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Chapter I
General Introduction

Many biological tissues involved in the modeling of electrocardiograms (ECG) and
electroencephalograms (EEG), such as skeletal muscle and the cerebellar cortex,
have a certain degree of directional structure or organization. When a homogeneous electric field is applied to such tissues, the resulting electric volume current
is dependent on the orientation of the tissue with respect to the electric field. A
volume conductor having this kind of electric behavior is called an anisotropic
volume conductor.
Experimental evidence of anisotropic volume conduction in biological media
was observed as early as the beginning of this century. In 1902 GALEOTTI [9]
reported that ratios of the conductivity in the direction along the muscle fiber
and the conductivities in two directions transverse to skeletal muscle fiber range
from 4.4 to 9.2. The measurements later performed by SAPENGO, BURGER and
RUSH [25, 6, 23] demonstrated that the anisotropy ratios of the skeletal muscle
vary from 1.97 to 14.4 for different living tissues, all indicating an anisotropic
nature of skeletal muscle. The cerebral white matter and the cerebellar cortex
were also found to be anisotropic. The ratios of the conductivity in the direction
normal to the cortical surface and the conductivity in the directions parallel to
the cortical surface are 9 and 2, respectively [19, 34].
Despite this strong evidence for the existence of anisotropy, in the early studies
of the volume conduction problems of the ECG and EEG most of the researchers
focused on investigating the effects of the inhomogeneities in isotropic conductivities in body tissues on the surface potentials [22, 11, 30]. This is partly due to
the fact that the anisotropic conductivities in biological tissues, which vary from
location to location, are difficult to be determined experimentally with a reliable
precision. Abo the fact that such anisotropic conductivities are relatively difficult to be incorporated in a model of the torso or the head as an inhomogeneous
volume conductor plays a roll.
The electric potential distribution in a volume conductor is governed by
Poisson's equation subject to boundary conditions. The anisotropic conductivity is represented by a tensor rather than a scalar quantity as is in the case of
isotropic conductivity [14]. The solution to the anisotropic volume conduction
problem is, therefore, more complicated than the solution to the isotropic volume
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conduction problem. In general the solution methods can be divided into two
categories.
One method is that of an analytical approach. Here, electric potentials inside
spherical and cylindrical volume conductors are expressed as infinite series in
terms of Legendre functions and Bessel functions, respectively. The computation
of the analytical solutions, which was executed by hand before the arrival of the
computer, requires little computer memory and computing time.
The second method is that of a numerical approach, which finds the solution
in a domain of arbitrary shape approximately satisfying Poisson's equation and
the boundary conditions. The most widely used numerical solution methods are
the boundary element method (ВБМ) and the finite element method (FEM).
In the boundary element method, based on Green's theorems from potential
theory, the original differential equation in 3-D space is converted to a 2-D sur
face integral equation that can be numerically solved by discretizing the surface
integrals [4, 1, 2, 18]. In the finite element method the original 3-D differential
equation is converted to a 3-D volume integral equation. This volume integral
equation is then solved by partitioning the 3-D problem domain into a set of small
volume elements such that there is neither overlap nor gap among them. Within
each element the solution is approximated by a polynomial expressed in terms of
the nodal values. The coefficients of the polynomial can be determined, e.g., by
utilizing the principle of functional minimization from calculus of variation for
locating stationary functions [7]. The discretization of the continuum problem,
be it in the В EM or the FEM, results in a system of linear equations, usually of
high dimension. The handling of such a large system of linear equations has been
greatly facilitated by the still increasing power of modern computers.
As stated above, the first step in the application of the numerical solution
methods is to divide the solution domain on which integrals are performed into
a number of small elements, usually a set of plane triangles for the boundary
element method, and a set of tetrahedrons or hexahedrons for the finite element
method. This procedure is referred to as mesh generation, mesh construction
or grid generation. For an inhomogeneous volume conductor of irregular geom
etry mesh generation is perhaps the most difficult task in the application of the
numerical techniques considering the complexities of the irregularly shaped vol
ume conductor, the data structure needed to describe a mesh, and the lack of a
universal, general-purpose approach. In this respect the BEM is more advanta
geous over the FEM since triangulation of the boundary surface and the interfaces
bounding regions of different conductivity can be carried out separately and inde
pendently whereas the tetrahedral or hexahedral element mesh generation in an
inhomogeneous volume conductor requires a correct connectivity of the elements
belonging to different compartments on the conductivity interfaces.
The computation of the BEM normally needs a relatively small number of
triangles and vertices because of its two dimensional nature, resulting in a system
matrix of small dimension. This system matrix, however, is a full matrix. The
computing time needed to solve this system is proportional to N3, where N is
the number of vertices. On the other hand, the computation of the FEM requires
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a large number of elements and nodes because of the three dimensional nature
of the volume domain discretization. However, the resulting large system matrix
is sparse, i.e., most of the elements of the matrix are zero. The inversion of
such a sparse matrix is an N2 process, where N is the number of nodes, if an
appropriate algorithm is used [21]. Therefore, the larger dimension of the system
matrix of the finite element method does not necessarily mean that it requires
more computing time than does the boundary element method.
One of the fundamental differences between the boundary element method
and the finite element method is that the finite element method allows one to
assign the conductivity from element to element, i.e.,-the conductivity can be a
spatial function, whereas the boundary element method can only handle piecewise homogeneous conductivity, i.e., the conductivity in each of the compartments
must be constant.
The evolution of the volume conductor models used in the ECG and EEG
has run parallel to the development of the corresponding solution method. For
isotropic, homogeneous infinite-length cylindrical volume conductors and spherical volume conductors the analytical solutions are classic[14]. The isotropic
cylindrical and spherical volume conductors were used as the volume conductor
models of torso and head before powerful computers were within the reach of
researchers[31, 35, 24, 33, 26, 22]. Recently, the anisotropic conductivity has
been included in the inhomogeneous cylindrical model of the muscle fiber [32]
and in the concentric inhomogeneous spherical model of the head [8].
In 1964 GELERNTER AND SWIHART introduced the boundary element method,
which is capable of handling piece-wise homogeneous volume conductors of arbitrary ehapeflO]. This original version of the BEM was improved by BARR et
al. [4], BARNARD et al. [1, 2] and M E U S et al. [17]. The BEM has since then

been widely applied in combination with magnetic resonance images to realistically model the shape of biological volume conductors [4, 3, 11, 28, 17, 30].
With the geometric model of the volume conductor being more and more realistic, the need for incorporating a more realistic conductivity model in the volume
conductor modeling has been realized. The consideration of the anisotropy of
the biological tissues is a step forward towards realistic conductivity modeling.
The configuration of the anisotropic conductivity of the biological tissues is very
complicated since the orientation of the anisotropic conductivity is generally not
piece-wise constant. To handle such anisotropic volume conductor models the
finite element method, which allows one to assign conductivity to each element,
has been applied [27, 15].
The aim of the research described in this thesis was threefold: (a) to explore
the feasibility of applying the FEM to solve anisotropic inhomogeneous volume
conductor problems as studied in the ECG, where irregular geometry and inhomogeneity are the main obstacles; (b) to analyze the accuracy of the finite element
computations, using analytical solutions that exist in spherical and cylindrical
volume conductor for comparison; (c) to assess the effect of the anisotropic skeletal muscle layer on body surface potentials by means of the FEM.
The research described in this thesis follows the historical evolution of the
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volume conductor modeling of bioelectric phenomena by initially studying the
analytical solution to anisotropic spherical volume conduction problems. In
Chapter II [38] the analytical solution to an anisotropic four-layer concentric
spherical volume conductor problem as derived by DE M U N C K [8] is studied.
In the study of electroencephalography and magnetoencephalography the human
head is often modeled as four concentric spherical shells with different conductivi
ties representing the brain, the cerebrospinal fluid, the skull and the scalp [13,29].
The analytical solution to such an anisotropic spherical volume conductor is an
infinite series in terms of Legendre functions [8]. In the numerical computation
the infinite series has to be truncated. A proper truncation of the infinite series
requires the analysis of the convergence of the series, which is provided in this
chapter. The influence of the radial and tangential conductivity values of skull
and brain tissue is abo investigated.
In Chapter III two aspects concerning the potential generated by a dipole in
finite length cylindrical volume conductors are described. Firstly, the formulas
for calculating the dipole induced potential in a finite length cylindrical volume
conductor derived by OKADA [20], which was corrected by HERINGA and STEGEMAN [12], and the image method used by BURGER [5] are studied. Secondly, the
analytical solution for the potential generated by a dipole in a two-layer piecewise homogeneous anisotropic cylindrical volume conductor is obtained by using
Okada's approach.
As stated before, no analytical solution is available to volume conduction
problems for a domain of irregular shape, and numerical solution methods such
as the boundary element method and the finite element method are required. In
Chapter Г [42] and Chapter V [40] the application of the ВБМ to the com
putation of the electric potential and the magnetic field generated by bioelectric
sources in a piece-wise homogeneous, anisotropic volume conductor in a Carte
sian coordinate system is described. In order to apply the BEM the anisotropic
volume conductor problem is converted to an equivalent isotropic problem by
using an appropriate coordinate transformation. The effects of the coordinate
transformation on the conductivity and the geometry of the volume conductor,
as well as on the current source term, and the continuity relation on the interfaces
bounding regions of different conductivity are discussed.
Since the orientation of the anisotropic conductivity of many biological tis
sues, e.g., skeletal muscle, is a continuous function of the location, the BEM is
not appropriate for handling such a complex anisotropic conductivity configu
ration. Instead, the finite element method is required. One of the concerns in
the computations of the FEM is its accuracy. In Chapter VI [37] the numerical
errors of the finite element computation associated with the use of point sources
are discussed. To avoid point singularities in the FEM computation, the original
dipole induced potential is decomposed into the sum of a dipole induced poten
tial in an infinite medium and the potential in a source-free medium. The finite
element method is used to compute the potential distribution in the source-free
medium, instead of computing the dipole induced potential in the finite medium
straightforwardly.
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In applying the FEM to solve the inhomogeneous volume conductor problem
of the ECG, a finite element mesh of the human torso has to be constructed in
the first place. In Chapter VII [39] the application of Laplace mapping to the
generation of hexahedral finite element mesh in a realistic inhomogeneous human
torso is described.
In Chapter VIII [36] mesh refinement and its relation to the accuracy of
the BEM and the FEM are discussed. In these numerical methods there are
two different kinds of approximations involved. One is the approximation of the
solution domain: surface discretization for the BEM and volume discretization
for the FEM. The other is the approximation of the potential distribution: the
approximation of the second order potential distribution by a set of piece-wise
polynomial functions. The impact of the approximation of the solution domain
on the accuracy of the numerical solutions, which has been largely neglected in
the past, is investigated.
In Chapter IX [41] the effect of the anisotropic skeletal muscle layer on the
relationship between the depolarization sequence at the ventricular surface and
electrocardiographic body surface potentials is investigated. Following the sug
gestion of M C F E E and RUSH [16] the skeletal muscle as a whole is modeled as an
anisotropic muscle layer with a low conductivity in the direction perpendicular
to the torso surface and a high conductivity in the direction parallel to the torso
surface. In the numerical computations of the transfer matrix the finite element
method is used to solve the anisotropic volume conductor problem.
A summarizing discussion of the results obtained and the conclusions reached
ends this thesis in Chapter X.
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Chapter II
Computation of the Potential Distribution in
a Four-layer Anisotropic Concentric
Spherical Volume Conductor *

Abstract
A method for solving the potential distribution in a multi-layer anisotropic
concentric spherical volume conductor, which has recently been described
in the literature, has been tested and found to be numerically unstable.
In this paper it is demonstrated how these numerical difficulties can be
avoided. Moreover, the method is extended by lifting the previously imposed restriction on the innermost region to be isotropic. A convergence
criterion for determining the required number of terms in the final series
expansion is proposed. The influences of radial and tangential conductivity values of the skull and brain tissue on the dipole induced potential are
investigated.

1

Introduction

In the theoretical studies of the eletroencephalogram (EEG), magnetoencephalogram(MEG) and evoked potential (EP) it is usual to model the volume conductor
properties of the head by four concentric, spherical shells with different electrical
conductivities representing the brain, the cerebrospinal fluid, the skull and the
scalp [3, 5]. The associated volume conductor problem has been solved by analytical methods, while assuming the corresponding conductivities to be isotropic.
The source commonly used is the single current dipole.
Recently a series solution for the anisotropic situation has been described by
De Munck [1]. In our numerical implementation, however, we have found that
a straightforward implementation of the equations presented may easily lead to
"floating overflow" or "floating underflow" problems. Apart from the numerical
difficulties, a disadvantage of the solution is the restriction that the conductivity
in the innermost sphere must be isotropic. The application of the solution thus is
•IEEE Trant. Biomed. Eng., vol. BME-39, pp. 154-168, 1892
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limited. The solution does, e.g., not apply to a homogeneous anisotropic sphere
volume conductor problem. In the application to EEG and evoked potentials the
innermost sphere of the four-sphere model describes the brain tissue, of which
the conductivity has been reported to be anisotropic [2].
In the implementation of the infinite series on a computer, the problem is
encountered of truncating the infinite series to a finite summation within the
required accuracy. In numerical computations, it has been customary to compute
the solution for several different expansion terms and then inspect the differences.
When the difference between the results obtained from two different numbers of
expansion terms is below some prescribed level, the smaller number of expansion
terms is chosen as the number of expansion terms needed to reach the accuracy
and the corresponding calculation result is taken to be the final solution [5]. This
approach is time consuming when it is applied to solve the inverse problem [5] in
which an iteration procedure is used since the convergence speed of the series, as
will be shown, depends on the location of the dipole.
In this paper an improved numerical algorithm is presented, formulated by
modifying the expressions of the series solution as described by De Munck. Futhermore, we will analyse the convergence of the series. A criterion for determining
the number of the expansion terms will be proposed based on the convergence of
the series.
Results are presented of numerical computations, which were carried out for
a four-layer concentric spherical model of the head adopted from M RI measure
ments [5], with isotropic as well as with several anisotropic conductivity values.
The influences of radial and tangential conductivity values of the ekull and the
brain tissue on the potential will be shown and discussed.

2

Extending t h e model

In the spherical coordinate system, under the assumption that the conductivity of
the innermost sphere is isotropic, the series solution to the potential induced by
a single dipole in a four-layer piece-wise anisotropic concentric volume conductor
is expressed as [1]

*» = ¿ Σ ^¡ШіМгФЫРЦ«» θ)
*

π

η=ι

¿ІЩ

+M í r o -X( í -o)P n 1 (cos0)cos0}

(1)

where Ρ% and Р^ are the associated Legendre functions, and tj and i?¿ are the
radial and tangential conductivities of the corresponding compartment, respectively. See [1] for the other notations involved in the above formula.
A mathematical way to avoid the restriction on the innermost sphere to be
isotropic is to considerfirstof all a two-layer spherical volume conductor, in which
the inner sphere of radius r2 contains an isotropic conductivity. Utilizing (1) the
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potential induced by a single radial dipole on the exterior surface is found to be
1

1

.p) = Mj_ fv 2n + 1 {tx(yx + 1) + gvtfatp *
- ( е 1 И - е,і»)(и + ïtf*+l
+1
+1
4*έί е ^
(е 2 і/ 2 -б 1 и)г 2 ^ +(е 1 (і/ 1 + 1) + е 2 і/ 2 )г^
ρ0

^

(2)

4+ϊ Λ«»*)·
If we now treat r2 as a variable and let r 2 —• 0, we find
φ = Um/» = ¿ ^

£(2n + 1)(^Г-^(со.θ),

(3)

which is the solution for the anisotropic one-sphere model.
The approach described above was applied to the multi-layer concentric spher
ical volume conductor. The related single dipole induced potential of the volume
conductor problem is

+M9r0-1iZÍ(r0)Pn1(coeí)coe^}.
The difference between (4) and (1) is a factor ^ ^ =

.

(4)
2

" +1

in the

expansion.

3

Numerical Algorithm

The expressions of the solution given in [1] are not appropriate for numerical
evaluation since in the calculations of matrices Mj(r¿) both ту" and rj"' ~ are
involved. The calculations of гJ' and гJ"' ~ will lead to "floating underflow" or
"floating overflow" in the numerical computation before reaching the requirement
of accuracy in the case that r¡ is not equal to 1 since ι/,· —* со for η —* oo. Hence
the computations of rj' and г]"1' must be avoided in the numerical computation.
A modified expression for computing the potential distribution on the exterior
surface in a four-layer anisotropic spherical volume conductor, with the dipole
lying within the innermost sphere, is
1 ^

(2n + l)i/4

2іл + 1 e l n e 2 „e 3 n e 4 „

_ t ^,

-l-Míi/^P^cosíJcos^}.
in which

(5)

Chapter II

12

(6)
and
2

Dn = {¿π(βι„β 2 η β 3 η ) — + <f 1 2 (e l n e 3 n )

2

^і

+<*2ΐ(β2η«3η)

r2

+
»"з »"ι

(-¿22β 3 η —

+¿23e 2n

г3

h ¿и,

(7)

where

f á„=c,(2,l) C 3 (l,l)c 2 (l,l)
d12 = C4(2,l) C3 (l, 2)^(2,1)
а,з = С4(2,2)с э (2,1)с 2 (1,1)
á14 = C 4(2,2)c 3 (2,2)c 2 (2,l)
а 2 1 =С4(2,1) С з(1,1)с 2 (1,2)
а 22 = С 4 (2,1)с 3 (1,2)с 2 (2,2)
d23 = C 4(2,2)c 3 (2,l)c 2 (l,2)
á24 = C 4(2,2) C3 (2,2)c 2 (2,2)

(8)

with

£,-Ц/,-1 + C > , + 1)
e,(l.l)

(2v, + l)e,

-C,-I(I>,-I + 1) + e,(i/, + 1)

c,(l,2)
c,(2,l)
e,(2,2)

(2„, + l) £ j
- C j - i ^ - i + hvi
(2^ + l)e,
е,-і(^-і + l) + e3u)
(2v, + l) e ,
'

(9)
(10)
(И)
(12)

for j = 2,3,4.
It can be seen that in the computation of the series eolution based on the
modified expression of the solution only the calculations of (гг/гі)"1, (гэ/гг)"3,
(ъ/гз)1*, (то/гл)"* are involved. The "floating overflow" and "floating underflow"
problems are avoided since τ 2 /ίΊ, Тэ/т2, г4/г3 and ro/r4 are less than 1.
In the formulas given above, it is assumed that r = ri and ro < r4 since in the
application to EEG the electric potential of the brain is measured on the scalp
and the equivalent dipole is assumed to be located in the brain tiseuc [5].
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Convergence and Truncation of the Series

In the implementation of the infinite series solution on a digital computer a ques
tion arises from the problem of truncating the infinite series to a finite summa
tion: how many terms of the finite summation are sufficient to reach a required
accuracy. This question is closely related to the convergence of the series. In
this section we will propose a criterion for determining the number of expansion
terms.
The associated Legendre functions can be expressed in integral form (See [4])
P°(cos Θ) = - Псов
ir Jo

θ + i sin θ cos t)ndt

(13)

and
Р„' (cos 9) = i ^

- / ' ( c o s 9 + i sin θ cos f)" cos t dt
7Γ JO

(14)

Thus, we have
|Р°(«**)1<1

(15)

and
|P,|(cos0)|<n-H
(16)
for 0 < 9 < τ and η = 0,1,2,
The speed of convergence of the radial part and the tangential part of the
potential can be estimated, respectively, as
(2n + 1)1/4 2«/i + 1 еі п е 2 „ез„е 4 п
_t 0

~»(?Г(?Г(?Н?Г
r

Гз

Ъ

ì

(17)

Tt

and
(2n + l)f< 2ι/, + 1 e , n e 2 n e 3 „ e 4 n

_t ,

~*(?П?Г(?И;гГ
Γι

rj

Γ3

(18)

Г4

It can be seen that the radial part and the tangential part of the series solution
have the same speed of convergence except for a constant factor. The speed of
convergence not only depends on the geometry and the conductivity of the model
but also on the location of the dipole. It also can been seen that the infinite
series is an uniformly convergent series about 9 and φ for fixed г = Γι. Bearing
these features of the series solution in mind, we propose the following criterion
for truncating the infinite series to a finite summation:
(2jyt+l)y4 2t/|+l eiN,eìN,e3N,e4N,

t-T)U

"'

^^— < *•

y - (2n+l)t/4 21/1+I e,„e,„e a .64.
¿- (2i/4+l)f4 vi
Д.П

(19)
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TABLE 1
R E S U L T S O F U N I T R A D I A L D I P O L E I N D U C E D P O T E N T I A L AT
S O M E P O I N T S O N E X T E R I O R SURFACE, C O M P U T E D B Y S E T T I N G

e r = 1 χ Ю - 4 AND e r = 1 χ 10~ e
Position
(75,180,90)
(75,31.71,216.0)
(75,58.29,180)
(75,31.72,288.0)
(75,58.28,252.0)
(75,90,90)
(75,148.29,324.0)

e r = 1 χ 10-"
-0.43913
0.94197
0.15557
0.94171
0.15568
-0.21831
-0.42050

e r = 1 x IO"
-0.43925
0.94204
0.15554
0.94178
0.15565
-0.21832
.-0.42051

8

in which e r is the required accuracy. The number of the summation terms is
chosen as the smallest number Nt which satisfies the condition (29). The number
of expansion terms determined by this criterion is independent of θ and φ.
In the formulae given above, it is assumed that г = Γι and r 0 < r 4 since in the
application of EEG the electric potential of the brain is measured on the scalp
and the equivalent dipole is assumed to be located in the brain tissue [5]. For
other dipole positions, the appropriate expressions can be established following
the same approach.

5

Results

In applying the method to solve problems with a EEG/MEG or evoked potential
background, a four-layer concentric spherical model of the human head estimated
from MRI (magnetic resonance imaging) is ueed [5]. The outer radii of the layers
are Γχ = 75 m m , Ti = 71mm, Г3 = 65 m m and Г4 = 63 mm.
The unit radial dipole and unit tangential dipole were used in the compu
tations. The position of the single dipole was chosen as (58, 0, 0) in spherical
coordinates, i.e., a single dipole along the z-axis at r=58 mm.
The computations of potential distribution on the exterior surface were car
ried out for an isotropic model as well as for several values of anisotropy of the
involved conductivities. The conductivities of the cortex, cerebrospinal fluid,
skull and scalp for the isotropic model were adapted from Stok [5]. The isotropic
conductivities are 0.33 (Ωτη)" 1 , 0.0042 (Ωτη) - 1 , 1.0 (flm)" 1 , and 0.33 ( ß m ) " 1
respectively. The convergence criterion for determining the number of expansion
terms was tested by computing the radial dipole induced potential in the isotropic
model for two different accuracy requirements, e r = 1 χ 1 0 - 4 and e r — 1 x 10~ 6 .
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Fig. 1 Resulte of the radial dipole induced potential on the outei surface as a function of в for
different values of the radial and tangential conductivities of the skull. The conductivities in
the other layers being isotropic, having values as indicated in the text. Results related to the
isotropic skull are shown by a solid line.
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Fig. 2 As in Fig. 1, tangential dipole.
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Fig. 3 Results of the radial dipole induced potential on the outer surface as a function of θ for
different values of the radial and tangential conductivities of the brain tissue, the conductivities
in the other layers being isotropic, having values as indicated in the text. Results related to
the isotropic brain tissue are shown by a solid line.
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The potentials on the exterior surface were calculated at 42 points. The numbers
of expansion terms determined by the proposed criterion are Nt — 32 and Nt = 51
respectively. Some of the computed potential results in which the differences were
found are listed in Table 3.
The influences of changes in radial and tangential conductivity values in the
skull and the brain tissue on the dipole induced potential are investigated as
follows. In the simulations the component conductivities are allowed to change
by an amount of ±100% separately while the conductivities in other layers remain
isotropic. Fig. 1 through Fig. 4 show the simulation results for г = ri and φ = 0.

β

Discussion

Some aspects concerning the implementation of the solution to the four-layer
anisotropic concentric spherical volume conductor problem described by de Munck
[1] have been discussed: (a) an extended model without a restriction on the con
ductivity in the innermost sphere, which can treat the problem with anisotropic
conductivity in brain tissue in EEG/MEG applications, has been obtained; (b)
a numerical recipe dealing with the "floating overflow" and "floating underflow"
problems has been established by modifying the expressions of the model given
by de Munck; (с) a convergence criterion for truncating the infinite series has
been proposed based on the analysis of the convergence of the series.
The proposed convergence criterion was tested by computing the radial dipole
induced potential in the four-layer isotropic volume conductor for two different
required accuracies. The results indicate that the accuracy of the computation
as well as the number of expansion terms are well under control of the criterion.
The numerical computations were carried out for a four-layer concentric spher
ical model of the head adopted from MR] measurements for isotropic as well as
for several anisotropic conductivity values. The results show that the radial con
ductivity of the skull has a much stronger influence on both the radial and the
tangential dipole induced potential distributions than the tangential conductivity
of the skull. For changes of the conductivity values in the brain tissue, the radial
dipole induced potential is more sensitive to the radial conductivity than to the
tangential conductivity, whereas the tangential dipole induced potential is more
sensitive to the tangential conductivity than to the radial conductivity.
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Chapter III
Dipole Induced Potential in an Anisotropic
Finite Length Cylindrical Volume Conductor

1

Introduction

In this chapter two aspects concerning the potential geneiated by a cupole in finite
length cylindrical volume conductors are discussed. Firstly, it is shown that the
formulas for calculating the dipole induced potential in a finite length cylindrical
volume conductor obtained by Okada[5] and later corrected by Heringa et al. [3]
can be derived from the image method used by Burger[l] and Cornells et al. [2].
Secondly, the analytical expression for calculating the potential due to a dipole
in a two-layer piece-wise homogeneous anisotropic cylindrical volume conductor
is derived following Okada's method. The solutions obtained are of relevance to
the investigation of the numerical accuracy of the finite element computation.

2

Potential in Infinite Isotropic Homogeneous
Media

The potential induced by a current dipole in an infinite length cylinder can be
obtained by taking the inner product of the dipole vector and the gradient of the
potential due to a current monopole source with respect to the position of this
source[5]:

*o~ = £4 ι Γ t σ

S

m

П,

*+°° = jJr

=-»
°°

cos [т(ф - φ')} Γ

•'-«·

-*ІПЫФ-Ф')}

m=—оо г

*.« = Г 7 -

Σ

V

Off

)

JA

rao

m

Σ

A cos [X(z - z')]d9m[Xp]

"**

соз[т(ф-ф'))П

іп[А(г-г')ЫАр,Ар')<*А

8

Xsm[X(z-z')]gm(*P,h')<n,

(1)

in which σ is the conductivity of the cylindrical volume conductor, (ρ',φ',ζ') and
(ϋρ,ϋφ,
Dz) are, respectively, the coordinates of the dipole location and dipole
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moment in the cylindrical coordinate system, and

(2)

gm(\p,bp') = ¡KMP) - ЩщиШМЛ

where Im and Km are the first kind and the second kind of the modified Bessel
functions, respectively.

3

Potential in Finite Isotropic Homogeneous
Medium

The analytical expression for calculating the potential in a finite cylindrical vol
ume conductor due to a dipole source within the cylinder was first given by
0kada[5]. In 1985, however, Cornells and Nyssen[2] reported that the Okada's
solution had been found to be incorrect by comparing the results obtained by
Okada's solution with those obtained by Burger's solution[l] for some particular
cases. Following this finding, they applied the image method [1] to derive the
analytical solution to the potential induced by a current dipole source in a finite
homogeneous cylindrical volume conductor. The problem they encountered was
the slow convergence rate in computing the series solution. In 1987, however,
Heringa and Stegman[3] reported that the error in Okada's solution was merely a
constant factor in the zero order term of the series solution. In order to clear the
confusion about Okada's formulas, the relationship between Okada's approach
and the image method as used by Burger and Cornells [1, 2] will be studied.

3.1

The Image Method

Let us consider the potential due to a z-oriented dipole in a finite length cylinder.
The z-oriented dipole induced potential in a finite cylinder of length L can be
obtained by the image method [1, 2]:

ΦΙ = Φζ(ρ,φ,ζ)=

Σ

*ζ<χ,(ρ,Φ,2ηΙ, + ζ) + Φζαο(ρ,φ,2ηΙ,-ζ).

(3)

Π = —00

3.2

Derivation of Okada's Solution from
Method

the Image

By substituting Eqn. (1) into Eqn. (3) we have:
Φχ

=

Φζ{ρ,φ,ζ)
4π2σ

£
¿
_——~,
^ „,_
—

m

соз[т(ф - φ')] Γ
m

π——οο m=—со

+ sin [Α(2ηΧ - ζ -

A{sin [A(2nl + ζ - ζ')]

J — ΟΟ

z')]}gm{p,p')dX
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= TT- Σ «»M* - Л! Г * f) {™ [A(2»ü + * - *')]
(4)

+ sin [A(2nl - ζ - z')}}gm{p,p')dX,
in which
sin [λ(2ηΙ + 2 - ζ')] + sin [Α(2πΙ - ζ - ζ')]

¿
η=—σο

oc

= - 2 cos (λζ) ein (Αζ') J ! cos(A2nL).

(5)

Denote
f(X,L) = £

cos(A2nI).

(6)

It can Ъе seen that f(X,L) is a periodic function with period j . Hence, for any
given A one can find a corresponding integer I :
T < A < ^
L· L·

ГС

such that
f(X-j,L)

Therefore
£

= f(X,L).

(8)

cos (A2nL) = /(A, I ) = /(A - £ , I )

I S —00

= Σ

ferAel*,^).

cos[(A-^)2nX]

Tb«.
αο

Χ) sin [A(2nl + ζ - ζ')] + ein [Α(2ηΙ - ζ - ζ')]
η=—αο

= -2cos(£z)sin(£z')^(A-£)

(10)

By substituting this result into Eqn. (4) it yields:
** = - 2 ^ T

Σ

cos[m(¿-¿')] Σ

m=—αο

Dl

/=—oo

//^Acos(Az)sin(Az')
*£"

2
І ) ( 2 -m0/ « » lМ^* - Л } , =£-(„T£)'C 0 S V( T
)
¿

2™I~o

sin^z'^^.A,'),

(11)
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where ill is the Kronecker delta and
1

*.( j * JP') = [ктф

- Шти^Ш ^)·
mV

(12)

I, )

This result is identical to Okada's formula corrected by Heringa and Stegman[3].
By using the same approach one can derive Okada's formulas for p- and φ- oriented
dipole induced potentials from the image method:
*'

=

¿Ζ

Σ (2 - €) ™ ЫФ - Φ')} £
m=0

(j) cos (£s)

ϊ=—ao

In
cos(—z')îm(Ap,A^')

(13)

and

* * = ^ E ( 2 - 0 ^ « n { m ( ¿ - ¿ ' ) } Σ ™(γ*)
*>6{1^ζ·)9η{\Ρι\ρ')

(14)

where

Λ-

ίΐΓ

-η_Γ^ ,*Яч * т ( ¥ К ,'*/>«„ Л Л

(15)

Equations (12) and (14) are the same as those derived by Okada [5].

3.3

Potential in a Two-layer Cylindrical Volume Con
ductor

In this section we consider a two-layer anisotropic cylindrical volume conduc
tor. Suppose the dipole is located within the innermost cylinder, i.e., ρ < R\.
The electrical potential due to a monopole source located in the inner region is
described in the cylindrical coordinates:

and
σ

'

ρ3ρ{ρθρ)

+ σ

'

р>дф*+<Гі

&»-°'

( 1 7 )

σ, and σ, (ι = 1,2) are the transverse and longitudinal conductivities in the
corresponding regions, subject to the boundary conditions:
дФ
J¡¡ 1=Ъ= 0.

(18)
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U=о

Tz

(19)

(20)
The continuity conditions on the interface bounding the two compartments of
different conductivity are:
lim Φ(ρ,φ,ζ) = lim

Р-.Я,

and

дФ
.(·»
*" öp " =

я

(21)

Φ[ρ,φ,ζ)

_ (2)ОФ
" - др

(22)

for 0 < г < L.
Since the potential is finite at the origin we have
Ьтп9£\р,р,) = finite.

(23)

Hence, the potential satisfying the boundary conditions at the ends of the cylinder
in the inner region can be expressed as [4]:

*i° = -^%7-W
Σ ( 2 " О ".{*»(*-*')}
2πσί 'L σ\ '
m = 0

£(^)cos(^)sin(^z')^(ACV,A(V)

(24)

I — — OO

in which
Ä > ( 1 ) / > , A ( 1 V ) = iM{1)p')[Km(xwp)

+

AmMX[ì)P)ì,

(25)

for ρ > ρ' and
\(ι) _ Î î â

,0)
^

Ιπ
= LTv\'

(26)

Similarly the potential in the outer region can be expressed as:

#?> = - _ f ^(2)- 2 L2) Σ ( 2 - O c o s M ^ - Я }
2τσ, Ισί ,^Ό^
£ ( ^-))ccooss((^- zz ))ssiinn ( ^. ' ) e ( ^ V , A ( V ) ,
Vx

(27)

Ι=-αο

where
gV(XVp) = Bm<zIm(XVp)

+

Cm„Km(X%)

(28)
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and

2

Λ« = 5,

Λ)

L \ „m

Ι-κ
= т 2.

(29)

From the boundary condition (18), (19), (20) and the continuity condition (21)
we have:
(1)
4тМА
*)['»(А (1, Яі) + А»Д4Л ( , ) Л.)]
ri »
1

= \[B
J {\™R,)
2
Л )m m
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2

(2

В т ,Х(Л< >Я 2 ) + <7т,,іС(А >Д2) = 0.

(30)

(31)
(32)

Thus the coefficients involved in the series expansion are determined by the fol
lowing set of equations:
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(33)

Having determined these expansion coefficients, one can calculate the z-oriented
dipole induced potential from Eqn. (24) and (27). Similarly, the p- and ^-oriented
dipole induced potentials in the inner region can be expressed as

D.

aP

*'° = ^гЬй\)

¿1tfft L· <Tt

Σ (2 - О ™*ЫФ- Φ')}
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0
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(34)
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(35)
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in which
Ά ^ ρ , \Vp,) = I'm(XMp')[Km(\Mp) +

AmJm(\Vp)}
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(37)
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+

In the outer region the potentials can be expressed as:
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= ВяМХ
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(41)

By using the boundary condition and the continuity conditions on the interface
bounding the compartments one can obtain the equations for determining the
coefficients involved in the expansions:
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4

Concluding remarks

The results presented in this chapter show that the image method used by Burger
and Cornells [1, 2] and the Okada's approach [5] are equivalent, although they are
different approaches to derive the analytical solution to the finite-length cylindrical volume conductor problem from the analytical solution to the infinite-length
cylindrical volume conductor problem and lead to different expressions of the solutions. The advantage of the Okada's method over the image method is that
it results in the infinite series solution involving double summations instead of
triple summations involved in the infinite series solution derived with the image
method. Moreover, it is shown that the Okada's approach can also be applied
to derive the analytical solution to the anisotropic cylindrical volume conduction
problem.
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Chapter IV
The Application of the Boundary Element
Method to the Solution of Anisotropic
Electromagnetic Problems *

Abstract
This paper discusses the application of the boundary element method to
the computation of the electric potential and the magnetic field generated
by bioelectric sources in an anisotropic inhomogeneous volume conductor
by using the coordinate transformation. It is shown that the coordinate
transformation generally not only affects the conductivity and the geom
etry of the volume conductor considered but also the current source term
and the continuity relation on the interfaces bounding regions of differ
ent conductivity. To illustrate these results, the electric potentials in an
anisotropic finite length cylinder and in an anisotropic volume conductor
of irregular (torso) shape obtained by the boundary element method are
compared with the results computed by using the analytical solution and
the finite element method.

1

Introduction

Volume conductors involved in the modeling of bioelectric phenomena, such as
electrocardiogram (ECG) and electroencephalogram (EEG), have been found to
be of inhomogeneous, anisotropic conductivity[12, 3]. In the past a number of
simulations have been carried out to study the effect of inhomogeneity by means
of the analytical solutions which are available for cylinders and spheres, and by
means of the boundary element method (BEM) for realistic models[13, 17]. The
study of the effect of anisotropy, however, has been less comprehensive. Here
too, analytical solutions are available for cylindrical models[18] and for spherical
models[2], and for the volume conductors of arbitrary shape the solution methods
are either the finite difference method[15], or, more commonly, the finite element
method[7]. The notion prevails in electrophysiology that the boundary element
'Med. в Biol. Eng. в Compui., in press
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method is incapable of providing a numerical solution to anisotropic volume con
duction problems, and that the finite element method (FEM) is required for such
problems[10, 14].
The boundary element method and the finite element method are the two
major numerical techniques applied to calculate bioelectric potentials in volume
conductors having an arbitrary shape. The boundary element method has been
used extensively in solving isotropic, inhomogeneous problems and has proved to
be efficient and accurate[6]. The advantage of the boundary element method is
that it only requires discretization of the integral on the boundary surface and
conductivity interfaces of the volume conductor. In comparison with the three
dimensional mesh generation involved in the finite element method computation,
the essentially two dimensional surface triangulization required for the В EM is
much easier and so is any triangle refinement which may be required to optimize
the balance between accuracy and computational burden.
The electric current flow inside a volume conductor generated by bioelec
tric sources gives rise to a magnetic field outside the volume conductor. The
theoretical development of biomagnetic field computation is parallel to that of
bioelectric potential computation. It has been shown that the magnetic field
generated by internal current sources in an isotropic inhomogeneous volume con
ductor can be expressed as the sum of the internal sources and the potentials
at surfaces of discontinuity[4]. For some special anisotropic configurations it has
been demonstrated that the magnetic field can be computed using the surface in
tegral met hod [10]. Recently it has been stated that the magnetic field generated
outside an anisotropic volume conductor can not be computed by means of the
surface integral method[10]. The present paper demonstrates that this statement
is incorrect.
This paper presents a set of expressions for including the coordinate transfor
mation in the boundary element method to compute the electric potential and
the magnetic field generated by bioelectric sources in an anisotropic volume con
ductor. Using these expressions the advantages of the boundary element method
can be fully exploited. The essence of the method, which has previously been
used for handling cases for which analytical solutions are available[9, 11, 16, 18],
is to convert an anisotropic problem into an equivalent isotropic problem by using
an appropriate coordinate transformation.

2

Anisotropic homogeneous conduction prob
lem

The electric potential inside a volume conductor V enclosed by a surface S due
to an impressed current source is described by Poisson's equation. In a Cartesian
coordinate system г і , х 2 ) х з this yields

V · (о- Ф) = -i„,

(1)
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where Ф(хі,Х2,хз) is the potential field, σ is the conductivity tensor, t„ is the
internal current source density. The nature of the conductivity tensor is that it
is a real, symmetric and positive definite tensor, which can be represented by a
matrix. The boundary condition imposed on the bounding surface S is
η · ( Í T V # ) = 0,

(2)

in which η is the unit outward normal vector on the surface S.

2.1

Impressed current source density

The electric potentials observed on the surface of the biological volume conductors
are usually interpreted in terms of so-called equivalent sources[ll, 16]. The most
often used equivalent source models in the modeling of ECG and EEG are current
monopoles, dip ole and dip ole layer. In this section we will discuss the effect of
the coordinate transformation as described in the appendix on the expression for
the current source density in terms of monopole and dipole.
In the unprimed coordinate system хі,х 2 ,Хэ the current source density of a
monopole is expressed as:
¿„(as) = I0S(x - x0) = / 0 £(xi - x0^)S(x2 - ХогЩхз ~ х оз)і

(3)

where Io is the strength of the current monopole, S is the Dirac function, and

*0 =

*02

(4)

V *03 /
is the coordinate of the current monopole in the unprimed coordinate system. In
the primed coordinate system the Dirac function has the following form:

í(«-«o) = r¿-¡r'(»'-»ó)
*(*І-«МЖ*І-*ИЖ*І-*М),

(5)

in which

(6)
is the coordinate of the monopole in the primed coordinate system. Thus in the
primed coordinate system the current source density i„ becomes:

i.(«') = / 0 ^ Ц * І - *'m)6{x'2 - х'02Щ*э - *оз)·

(7)

In the unprimed coordinate system the expression of current source density
for a current dipole located at (хоіуХо2>хоз) is[8]:
¿„(as) = D • V i ( « - B 0 ),

(8)
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in which
D = D^! + D2e2 + D3e3

(9)

is the dipole moment. With Eqns. (49), (52) and (6) one can obtain the expression
of current source density i„ in the primed coordinate system:
<.(•') = ^ D '

- V f f y - x'0),

(10)

where D' is the dipole moment in the primed coordinate system:
£>' = Я;е' 1 + І);е' 2 +

ВД,

(11)

with
(12)

2.2

Boundary condition

The boundary surface S of the volume conductor V can be described by equation
F(xux2,x3)

(13)

=0

in the unprimed coordinate system. The outward unit normal vector on the
surface S can be written as

_ _ ff«. + g * + g«3

VF

In the primed coordinate system the bounding surface S is transformed into S'
governed by
F'(x',y',z')

(15)

= 0.

By using (52) the unit outward normal vector η on the surface S can be expressed
in the primed coordinate system as
„p
Π =

VVF • VF

iELîL + ÊEU. + 9TÚ.
=

*****

9x

'*h*

**»h*

l±(i£LV + X(^L\2 , і(ёИ\г'
уЦ( х[) ^ЦУвх·,) + Ц(ах'г)

In the primed coordinate system the unit normal vector n' on the S' is:
UELe> + iELe'

+

ЭГ'

,

(ЛЯ)
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With the expressions for the unit outward vector η on the surface S and the unit
outward vector n ' on the surface S' (15) and (16) we have
BF'Bt'

. ЙР'ЭФ'

,

dF'39'

, ,.,».
АіАгЛэ οχ'! эх'. "·" Bx'dxL "•" Эх'ax'
η · vІо- Ф) =
—-—.
=—=—'
c2
y/VF • VF
с2

V V F · VF

^

'

к

'

In the unprimed coordinate system the boundary condition (2) is satisfied, A } , A2, A3
and с are positive constants, and \/V'F' • VF' and s/VF • VF are not equal to
zero as they are the lengths of the normal vectors on S' and on S respectively.
Hence,
(n' -

Ф') = 0,

(19)

which proves that the boundary condition considered is invariant under the co
ordinate transformation.

2.3

Equivalent isotropic problem

From the results of the previous sections it can be seen that the original anisotropic
conduction problem (1) and (2) in the unprimed coordinate system Хі,Хг,хз is
converted to the following isotropic problem described in the primed coordinate
system х\,х'2,х'3 :
'(

'Ф') = - £ ,

(20)

with the boundary condition
n' ·

'Ф' = 0

(21)

on the surface S'. Неге, с is the equivalent conductivity and i'u is the impressed
current source density of the equivalent isotropic problem. The expressions for
the current monopole and the current dipole are
i'„ = ƒ „ * ( • ' - m'0)

(22)

and
i'v = D'.V'S{x'-x'0)

(23)
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Figure 1 Piece-wise homogeneous volume conductor.
respectively. Eqns. (22) and (23) describe the equivalent monopole and dip ole
corresponding to the original monopole (3) and dipole (8) respectively. The
location of the equivalent monopole and of the equivalent dipole in the primed
coordinate system is given by (6). The strength of the equivalent monopole is the
same as the original one, whereas the moment of the equivalent dipole is different
from the original one and is determined from (11).
The above derivation demonstrated that the original anisotropic conduction
problem specified by (1) and (2) and described in the Cartesian coordinate system
г 1 і і 2 , і з , is equivalent to the isotropic conduction problem specified through (20)
and (21), i.e., if Ф(хих2,хз) is the solution of (1) and (2) then Ф'(х',,х'2,Хз) is
the solution of (20) and (21) and vice versa.

3

Anisotropic inhomogeneous conduction prob
lem

For volume conductors containing regions of different anisotropic conductivity,
different regions require different coordinate transformations to convert the cor
responding anisotropic region to an isotropic region. For simplicity, we only
consider two regions of different conductivity as shown in Fig. 1.
Suppose bioelectric sources are inside the inner region V2. The electric po
tential generated in the volume conductor is then described by Laplace equation
and Poisson's equation, for field point in V\ and Vi, respectively:
ν ( σ , ν Φ ) = 0,

(*,»,*) e Vi

(24)

and
ν(σ-,νΦ)

= -г...

(χ.ν. ζ) G V,.

(25Ì
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The boundary condition on the surface S\ is

п-(»,

Ф)к=0.

(26)

On the interface S 2 the potential is of continuities, that is, the potential as well
as the normal component of the current density on S 2 must be continuous:
Ф(х,, x2, x 3 ) |s+ = Ф(х!, x 2 , x 3 ) \s-

п-(аі

Ф)|5?=п.(а,

(27)

Ф)|яГ.

(28)
c a n

Using the coordinate transformations anisotropic regions Vi and %
be
transformed to isotropic regions V{ and V2' respectively. Applying Gauss's theo
rem to these isotropic regions and expressing the results in the original coordinate
system, we have:

Ф(*і.*2,*з) = ^ - / п . ( » , (^))Фа5--/-/ п.(о-, (^))Фа5
4π Js,

4π Js?

τ'

τ'

_J_ ƒ п . ( ( Т і Ф)іа5, (29)
for (хі,Х2,Хз) € VI, and

^ • ^ ^ ^ - ¿ / ν 3 > + ^/^·(^ν(1))Φ^
+

J_ ƒ n-{aJ7*)\dS,

(30)

for (хі,Х2і*з) 6 Vi, in which
/ =

WA§îF î(( "- a,o) ' <r ' ( *-*' )},/ '

(31)

and
г

-f?

/С» _ -„ /тЛя - «-U1/«

in which Ai, Aj and A3 are the eigenvalues of σ\ and A", Aj and A3' are the eigen
values of <r2.
Along with the continuity relations, this set of surface integral equations can
be solved numerically following the approach described by Barr et al. [1].

4

Magnetic field outside an anisotropic volume
conductor

In a Cartesian coordinate system (хі,х 2 | хэ) the current density in an anisotropic
volume conductor V enclosed by a surface S due to an internal current source is
J = J'+

σΕ,

(33)

Chapter IV

34

where J' is the internal current source density, σ is the conductivity tensor and
E is the electric field intensity. Applying the quasi-static approach suggested by
Plonsey [11] we have:
J = J' + о- Ф,

(34)

in which Φ is the electric potential. In the case of homogeneous media, the
magnetic field Η outside V generated by the current density J throughout V
can be expressed as
H = i- ( J χ V ( - ) A ) = -Î- f J ' χ
Απ Jv
r
Ait Jv

V(-)dv
г

+ -Г- / ( о - Ф ) х
Air Jv

V(-)dv
r

2

2

(35)

2

where r = 1/у(х„і — X|) + (x„2 — X2) + (х«з — Хз) is the distance from an
external point (хі,Х2)Хэ) where Η is evaluated to a point (х і , г 2,х э) inside
the volume conductor V at which the integrand is evaluated.
With (59) the term on the right side of (35) is transformed as follows:
~ i (<т Ф) χ V(-)dv
Air Jv
r

= І - f [-V χ (σ- Ф)
Air Jv r

(36)
- V x ( < r V ( - ) ) + V χ (Фо- (-))]А;
Γ
τ
Applying the coordinate transformation to the variables of the integral and
utilizing (49) - (52), the volume integral can be rewritten in terms of the primed
coordinates as
-Î-- f [-V x (<г Ф) - V x ( o - V ( - ) ) + V χ (Ф<т (-))]Л>
4л Jv г
r
τ
h
e'
ΜΊ
3
3
«2C2
а
АіАг^з
a_
а
dv ,
Οχ',
1
Ali
Air Jir
фі-Ê-iL)
фі-Ê-fL) φ'_β_/!Ί

(37)

where г' = 1/γ/(χ'„ι - * ι ) 2 + (х|,2 ~ х г ) 2 + {*'„з - хз)2 · Note that ( х , , х 2 , * з )
is the coordinate of the field point outside the volume conductor V which is
unaffected by the transformation. Using Gauss's theorem
/ ( я

-

JV ÖXi

+ я ^ + я - ) < í * i ¿ * 2 ¿ * 3 = /(WX2X3 + Q¿x 3 xi + AÍX1X2),
WX2

ÖX3

(38)

JS

the volume integral on the right side of (53) can be transformed as a surface
integral:
Ai вJ
a
ф'Э(Х)

±*

Аге2
а

Азв3
а

&>-3_(L\

ф'_а_М'\

Ai ei

-3_fXì
aijvrv
η',

А2е2

dv'

А3е3

_L.fXì -$-(±)
aijVr'/ aijlr'/ <fc'.
η',

ni

(39)
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Figure 2 Electric potential distribution on the wall of the anisotropic cylindrical volume conductor generated by an internal, off-axis, longitudinally oriented dipole. Fig. 2a, Fig. 2b and
Fig. 2c are the result computed by means of the transformation method, the analytical solution and the finite element method respectively. The solid, dashed and dotted lines indicated
positive, cero and negative isopotential lines respectively. The distance between successive
isopotential lines is 2. The shading is included to assist in the interpretation of the 3-D perspective of the geometry involved. The Zj-aiis is pointing towards the observer.
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Figure S Electric potential distribution on the torso surface foi the model withe an anisotropic
conductivity generated by an internal dipole. Fig. 3a and Fig. 3b are the results computed by
means of the transformation method and the finite element method respectively. Remaining
legend as in Fig. 2.
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[bus the expression for the magnetic field H is:
ι

,

Н = ^-/ЛХ
4π У

ι

(
τ

ι

Ліе

, \ \ \

- ^ / ^ Ф '
Απ Js'

c¿

Лге

'і

А з е

2

з

¿τω £(*) 4<¿> da'-(4°)
';

»,

Tij

n2

' ,
n3

For an inhomogeneous anisotropic volume conductor the generated magnetic
ield Η can be expressed as

applying different coordinate transformations for regions of different conductivties the volume integrals can be transformed to surface integrals as

Απ J ν

τ'
Ä

jl e il

-Ê-(±\
fc
;

ii4
n

]l

с)

^A.vJs^
h

32e']2

3

h

}3ej3

_ 9 _ f i ì ö-â-i-3-i;

«^Ч' *i»4
n

j2

(42)

П

,Ъ

η which the subscript ¡ indicates compartment j of the volume conductor.

5

Examples

numerical computations were carried out to examine the transformation method
'or applying the boundary element method to anisotropic conduction problems.
Two anisotropic volume conductors were considered: one is a finite length circular
:ylindrical volume conductor; the other ie a human torso model studied in the
nodeling of ECG.
Fig. 2a, 2b and 2c show the potential distributions in a homogeneous anisotropi«
:ylinder computed by means of the boundary element method, the analytical soution and the finite element method respectively. The radius and the length of
.he cylinder are 0.0625 and 0.5. The center of the cylinder is chosen as the origin
>f the coordinate system. The cylinder is oriented along the Хэ— axis. A dipole
with moment (0,0,1), i.e., oriented along the cylinder axis, is placed (off-axis) at
0.0125,0,0.05). The conductivity tensor used is the diagonal tensor:

(43)
Fig. 3a and 3b show the potential distributions on the surface of the human
.orso model computed by means of the boundary element method and the finite
dement method respectively. A dipole with moment (0,0,1) is placed at the
:enter of the geometry. The conductivity tensor is the same as the one listed
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above. These values axe not meant to reflect the actual anisotropy in the human
thorax, but are merely used for evaluating the method as applied to an irregularly
shaped volume conductor.
Note that all physical variables have been treated in these examples as being
dimensionless.

6

Discussion

The coordinate transformation method discussed in this paper has been previ
ously used to derive analytical expressions for the potential distribution in the
infinite anisotropic medium due to current monopole, current dipole and dipole
layer[16] and in infinite anisotropic circular cylindrical volume conductor[18]. As a
matter of fact, Nicholson[9] introduced the coordinate transformation to deal with
anisotropic conduction problem and pointed out that the transformation might
be applicable to a piece-wise homogeneous medium too. But a full mathematical
proof of this idea was not formulated in his paper. In a later investigation made
by Stanley et α/., however, it was concluded that the transformation method is
only applicable to the volume conductors with slowly changing surfaces[14]. Con
sequently, the boundary element method has not been regarded as a numerical
method being able to solve the anisotropic conduction problem[10, 14].
In this paper the coordinate transformation is discussed in a general way
through establishing the expressions of all the terme involved in the transformed
coordinate system. It is shown that the transformation affects generally the source
term. It is only the strictly monopolar sources which are unaffected by this trans
formation. It is also shown that the normal component of the current flow is not
an invariant under the coordinate transformation. Moreover, a surface integral
expression has also been derived for determining the magnetic field generated by
electric current sources inside an anisotropic inhomogeneous volume conductor
using the coordinate transformation method, which shows that computation of
the magnetic filed outside an anisotropic inhomogeneous volume conductor does
not necessarily require the volume integral as stipulated by Peters et al. [10].
As demonstrated in Fig. 2 and Fig. 3, the numerical results show close agree
ments between the results obtained using the transformation method and the
analytical solution as well as between the results obtained using the transforma
tion method and the finite element method.
In short we conclude that in a Cartesian coordinate system the boundary
element method can be applied to compute both the electric potential in an
anisotropic inhomogeneous volume conductor and the magnetic field induced out
side the anisotropic inhomogeneous volume conductor.

7

Appendix

The conductivity tensor can be represented by a real, symmetric and positive
definite matrix. For such a matrix we know from linear algebra that its eigenvalues
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are all real and positive, and its eigenvectors can be made to be orthogonal, i.e.,
there exits an orthogonal matrix Ti such that
T' l0 -T, = Λ,

(44)

where Λ is the diagonalized matrices composed of the eigenvalues of «τ:
(45)
and the superscript ί denotes the transpose of the matrices. Since the eigenvalues
of σ are positive we can further define a matrix:
0
T2 =

0
0

\
(46)

J

V

with с an arbitrary positive constant. Using these two matrix one can define a
linear transformation as follows:
(47)
where Τ = T)T 2 . The potential in the primed coordinate system $'(х\,х'2,х'3) is
taken to be equal to that of the unprimed system at the corresponding location:
Ф'(х'их'2,х'3) =

Ф(хих2,х3).

(48)

Let е 1 ,е 2 ,ез be the local base vectors of the Cartesian coordinate system
Zi>Z2>Z3- Given the primed coordinate system x[,x'2,x'3 as defined in (47), the
unit vectors e\,e'2,e'3 directed along the positive х\,х'2,х'3 coordinate line can be
used as local base vectors. The relation between е 1 ,е 2 ,ез and the local base vec
tors e\,e'2,e'3 associated with the primed coordinate system is given as follows[5]:

= T

(49)

in which

w<£>·+<£>·+<£>»

(50)

(t = 1,2,3) are the scaling factors of the transformation.
In this primed coordinate system the conductivity tensor, gradient, divergence
and rotation have the following expressions[5]:
σ = <r„e,e, =

a'^h.e',)^^),

(51)
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e\ д
e'2 д
e д
V = - ì - — + -2·—+ - 3* — ,
A,öx',
h2dx'2 h3dx'3'

VP =

+

(52)

+

ώ£<^'> έ<^> £<^>ι· w
θχ 3

Α3

and
A2e2

Азе3

Fí^i Fjht

F3h3

Λιβα
V xF =

A1A2A3

а
eïf

э
9xj

о
βχ;

(54)

in which {(j'ij) = <r' = T'<rT = i i ^ I and F{, F¡, F3' are the components of F in
the primed coordinate system. Thus in the primed coordinate system we have:

.(а Ф) = — - ( — + — + —)
=

λ^ν'ίν'Φ'),

(55)

with
(56)
denoting the gradient in the primed coordinate system.
Since
V x (-<г Ф) = -V x (<г Ф) + V(-) x (σνΦ)
T

T

τ

(-)
г

(57)

V x (ffV(-)) = V x (Ф<г (-)) + V x (-«г Ф)

(58)

= - V χ (<г Ф) - (г Ф) χ
τ
and
Г

T

T

we have
(«т- Ф) χ

(-) = - V χ (<г Ф) - V χ (<rV(-))
Γ

Γ

Γ

+V χ (Ф<г (-)).

(59)
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Chapter V
Solving Anisotropic Mixed Boundary Value
Problems by Means of the Boundary
Element Method *

Abstract
In a previous study we have shown that an anisotropic volume conduction
problem involving the Neumann condition at the outer surface of a volume
conductor can be solved by means of the boundary element method by
applying an appropriate coordinate transformation [2]. In this paper we
will show that this approach can also be applied to solve the anisotropic
mixed boundary value condition problems studied in electrical impedance
tomography (EIT). Results are presented of numerical computations, which
were carried out for a volume conductor of irregular(torso) shape.

1

Introduction

Most of the reconstruction algorithms t h a t have been developed in EIT are based
on two-dimensional, isotropic models. In reality, however, biological tissues are of
anisotropic conductivities and of dimension three. In principle a 3-D, anisotropic
mixed boundary value problem can be solved by means of the finite element
m e t h o d ( F E M ) . But unlike 2-D mesh generation, the 3-D mesh generation is diffi
cult and the dimension of the linear system to be solved is large, which are major
complications in the application of the 3-D F E M .
The boundary element method(BEM) is another numerical technique for solv
ing mixed boundary value problems for volume conductors having arbitrary ehape
[1], and has proved t o be both efficient and accurate. T h e advantage of the BEM
over the F E M is t h a t it requires discretization of the conductivity interfaces of the
volume conductor(including the outer surface) only. In comparison with the 3-D
mesh generation involved in the 3-D F E M , the surface triangulization(effectually
2-D) involved in the BEM is much easier. The notion prevails in electrophysiology
that the BEM is incapable of providing a numerical solution to anisotropic volume
'Clin. Phyi. Physiol. Меаз., vol. 13, pp. 131-133, 1992
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conduction problems, and that the FEM is required for such problems. Recently,
we have demonstrated that anisotropic volume conduction problems involving the
Neumann condition at the outer surface can be converted to equivalent isotropic
problems by applying an appropriate coordinate transformation [2]. In this paper
we will show that the anisotropic mixed boundary value problems studied in БІТ
can also be solved by means of the boundary element method by including the
coordinate transformation.

2

Method

The electric potential inside a source-free anisotropic volume conductor V en
closed by a surface S due to currents at S is described by Laplace's equation. In
a Cartesian coordinate system Хі,Х2,Хз this reads
-(<г

Ф) = 0,

(1)

х

where Ф ( г 1 , г 2 і з ) is the potential field and σ is the conductivity tensor. The
nature of the conductivity tensor is such that it is a real, symmetric and positive
definite tensor, which can be represented by a matrix. The mixed boundary value
condition imposed on the bounding surface S is
at

(хих2,хз)

Φ=

0

5]

(2)

and
п(<г

Ф) = 0

at St,

(3)

in which S\ U Si = S and S\ Π S2 = 0, and η is the unit outward normal vector
on the surface 5 2 .
The coordinate system хі,Х2,Хэ is transformed into a primed coordinate sys
tem x[,x'2,x'3 by applying the following coordinate transformation:

= T'

(4)

where T\ is composed of the eigenvectors of σ and

о

с

T,=

0

с

о

О

о
о

(5)

^AД7

in which Ai, А2, λ 3 are the eigenvalues of σ and с is an arbitrary positive constant.
Suppose Sι and S2 are transformed into S[ and S'2 in the primed system re
spectively. Analogous to [2], it can be shown that the anisotropic mixed boundary
value problem as described through Eqn. (1), (2) and (3) is converted to an equiv
alent isotropic mixed boundary value problem in the primed coordinate system

С

'.(

'Ф') = 0

(6)
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Fig. l a
Fig. l b
Figure 1 Electric potential distributions on the front of the surface of an anisotropic human
torso around one of the electrodes. Fig. l a Computed by means of the BEM; Fig. l b
Computed by means of the FEM.

with boundary conditions:
V = V¿(x\,x'2,x'3)

°* Sí

(7)

and
п'.(

'Ф') = 0

at S'2,

(8)

where
•'(*;. *i.»i) = Ф(*І, * 2 ,*з)

(9)

and
V¿(x'ltx'2,x'3) = V0(xux2,x3).

(10)

The solution to the equivalent isotropic mixed value boundary problem (6),
(7) and (8) can be computed by means of the boundary element method [1]. The
electric potential of the original anisotropic problem is obtained by mapping this
solution back to the original domain.

3

Examples

Numerical computations were carried out to verify the transformation method
for applying the boundary element method to anisotropic mixed boundary value
problems. A human torso model studied in the modeling of ECG was considered.
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Two electrodes were placed on the surface, one on the front and one on the back.
The conductivity tensor used is a diagonal tensor:
/ 1 0 0\
9 = 0 4 0 .
\0 0
l)

(11)

Fig. la and lb show the potential distributions on the surface of the torso
solved by means of the boundary element method and the finite element method
respectively. The agreement between these solutions is good (relative RMS dif
ference 4.7%).

4

Conclusion

It has been shown that the anisotropic mixed boundary value problems can be
solved by means of the boundary element method by including an appropriate
coordinate transformation. Since EIT essentially aims at treating inhomogeneous
volume conduction, the presented method may seem insufficient. However, the
method may be extended to handling local inhomogeneities, for which the above
method is a first step.
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Chapter VI
The Handling of Point Singularities in the
Finite Element Computation *

Abstract
A method is presented for handling the point source singularities, e.g.,
current dipole sources, involved in the finite element computation. This
method is examined by applying it to a finite length cylindrical volume conductor and comparing the solution found with the analytical formulation
and the solution obtained by using the finite element method straightforwardly. The results show that by using this method a single mesh can
be used to compute the potentials induced by dipoles located at different
locations without loss of numerical accuracy.

1

Introduction

In applying the finite element method (FEM) to bioelectric volume conduction problems, difficulties arise from point source singularities like, e.g., current
dipoles. Firstly, in the mesh generation the location and the orientation of the
dipole have to be taken into account since the positions of the two monopoles
adopted to approximate the mathematical dipole, must be at the nodes of the
mesh. When the location or the orientation of the dipole is changed the mesh
has to be regenerated or rearranged. Secondly, a so-called "graded mesh", which
contains a number of small size elements in the neighbourhood of the dipole
location[l, 2], is required in order to maintain the numerical accuracy. A mesh
complying with these requirements is dependent on the position and orientation
of the dipole and on the conductivity of the medium considered, which forms a
major complication in the application of the finite element method, in particular,
when it is applied to inverse problems.
This paper presents a method for handling point singularities in the finite
element computation. In this method the finite element method is used to solve
a Neumann problem in a source-free medium, of which the boundary condition
'Prtced. ISth IEEE EMBS Con/., pp. 619-520, 1991. Tins paper was selected as the winnet
foi Europe and Middle East region in 1991 IEEE/EMBS student paper competition
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is derived from the potential distribution generated by the dip ole in ад infinite
medium.

2

Method

The electric potential inside a volume conductor V enclosed by a surface 5 due
to an internal current source is described by Poisson's equation. In a Cartesian
coordinate system Хі,Хі,хз this reads
(а

Ф) = - £ . ( • ' ) ,

(1)

where Φ(ζ) is the potential field, σ is the conductivity tensor, and i v (z') is the
impressed current source volume density. The boundary condition implied by the
bounding surface S of the bounded volume conductor is
η · (о- Ф) = 0,

(2)

in which η is the unit outward normal vector on the surface S.
For a current dipole the impressed current source density is

i.(·') = и · V(i(« -•')),

(3)

in which D is the dipole moment, ж' is the coordinate of the dipole, and Í is the
Dirac function. The solution Φ is singular at the location of the dipole.
In order to avoid this point singularity we shall consider the solutions Φ» and
Φι to the following two problems:
(I) the potential Φα, due to the dipole in the infinite medium with the
anisotropic conductivity «r:
v • (сг Ф») = -;„(*')

(4)

(II) the potential Ф] in the source free anisotropic medium V:
(а

Ф,)=0,

(5)

with the boundary condition:
П-(«Т Ф1)І5 = - П . ( 0 -

Ф00)І5.

(6)

The sum of these two solutions
Φ = Φ„ + Ф ь

(7)

as found from (I) and (II), satisfies Eqn. (1) and (2), and hence, is the solution
to the original problem.
For point source singularities the potential Φ„ in the anisotropic infinite
medium can be expressed analytically (see, e.g., [4]). In the coordinate system
defined through principal axes the expression for the potential generated by a
dipole is
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Fig. 1

Fig. 3a

Pig. 2a

Fig. 3b

Fig. 2b

Fig. 3c

Fig. 2c

Fig. 4
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'

The current flow —η · («т Фоо)^ at the location implied by the surface S can be
computed numerically. Given the boundary condition (6), Φι can be computed
by means of the finite element method.
The relative difference between the analytical solution and any of the numer
ical solutions considered, defined as

is used to asses the numerical accuracy, where x , for t' = 1 , . . . , N are the obser
vation points(nodes of the mesh) on the surface of the volume conductor.

3

Results

Numerical computations were carried out to examine the method discussed above.
A circular cylinder with radius 0.25 and unit length was considered. The origin of
the coordinate system is at the center of the geometry, with the Xi-axis pointing
towards the observer and the 13-axis directing along the cylinder axis. The mesh
used is generated such that the elements are uniformly distributed along the
cylinder axis as shown in Fig. 1. The number of elements is 960 and the number
of nodes is 1197. An anisotropic conductivity with radial and angular components
of 1 and an axial component of 4 was used.
Fig. 2a, Fig. 2b and Fig. 2c show the potential distributions generated by a x 3 oriented dip ole located at (0,0,0.025) on the cylinder surface computed by means
of the analytical formulation[3, 5], the straightforward finite element method and
the proposed method respectively. The errors are 6.5% for the FEM and 3.0%
for the proposed method.
The mesh shown in Fig. 1 was also used to compute the potentials due to
an off-center, Хз-oriented dipole located at (0.105,0,0.175). Fig. 3a, Fig. 3b and
Fig. 3c show, respectively, the results computed using the analytical solution, the
FEM and the proposed method. The relative errors are 62.0% for the FEM and
3.5% for the proposed method.
Fig. 4 shows, again, the result computed using the straightforward FEM, but
now based on a locally refined mesh with 1392 elements and 1734 nodes. The
relative error of this result is 9.9%.
Note all the physical variables in these examples are treated as being dimensionless.

4

Discussion

The results show that when the finite element method is straightforwardly applied
to solve dipole induced potential problems relatively large numerical errors will
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occur unless an elaborate mesh is used. These numerical errors are caused by
the singularity of the current dipole and can be reduced by locally refining the
elements around the dipole location.
Using the proposed approach the singularity is avoided in the FEM compu
tation. This approach is similar to the handling of singularities in the boundary
element method. The results show, for any given mesh, a significant improvement
in the numerical accuracy. Moreover, as shown in Fig. 3, using this method a
single mesh can be used to compute the potentials induced by dip oles located
at different positions, which is important in the solution of anisotropic inverse
problems.
Whenever analytical formulas for the potentials in the anisotropic infinite
medium due to bioelectric sources are available, the procedure discussed in the
paper can be incorporated in the finite element computation.
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Chapter VII
The Generation of a Finite Element Mesh in
an Inhomogeneous Torso
by Means of Laplace Mapping *

Abstract
This paper discusses the application of Laplace mapping to the genera
tion of brick finite element mesh of a realistic inhomogeneous human torso
containing lungs, blood cavities and skeletal muscle. In this approach the
mesh in the human torso is constructed by mapping a mesh generated in
a domain of regular geometry into the torso. This mesh generation proce
dure is fully automatic and the mesh generated in such a way conforms to
the torso geometry.

1

Introduction

In applying the finite element method (FEM) to solve anisotropic volume conduc
tion problems studied in electrocardiography, a major difficulty lies in 3-D mesh
generation because of the complicated geometry of the inhomogeneous torso.
Most of the commercial FEM software packages that are readily available are not
capable of generating a 3-D finite element mesh that conforms to the geometry of
an inhomogeneous human torso. Recently, MacLoed et al. developed a software
package with which the tetrahedron element mesh in an inhomogeneous torso can
be generated automatically from МЫ imagée [3]. Whereas the tetrahedron element has the property of being able to easily conform to complex geometry, the
convergence rate of the numerical solution based on such elements is relatively
elow in comparison with other elements, e.g., brick elements [4], which means
that a large amount of elements and nodes are required to reach a satisfactory
accuracy. Billie et al ueed the brick element in their finite element analysis [1].
The meshes used in their computation, however, were all made of uniformly distributed brick elements that are not conformai to the real geometry of the human
torso, which is another eource of the numerical inacurracy.
•Preced. Ц

IEEE EMBS Conf., pp. 720-721, 1992.
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Fig. 1 Determination of nodal coordinates χ{φ, η, ζ), у(ф, η, ζ). ζ(ψ, η, ζ) as potential functions

In this paper we discuss the application of Laplace mapping as described by
Carey et al. [2] to the finite element mesh generation of a realistic human toreo
containing lungs, blood cavities and skeletal muscle.

2

Method

Whereas the mesh generation in a domain of irregular and complicated geometry
is difficult, the mesh generation in a domain of regular shape is not. Once a
mesh in a regular domain is generated, the mesh in the irregular domain can
be constructed from the mesh in the regular domain by using an appropriate
mapping scheme, e.g., Laplace mapping. Suppose Ω is the reference (ζ,η,ζ)
domain of regular geometry and Ω is the irregular (x,y,z) domain. The Laplace
mapping is constructed by solving the Laplace equation,
V V U , » Î , 0 = O,

(i)

(¿,77,0 e Ω
=

йд

subject to Dirichlet boundary conditions φ{ζ,η,ζ) = χ, Φ(£,ν,ζ)
Vi ^
<t>{ÇiVt() = г on ΟΩ to obtain solutions χ(ζ,η,ζ), у{(, ,(), and ζ{ζ,η,ζ) re
spectively. For a homogeneous domain, the mesh generation procedure using the
Laplace mapping is [2]:
1. Generate a mesh in the regular reference domain Ω.
2. Identify boundary values of г, у and z by assigning proper points on the
boundary Oil to the nodes on the boundary ÔÙ.

The finite element mesh generation
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F i g . 2 Perspective view of the brick element mesh on the torso surface

F i g . 3 Frontal view of the shaded left lung, left blood cavity, right blood cavity and right lung
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3. Determine coordinates of the interior nodes (x,, y¡, г,) by solving the Laplace
equation with the given Dirichlet boundary values using the FEM.
To apply the Laplace mapping to construct the brick element mesh of the
human torso containing lungs, blood cavities and skeletal muscle, we extended
the mesh generation procedure listed above in the following manner:
1. Represent surfaces of the torso, lungs, blood cavities and skeletal muscle by
triangles from MRI images.
2. Generate a uniformly distributed brick element mesh in a cube.
3. Construct a brick mesh in the homogeneous torso by linearly projecting the
nodes of the brick mesh in the cube into the torso.
4. Allocate elements of the mesh of the homogeneous torso to the lungs, blood
cavities and skeletal muscle.
5. Identify Dirichlet boundary values by assigning points on the triangulated
surfaces of the lungs, blood cavities and skeletal muscle to the surface nodes
of the subset of elements allocated to lungs, blood cavities and skeletal
muscle respectively.
6. Determine coordinates of the remaining nodes by solving the Laplace equa
tion with the FEM.
Step 4 and Step 5 are the key steps for applying the Laplace mapping to generate
a mesh in the inhomogeneous torso.

3

Results

A brick element mesh containing 12800 elements and 14065 nodes in a cube
was first generated with FEM preprocessing package MENTAT developed by
MARC Analysis Research, Inc. The mesh was then mapped into the torso using
the procedure described above. Fig. 2 shows the perspective view of the brick
element mesh on the torso surface. Fig. 3 shows the shaded frontal view of the
brick element mesh of the lungs and blood cavities. The numbers of the elements
allocated to the left lung, right lung, left blood cavity, right blood cavity and
skeletal muscle are 742, 418, 78, 170 and 2400, respectively. These numbers show
that the elemente in the left lung are finer than those in the right lung. This is
necessary because the gradient of the potential in the left lung is expected to be
higher than that in the right lung: the left lung is closer to the heart, in which
the bioelectric sources are found.

The finite element mesh generation
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Discussion

The ability to automatically generate a mesh in an inhomogeneous torso is not
only vital to the alleviation of the tedious, prohibitive "manual" approach but
also critical to the reliable application of the finite element method. The results
presented in this paper show that the Laplace mapping is one of the techniques
that meet such needs. Unlike the tetrahedron element mesh generation proce
dure presented by MacLoed [3], the mesh generation procedure using the Laplace
mapping is a general purpose approach, i.e., it can be used to map any type of
mesh from a regular domain into an irregular domain. The brick element mesh
described in this paper, which conforms to the geometry of the human torso,
provides a base for applying the FEM to solve anisotropic volume conduction
problems of the ECG.
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Chapter Vili
On Mesh Refinement and Accuracy of
Numerical Solutions *

Abstract
This paper investigates mesh refinement and its relation to the accuracy
of the boundary element method (BEM) and the finite element method
(FEM). To this end an isotropic homogeneous spherical volume conductor,
for which the analytical solution is available, was used. The numerical
results obtained with the ВБМ and FEM were compared with the results of
the analytical solution. The results show that the accuracy of the numerical
solutions is improved by enriching a mesh only if the new mesh not only
incorporates a larger number of nodes but also follows more closely the
actual geometry of the volume conductor involved.

1

Introduction

With the advance of modern computer technology numerical solution methods
such as the boundary element method and the finite element method have been
widely used in the studies of electrophysiology. One of the concerns in the appli
cation of these numerical solution methods is their numerical accuracy. To assess
the quality of the numerical solution of the BEM and FEM obtained with a given
mesh, different error indicators have been proposed and adaptively mesh refine
ment have been performed to increase the resolution of the numerical solutions
[3, 4, 5].
In this paper the mesh refinement and its relation to the accuracy of the
numerical solutions will be discussed. It will be demonstrated by numerical ex
amples that, in certain circumstances, simple mesh refinement can lead to the
decrease in the accuracy of the numerical solutions.
'Preced. ISth IEEE EMBS Conf., pp. 1476-1477, 1993.
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Vili

Mesh Refinement and Accuracy

The electric potential inside a homogeneous volume conductor V enclosed by a
surface S due to an internal current source is described by Poisson's equation. In
a Cartesian coordinate system i ! , 12,13 this reads
V • (<г Ф) = - ! „ ( * ' ) ,

(1)

where Φ ( ζ ) is the potential field, er is the conductivity tensor, and ¿ υ (ζ') Ь
the impressed current source volume density. The boundary condition on the
bounding surface S of the volume conductor is
η · (а

Ф) = 0,

(2)

in which η is the unit outward normal vector on the surface S.
As is well known this problem can be solved numerically by either the bound
ary element method or the finite element method. In the ВБМ the boundary
surface S is approximated by a triangulated surface Sj. The potential $sd is
then assumed to be constant over each triangle for which the potential at the
center of mass of the triangles is taken [1]. In the FEM the 3-D problem do
main is approximated by a set of tetrahedron or hexahedron elements V¿ such
that there is neither overlap nor gap. Within each element the solution $v d is
assumed to be a polynomial function, having the potentials at the nodes as its
parameters.
There are two types of approximations involved in these numerical methods.
One type is the approximation of the solution domain: the approximation of 5 by
Sj for the BEM and the approximation of V by V¿ for the FEM. The other type is
the approximation of the second order differentiable solution: the approximation
of Φ by a piece-wise constant solution $sd for the BEM and the approximation
of Φ by a piece-wise linear or tri-linear solution Фц, for the FEM.
Once the numerical solution $sd or Фц, is obtained certain criteria can be
established to judge the fineness of the elements [3, 2]. The elements where
the criterion is not satisfied are refined by adding new nodes. As the number
of elements increases, the numerical solution converges. Straightforward element
enrichment, however, does not improve per se the approximation of the boundary
surface 5, or the approximation of the solution domain V if new nodes are merely
added on surface elements. The numerical solution may converge to the true
solution on Sd for the BEM or in Vj for the FEM, but not to the true solution
on S or V.
The relative difference of the peak to peak value between the analytical solu
tion and any of the numerical solutions considered, defined as
„ _ |Г(Фпп,)-Г(Фица)|

is used to asses the numerical accuracy, where Т(Ф) = Фтах — Ф т і п .

Mesh refinement and numerical accuracy

59

•β

υ

ρ»

E

-О

«ч

ώ

ьв

s

60

Chapter Vili

•β

fa

Μ

fa

\

υ

η

fa

fa

η

Μ

fa

я
M

fa

fa

Mesh refinement and numerica/ accuracy

3

61

Results

A spherical volume conductor with radius 3 and conductivity 1 was used in
numerical computations. The origin of the coordinate system was taken at the
center of the sphere with the z-axis upwards. A unit z-oriented current dipole
located at (0,0,1) was used as the source of the electric potential.
For the computation of the В EM a coarse triangulated surface with 48 tri
angles and 26 Vertexes as shown in Fig. 2b was first made to approximate the
surface of the sphere. Fig. 2c shows a triangulated surface with 192 triangles and
98 Vertexes which was made by dividing each triangle of the coarse triangulated
surface into 4 smaller triangles. Note that the new Vertexes are all located on the
coarse triangulated surface, i.e., the coarse triangulated surface is embedded in
the fine triangulated surface. Fig. 2d shows a triangulated surface that is made
by projecting the newly introduced Vertexes of the surface shown in Fig. 2c onto
the surface of the sphere.
Fig. l a shows the potential distribution of the surface of the sphere computed
by means of the analytical solution. Fig. lb, Fig. l c and Fig. Id show the results
of the BEM, respectively, based on the triangulated surfaces shown in Fig. 2b,
Fig. 2c and Fig. 2d, respectively. The relative errors of these results are 0.86%,
15.4% and 0.38%, respectively.
Similar computations were carried out with the FEM. Fig. 4b shows the per
spective view of the surface elements of a coarse hexahedron mesh with 56 ele
ments and 79 nodes. Fig. 4c depicts a refined hexahedron mesh with 448 elements
and 529 nodes that is made by dividing each element of the coarse mesh shown in
Fig. 4b into 8 elements. Fig. 4d shows a mesh that is made by projecting newly
introduced surface nodes of the refined mesh onto the surface of the sphere.
Fig. 3a shows the potential distribution of the surface of the sphere computed
by means of the analytical solution. Fig. 3b, Fig. 3c and Fig. 3d show the re
sults of the FEM based on the hexahedron mesh shown in Fig. 4b, Fig. 4c and
Fig. 4d, respectively. The relative errors of these results are 3.0%, 7.1% and 2.3%,
respectively.

4

Discussion

The results show that the straightforward element enrichment, which does not
improve the approximation of the geometry of the solution domain, does not selfevidently improve the numerical accuracy of the BEM and FEM, even though
it does increase the resolution of the numerical solution. The error indicators
that are commonly used are certainly appropriate for judging the fineness of the
elements of a mesh. They do not, however, always reflect the accuracy of the
numerical solutions. The results also show that the accuracy of the numerical
solution is increased by improving the approximation of the geometry of the
solution domain in the element enrichment. For the domain of irregular geometry,
therefore, it is necessary to apply interpolation techniques to make sure that
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the newly introduced Vertexes in the BEM, or the newly introduced nodes that
belong to the boundary surface or interfaces bounding different compartments in
the FEM, are located on the interpolated boundary surface or interfaces.
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Chapter IX
The Effect of the Anisotropic Skeletal Muscle
Layer on Simulated Body Surface Potentials *

Abstract
This paper investigates the effect of the anisotropic skeletal muscle layer
on the relationship between the depolarization sequence on the ventricu
lar surface and electrocardiographic body surface potentials. To this end
a realistically shaped model of the human torso including the anisotropic
skeletal muscle layer is compared with an isotropic model. In the numeri
cal computations of the transfer matrix, which contains transfer coefficients
between elementary sources at the ventricular surfaces and potentials on
the torso surface, the finite element method and the boundary element
method are used for the anisotropic model and isotropic model respec
tively. To quantify the effect of the skeletal muscle anisotropy, body surface
potential maps due to individual elementary dipoles, contribution maps,
QRS waveforms at standard 12-lead system, and simulated body surface
potentials are inspected.

1

Introduction

The electrocardiographic potentials observed on the body surface are generated
by electric current sources in the heart. The source model used in the theoretical
study of the ECG is the characterization of the genesis of the ECG. The volume
conductor model is the simplification of complex geometry and electric conduc
tivity of the thoracic tissues. The forward problem of the ECG concerns the
determination of the body surface potentials with a known source model and a
given volume conductor model. In recent years, with the advent of modern com
puter technology, the volume conduction aspect of the forward problem has been
investigated using models with realistically shaped geometry rather than idealized
spherical or cylindrical models [2, 11, 15, 11, 10, 5]. In the studies carried out by
Gulrajani et al. and Van Oosterom et al. [2, 14] the uniform dipole layer model,
which describes the depolarization wavefront on the ventricular surface, was used
'Submitted io Mei. в Biol Eng. в Comput., 1993
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as the source model. Stanley et al. and Jobneon et al. [11,10, 5] used the voltage
model, which establishes a unique relationship between the potentials measured
at the torso surface and those on the epicardium, in their investigations. Some
of these studies suggest that, besides isotropic inhomogeneities due the higher
conductivity of the intraventricular blood masses and lower conductivity of the
lungs, the anisotropic skeletal muscle should be included in the volume conductor
models of the ECG.
While conductivities of most thoracic tissues can be treated as being isotropic
at a macroscopic level, the skeletal muscle can not. Each muscle fiber has its own
preferred conductivity orientation. Along the axis of the fiber the conductivity
ah is high, and in the direction perpendicular to the fiber axis the conductivity
σι is low. Since the muscle fibers run essentially parallel to the torso surface but
are otherwise almost uniformly distributed over all angles, McFee and Rush [7]
suggested that the entire skeletal muscles can be modeled, at the macroscopic
level, as an anisotropic skeletal muscle layer with isotropic conductivity over the
two directions parallel to the body surface but with a different lower conductivity
in the direction normal to the body surface. The tangential component of con
ductivity of the muscle layer σ π is taken as the average of the high and low fiber
conductivity (σ/, + f/)/2 and the normal component of the conductivity as σ/.
In previous investigations into the effect of the anisotropic skeletal muscle
layer[2, 11] the so-called boundary extension method as proposed by McFee
and Rush [7] was applied. The boundary extension method accounts for the
anisotropy by increasing the dimension of the skeletal muscle layer in the direc
tion normal to the body surface by a factor of (σ^/σι) 1 / 2 meanwhile replacing
normal and tangential components of the anisotropic conductivity by the isotropic
conductivity (ση,σ/)1/2 . The use of the boundary extension method allows the
boundary element method to be applied in the solution of anisotropic volume con
duction problems. The problem associated with the boundary extension method
is that the anisotropic conductivity tensor of the skeletal muscle layer is constant
in a curve-linear coordinate system with axes parallel to the normal and tan
gential directions of the body surface, but not in a Cartesian coordinate system.
The boundary extension method has never been rigorously proved to be a correct
approach for such an anisotropic configuration. On the contradictory, by means
of numerical simulation, Stanley et al. found that the error of the boundary
extension method can be as large as 50% in terms of RMS [11]. This conclu
sion suggests that the results obtained with the boundary extension method are
questionable. Stanley et al. continued, however, using the boundary extension
method to handle the anisotropic skeletal muscle layer in part of their follow-up
study, in spite of being aware of the erroneous boundary extension method [10].
To properly handle the anisotropy of the skeletal muscles in numerical simu
lations the finite element method (FEM), which allows one to assign the electric
conductivity to each element, has been employed to study the effect of the skeletal
muscle anisotropy on the relation between the epicardial potential and the body
surface potential [10, 5]. In this study we investigate the effect of the skeletal
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Figure 1 Cross section of the anisotropic torso model at the level of electrodes vi
and V2, with position indicated. The torso includes body compartment and anisotropic
muscle layer. The arrows a-f indicate various sections of the closed heart surface viewed
from an anterior position as used in the isochrone map (Fig. 4) and the contribution
maps (Fig. 7 and Fig. 8).
muscle anisotropy on the relationship between the depolarization wavefront on
the epicardium and the body surface potentials by means of the finite element
method. To quantify the effects of the skeletal muscle anisotropy, body surface
potential maps due to individual elementary dipoles, contribution maps, QRS
waveforms at standard 12 lead system, and simulated body surface potentials are
inspected.

2
2.1

Methods
Source model

As a model for the electrical source in the ventricles generating the QRS complex
the uniform current dipole layer is need. This model is specified by the ventricular
activation time r ( e ) at which the depolarization wavefront reaches point χ on
the bounding ventricular surfaces, i.e., both epicardium and endocardium [15].
The geneeis of the electrocardiographic surface potentials during the QRS
interval can be described as:

V{y<t)=fxA(y,x)H(t-T(*))dx,

(1)
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Figure 2 Triangulated torso surface, with position of the 64-lead system indicated.
Position of standard electrodes Vi - Vé are solid. V3 is found by averaging the potentials
of the appropriate superior and inferior electrodes.
where V(y,t) is the potential at time t within the QRS interval at point y on
the torso surface. A(y, a;) is the continuous transfer function that describes the
relation between the elementary source at the torso surface as and the potential
on the torso surface.

2.2

Volume conductor model

A realistic human torso (GU) that has been studied intensively by our group in
the past [14] is used in this study. The volume conductor, as shown in Fig. 1,
is divided into two compartments, a homogeneous isotropic body compartment
surrounded by an anisotropic skeletal muscle layer. Inside the body compartment
lies the heart. This volume conductor model of the human torso is similar to that
of a canine torso studied by Stanley et al. in which thoracic inhomogeneities due
to lungs, sternum and spine were omitted [10]. The skeletal muscle layer is of
thickness 1 cm as was used by Gulrajani et al. [2]. The conductivities used for
this model were adopted from Rush and Nelson [9]. The conductivity for the
body compartment og is 0.2 U . m - 1 . The high and low anisotropic conductivities
of the skeletal muscle layers are 0.667 and 0.043 U . m - 1 , respectively.
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X
Figure 3 Perspective view of the hexahedral element mesh on the torso surface.
The mesh consists of a total of 12800 elements and 14065 nodes. There are 2400 quadri
laterals and 2402 nodes on the torso surface and on the interface bounding the body
compartment and the skeletal muscle layer.

2.3

Finite element model

Basically there are two types of finite elements that are frequently used in the 3-D
finite element computations: one is the 4-node tetrahedral element; the other one
is the 8-node hexahedral element. One of the drawbacks of the solution based on
the 4-node tetrahedral elements is that the gradient of the computed potentials,
and therefore computed electric current distribution, is discontinuous throughout
the solution domain. The solution based on the 8-node hexahedral elements, by
contrast, yields a continuous electric current distribution. In physical reality the
electric current distribution is continuous. In order to reflect this property of the
current distribution in the finite element computation we choose the 8-node hex
ahedral element mesh in our finite element computation rather than the 4-node
tetrahedral element mesh that has been used by other investigators [10, 5]. An
other reason for this choice is that the convergence rate of the solutions based on
linear 4-node tetrahedral elements has been shown to be very slow in comparison
with those based on tri-linear 8-node hexahedral elements [6].
To generate a hexahedral finite element mesh for the torso, use was made of
a triangulated surface to represent the body surface, as shown in Fig. 2, that was
constructed from the digitized М Ы cross sections of the subject [3]. Based on
the triangulated surface description of the torso surface S and the
interface
bounding the muscle layer and the body compartment 5g, a hexahedral element
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Figure 4 Isochrones used, shown on a map of the various parts of the closed heart
surface viewed from one and the same anterior position, abo shown in Fig. 1. Top row
from left to right: (a) anterior epieardium, (b) endocardium right ventricle. Middle
row, left to right: (c) septum right ventricle, (d) septum left ventricle. Bottom row:
(e) endocardium left ventricle, (f) posterior epieardium. Integers shown are in ms from
onset of QRS.
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mesh with 12600 elemente and 14065 nodes was generated by using the Laplace
mapping technique. Among 14065 nodes there are 2402 nodes on the torso surface
S as well as on the muscle layer-body compartment interface 5д. The number of
the elemente allocated to the muscle layer is 2400.
As mentioned earlier, the anisotropic conductivity of the skeletal muscle layer
is oriented tangential and perpendicular to the torso surface, which means that
the orientation of the anisotropic conductivity is a spatial function, although the
principal conductivities are constant. To exploit this character of the anisotropic
conductivity in the assignment of the conductivity, the orientation of each element
skeletal muscle layer is identified first. Next, the principal conductivities are
assigned to each element in the local coordinate system with axes parallel and
normal to the torso surface. Finally, the anisotropic conductivity in the local
coordinate system is transformed to the global coordinate system.

2.4

Determination of the transfer matrix

A discretized version of the continuous form of the transfer matrix A(y, x) as
given in Eqn. 1 was used in the finite element computation of the transfer matrix
A(y, a>). The complete uniform dipole layer on the heart surface is discretized into
257 elementary dipoles that are normal to the heart surface, pointing towards the
myocardium [15]. Along with the discretization of the volume conductor model,
this resulte in a discretized transfer matrix -Ааш'ю of the transfer function A(y, г),
the elements a,y of which relate the contribution of a unit elementary dipole dj at
Wj (j = 1,... ,257) on the heart surface to the potential at point y, at the torso
surface (t = 1,...,2402).
The electric potential inside a volume conductor V enclosed by a surface S
due to a current dipole source is described by Poisson's equation. In a Cartesian
coordinate eystem Xi,x2yx3 this yields
V · (о- Ф) = -D · V(i(«3 - «„)),

(2)

where Ф(х\,х2,хз) is the potential field, σ is the conductivity tensor, D is the
dipole moment, *o is the coordinate of the dipole, and δ is the Dirac function.
The nature of the conductivity tensor is that it is a real, symmetric and positive
definite tensor. The boundary condition on the outer surface S is
η · (σ- Ф) = 0,

(3)

in which η is the unit outward normal vector at the boundary surface 5.
The solution $ is singular at the location of the dipole, which poses numer
ical difficulties in the finite element computation if this problem is to be solved
straightforwardly [18]. In order to avoid this point singularity the following po
tential decomposition is applied:
Φ = Φ» + Φι,
in which

(4)
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• Φ«, is the potential due to the dip ole in the infinite medium with the
isotropic conductivity σβ·

ν.(β·νΦ 00 ) = - Ρ · ( ν ί ( ί Β - » ο ) )

(5)

• Φι is the potential in the source-free medium V governed by the following
equations:

Í V · («гв ФО = 0
mG в
\ V · ( σ Μ ν Φ 0 = -V · (σ· Μ νΦ„) ше м

(6)

and the continuity conditions at the interface SB'·

*» \ss= *« к
η · (о-в ФО | s ; - η · M * , ) ls*= η · (^м

Ф.) Ig*

- η · (σ-в Ф«) | s and at the boundary surface S:
η · (ам

Фх) \s-= -η · (σ Μ νΦοο) \s+

(7)

In a Cartesian coordinate system the potential due to the dipole in the infinite
medium can be expressed analytically:
9ав

_
1 (»i - a01)I>i + (i2 - x02)D2 + («3 - »оэ)-Рэ
* AiraB [(«ι - *οι)2 + («a - *оі)2 + (хз - *<η)ψ2 '

/„ч
'

{

The finite element method is applied to compute Φι instead of Φ straightfor
wardly. Since Φι is the potential in the source-free medium, the numerical diffi
culties caused by the singularity of the dipole are avoided. Once Φι is obtained
the solution to the original problem Φ is computed by adding Φι and Φ β .
The strength VD of the uniform double layer was 40 μν, taken from earlier
work on this topic[16, 12]. With an assumed overall electrical conductivity of 0.2
U.m - 1 , this corresponds to a current dipole eurface density ρ = aVp of 8. This
means that each element of the heart surface carries, per cm2, an elementary
current dipole of etrength from the moment the local surface has been depolarized
onward. The direction of these dipoles is normal to the local surface, pointing
towards the myocardium [13].
A subset AM of the rows of the transfer matrix A was used for computing the
potentials at points corresponding to the measurement lead system. A further
set As of eight rows of matrix A was used to simulate the QRS waveforms of the
standard leads of the 12-lead ECG.

2.5

Activation sequence τ(χ)

The activation sequence r(as) used in this study is computed from measured
potentials, using an anatomically accurate isotropic model including lungs, ven
tricular cavities, with the inverse procedure developed by our group [4]. This
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activation sequence т(а) was confronted with data known from invasive proce
dure [1, 17] and was found to be acceptable for the purpose of this study. Fig. 4
shows the activation sequence, using isofunction lines (isochrones) plotted on var
ious parts of the ventricular surface. Each part of this surface is viewed from one
and the same anterior position.

3

Results

In order to examine the effect of the anisotropic skeletal muscle layer on the re
lationship between the depolarization sequences on the the ventricular surface
and the body surface potentials uee of an isotropic homogeneous torso model was
made. The conductivity of this homogeneous torso is the same as the conduc
tivity ад of the isotropic body compartment of the inhomogeneous model. The
solution method used for computing the transfer matrix A¿„ of the homogeneous
torso is the boundary element method. In the computations of the boundary
element method the body surface is represented by a triangulated surface with
392 triangles and 198 nodes as shown in Fig. 3. Discretizing the dipole layer with
the 257 element dipoles as is used in the finite element computations results in a
257 χ 198 transfer matrix Aito.
Simulation results of body surface maps due to individual element dipoles,
the contribution maps [15], ECG waveforms of the QRS complex in the standard
12 leads system and body surface maps at 30, 40 and 50 ms after onset of the
QRS are displayed for comparison.
To quantitatively evaluate differences between results obtained from the
anisotropic model and that of the isotropic model, the relative difference between
them, defined as

RELDIFF =

Éhvu-VuY
1=1 (=1
Ι

τ

»

(9)

N
where ц and ц are, respectively, the observed and simulated potential at torso
point t (t = 1, . . . , ƒ ) at time instant t (t = 1,..., T). The value of I is 12 in a
comparison of the standard leads, whereas for a comparison of the full 64 leads
of the BSM data I equals 64. For Τ we have Τ = 100, corresponding to the 100
data points at 1-тпл distance within the QRS interval considered.

3.1

B o d y surface maps due to elementary dipoles

The properties of the transfer matrix Лмхлг can be studied by considering its
separate columns. Any such column (ojj, o 2 j,..., вм>)' spécifiée the potentials at
all points {y,},=i M on the torso surface that are generated by a unit elementary
dipole at point Xj on the heart surface [15]. As a conséquence any such column
can be depicted in the form of a body surface potential map (BSM). Fig. 5 and
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Figure (5-abc) Body surface maps related to the activation of individual heart
surface elements, the position of which is shown in the inset. These correspond to the
places demonstrating global maxima if Fig. 6. Left: the anisotropic volume conductor
model; right: the isotropic volume conductor model. Increments between successive
isofunction lines are by a factor of two. Steps between subsequent isopotential lines are
10 μΥ.
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Figure (5-def) Simulated eingle dipole induced body surface maps.
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Figure 6a Contribution map of lead V\ for the anisotropic model. Map segments
identifiable through Figs 1 and 3. Increments between successive isofunction lines are
by a factor of two. Solid lines: positive values; Dashed lines: negative values and zero.
Numbers shown identify individual isofunction lines, expressed in unite of 10 μΥαη2.
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Figure 6b Contribution map of lead Vj.
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Figure вс Contribution map of lead д.
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Figure 7a Contribution map of lead V\ for the isotropic model. Remaining legend
as in Fig. 6.
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Figure 7b Contribution map of lead V2.
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Figure 7c Contribution map of lead д.
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Figure β Simulated BSM's at 30,40 and 50ms. Left: the anisotropic model; Right:
the isotropic model.
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Figure θ Solid lines: simulated QRS waveforms of standard leads for the isotropic
torso. Dashed lines: simulated QRS waveforms of standard leads for the anisotropic
torso. H.ELDIFF = 0.883.
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Fig. 6 the body surface mapa due to individual elementary dipoles computed with
the isotropic volume conductor model and with the anisotropic volume conductor
model, respectively.

3.2

Contribution maps

A row (α,ι,α.2,.. .,α,Λτ) of the transfer matrix can be interpreted as the contri
butions of all elementary dipoles (di,d2,...,ds)
to the potential V¡ observed at
point y¡ on the body surface. Such a row can be depicted on a map of the heart
surface in which the contributions to a specific lead at location y¡ are shown, e.g.,
by using isofunction lines. Scaling the columns of the transfer matrix by the surface area (cm2) of the heart surface elements ASj which these points represent,
the resulting map depicts the contribution (in /iV) of the local heart region shown
per cm? to any lead t when the heart is depolarized. The contribution maps related to lead V\, Vi and в of the 12 standard ECG leads of the anisotropic model
and the isotropic model are shown in Fig. 6 and Fig. 7, respectively.

3.3

Simulated potentials

Using the activation function т[х) (Fig. 4) and the transfer matrix, described
above, potentials were simulated from the discretized version of Eqn. 1:
J

J = 257.

Vit = YiAijRij\

(10)

i=i

The matrix Rtj is defined as:

Ъі = ±(«-15 + f ) f"
0
1

fin

l*-^l< f

t < r,- - f
for
t>Tj+*

This matrix represents a ramp-shaped function that takes the place of the Heaviside step function Η in Eqn. 1 and accounts for the fact that in the discretized
version of Eqn. 1 the regions around individual points j at the heart surface are
activated gradually rather than instantaneously. This is treated by gradually
switching on the contribution around points j over an interval w. A further dis
cussion of this point can be found in [8]. The width w of the window used was
11 ma.
The simulated potentials are shown in Fig. 8 as BSM's and in Fig. 9 as wave
forms of the standard leads (solid lines for the isotropic model and dashed line
for the anisotropic model).

4

Discussion

The body surface potential maps generated by individual elementary dipoles in
the regions of anterior epicardium, endocardium right ventricle, septum right
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ventricle, septum left ventricle, endocardium right ventricle and posterior epicardium depicted in Figs. 5 show that the introduction of the anisotropy of
the skeletal muscle layer leads to a 15%-20% decrease of the magnitude of the
potential distributions on the body surface, depending the the location of the
elementary dipoles. The pattern of these body surface potential maps, however,
are noticeably unaffected by the anisotropic skeletal muscle layer.
The contribution maps displayed in Figs. 6 and Figs. 7 show even a greater
similarity between the contribution таре computed with the anisotropic skeletal
muscle and those without anisotropic skeletal muscle. In the contribution maps
of lead Vj and % it can be seen that the contribution of the dip ole layer in the
region of anterior epicardium and endocardium right ventricle is lowered by the
introduction of the anisotropy. The contribution of the rest regions of the heart
surface is hardly changed. In the contribution map of lead в the only significant
change of the contribution is observed in the region of posterior epicardium.
These resulte suggest that the anisotropic muscle layer has a local effect on the
contribution maps: significant changes of contributions only take place in regions
very close to the leads considered. This result is in agreement with the conclusion
drawn by Stanley et al that the skeletal muscle near the heart has the most
influence on the relationship between epicardial and torso potentials [10].
The ECG body surface potential maps, simulated with the depolarization
sequence shown in Fig. 3, at time instants 30ms, 40ms and 50ms after the QRS
onset displayed in Fig. 8 show that the magnitude of the body surface potential
distributions decreases by the anisotropic skeletal muscle introduced while the
pattern of the body surface potential distribution remains almost unchanged.
This is of course the natural consequence of the similar phenomenon observed
in the body surface potential maps due to individual elementary dipoles. Fig. 9
shows the QRS waveforms of the standard 12-lead system simulated using the
isotropic model and the anisotropic model. The value of RELDIFF is 0.883. The
simulated QRS waveforms do not behave properly in the later stage (after 60ms)
of the QRS. The cause of the misbehavior of the simulated QRS waveforms is that
the potential produced in the exterior medium is not zero when all the elementary
dipoles are set on, which conflicts with one of the properties of a closed uniform
dipole layer that no potentials are generated outside of the dipole layer. The
approximation of the closed uniform dipole layer by the elementary dipoles can
be improved by increasing number of the elementary dipoles.
Using the anisotropic skeletal muscle layer model similar to the one used in
this paper, Stanley et al. and Johnson et al. studied the effect of the skeletal
muscle anisotropy on the relationship between the epicardial potentials and the
body surface potentials based on a canine torso model and a human torso model,
respectively. Their studies revealed similar results to ours: it is the magnitude of
the body surface potentials that decreases by the introduction of the anisotropic
skeletal muscle layer while the shape of the body surface potentials remains almost
unaffected. These simulation results may well be caused by the macroscopic
model of the anisotropic skeletal muscle layer used in this study. In order to gain
a thorough understanding of the anisotropy of the skeletal muscle layer, further
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studies of the anisotropy of the skeletal muscle lay« should incorporate more
detailed, anatomically correct information on the skeletal muscle, i.e., model the
anisotropic conductivity at a microscopic level.
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Chapter Χ
Summary

Volume conductor models used in the study of bioelectric phenomena involve two
aspects: one is the geometry of the biological tissues; the other is the conductivity
of the tissues. The advance of nuclear magnetic resonance technology and the still
increasing capacity of modern computers allow us to incorporate individual real
istically shaped geometry models, instead of typical geometry models taken from
textbook, in the volume conductor modeling of the ECG/MCG and EEG/MEG.
Most of the studies that have appeared in the literature so far, however, have had
to adopt typical conductivity values of tissues involved that are taken from liter
ature, instead of individual ones. In recent years the need to use more realistic
conductivity models has been realized. The use of the anisotropic conductivity
models is a step forward towards the realistic modeling of the conductivity of
various biological tissues.
The approaches used to model anisotropic conductivities of biological tissues
can be generally classified into two categories: one is modeling anisotropic con
ductivities at a macroscopic level, e.g., assuming the anisotropic conductivity to
be a constant tensor in a curve-linear coordinate system where local variation
of the orientation of the anisotropic conductivity is neglected. The other one is
modeling anisotropic conductivities at a microscopic level where detailed infor
mation of the orientation of the anisotropic conductivity is utilized. The studies
of the anisotropic volume conduction of biological tissues presented in this thesis
belongs to the first category.
The two simplest types of anisotropic volume conductors, piece-wise homo
geneous anisotropic spherical and cylindrical volume conductors are studied in
Chapter II and Chapter III. Using a four-layer concentric spherical volume con
ductor as the human head model including scalp, skull, cerebrospinal fluid and
brain, numerical simulations were carried out for isotropic as well as for several
anisotropic conductivity values. The results show that the radial conductivity
of the skull has a much stronger influence on both the radial and the tangen
tial dipole induced potential distributions than the tangential conductivity of the
skull has. For brain tissue, the radial dipole induced potential is more sensitive
to the radial conductivity than to the tangential conductivity, whereas the tan
gential dipole induced potential is more sensitive to the tangential conductivity
than to the radial conductivity.
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The application of the boundary element method to the solution of anisotropic
volume conductor problems is described in Chapter IV and Chapter V. By
means of a coordinate transformation, it is shown that, in a Cartesian coordinate
system, the electric potential and the magnetic field generated by bioelectric
sources in a volume conductor of piece-wise homogeneous anisotropic conductivity
can be computed by means of the ВБМ.
In Chapter VI the numerical difficulties in the finite element computation
caused by current dipole sources are addressed. The numerical results show that
by using the finite element method to compute the potential distribution in the
source-free medium, which is obtained by decomposing the dipole induced po
tential in the finite medium into the sum of the dipole induced potential in the
infinite medium and the potential in the source-free finite medium, the accuracy
of the finite element computation can be significantly improved. It is also shown
that by using this approach a single finite element mesh can be used to compute
potentials generated by current dipole sources at different location without much
loss of the numerical accuracy. Thus in the solution of the inverse problem, in
which the solution of the forward problem is to be carried out for dipole sources
at various positions, the burden of generating a graded mesh for each individual
dipole, as is required when the finite element method would be straightforwardly
applied, is eased.
One of the most difficult problems in the application of the finite element
method to the computation of the potential distribution in an inhomogeneous
volume conductor of irregular shape is perhaps the 3-D mesh generation. In
Chapter VII, the Laplace mapping technique is applied to construct a hexahedral
finite element mesh in an inhomogeneous human torso.
One of the concerns in the application of numerical solutions, being either the
boundary element method or the finite element method, is numerical accuracy.
To assess and improve the accuracy of the numerical computations an adaptive
mesh refinement procedure is required. Chapter VIII deals with such a mesh
refinement and its relation to the accuracy of the numerical solution methods.
By comparing numerical results obtained with the ВБМ and with the FEM, it
is shown that straightforward element enrichment, which does not improve the
approximation of the geometry of the solution domain, does not eelf-evidently im
prove the numerical accuracy of the ВБМ and FEM, even though it does increase
the resolution of the numerical solution. The accuracy of the numerical solution,
however, increases when the approximation of the geometry of the solution do
main is improved in the element enrichment. For a domain of irregular geometry,
therefore, it is necessary to apply interpolation techniques to make sure that the
newly introduced vertices in the BEM, or the newly introduced nodes which be
long to the boundary surface or interfaces bounding different compartments in
the FEM, are located at the interpolated boundary surface or interfaces.
Chapter IX investigates the effect of the anisotropic skeletal muscle layer on
the relationship between the depolarization sequence on the ventricular surface
and electrocardiographic body surface potentials. In that study an inhomoge
neous torso model including the anisotropic skeletal muscle layer is used. The
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skeletal muscle layer is modeled following the approach suggested by M C F E E and
RUSH[1] in which it is assumed that the conductivity in the direction perpendic
ular to the torso surface is high and the conductivity in the direction parallel
to the torso surface is low. The source model used is the uniform dipole layer
model which describes the depolarization wavefront on the ventricular surfaces.
The effect of the anisotropic skeletal muscle layer on the relationship between the
depolarization sequences on the ventricular surfaces and the body surface poten
tial maps is studied by inspecting body surface potential maps due to individual
elementary dipole sources, contribution maps, QRS waveforms at standard 12lead system, and simulated QRS maps. The simulation results show that the
anisotropic muscle layer has a local effect on the contribution maps: significant
changes of contributions only take place in regions very close to the leads con
sidered. ТЬІБ result is in agreement with the conclusion drawn by STANLEY et
al. that the skeletal muscle near the heart has the strongest influence on the
relationship between epicardial potentials and torso potentials [2]. The pattern
of the contribution maps is hardly affected by the anisotropic skeletal muscle
layer. Both dipole induced body potentials and simulated ECGs show that the
introduction of the anisotropic skeletal muscle layer mainly causes a drop in the
magnitude of the potentials. The shape of the body surface potentials remains
almost unchanged. These simulation results may well be caused by the macro
scopic model of the anisotropic skeletal muscle layer used in this study. In order
to gain a thorough understanding of the anisotropy of the skeletal muscle, further
studies should incorporate more detailed, anatomically correct information on the
skeletal muscle, i.e., model the anisotropic conductivity at a microscopic level.
Up to now, the inclusion of anatomically correct information in the modeling
of the anisotropic conductivity of the skeletal muscle layer, however, is hampered
by the lack of technology to acquire such detailed information accurately and noninvasively, as well as by the huge computing power required to perform numerical
simulations. With the fast advance of modern nuclear magnetic resonance and
computer technologies the conductivity models used in the study of electrophysiology have become more and more realistic, reflecting anatomic details of the
tissues studied. This will lead to an higher quality of the solution to the inverse
problem and, hence, to an improved diagnostic performance in its clinical use.
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Chapter Χ
Samenvatting en discussie

Modellen van volumegeleiders zoals gebruikt in het onderzoek naar bioëlektrische
fenomenen omvatten twee aspecten: het ene is de geometrie van de biologische
weefsels, het andere de geleidbaarheid ervan. Met de gevorderde M RI-technologie
en de nog steeds toenemende capaciteit van computers wordt het tegenwoordig
mogelijk om individuele geometrie-modellen te gebruiken, in plaat van de typische
modellen uit het anatomieboek, in de modellering van de volumengeleiders van
het ECG/MCG en EEG/MEG. In de meeste studies die tot nu toe verschenen zijn
moesten echter nog steeds typische waarden, uit de literatuur, aangenomen worden voor de geleidbaarheid van de betrokken weefsels, in plaats van individuele.
De laatste jaren wordt ook de noodzaak om meer realistische geleidbaarheidsmodellen te gebruiken ingezien. Het gebruik van anisotrope modellen is een stap
vooruit in de richting van het realistisch modelleren van de geleidbaarheid van
verschillende biologische weefsels.
In het algemeen kunnen methoden die gebruikt worden om anisotrope geleidbaarheid van biologische weefsels te modelleren in twee categorieën ingedeeld
worden. In de eerste wordt anisotrope geleidbaarheid op een macroscopisch niveau gemodelleerd, waarbij aangenomen wordt dat de anisotrope geleidbaarheid
een constante tensor in een curvi-lineair coördinatenstelsel is en de plaatselijke
variatie van de richting van de anisotrope geleidbaarheid verwaarloosd wordt. In
de tweede categorie wordt op een microscopisch niveau gemodelleerd, waarbij gebruik wordt gemaakt van gedetailleerde informatie over de richting van de anisotrope geleidbaarheid. De studie van anisotrope volumegeleiding in biologische
weefsels zoals in dit proefschrift gepresenteerd behoort tot de eerste categorie.
De twee meest eenvoudige typen anisotrope volumegeleider, de stuksgewijs
homogene anisotrope bolvormige en cylindrische volumegeleider, worden bestudeerd in hoofdstuk II en III. Gebruik makend van een vierlaags concentrisch
bolvormig model van het menselijk hoofd als volumegeleider, waarin opgenomen
huid, schedel, cerebrospinale vloeistof en hersenweefstel, werden numerieke simulaties uitgevoerd voor zowel isotrope- als verschillende anisotrope geleidbaarheidswaarden. De resultaten laten zien dat de radiêle geleidbaarheid van de schedel
een veel grotere invloed heeft op de uiteindelijke potentiaal dan de tangentiële
geleidbaarheid. Dit geldt voor zowel de door radiële als door tangentiële dipolen gegenereerde potentiaalverdeling. Voor hersenweefsel geldt dat de door een
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radíele dipool gegenereerde potentiaal meer gevoelig is voor de radiële geleidbaarheid, terwijl de door een tangent iele dipool gegenereerde potentiaal meer gevoelig
is voor de tangentiale geleidbaarheid.
De toepassing van de boundary element method (ËEM) bij de oplossing van
anisotrope volumegeleidingsproblemen wordt beschreven in hoofdstuk III en IV.
Door gebruik te maken van een coördinatentransformatie wordt aangetoond dat in
een cartesisch coördinatenstelsel de elektrische potentiaal en het magnetisch veld
gegenereerd door bioelektrische bronnen in een stuksgewijs homogene anisotrope
volumegeleider berekend kunnen worden met de BEM.
In hoofdstuk VI worden de numerieke problemen behandeld die optreden bij
de berekening van de door etroomdipolen veroorzaakte potentiaalverdeling met
behulp van de eindige elementen methode (FEM). De numerieke resultaten laten
zien dat door de eindige elementen methode te gebruiken om de potentiaalverdeling te berekenen in een equivalente situatie in een bronvrij medium de nauwkeurigheid significant verbeterd kan worden. Dat bronvrije medium kan verkregen
worden door opsplitsing van de door een dipool gegenereerde potentiaal in een
eindig medium in een dipool geïnduceerde potentiaal in een oneindig medium en
een potentiaal in een eindig, bronvrij medium. Ook wordt aangetoond dat bij
deze aanpak één en hetzelfde eindige-elementen rooster kan worden gebruikt om
de potentialen gegenereerd door dipoolbronnen op verschillende locaties te berekenen, zonder veel verlies van nauwkeurigheid. Bij de oplossing van het inverse
probleem, waarvoor het nodig is het voorwaartse probleem voor verschillende
dipoollocaties op te lossen, zou de directe toepassing van de eindige elementen
methode het voor iedere dipool genereren van een (gegradeerd) rooster noodzakelijk maken; deze omslachtige procedure wordt voorkomen door toepassing van
de beschreven methode.
^
Een van de moeilijkste problemen bij het gebruik van de eindige elementen
methode voor de berekening van de potentiaalverdeling in een volumegeleider
met een willekeurige vorm is misschien wel het genereren van het 3D rooster. In
hoofdstuk VII wordt de Laplace-mapping techniek toegepast om een hexahaedraal
rooster to construeren voor een inhomogene menselijke torso.
Een belangrijke zorg bij de toepassing van numerieke oplossingsmethoden,
zowel bij de boundary element methode als bij de eindige elementen methode,
is de numerieke nauwkeurigheid. Om die nauwkeurigheid te bepalen, en te verbeteren, is een adaptieve rooster-verfijningsprocedure nodig. In hoofdstuk VIII
wordt een dergelijke methode, en de relatie ervan met de nauwkeurigheid van
numerieke oplossingsmethoden, gepresenteerd. Er wordt aangetoond dat een
"rechttoe-rechtaan" element verfijning, die niet tegelijk de benadering van de
geometrie verbetert, niet vanzelfsprekend de nauwkeurigheid van de BEM en de
FEM verbetert, ook al wordt de resolutie van de numerieke oplossing verhoogd.
De nauwkeurigheid verbetert echter wel wanneer de verfijning ook een betere benadering van de geometrie inhoudt. Voor een domein met onregelmatige vorm is
het daarom noodzakelijk interpolatietechnieken toe te passen, om er zeker van te
zijn dat nieuwe hoekpunten in de BEM, of nieuwe knooppunten in de FEM, ook
op een betere benadering van het buitenoppervlak of een scheidingsoppervlak van
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twee compartimenten terecht komen.
Hoofdstuk IX onderzoekt bet effect van een anisotrope ekeletspierlaag op de
relatie tassen de depolarisatievolgorde op het ventrikeloppervlak en de elektrocardiografische potentialen (ECG's) op het lichaamsoppervlak. In die studie wordt
gebruik gemaakt van een inhomogeen torsomodel, inclusief een anisotrope skeÎetspierlaag. De spierlaag is gemodelleerd op de manier zoals aangegeven door
MCFEE en RUSH, waarbij wordt aangenomen dat de geleidbaarheid in de richting loodrecht op het torsooppervlak hoog is, en die in de richting parallel aan
het oppervlak laag. Het gebruikte bronmodel is het uniforme dipoollaag-model,
dat het depolarisatiegolffront beschrijft op het ventrikeloppervlak. Het effect van
de anisotrope skeletspierlaag op de relatie tussen depolarisatievolgorde en potentialen aan het lichaamsoppervlak wordt bestudeerd door te kijken naar potentiaalverdelingen gegenereerd door losse, elementaire, dipoolbronnen, contribution
maps, QRS golfvormen in het standaard systeem van 12 afleidingen en gesimuleerde QRS maps. De resultaten laten zien dat de anisotrope spierlaag een lokaal
effect heeft op de contribution map. Significante veranderingen treden alleen op
in plaatsen die heel dicht bij de betreffende elektrode liggen. Dit resultaat komt
overeen met de conclusies van STANLEY et al. dat de skeletspier dicht bij het hart
de meeste invloed op de relatie tussen epicardiale potentialen en torso-potentialen
heeft. Het patroon van de contribution map wordt nauwelijks beïnvloed door de
anisotrope skeletspierlaag. Zowel de door een dipool geïnduceerde potentialen op
het lichaamsoppervlak als de gesimuleerde ECG's laten zien dat de introductie
van de anisotrope skeletspierlaag vooral een verlaging van de amplitude van de
potentialen veroorzaakt. De vorm van de potentialen op het lichaamsoppervlak
blijft bijna onveranderd. Deze simulatieresultaten zouden veroorzaakt kunnen
worden door het macroscopisch model van de anisotrope skeletspierlaag dat in
deze studie wordt gebruikt. Om een gedegen begrip van het effect van de anisotropie van de skeletspier te krijgen zou een vervolgonderzoek meer gedetailleerde,
anatomisch nauwkeurige, informatie over de skeletspier moeten bevatten, met
andere woorden, de anisotrope geleidbaarheid zou op een microscopisch niveau
gemodelleerd moeten worden.
Tot nu toe wordt het integreren van anatomisch nauwkeurige informatie ín het
modelleren van de anisotrope geleidbaarheid van de skeletspierlaag belemmerd
door het gebrek aan technologie om zulke gedetailleerde informatie nauwkeurig
en niet-invasief te verkrijgen, en ook door de enorme rekencapaciteit die nodig
is om de daarop gebaseerde numerieke simulaties uit te voeren. Met de snelle
vorderingen in M RI- en computertechnologie zijn de geleidbaarheidsmodellen die
worden gebruikt in elektrofysiologisch onderzoek steeds realistischer geworden,
met steeds meer anatomisch details van de bestudeerde weefsels. Dit zal tot een
betere kwaliteit van de oplossing van het inverse probleem leiden en, daardoor,
tot betere diagnostische prestaties bij gebruik in de kliniek.
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