not amongst the major peaks 

to be used in the next cycle. In this next cycle, R2 again removes all badly positioned 

atoms, as well as some good ones. In following cycles, atomic positions of all atoms 

and the nominations of some atoms are improved, and the final result is the 

complete structure. An unexpected solvent molecule (with larger temperature 

factors) was easily recognized due to the peak integration procedure. 
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Table 5.12 The history in the first two cycles of the input model of JOOST (See Table 5 1) Input model 

42 atoms, dist = distance to correct positions (A), (*) see text 

Input 

atom 

C1 

C2 

C3 

C4 

C5 

C6 

01 

02 

C7 

C8 

N1 

C9 

N2 

C10 

04 

N3 

C11 

N4 

C12 

03 

C15 

dist 

011 

0 23 

044 

> 
0 39 

013 

0 16 

054 

0 08 

0 09 

0 12 

011 

016 

012 

012 

0 07 

006 

006 

011 

0 08 

0.27 

«2 test 

Δι-

-010 

-0 07 

+0 26 

+0.03 

+0 32 

Output 

dist 

0 08 

0 08 

0 36 

0 07 

019 

0 05 

0 03 

0 06 

0 05 

006 

004 

004 

0 09 

0 09 

0 05 

0 05 

0 05 

0 02 

0 08 

006 

004 

4* Ο 

-0 30 

Geo-rej 

Ν 

C 

Geo-rej 

Input 

atom 

C16 

C17 

018 

C19 

C20 

05 

06 

C13 

C14 

C21 

C22 

C23 

C24 

C25 

C26 

C27 

C28 

C29 

C30 

C31 

C32 

R2 = 

dist 

0 57 

> 
> 
0 35 

0 24 

> 
0 39 

0 10 

0 16 

0 08 

0 14 

0 26 

0 38 

034 

0 20 

012 

0 16 

0 42 

0 21 

0 23 

0 24 

0.778 

R2 test 

4* 

+0 02 

+0 07 

-0 08 

-0 04 

0.785 

Output 

dist 

0 41 

006 

0 03 

0 25 

0 16 

011 

0 19 

0 08 

0 05 

006 

0 08 

015 

006 

0 17 

0 05 

004 

0 07 

0 40 

016 

0 08 

0 05 

+manyi 

0.315 

^ π 

-0 20 

Geo-rej 

Geo-rej 

Pk-low 

Pk-low 

-0 08 

+0 03 

-013 

-0 29 

NGUY 

Next example, NGUY, is an example where uncertainty of the composition and in the 

contents of the structure played an important role in the structure determination. See 

Table 5.13. It is a superstructure, causing Patterson overlap and scaling problems, 

the composition has been established during the structure analysis by studying peak 

heights during various trial runs of phase expansion. Κ was found at a disordered 

position near a mirror plane; in this report, Κ is taken as a 'normal' atom with slightly 

higher temperature factor. Table 5.13 describes the situation were the correct 

composition is fed into the control data file The input atoms are the first Patterson 

heavy atom interpretation results, R2 = 0.32. Due to the correlation between the 

136 



The Reliability Index R? 

Patterson and the R2 function the result lacks clarity, some atoms change 

nomination, but when the structure is almost solved, the refinement becomes 

unstable the R2 increases while the structure 'explodes' (see below: unstable 

refinement). The program returns to the atom set with the lowest R2 and one more 

Fourier synthesis reveals the complete structure. 

Table 5.13 NGUY (see Table 5.1) Analysis of the atoms in the phase refinement and Fourier recycling 

showing R2 and atom nominations for all Fourier peaks. Four columns with output atoms, and R2 

value, 'Rej.' means rejected because of the R2 criterion; the new R2 is given; 'atoms (lit)' gives the 

correct nominations (with site multiplicity factor m). Note: * means: position at a distance of 0.2-0 3 A. 

Input 

atoms 

Se 

Se 

Se 

-
Se 

-
-
Se* 

-
-
0.32 

S 

Four 

Se 

Se 

Se 

Cr* 

Se 

-
Cr* 

Se* 

-
-
0.24 

7 

R2 

Rej 

Rej 

0.16 

5 

Four 

Se 

Se 

Se 

Se 

Cr 

Cr 

Cr* 

Κ* 

0.18 

8 

R2 

Rej 

Rej 

Rej 

0.22 

5 

Four 

Se 

Se 

Se 

Se 

Se 

Cr 

Se* 

Se* 

Κ 

0.98 

9 

» 

R2 

Rej 

Rej 

0.31 

7 

Four 

( + + ) 

Se 

Se 

Se 

Se 

Se* 

Se 

Se* 

Se* 

Se 

Κ 

9.99+ 

10 

Four 

(final) 

Se 

Se 

Se 

Se 

Cr* 

Cr 

Cr 

Κ 

0.09 

8 

atoms (lit) 

Se 

Se 

Se 

Se 

Cr 

Cr 

Cr 

Κ 

m 

0.5 

0.5 

0 5 

0 5 

0 25 

0.5 

0 5 

0.25 

<==== /?2 values 

<==== nr. of atoms 

Note: (++) signals: after several more cycles! 

R2 = 9 99+ signals: unstable refinement, see text. 

Unstable refinement: unknown composition? 

The DIRDIF Fourier program, which handles the assignment of atoms, allows for 

uncertainties in the composition. If some atoms have lower or higher peak integrals 

than is agreeable with the assumed (user-supplied) cell contents, the latter may be 

modified for use in the following cycles. It is a useful feature indeed, but sometimes 

increasing the number of atoms and simultaneously increasing the scale factor 

causes more atoms to appear heavier than they should be and this may lead to an 

'explosion' of the unit cell contents. When that happens, the program returns to the 

Fourier-input atom set with the lowest R2 value (for NGUY: R2 = 0.18). A new Fourier 
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synthesis is calculated, using B-overall for all atoms, and all Fourier peaks are 

reinterpreted, based upon the original user-supplied cell contents. For test examples 

NGUY (Table 5.13), ANTZN and KAP3 (both Table 5.14) the correct structures are 

obtained this way! 

The following Table 5.14 summarizes the course of the recycling strategy for three 

structures: ANTZN, KAP3 and JOOST. The number of participating atoms Λ/at and 

the corresponding R2 values are given for various stages in the recycling procedure. 

Some comments follow. 

ANTZN (see also Table 5.8): original model: 4Br + 2Zn. The first Fourier map 

showed the complete structure. In consecutive cycles several Ν and C nominations 

were interchanged, but at the end most of the nominations were correct but not all. 

R2 gradually reduced in 8 cycles from 0.077 to 0.050 (typical values for heavy atom 

structures). An interesting feature is the removal or the interchange with other atoms 

of the Ο atom at various cycles. Because of its higher vibration amplitude, its peak 

height is lower than several Ν and C peak heights, but its integral electron density 

value is slightly higher than the average of the Ν peaks: the R2 function also feels 

this effect! If an Ν or C atom is nominated O, the R2 test may reject the so-called Ο 

atom because it is too weak, but at a next cycle it may come back. The Ο was 

correctly nominated in some cycles, but at the final cycle it is nominated N. 

KAP3 (see also Table 5.6): the eight very heavy gold and tungsten atoms, 

together with the presence of two PF2 ions (one disordered with unknown solvents) 

make the manual interpretation of the many (300?) Fourier peaks a very tedious job, 

and automated procedures are almost essential for routine structure analysis. At the 

end of the R2 recycling procedure, still 20 C atoms are uncertain: at this stage a 

proper least-squares refinement is needed for the completion of the structure. 

JOOST (see also Table 5.12): a straightforward structure analysis showing the 

strength of vector-search techniques. At the end, all atoms of the structure are very 

well positioned, ready for automatic least-squares completion. The final R2 value of 

0.233 is rather low for an unrefined organic compound. 
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Table 5.14 Summary of recycling results for three test structures, ANTZN, KAP3 and JOOST (see 

Table 5 1) The number of participating atoms Net and the corresponding R2 values are given for 

vanous stages in the recycling procedure Model number of atoms in the input model, Rz-Reject 

number of atoms rejected by R2 before the Founer synthesis is made, Four-out number of atoms 

output by the Founer program, Geo-Reject number of atoms rejected by geometncal tests 

Total structure 

Cycle 1 (start) 

Model 

R2-Reject 

Four-out 

Geo-Reject 

Cycle 2 

Model 

R2-Reject 

Four-out 

Geo-Reject 

Cycle3 

Model 

R2-Reject 

Four-out 

Geo-Reject 

Last cycle 

Model 

R2-Reject 

Four-out 

Correct positions 

[Final R2 values:] 

ANTZN 

Wat 

43 

6 

0 

43 

0 

43 

1-

43 

0 

43 

1-

43 

0 

43 

(*) 
43 

43 

R2 

0 273 

= 

0 075 

0 075 

0 059 

0 059 

0 058 

[0.051] 

KAP3 

Nat 

158 

8 

0 

65 

7-

65 

23-

94 

9-

85 

21-

125 

11-

«2 

0 407 

= 

0 221 

0 198 

0109 

0100 

120 0 064 

(*) 
158 

133 

[0.072] 

JOOST 

Wat «2 

101 

42 0 778 

9- 0 785 

87 

4-

87 0 315 

21- 0 395 

98 

2-

96 0 215 

21- 0 282 

96 

0 

96 0 208 

4- 0 242 

101 

101 

[0.233] 

(*) Unstable refinement no R2 rejections, see text 

5.6 Conclusions 

In this paper, strategies and results are explained and shown by giving several 

examples of structures and computer-generated pathways for both AUTOFOUR and 

DIRDIF. It would not be feasible to describe precisely all program parameters, which 

generate these pathways and set various criteria and cut-off values, because (ι) it 
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would cost too much space to reproduce and to explain the many individual details 

and (ii) they are changing and expanding continuously as experiences demand and 

when new techniques become available. Instead, the user who is interested in such 

technicalities is referred to the FORTRAN coding which has been made available on 

public domain internet sites by De Graaff (2000) and Beurskens (2000). 

Final example. 

In this paper, we have chosen to show several exceptional situations including some 

which gave bad results. To stress the rule rather that the exception, we present one 

final example, Solanoeclepin A (Schenk, Driessen, De Gelder, Goubitz, Nieboer, 

Brueggemann-Rotgans, Diepenhorst, 1999), where a notoriously difficult structure 

has been solved effortlessly by routine application of CRUNCH with AUTOFOUR. 

All attempts to solve this structure by all conventional direct methods 

packages failed, partly due to the fact that there was no pre-knowledge about the 

nature of the compound and its exact composition. Using an estimated number of 

non-hydrogen atoms in the cell of 160 (space group Ρ2·\, a default run of CRUNCH 

was applied. Twenty trial starting sets were needed to obtain a molecular fragment of 

33 peaks from, which the AUTOFOUR program was able to complete the structure. 

The structure proved to contain 78 atoms in the asymmetric unit. Examination of the 

successful fragment of 33 atoms showed that this fragment contained only 5 atoms 

at correct positions. 

A number of experiments with this structure showed that AUTOFOUR is able 

to solve it from three correct atomic positions only. Also a fragment of 5 correct and 

15 random atoms is successfully expanded to the complete structure: at the start of 

AUTOFOUR 13 wrong atoms are deleted by the accurate screening procedure, 

illustrating the effectiveness of R2· 
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Appendix I 
Solving supramolecular compounds by vector search methods1 

Theory of vector search. 

For compounds which lack heavy atoms but have a well-defined (rigid) molecular 

fragment (obtained from structural databases, molecular modeling or one's own 

experience) vector search procedures can be used to generate suitable input models 

(and phases) to enable further expansion to the complete structure. 

The fragment is used to calculate a set of interatomic vectors, which is rotated 

in Patterson space to search for the best fitting orientation, i.e. the rotated vectors 

are compared with the observed Patterson values. The best fitting orientation of the 

fragment maximizes the so-called weighted minimum-average function (Nordman, 

1966). 

With the resulting atomic parameters a translation vector is searched for, 

which shifts the oriented fragment to the best fitting position relative to the symmetry 

elements of the space group, i.e. a correlation function between structure factors is 

evaluated to find the best fit between the calculated and observed data. Note that the 

translation function based upon the correlation function is the reciprocal space 

analogue from the translation function based upon shifting the vector set of the 

model in the Patterson function. 

The program ORIENT 

The main purpose of the program ORIENT, as is incorporated in the DIRDIF 

program system, is the use of rotation functions. The way it is implemented in the 

program ORIENT is extensively described in Beurskens, Beurskens, Strumpel, 

Norman, (1987). The most probable orientation found in ORIENT is used as input for 

the procedure that uses translation functions to find the correct shift of the fragment 

[subprogram TRACOR (Beurskens, Gould, Bruins Slot, Bosman, 1987)]. 

The outcome of TRACOR is thus a shift vector, which brings the fragment to 

its correct position. The shifted fragment is used for further elucidation of the 

structure. The most probable orientation and its most probable shift vector usually 

' Published as Israël, R, Infantes, L, Beurskens, G & Beurskens, Ρ Τ (1996) Acta Cryst A52 supp, 
C-73 
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lead to the (almost) complete structure in one run. Only for 'problem structures' or 

when very small fragments are used (scattering power less than 10% of the entire 

cell) sophisticated recycling may be essential for solving the structure. 

Although the programs ORIENT and TRACOR in itself are useful tools for ab 

initio structure solution, their applications usually were limited to structures where ab 

initio direct methods failed to solve the structure. So DIRDIF, employing these vector 

search programs, became known as a tool for 'difficult' structures. 

Nowadays, ab initio direct methods hardly ever fail to solve small equal-atom 

structures, but the application of direct methods to larger structures resulted in the 

call on DIRDIF for larger structures as well. The program ORIENT was originally 

keyed for solving 'small' molecules. The development of the program ORIENT was 

based on test structures with molecules of 20 to 50 atoms. It generates a suitable 

well-positioned fragment as a starting model for structure expansion. The modern 

demands prompted us to expand the applicability of ORIENT to larger structures, 

which was made possible also by the availability of powerful computers. 

New developments in ORIENT; improvements on solving supramolecular 

compounds. 

Solving crystal structures of supramolecular compounds by X-ray diffraction often 

appears to be difficult because they usually lack heavy atoms and can therefore not 

be solved by heavy-atom Patterson interpretation techniques. Furthermore, they 

often show difficulties in solving the structure because many of them 

(i) are rather large for 'small' structures 

(ii) have flexible chains 

(iii) have atoms showing sometimes disorder. 

However, the chemists, who synthesize these compounds, often are very 

familiar with the molecular fragments from which this type of compounds are built. 

For this reason the Patterson vector search technique proves to be very efficient. 

Unfortunately, though, known structural fragments of these compounds are either 

relatively small compared to the whole structure or show to a larger extent flexibility, 

which at the end will lead to failure in solving the crystal structure. 
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We have investigated all operational parameters for orientational vector-

search methods to seek improvements for application to supramolecular compounds 

(Israël, Infantes, Beurskens, Beurskens, 1996). The major program changes are 

related to: 

- larger vector set to be used, with 
- longer vectors in the final steps; 

- smaller step-size in the orientation search, 

- smaller grid size in the stored Patterson, 

- larger map for storing intermediate results and 

- using a variety of numerical parameters in defining the image seeking functions. 

The parameters were optimized with respect to about twenty small and larger 

structures, and finally incorporated in the new version of ORIENT. 

By generating a better positioned molecular fragment, the general 

improvement of ORIENT is one of the contributions to the later success of the R2 

driven selection criterion for Patterson techniques (Beurskens, Israël, De Gelder, 

Beurskens & De Graaff, 2000). Together it results in DIRDIF to be able to handle 

larger 'difficult' structures, including supramolecular compounds, better. 
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Chapter 6 

Crystal Structures of 

Di-tin~hexa(seleno)hypodiphosphate, Sn2P2See> 

in the Ferroelectric and Paraelectric Phase 

Abstract 

The crystal and molecular structure of S^PzSeg 'n " 7 Θ ' o l v temperature ferroelectric 

phase is determined by single crystal X-ray diffraction techniques. These results are 

compared with the crystal structure of the same compound in the paraelectric phase, 

which was redetermined at room temperature. 

In both phases, the structure crystallizes in the monoclinic system. The 

ferroelectnc phase with a = 6.8f45(3j A, b = 7.7170(3) A, c = 11.694(1) A, 

β = 124.549(4)°, space group Pc, V = 506.52(6) A3, Ζ = 2 was determined at 

Τ = 173 Κ and the paraelectric phase with a = 6.808(2) A, b = 7.682(3) A, 

c = 11.667(7) Α, β = 124.75(6)°, space group P2i/c, V = 501.4(5) A3, Ζ = 2 was 

determined at Τ = 293 Κ. Both stnjctures were solved by automated Patterson 

methods and refined by least squares methods. For the ferroelectric phase final 

refinement resulted in R = 0.038 for 3763 reflections [with I > 2σ(Ι)]. Refinement of 

the paraelectric modification revealed disorder of the Sn2* cations (the two Sn sites 

being separated by approximately 0.34 A) and resulted in R = 0.062 for 2211 

reflections [with 1>2σ(1)]. 

* Published as- Israël, R, Gelder, R de, Smits, J MM, Beurskens, Ρ Τ, Eijt, S WH, Rasing, Th, 
Kempen, H van, Maior, MM, Motnja, SF (1998) Ζ Knstallogr 213, 34-41 
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Comparison of the two structures showed that the tin ions shift to positions of 

about 0.13 A from an individual disorder-site in the high temperature phase 

(paraelectric) to the corresponding tin position in the low temperature phase 

(ferroelectric). The shift from the average Sn-position in the paraelectric phase to the 

Sn-positions in the ferroelectric phase is about 0.30 A (on average 1(f off the vector 

a + c), and is cleariy related to the spontaneous polarization. Moreover, the average 

direction of these displacements is perpendicular to the modulation wave vector 

direction in the incommensurate phase, showing the prime importance of such 

movements to the incommensurate phase formation. 

6.1 Introduction 

Sn2P2Se6 is one of the members of the family of proper ferroelectrics 

Sn2P2(S1.xSex)6 (Vysochanskii, Slivka, 1992), which is of interest for both 

fundamental and applicational reasons. 

Of fundamental interest is the presence of a Lifshitz point on the composition-

temperature phase diagram (Vysochanskii et al., 1992). The occurrence of an 

incommensurate phase in Sn2P2Se6 and its gradual diminishment with increasing 

sulfur concentration (and disappearance at the Lifshitz point Χ|_=0.28, rL=295 K) is 

expected to originate mainly from a change of interatomic forces with composition x. 

This has motivated phonon investigations by Raman, inelastic neutron and infrared 

spectroscopic studies on Sn2P2(S1.xSex)6 crystals (Vysochanskii, Slivka, Buturlakin, 

Gurzan, Chepur, 1978; Gommonai, Vysochanskii, Gurzan, Slivka, 1983; Volkov, 

Kozloc, Afanas'eva, Vysochanskii, Grabar, Slivka, 1983; Eijt, Maior, Vysochanskii, 

1996; Eijt, Currat, Lorenzo, Katano, Saint-Gregoire, Hennion, Vysochanskii, 1997), in 

which clear soft mode behavior has been observed related to the phase transitions. 

However, electronic properties may also be of importance, since the compounds are 

semiconductors. For example, the modulation wave vector in the incommensurate 

phase in Sn2P2Se6 can be stabilized in a small temperature interval by manipulating 

the population density of electrons in donor levels (Maior, Rasing, Eijt, van 

Loosdrecht, van Kempen, Molnar, Vysochanskii, Motrij, Slivka, 1994). In this context, 

it is important for structural studies to compare the crystals Sn2P2Se6 and Sn2P2S6 to 

show detailed changes in the interatomic distances and angles, and to study the 
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structural changes going from the paraelectnc to the ferroelectric phase. This 

knowledge is necessary to study the microscopic changes in interatomic forces, as 

for example was done for K2Se04 and CsSeCX» (Extebarria, Perez-Mato, Criado, 

1990). Further, the incommensurate phase is of type II (no Lifshitz invariant in the 

thermodynamic potential), as in NaN02 and SC(NH2)2. 

From an application point of view, the di-tin-hexa(thio-seleno)-

hypodiphosphate's strong piezoelectric (Maior, Vysochanskii, Prits, 1991; 

Vysochanskii, Gurzan, Maior, Rogach, Savenko, Slivka, 1990) and photorefractive 

properties (Grabar, Muzhikash, Kostyuk, Vysochanskii, 1991), resulting from a 

combination of ferroelectric and semiconductive properties, could make the crystal 

useful for devices. 

Sn2P2Se6 exhibits three phases; at room temperature it is paraelectric (P2i/c) 

(Voroshilov, Portoni, Seikovskaya, Yatsenko, Prits, 1988), at 221 Κ a second order 

transition to an incommensurate phase occurs, and at 193 Κ the crystal shows a first 

order lock-in transition to a ferroelectric phase (Pc). In contrast, Sn2P2S6 only shows 

a second order phase transition directly from a paraelectric phase (P2i/c) (Scott, 

Pressprich, Willet, Geary, 1992) to a ferroelectric phase (Pc) (Dittmar, Schaeffer, 

1974). Here, the transition is mainly displacive, in which the four Sn2+ cations move 

pairwise in opposite directions along b and in the same directions approximately 

parallel to a + c,7 resulting in a macroscopic polarization (Grabar, Vysochanskii, 

Slivka, 1984). 

One of the goals of this study was to extend the structural information of the 

pure compounds Sn2P2Se6 and Sn2P2S6 (Voroshilov ef al., 1988; Scott ef al., 1992; 

Dittmar ef al., 1974). Attempts to determine the structure of the incommensurate 

phase failed, because the crystals available did not show sufficiently resolved 

satellite peaks in the proper temperature range, despite many trials with different 

crystal badges. 

The temperature dependence of a small set of satellite reflections has been 

studied by Barsamian, Khasanov, Shekhtman, Vysochanskii, Slivka (1986) and 

Barsamian, Khasanov, Shekhtman (1993), showing the incommensurability of the 

intermediate phase. 

Note that in the onginal papers a different setting is used Throughout this chapter some different 
'literature' settings have been converted to our setting (Table 6 1) in order to facilitate the discussion 
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An X-ray diffraction study was performed to establish the crystal structure of 

the title compound in its ferroelectric phase (low temperature) and, for comparison, 

the crystal structure in the paraelectric phase (room temperature) was redetermined. 

The present compound is compared with Sn2P2S6 by studying the translations 

of the Sn2+ cations and the movements and deformations of the ^See] 4 " anions 

going from the paraelectric structure to the ferroelectric structure. The obtained 

atomic displacements may further be related to (differences in) the paraelectric soft 

phonon movements. 

6.2 Experimental 

Suitable crystals were obtained by vapor transport growth (Carpentier, Nitsche, 

1974). In dielectric studies the phase transitions of the crystals studied did not show 

a noticeable smearing, indicating that the concentration of impurities and defects was 

very low. 

The crystal data and a summary of the data collection, the structure solution 

and refinement of both the structures in the ferroelectric phase (Pc, Τ = 173 Κ) and 

paraelectric phase (P2i/c, Τ = 293 Κ) are given in Table 6.1. The structures were 

solved by automated heavy atom Patterson interpretation from the program system 

DIRDIF-95 (Beurskens, Admiraal, Beurskens, Bosman, de Gelder, Israël, Smits, 

1995), and were refined with the least-squares refinement program SHELXL 

(Sheldrick, 1993). 

For the non-centrosymmetric ferroelectric phase the handedness was refined 

using the Flack parameter (Flack, 1983). The results (0.50 ± 0.02) showed that the 

crystal was a composite (twin) of the two enantiomeric ferroelectric domains. 

Refinement then continued using the SHELXL twin option; the R value thereby 

reduced from 0.0570 to 0.0385. 

The room temperature structure determination led to large vibrational 

parameters of the Sn2+ ions which suggested disorder in its position. Therefore the 

Sn2+ was refined at partially occupied positions [denoted Sn(11) and Sn(12)]. 

Refinement of the occupancy factors led to a 45/55% occupancy, whereafter equal 

occupancy (50/50%) was assumed. The R value reduced from 0.0681 to 0.0623. 

The Hamilton test (Hamilton, 1965) showed that this change in the R value is highly 
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significant. Due to the correlation between the two disordered sites, their positional 

and vibrational parameters are relatively less accurate. 

Calculations with PLATON (Spek, 1990) revealed no higher symmetry and no 

solvent accessible areas for either structure. The final atomic positional and 

vibrational parameters are given in Table 6.2. The anisotropic atomic displacement 

parameters are given in Table 6.3. 

Table 6.1 Crystallogmphic data and summary of intensity data collection, structure solution and 

refinement in the ferroelectric (1) and paraelectric (2) phase. 

Crystal data 

Compound 

Color, shape 

Formula weight 

Crystal system 

Space group8 

Temperature (K) 

Cell constants6: 

a, A 

b,A 
c,A 
Ρ 
Cell vol (V), A 

Formula units/unit cell (Z) 

Dcaic, 9 cm"3 

Male cm" 
F(000), electrons 

Intensity data collection 

Diffractometer, scan: 

Enraf-Nonius CAD-4, ω/2θ 

Radiation, graphite monochromator: MoKa ( =0 71073 A) 

Crystal dimensions, mm 

Scan width, degrees: 1.5 

Standard reflections: 3, every 7200 seconds exposure time 

Decay of standards 

Reflections measured 

2 -range, degrees 

(1) 

Sn2P2Se6 
black, irregular 

773 09 

Monoclinic 

Pc 

173(2) 

6 8145(3) 

7 7170(3) 

11.694(1) 

124.549(4) 

506.52(6) 

2 

5.069 

265.506 

667.84 

0.20x0.22x0 10 

- 2 % 

8270 

< 69.88 

(2) 

Sn2P2Se6 
black, irregular 

773.09 

Monoclmic 

P2i/c 

293(2) 

6 808(2) 

7 682(3) 

11.667(7) 

124.75(6) 

501.4(5) 

2 

5.121 

268.225 

667.84 

0.25x0 31x0.14 

~1 % 

4571 

< 70.15 
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Table 6.1 Continued. 

(1) (2) 

Range of hXI - 1 0 ^ / ) ί 8 , Ο ^ Λ ί Ι Ο , 

-12</f<12, -12</r<12, 

- 1 5 ^ / ^ 1 5 -1β£/<15, 

Corrections: 

Lorentz-polarization 

Reflections [obs, Ιο>2σ(Ιο)] 4290 (3763) 2211 (1724) 

Rmerge0 0.0477 0.0836 

DIFABS-correction range (Walker, Stuart, 1983) 0.202 -1 000 0.086 -1.000 

Computer programs. Enraf-Nomus and local programs 

Structure solution and refinement 

Structure solution: Heavy atom Patterson interpretation 

Computer programs: DIRDIF-95 (Beurskens et al, 1995) 

Structure refinement Full matrix least squares on Γ 

Computerprograms. SHELXL-93 (Sheldnck, 1993)d 

Weights (Sheldrick, 1993) 0.0505,2.0922 0.0924,4.6338 

Shift/esd < 0 001 < 0.001 

No. of restraints/parameters 2/92 0/56 

Goodness-of-fit on F2 1.067 1.038 

R index [Ι>2σ(Ι)] R = 0.0385 R = 0.0623 

R indices (all data) R = 0.0487, R = 0.0802, 

wR2 = 0.0940 wR2 = 0.1502 

Largest diff. peak and hole, e.A" 1.76, and -2.39 3.36, and -3.33 

a To facilitate comparison with the structures presented in the literature we have chosen to use the 

(for this geometry) unconventional setting with the c-glide plane; standard would be Pn and P2i/n 

with p< 120°. 

* Least-squares refinement for 25 reflections, 15.8° < θ < 23 9° and 12.8° < θ < 18.8°, respectively. 

C Rmerge = σ \\F0\-<\F0\>\ I a|F0| 

d Using neutral scattering factors and anomalous dispersion corrections. 
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4 3 

Table 6.2 Atomic coordinates (x10 ) and equivalent isotropic displacement parameters (x10 ) for the 

fenroelectnc (1) and paraelectnc (2) phase U(eq) is defined as one third of the trace of the 

orthogonalized UIJ tensor Sn(11) and Sn(12) are disordered positions foce factor 0 5) The y 

parameter of corresponding atoms differ 0 25 (by conventional ongin settings), the ongins in the x,z 

plane have been supenmposed by the center of gravity of the P(1) and P(2) 

Atom 

Sn(1) 

Sn(2) 

P(1) 

P(2) 

Se(1) 

Se(2) 

Se(3) 

Se(4) 

Se(5) 

Se(6) 

(1) 
χ y 

1993(1)11215(1) 

-2439(1) 3689(1) 

1255(3) 6424(3) 

-1255(3) 8537(3) 

-1126(1) 4434(1) 

2940(1) 5509(1) 

3765(1) 7595(1) 

1045(1)10592(1) 

-2836(1) 9451(1) 

-3777(1) 7441(1) 

Ζ 

2225(1) 

-2817(1) 

653(2) 

-653(2) 

550(1) 

-370(1) 

2684(1) 

-545(1) 

436(1) 

-2711(1) 

U(eq) 

14(1) 

12(1) 

5(1) 

4(1) 

6(1) 

6(1) 

7(1) 
6(1) 

6(1) 

7(1) 

Table 6.3 Anisotropic displacement parameters (A' 

Atom 

Sn(11) 

Sn(12) 

(2) 
χ y 

1981(8) 8731(7) 

2324(6) 8775(7) 

1254(3) 3938(2) 

-1079(1) 1917(1) 

2861(1) 3022(1) 

3788(1) 5076(1) 

Ζ 

2349(3) 

2712(3) 

649(2) 

562(1) 

^15(1) 

2691(1) 

U(eq) 

27(1) 

22(1) 

5(1) 

9(1) 

10(1) 
9(1) 

! χ 103) for the fenoelectnc (1) and the paraelectnc 

(2) phase The anisotropic displacement factor exponent takes the form 

-2n\hi 

Atom 

Sn(1) 

Sn(2) 

P(1) 

P(2) 

Se(1) 

Se(2) 

Se(3) 

Se(4) 

Se(5) 

Se(6) 

Ì^U11+ +2hka'b'U12 

(1) 
C/11 t/22 1/33 

14(1) 10(1) 17(1) • 

10(1) 13(1) 14(1) • 
5(1) 4(1) 6(1) 
4(1) 3(1) 4(1) 
7(1) 4(1) 10(1) 
5(1) 9(1) 6(1) • 
7(1) 7(1) 4(1) • 
8(1) 6(1) 7(1) 
6(1) 6(1) 7(1) 
6(1) 8(1) 4(1) 

U23 

•3(1) 

•2(1) 

0(1) 
0(1) 
0(1) 
•1(1) 
-1(1) 

0(1) 
0(1) 

1(1) 

+ 7 

im 

8(1) 

7(1) 
3(1) 
2(1) 
6(1) 
4(1) 
2(1) 
5(1) 
5(1) 
2(1) 

1/12 

-1(1) 

-1(1) 
-1(1) 

1(1) 
-1(1) 
2(1) 

KD 
-1(1) 

1(1) 
-1(1) 

Atom 

Sn(11) 
Sn(12) 
Sn(av)e 

(2) 
U i l L/22 U33 

24(1) 22(1) 24(1) 
17(1) 24(1) 22(1) 
31(1) 23(1)61(1) 

5(1) 5(1) 3(1) 

11(1) 8(1)10(1) 
9(1) 12(1) 7(1) 
9(1) 12(1) 4(1) 

Ü23 t/13 

8(1) 7(1) 
-3(1) 10(1) 
-2(1) 30(1) 

Od) 1(1) 

1(1) 6(1) 
1(1) 5(1) 

2(1) 0(1) 

L/12 

3(1) 
-2(1) 
-2(1) 

-1(1) 

2(1) 
-2(1) 

-3(1) 

Sn(av) is the 'original' (unspht) Sn atom 
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6.3 Results and discussion 

The structures and atomic numbering are presented in Figures 6.1 and 6.2. Bond 

lengths and angles of the ^See]4" anions are given in Table 6.4. Geometrical 

calculations (Motherwell, 1976) revealed neither unusual geometric features, nor 

unusual short intermolecular contacts for both structures. We found that the room 

temperature structure was in good agreement with a previous determination 

(Voroshilov ef al., 1988); bond lengths of the latter are also present in Table 6.4 for 

comparison. 

At room temperature the [P2Se6]
4" units are located at inversion centers. The 

Sn2+ cations are at general positions. The P-P bond lengths in the ferroelectric and 

paraelectnc phase are nearly the same. The P-Se bond lengths also differ only 

slightly for the ferroelectric phase and the paraelectric phase, (average values with 

rms errors are. 2.188 ± 0.006 A and 2 181 ± 0.006 A, respectively) 

A small deformation upon the ferroelectric transition, where the ^See]4" anion 

loses its crystallographic center, is seen in the Se-P-P-Se torsional angles, where 

opposite Se-atoms distort from 180° in the paraelectric phase to relatively rotated 

positions in the ferroelectric phase of about 2°. The Se-P-P bond angles show small 

changes up to 1°: Se(1), Se(3) and Se(5) move inward, while Se(2), Se(4) and Se(6) 

move outward of the molecule. Notwithstanding this deformation, in first 

approximation the ^See]4" molecule can be considered as rigid, for the major 

deformation from the room temperature structure is caused by a displacement or 

movement of the disordered Sn2+ cations relative to the anions. 

Table 6.4 Bond lengths (A) and angles (") for the PjSee molecular unit in the ferroelectric phase (1), 
the paraelectnc phase (2) and the paraelectnc phase as published in Voroshilov et al, 1988 (3) Note 
P(2) = P(1 ') for the centrosymmetnc structures (2) and (3) 

P(1)-P(2) 
Se(1)-P(1) 
Se(2)-P(1) 
Se(3)-P(1) 
Se(4)-P(2) 
Se(5)-P(2) 
Se(6)-P(2) 

(1) 

2 225(2) 
2 187(2) 
2192(2) 
2 185(2) 
2 182(2) 
2 198(2) 
2 184(2) 

Bond lengths 
(2) 

2 219(2) 
2182(2) 
2 187(3) 
2 175(2) 

0) 

2 222(1) 
2 181(1) 
2 191(1) 
2 189(1) 
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Crystal Structures of 3η?Ρ?5β« in the Ferroelectric and Paraelectric Phase 

(1) 

Bond angles 

(2) (3) 

Se(1)-P(1)-Se(2) 
Se(1)-P(1)-Se(3) 
Se(2)-P(1)-Se(3) 
Se(1)-P(1)-P(2) 
Se(2)-P(1)-P(2) 
Se(3)-P(1)-P(2) 
Se(4)-P(2)-Se(5) 
Se(4)-P(2)-Se(6) 
Se(5)-P(2)-Se(6) 
Se(5)-P(2)-P(1) 
Se(4)-P(2)-P(1) 
Se(6)-P(2)-P(1) 

110.20(10) 
116.70(9) 
113.37(9) 
102.67(8) 
107 36(9) 
105.42(9) 
107.74(9) 
115 82(9) 
115.10(9) 
106 05(9) 
104.22(8) 
106.90(9) 

109.37(9) 
115 99(10) 
114.22(10) 
103.59(13) 
106.83(13) 
105.81(14) 

109.25(1) 
116 07(1) 
114.19(1) 
103.59(1) 
106.45(1) 
106.24(1) 

Se(2) 

Sn(2) 

Se(3) 

Sn(l) 

Se(5) 

Se(6) 

Figure 6.1 Plot of S ^ ^ S e g in the ferroelectric phase (173 K). Thermal ellipsoids are at 50% 
probability level. Program: PLATON (Spek, 1990). 
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Se(3) 

Se(2) 

Sn(12') 

Sn(12) 

Sn(ll) 

Se(2') 

Se(3') 

Figure 6.2. Thermal ellipsoid plot of SnjPzSee in the paraelectric phase (293 K) (Thermal ellipsoids as 
in Figure 6.1). Primed atoms are related by inversion center. Sn(11) and Sn(12) are disordered 
positions. 

Se(3) 

Se(2) 

Sn(av) 

Figure 6.3. Thermal ellipsoid plot of SnzPjSee in the paraelectric phase (293 K) before splitting up the 
2+ 

disordered Sn cation (Thermal ellipsoids as in Figure 6.1). Sn(av) is the average of the Sn(11) and 
Sn(12) positions in Figure 6.2. 
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Figures 6 1 , 6 2 and 6 3 display the structures in the ferroelectric phase, and 

in the paraelectnc phase after and before splitting up the Sn2 + position, showing their 

thermal ellipsoids Before splitting up, the atomic displacement parameters of the 

Sn2 + cations at room temperature were much larger than those of the other atoms, it 

was distinctly anisotropic with the major axis approximately along the vector a + c 

(see Sn(av) in Table 6 3) This reflects the average motion of the atoms, which often 

is related to lattice vibrations The amsotropy and magnitude of the Sn2 + atomic 

displacement parameter could therefore be caused by the presence of the soft optic 

phonon, observed in inelastic neutron scattering (Eijt ef al, 1997), which is polarized 

approximately along the a + c direction and has large displacements mainly for the 

(relatively light and moveable) Sn2 + cations Optic vibrations usually have a relatively 

flat dispersion and are therefore expected to contribute to the atomic displacement 

parameter proportional to 1/ω2 The contribution of the low frequency soft optic 

phonon is therefore expected to be large close to the phase transition 

The observed large anisotropic atomic displacement parameter of Sn(av), 

however, might also reflect a positional disorder and the refinement was performed 

as such A similar effect has been observed for example in paraelectnc K2ZnBr4 for 

its Br atoms, where an improvement of the structure determination was obtained 

incorporating a disorder of the Br atoms (Kasano, Takesada, Mashiyama, 1992) 

Comparison of the atomic displacement parameters (of the Sn atom in the two 

structures) shows that they are not proportional to the temperature A simple Debye 

approximation for the contribution of the acoustic phonon predicts a dependence 

proportional to the temperature (J2) ~ Τ (for Τ » θ 0 , θο = 75 Κ and 45 Κ for 

Sn2P2Se6 and Sn2P2S6, respectively) In Figure 6 4 the (equivalent) atomic 

displacement parameters of the Sn2 + cations are plotted at the temperatures of the 

structure determinations for Sn2P2S6 (Dittmar et al, 1974, Scott et al, 1992) and 

Sn2P2Se6 The atomic displacement parameters of the tin atoms of both compounds 

in the ferroelectric phase are on almost the same (dashed) lines The atomic 

displacement parameter of Sn(av) in the paraelectnc phase is for both compounds 

significantly higher than the extrapolated lines of the ferroelectric phase (The same 

has been observed for two of the four Br atoms in K2ZnBr4 where it was related to 

disorder, Jochum, Unruh, Baernighausen, 1994) The temperature behavior of the 

soft optic phonons may also produce a similar variation of the atomic displacement 

parameter Inelastic neutron experiments have shown that at room temperature the 
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soft mode is at a lower frequency (0.40 THz) than at 173 Κ (0.80 THz) (Eijt, Currat, 

Lorenzo, Katano, Saint-Gregoire, Hennion, Vysochanskii, Janssen, 1998). Therefore, 

the soft phonon contribution is expected to be larger at room temperature. The few 

measurement points prevent an unambiguous determination of the contribution of 

the soft optic phonon or disorder to the average position. However, splitting the Sn2+ 

cation into two equally partially occupied positions resulted in a stable refinement 

with a significant lower R value (going from 0.068 to 0.062) and lower atomic 

displacement parameters, proving that disorder adequately describes the actual 

structure. 

The two sites for the disordered Sn positions are denoted Sn(11) and Sn(12) 

and are separated by approximately 0.34 Â (fractional separation vector: 0.034, 

0.004, 0.036, i.e. along vector a + c). In Table 6.5 the interionic (contact) distances 

for the disordered Sn position of the room temperature phase are compared with 

these for Sn(1) and Sn(2) of the low temperature phase (for the given enantiomeric 

form.) It is concluded that the Sn(11) and 80(12') coordination spheres resemble the 

Sn(1) and Sn(2) sites, respectively, more closely than the alternative possibility. (Of 

course, the alternative possibility will be true for the other enantiomeric form of the 

low temperature phase). Further, the final atomic displacement parameters [for 

Sn(11) and Sn(12')] are close to the line <u2> ~ Γ through U[Sn(1)] and U[Sn(2)], 

respectively, in Figure 6.4. Table 6.6 shows the Sn2+ movements, relative to the 

^See] 4 " anion, going from the paraelectric phase to the ferroelectric phase. 

Table 6.5 Interionic distances (A) between the Sn * cations and the Se atoms of the fäSeeT anions 
in the ferroelectric (1) and paraelectric (2) phase Primed atoms are related by symmetry by the 
inversion center8 

(1) (2) 

Se(4) 
Se(3) 
Se(5) 

sm 
Sed)6 

SeW6 

36(5)" 
86(2)" 

Sn(1)-
2 959(1) 
2.969(1) 
3 041(1) 
3.024(1) 
3.131(1) 
3.329(1) 
3431(1) 
3 559(1) 

Se(1) 
Se(6) 
Se(2) 
Se(3)6 

36(4)" 
Se(1)6 

Se(2)* 
Se(S)b 

Sn(2)-
3.554(1) 
3.060(1) 
3.420(1) 
3.120(1) 
3.335(1) 
2.914(1) 
2.925(1) 
3.082(1) 

Se(r ) 
Se(3) 
Se(2' ) 
Se(3·)0 

Se(1)6 

Se(1')6 

Se(2'lb 

36(2)* 

Sn(11)-
3.128(4) 
2.999(6) 
3.048(4) 
3.086(6) 
3.119(5) 
3.156(5) 
3.332(3) 
3.407(5) 

Sn(12)-
3.045(5) 
3.016(5) 
3.281(4) 
3.106(5) 
3 296(4) 
2.959(5) 
3.040(3) 
3171(5) 

a e.g. Se(1') and Se(4) are equivalent sites. 
b Bond distance to another ^See ] 4 " unit. 
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(b) 

2+ Figure 6.4. The isotropic atomic displacement parameters for the Sn ' cations plotted against the 
temperature of the structure determinations, a) Sn2P2See, T, and Tc are the incommensurate and lock-
in transition temperatures, b) SnjPjSe (Dittmar et al., 1974, Scott et al., 1992). T0 is the ferroelectric 
transition temperature. 

Table 6.6 Movement or displacement of Sn * cation (i) (paraelectric phase) to Sn * cation (j) 
(ferroelectric phase), aRy, relative to the anion position, and the relative distance lARq] Pnmed atoms 
are related by symmetry by the inversion center. 

Sn(11) 
80(12' ) 
Sn(12) 
Sn(11') 

ARy 

-> 
-> 
-> 
-» 

Sn(1) 

Sn(2) 
Sn(2) 
Sn(1) 

(xy-x,)a 

0 021 
-0 093 
-0.211 
-0.325 

(ΪΓΥιΡ 

0.016 

-0.026 

-0.018 

-0.059 

(Z/-Z|)C 

-0.133 

-0 138 

-0 555 

-0 560 

ΙΔΚ,,Ι (A) 

0.147 

0.117 

0.470 

0 465 

movement 

yes 

yes 

no 

no 

We assume2 that the short distances (0.117 and 0.147 A) represent movements of 

Sn atoms (relative to the coordinating atoms) going from the paraelectric phase to 

the ferroelectric phase. The movement of Sn(12') results in two relatively short Sn-Se 

bonds: Sn(2)-Se(1) 2.914(1) A and Sn(2)-Se(2) 2.925(1) A. These short Sn-Se 

bonds, connecting the ^See] 4 " molecular units, give rise to the formation of a -Se-P-

Se-Sn-Se- chain along the a-axis (Figure 6.5). 

One would expect only small displacements at any phase transition that leaves the crystal 
undamaged; on the other hand, the actual transition mechanism can be more complicated because of 
the occurrence of an intermediate incommensurate phase. 
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Figure 6.5 Representation of the -Se-P-Se-Sn-Se- chain along the a-axis, which connects the 

[PiSesT molecular units in the ferroelectric phase. Program: PLUTON (Spek, 1990). 

The total spontaneous polarization appearing in the ferroelectric phase is 

related to the movement from the average Sn2+ cation position in the paraelectric 

phase to the two ferroelectric positions. The tin movement results in two inequivalent 

sites. Sn(1) moves (with respect to the Sn(av) position) 0.31 A in a direction 20° off 

the vector a + c (109° with the a-axis), whereas Sn(2) moves 0.28 A in a direction 

-1.7° off the vector a + c. In Sn2P2S6 similar movements of the Sn2+ cations are 

observed (Scott et al., 1992): Sn(1) moves 0.32 A (17° off the vector a + c) and 

Sn(2) moves 0.23 A (8.3° off the vector a + c). This indicates that the spontaneous 

polarization (~150 off a + c) is of ionic origin. One may therefore expect that the 

polarization in Sn2P2Se6 will be at 10° off the vector a + c, which is notably exactly 

perpendicular to the modulation direction in the incommensurate phase (9° off the 

a-axis). 
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The obtained structures and structural changes related to the phase transition 

have much in common with those observed for the crystal structure of Sn2P2S6 

(Scott ef al., 1992; Dittmar et al., 1974). First of all, the same symmetries and 

configurations are found. Further, the changes of the Sn2P2S6 arrangement involve 

also a little change for the S-P distances and angles and for the most part a similar 

large translation of the Sn2+ cations relative to the [P2S6]4" molecular units along 

a + c.3 

Also here two relatively short Sn-S distances are formed in the ferroelectric 

phase, forming a -S-P-S-Sn-S- chain along the a direction. It has been argued 

(Rizak, Vysochanskii, Grabar, Slivka, 1989), that an increase and change in 

frustration of the short range forces by substitution of S by Se (which is larger) 

results in the stabilization of the incommensurate phase in Sn2P2Se6, and not in 

Sn2P2S6, rather than by dipolar forces solely. 

Here it is found that, though in both compounds a chain is formed along the 

a-axis, the positional change of the Sn(2) atom relative to the Sn(av) position, which 

determines the contribution to the polarization, and results in the chain formation, is 

clearly different in both magnitude and direction in Sn2P2Se6 compared to Sn2P2S6. 

In Sn2P2Se6, the Sn(2) movement is more closer to the a + c vector, making a larger 

angle to (the polarization related to) the Sn(1) movement. In contrast, the Sn(1) 

positional change is rather similar in both compounds. In general, considering these 

displacements as resulting in dipoles, it would be energetically favorable to align, 

however the contributing short range forces prevent this from happening. 

Further, the shortest Sn(2)-Se bonds in the ferroelectric phase are relatively 

large, compared to the same bonds in Sn2P2S6 (5% larger in S^PaSee, whereas the 

other Sn-Se bonds are only about 1-3% larger), showing the stronger effect of the 

short range repulsion in Sn2P2Se6. 

Therefore, it is found here that both the direction between the polarization and 

the chain along the a-axis, as well as the character of the short range forces, change 

in Sn2P2Se6 relatively to Sn2P2S6. Both effects are expected to contribute to the 

appearance of an incommensurate phase in Sn2P2Se6. 

Additional material to this paper can be ordered referring to the no. CSD 403097 (ferroelectric phase) 
and 403098 (paraelectric phase), names of authors and citation of the paper at the Fachmnische 
Information mbH, D-76344 Eggenstein-Leopoldshafen, Germany. The list of Fo/Fc-data is available 
from the authors up to one year after publication has appeared. 

161 



Chapter 6 

6.4 Conclusion 

It is found that the main changes between the paraelectric and ferroelectric phases 
are the relative displacements of the (averaged) Sn atoms, which are approximately 
along the vector a + c, producing a macroscopic polarization in the ferroelectric 
phase. The disorder found in the paraelectric phase shows the strong anharmonicity 
of the potential related to these displacements. This indicates that the transitions are 
not entirely displacive. 

The average direction of the displacements is exactly perpendicular to the 
modulation wave vector direction of the incommensurate phase. This shows the 
prime importance of such movements to the incommensurate phase formation. 

Further, the similarity of the two crystals Sn2P2Se6 and Sn2P2S6 indicates that 
also in the latter crystal disorder is likely to play a role of importance, regarding the 
large atomic displacement parameters in the paraelectric phase. 
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Summary 

Single-crystal X-ray diffraction is a method that provides accurate structural 
information on the arrangement of atoms and molecules in crystals (see chapter 1 
for a short introduction into X-ray crystallography). 

The method is based upon crystals diffracting X-rays only in specific 
directions. The diffracted beams are called reflections, of which the directions and 
the intensities can be measured. The directions contain information regarding the 
geometry of the unit cell. Comparison of the intensities of the separate reflections 
gives information about the diffraction and crystal symmetry. If also the phases of the 
individual reflections were known, the exact positions of the atoms in the unit cell 
could be calculated. The lack of phase information is called the phase problem and 
gave rise to the development of many mathematical and computational methods for 
its solution. 

In the DIRDIF program system several of these methods are successfully 
combined so that most of the small and medium sized structures can easily be 
solved. Nevertheless there will always be structures which are not easily 'cracked'. 
Some of these structures may suffer from e.g. superstructure or aperiodic effects. 
Others, e.g. supramolecular structures, may suffer from poor crystal quality and poor 
experimental data. This thesis describes a study for solving difficult crystal structures 
suffering from the above mentioned effects. 

Chapter 2 describes the scaling method, which is handled by the DIRDIF 
program system. A new procedure is proposed for structures of which a large known 
model is available (e.g. superstructures) and proved to be successful. 

Chapter 3 deals with a systematic investigation of the validity of the direct-
method triplet phase relationship for aperiodic structures using a published structure 
factor normalization procedure. For both experimental and theoretical 
incommensurately modulated structures the probability of triplets has been studied 
and its usefulness in direct methods is established. Results show that triplet phase 
relations are relatively less reliable when satellites are involved. 

In chapter 4 a new expression has been derived for the joint probability of 
doublet phase relationships and, using the expression of chapter 3, the application to 
triplets has been thoroughly tested and found valid. It is shown that the new 
expression is better than the procedure described earlier. 
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In chapter 5 a survey of the structure-expansion recycling procedure in the 

DIRDIF program system is given. Furthermore, a new strategy is proposed based 

upon the availability of chemical and geometrical pre-knowledge. In this chapter we 

have investigated the properties of the R2 function and show how R2 can be used at 

various stages of a crystal structure analysis. 

Finally chapter 6 deals with an actual example of an X-ray diffraction study on 

Sn2P2Se6, member of the family of proper ferroelectrics Sn2P2(S1.xSex)6. This 

structure was first thought to have an incommensurate phase. Nevertheless, the 

crystal did not show sufficiently resolved satellite peaks in the proper temperature 

range. Since some problems were faced during the refinement (composite twin, large 

disorder) it is a good example of a difficult structure, which can not be finished using 

routine procedures. 
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Samenvatting 

Eénkristal-röntgendiffractie is een methode om nauwkeurige structuurinformatie te 
verkrijgen omtrent de rangschikking van atomen en moleculen in kristallen (zie 
hoofdstuk 1 voor een korte inleiding in de röntgenkhstallografie). 

De methode is gebaseerd op het verschijnsel, dat een kristal röntgenstraling 
alleen in specifieke richtingen verstrooit. Deze verstrooide stralen worden reflecties 
genoemd, waarvan de richtingen en intensiteiten kunnen worden gemeten. De 
richtingen bevatten informatie omtrent de geometrie van de zogenaamde 
eenheidscel. Vergelijking van de intensiteiten van de onderlinge reflecties verschaft 
informatie betreffende de diffractie- en kristalsymmetrie. De exacte posities van de 
atomen in de eenheidscel kunnen worden berekend, indien tevens de fasen van de 
individuele reflecties bekend zouden zijn. Het gebrek aan deze fase-informatie wordt 
het faseprobleem genoemd en heeft de aanleiding gevormd tot de ontwikkeling van 
vele mathematische en gecomputeriseerde methoden voor de mogelijke oplossing 
ervan. 

In het DIRDIF programmasysteem worden enkele van deze methoden 
succesvol gecombineerd, zodat de meeste kleine en middelgrote structuren vrij 
gemakkelijk kunnen worden opgelost. Er zullen echter altijd structuren bestaan, die 
niet zo makkelijk kunnen worden 'gekraakt'. Deze structuren kunnen bijvoorbeeld 
superstructuur of a-periodieke effecten vertonen. Andere structuren, bijvoorbeeld 
supramoleculaire verbindingen, bezitten een slechte kristalkwaliteit en leveren 
slechte experimentele data. Dit proefschrift beschrijft het onderzoek naar de 
mogelijkheid om kristalstructuren, die dit soort effecten vertonen, op te lossen. 

In hoofdstuk 2 wordt de schalingsmethode beschreven, zoals die door het 
DIRDIF programmasysteem wordt gebruikt. Een nieuwe schaalprocedure voor 
structuren waarvan reeds een groot en bekend model beschikbaar is (bijvoorbeeld 
superstructuren), wordt voorgesteld en blijkt goed te werken. 

Hoofdstuk 3 behandelt een systematisch onderzoek naar de geldigheid van 
directe-methoden triplet-faserelaties voor niet-periodieke structuren, gebruikmakend 
van een gepubliceerde normalisatieprocedure voor structuurfactoren. Voor zowel 
experimentele als theoretische incommensurabel gemoduleerde verbindingen is de 
waarschijnlijkheid van de tripletten bestudeerd en is de bruikbaarheid in directe 
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methoden aangetoond. De resultaten tonen aan, dat triplet-faserelaties minder 

betrouwbaar zijn als er satellietreflecties bij betrokken zijn. 

In hoofdstuk 4 is een nieuwe uitdrukking afgeleid voor de gemeenschappelijke 

waarschijnlijkheid van doublet-faserelaties. Tevens is, gebruikmakend van de 

uitdrukking in hoofdstuk 3, de toepassing op tripletten intensief getest en geldig 

bevonden. Er wordt aangetoond, dat de nieuwe uitdrukking beter werkt dan de 

eerder beschreven procedure. 

In hoofdstuk 5 wordt een overzicht gegeven van de recycling procedure in het 

DIRDIF programmasysteem om structuren te expanderen. Bovendien is een nieuwe 

strategie voorgesteld, die gebaseerd is op de beschikbaarheid van chemische en 

geometrische voorkennis. In dit hoofdstuk hebben we de eigenschappen van de R2-

functie onderzocht en hebben we laten zien hoe R2 gebruikt kan worden in de 

verschillende stadia binnen de kristalstructuuranalyse. 

Tot slot wordt in hoofdstuk 6 een voorbeeld gegeven van een röntgen-

diffractie-onderzoek aan Sn2P2Se6, behorende tot de familie der ferro-electrolieten, 

Sn2P2(S1.xSex)6. Men dacht, dat de structuur een incommensurabele fase had, 

echter de meting van het kristal leverde niet voldoende opgeloste satellietpieken op 

in het bewuste temperatuurgebied. Omdat tijdens de verfijning van de structuur 

enkele problemen ontstonden (twinning en grote wanorde) is het een goed voorbeeld 

van een moeilijke structuur, die niet kon worden afgerond met routinematige 

procedures. 
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