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We study the charge-density dynamics within the two-dimensional extended Hubbard model in the
presence of long-range Coulomb interaction across the metal-insulator transition point. To take into
account strong correlations we start from self-consistent extended dynamical mean-field theory and include
nonlocal dynamical vertex corrections through a ladder approximation to the polarization operator. This is
necessary to fulfill charge conservation and to describe plasmons in the correlated state. The calculated
plasmon spectra are qualitatively different from those in the random-phase approximation: they exhibit a
pﬃﬃﬃ
spectral density transfer and a renormalized dispersion with enhanced deviation from the canonical q
behavior. Both features are reminiscent of interaction induced changes found in single-electron spectra of
strongly correlated systems.
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Substantial progress has been made in recent years, both
theoretically and experimentally, in the study of the
electronic structure of strongly correlated systems [1].
Such systems combine atomiclike features, such as the
formation of local moments and multiplets, with the Bloch
character of states of itinerant electrons. This requires a
development of special tools for their treatment [2]. The
introduction of the dynamical mean-field theory (DMFT)
[3,4] was a crucial step forward since it provides a natural
interpolation between atomic and band limits. In DMFT,
all local correlation effects are taken into account via a
frequency-dependent local self-energy. Key phenomena
described by DMFT are the spectral weight transfer, i.e.,
the formation of Hubbard bands [5,6], the band renormalization and the associated mass enhancement, as well as
the Mott transition [1,4]. Since its introduction, DMFT has
been extended in various ways to describe the impact of the
nonlocal (intersite) correlations on the electronic structure.
Examples include the quantum cluster approaches [7]
and the diagrammatic extensions of DMFT, such as the
DΓA [8], dual fermion [9], and one-particle irreducible
approach [10].
Our knowledge of the collective excitations in strongly
correlated systems, on the other hand, has not progressed
as much. It is known that plasmons are described by the
Lindhardt dielectric function within the random phase
approximation (RPA) [11–13]. The RPA, however, is not
applicable to correlated systems since plasmons are
considered as a superposition of electron-hole pairs of
bare electrons with unrenormalized energy spectrum. The
0031-9007=14=113(24)=246407(5)

simplest approach to correlated electrons is the GW
approximation. GW self-energies are obtained from a Ψ
functional written in terms of the bosonic and fermionic
Green’s functions [14]. The self-consistent second-order
variation of the functional is needed to calculate the
plasmon excitation spectra and is equivalent to the solution
of the Bethe-Salpeter equation [15]. Because of its simple
perturbative nature, it does not capture the Mott transition.
Early works on extended DMFT (EDMFT) [16–20] aimed
at simultaneously accounting for screening due to longrange (in particular Coulomb) interaction and Mott physics.
The effect of screening is taken into account through a local
retarded interaction. Including the lowest-order nonlocal
diagram corrections yields the so-called EDMFT þ GW
approach [21–24].
The charge-density dynamics is encoded in the lattice
charge susceptibility X E ðqÞ, where E and q denote energy
and momentum, respectively. In terms of the polarization
operator Π, we can write it in the form XE ðqÞ ¼
½ΠE ðqÞ−1 þ VðqÞ−1 , where VðqÞ is the Coulomb potential.
The dispersion of the collective charge excitations is
determined by the poles of the charge susceptibility,
i.e., by the equation
1 þ VðqÞΠE ðqÞ ¼ 0:

ð1Þ

The standard RPA analysis is based on the fact that, in the
long-wavelength limit, the polarization operator behaves as
ΠE ðqÞ ∼ q2 =E2 . This property is a consequence of gauge
invariance and local charge conservation (for a recent
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discussion, see Refs. [25,26]). In two dimensions (2D),
the potential decays as VðqÞ ∼ 1=q, which leads to
pﬃﬃﬃ
the plasmon
the “classical” ωp ðqÞ ∝ q behavior pofﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dispersion with proportionality factor
2πe2 n=m, with
n being the carrier density, e and m the charge and mass
of the electron.
In EDMFT, both the single-particle self-energy Σ and the
polarization operator Π are supposed to be local. While the
former assumption yields a description of strong correlation
physics in the manner of DMFT, the latter therefore leads
to unphysical behavior of the collective charge excitations
and to a divergence of the excitation energy in the longwavelength limit [26]. In Ref. [25], the dual boson
approach has been introduced as a diagrammatic extension
of EDMFT. It allows us to restore the momentum dependence of the polarization operator through a ladder summation of diagrams. This scheme includes vertex corrections
beyond the EDMFT þ GW approximation. It is a minimal
conserving approximation for correlated systems, similar
to the RPA being the minimal theory for the Fermi gas. In
this Letter, we employ this approach to study the charge
excitations in two-dimensional correlated systems with
long-range Coulomb interaction.
We proceed with the prototypical model of a strongly
correlated system, the (extended) Hubbard model
[5,6,27,28]
X
1X
H ¼ −t c†iσ cjσ þ
VðqÞρq ρ−q ;
2 q
ij

ð2Þ

on the two-dimensional square lattice with the charge
susceptibility Xω ðqÞ ¼ hρρiωq. In the above, c†iσ and ciσ
denote the creation and annihilation of an electron on lattice
site i with spin σ ¼ ↑; ↓ and ρi ¼ c†i↑ ci↑ þ c†i↓ ci↓ − 1
describes the deviation of the density at site i from its
average value 1 for the half-filled case that we consider. t is
the hopping parameter.
The long-range Coulomb interaction VðqÞ has the form
U þ V 0 =jqj for jqj > 0 [29], where V 0 is the strength of the
bare or effective screened interaction. Correlated adatom
systems on semiconductor surfaces [30] and the plasmonics
of graphene [31,32] provide beautiful examples of real
phenomena which may be described within this model. The
momentum dependent part corresponds to the asymptotic
behavior of the Coulomb interaction in two dimensions
for distances considerably larger than the interatomic
distance and will result in a plasmonic branch [11–13].
For such distances, the long-range interaction is screened
by the substrate and the potential strength is given by
V 0 ¼ 2πe2 =κ, where κ is the dielectric constant of the
substrate [30]. At short distances, screening effects of the
substrate are often negligible. We therefore add a variable
interaction U to the local part
P which yields an effective

local interaction U ¼ U þ q V 0 =jqj.

(a)
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~ and (b) reFIG. 1. (a) Polarization correction diagram for Π
normalized triangular electron-boson vertex Λ (shaded triangle)
in the dual boson approximation. The shaded square denotes the
renormalized two-particle vertex Γ.

In our calculations, we choose 4t ¼ 1 as the energy unit
and work at fixed temperature T ¼ 0.02 and V 0 ¼ 2, while
varying the parameter U ¼ U þ 1.1. In each case, we
start from a standard, self-consistent EDMFT calculation.
A hybridization expansion continuous-time quantum
Monte Carlo solver [33,34] with improved estimators
[35] is used to compute the imaginary-time correlation
functions of the impurity model without approximation. In
the final impurity solver step, we additionally compute the
(reducible) impurity vertex function γ νν0 ω in the charge
channel, where νðωÞ are fermionic (bosonic) Matsubara
frequencies. The polarization operator is represented in the
−1 − U , where χ
~
form [25] Π−1
ω ðqÞ ¼ ½χ ω þ χ ω Πω ðqÞχ ω 
ω
ω
denotes the local charge susceptibility. The retarded interaction U ω , which is the same as in EDMFT, describes the
mean field screening of the local interaction. It contains
the local part U  of the interaction and is treated on the level
of the impurity model.
~ in turn is given by
The dual bosonic self-energy Π
P
~ ω ðqÞ ¼ νσ λνþω;−ω X~ 0νω ðqÞΛνω ðqÞ (in
[cf. Fig. 1(a)] Π
EDMFT, it is identically zero). Here X~ 0 denotes the
nonlocal part of the bubble. The vertex corrections in
the dual boson approach enter through the renormalized triangular vertex [Fig. 1(b)]: Λνω ðqÞ ¼ λνω þ
P
~0
ν0 Γνν0 ω ðqÞX ν0 ω ðqÞλν0 ω , where Γνν0 ω ðqÞ denotes the lattice
vertex function in the particle-hole charge channel, which is
obtained through the dual Bethe-Salpeter equation [25].
The Bethe-Salpeter equation generates ladder diagrams,
which describe the repeated particle-hole scattering processes that give rise to the long-wavelength collective
excitations.
In Fig. 2 we show the EDMFT local density of states
(DOS) for the extended Hubbard model for three qualitatively different cases: For weak interaction U  , the DOS
exhibits a single quasiparticle peak at the Fermi level.
As the interaction is increased, the peak is renormalized,
as spectral weight is moved to incoherent excitations at a
higher energy. This leads to the formation of Hubbard
bands at energies E ∼ U  =2. Above a critical Uc ∼ 2.4,
the system undergoes a first-order Mott transition [1,4].
The Hubbard bands persist in the Mott phase.
We now turn to the discussion of the results for the
collective excitations. First, we verify in our numerical data
that the polarization behaves as q2 =ðiωÞ2 for any finite
Matsubara frequency ωm > 0 and small momenta [26]. We
hence expect that an RPA-type analysis according to (1)
still holds. In Fig. 3 we plot the inverse of the dielectric
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FIG. 2 (color online). Finite temperature local density of
states of the two-dimensional Hubbard model with long-range
Coulomb interaction calculated within EDMFT. The local interaction U  moves spectral weight from the quasiparticle peak at
the Fermi energy to the Hubbard bands at E ∼ U  =2. For
sufficiently large U  , the system is a Mott insulator.
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0
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function ϵE ðqÞ ¼ 1 þ VðqÞΠE ðqÞ as a function of real
energy obtained by a stochastic analytical continuation
procedure [36]. Despite the appearance of artifacts, the
main qualitative features discussed here are robust. This
quantity can be measured via angular resolved electron
energy loss spectroscopy (EELS) [12,13]. We find that at
U ¼ 1.1, the overall behavior is reminiscent of the RPA.
It can be understood within an itinerant electron picture.
In the proximity of the Γ point, the spectrum exhibits a
single plasmon branch whose energy vanishes in the longwavelength limit. We further see a rather well-defined but
broadened excitation throughout the Brillouin zone with a
wide continuum of particle-hole excitations below. The
energy scales are determined by the hopping rather than
the interaction, just as one would expect from a simple
convolution of weakly renormalized Green’s functions:
The dominant contribution at the M point stems from those
k points connected by M for which the single-particle
dispersion tk is extremal, corresponding to a large density
of states. The energy difference is tM − tΓ ¼ 2. At the X
point, tX − tΓ ¼ tM − tX ¼ 1. The energy scales are indeed
found to be independent of U  in this regime.
At U ¼ 2.1, the picture has changed drastically. The
excitations of the particle-hole continuum are suppressed.
More strikingly, the dispersion is split into two branches
except for small wave vectors. The maximum energy of
both branches is found at the M point, where they are
separated by a gap. The maximum of the lower branch is
consistent with a value of U  =2, while the latter is located at
E ∼ U . These features appear concomitantly with the
Hubbard bands in the density of states of Fig. 2. One
can interpret the lower branch to originate mainly from
particle-hole excitations for which the electron is excited
from the Hubbard band to the quasiparticle peak (or vice
versa), whereas the upper branch stems from excitations
between the Hubbard bands [37]. Similar splitting has also
been observed in EDMFT þ GW calculations for the
extended Hubbard model with short-range interaction
[23,24]. It is further apparent that the low energy, long
wavelength excitations are renormalized in the vicinity of

1
0

FIG. 3 (color online). Inverse dielectric function −Imϵ−1
E ðqÞ
of the 2D Hubbard model with long-range Coulomb interaction
for different values of the effective local interaction U  across
the Mott transition. The spectra show a transition from itinerant
to localized behavior. The interaction causes a spectral weight
transfer as well as a renormalization of the long-wavelength
plasmon dispersion. The dispersion relation ωp ðqÞ2 ¼ αV 0 q is
shown in white.

the Γ point. This is expected for excitations from within the
quasiparticle peak. We will discuss this feature in more
detail below. The renormalization near the Γ point and the
splitting into two branches at the M point are signs of a
crossover from delocalized electrons in the metallic phase
to the local physics in the insulating phase. At small energy
scales electrons are characterized by their quasimomentum
k and the Landau picture of interacting quasiparticles is
valid at long wavelengths, so there is a plasmon branch in
the metal. At larger energy scales, the whole density of
states is relevant, including the Hubbard bands. Physically,
the latter reflects atomiclike, localized features of strongly
correlated electrons.
Figure 3 finally shows the inverse dielectric function in
the Mott insulator at U ¼ 2.6. In this state, a two-particle
excitation corresponds to a creation of a doublon and a
holon, which costs an energy U . Such an excitation is
expected to be highly localized. As a result, we see a
weakly dispersing branch at an energy E ∼ U . The lowenergy plasmon mode has disappeared together with the
quasiparticle peak.
Similar to the single-particle spectra of correlated systems, we observe a spectral weight transfer in the plasmon
spectra. This is clearly illustrated in Fig. 4, where we
show the inverse dielectric function for fixed momentum.
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FIG. 4 (color online). A cross section of the EELS (−Imϵ−1 ) of
Fig. 3 at the M point, q ¼ ðπ; πÞ. The interaction causes a transfer
of spectral density. The arrows indicate the typical energy scales
U  and U  =2.

The respective values of U  are indicated, showing that the
spectral weight transfer is indeed associated with this
energy scale.
The interaction also has significant impact on the plasmon
dispersion. In graphene or in other systems with nonparabolic energy bands, there is a rescaling of the plasmon
spectrum [38]. Evidence for a correlation-induced departure
pﬃﬃﬃ
from the q behavior at finite q has been reported in
Ref. [39]. Fermi liquid theory allows a renormalization of
the plasmon dispersion in systems with broken Galilean
invariance, but can only provide predictions in the long
wavelength limit. We now illustrate how the interaction
renormalizes the dispersion for finite wave vectors.
At small q the polarization operator is, to lowest order,
proportional to ðq=EÞ2 : ΠE ðqÞ ¼ −αðq=EÞ2 þ    (see
Supplemental Material [40] for additional details). The
plasmon dispersion can then be expressed using Eq. (1):
ω2p ðqÞ ¼ αV 0 q þ    :
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ð3Þ

We find that the effect of the interaction is to significantly lower the value of α and has two main effects. First,
the value of the plasma frequency ω0 ðqÞ is renormalized:
For the RPA with U ¼ 1.1 and the dual boson results with
U ¼ 1.1 and U ¼ 2.1, we find αRPA ≈ 0.2, αU ¼1.1 ¼
0.16  0.02 and αU ¼2.1 ≈ 0.07  0.03, respectively.
Compared to RPA, the plasma frequency
is hence ﬃrenorpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
malized for small q by a factor
αU ¼1.1 =αRPA ∼ 0.9
and hence reduced by 10% by the dynamical vertex
corrections included beyond the RPA. Comparing the cases
Uﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼ 1.1 (U ¼ 0) and U  ¼ 2.1 (U ¼ 1) we obtain
p
αU ¼2.1 =αU ¼1.1 ∼ 0.66, a decrease by more than 30%
induced by on-site correlations. We find that while the
plasma frequency decreases as the Mott transition is
approached, the renormalization does not scale with the
quasiparticle weight Z ¼ ð1 − dReΣω =dωÞ−1 [26], contrary to what one might naively expect for particle-hole
excitations within the quasiparticle peak. This implies that
plasmons are considerably affected by the incoherent
(nonquasiparticle) properties of the system. This is consistent with the observation that the spectrum in the middle
panel of Fig. 3 cannot be described in terms of a simple
convolution of renormalized Green’s functions. Because of

FIG. 5 (color online). Renormalization of the plasmon
dispersion at long wavelengths for two values of U  . The symbols
denote the dispersion obtained by analytical continuation. The
dashed lines correspond to a pure square root behavior
ω20 ðqÞ ¼ αV 0 q. The interaction reduces the plasmon energy
and causes a departure from the ω2p ðqÞ ∼ q behavior at smaller
wave vectors.

the internal summation over all fermionic frequencies in the
particle-hole bubble that appears between the scattering
events in the Bethe-Salpeter equation, the quasiparticles
and holes probe the entire energy spectrum. The collective
excitations are hence influenced by the high energy scales
(Hubbard bands). Second, the interaction enhances the
pﬃﬃﬃ
deviation from the ωp ðqÞ ∼ q dispersion. This can be
seen in Fig. 5, where we plot the plasmon dispersion (3)
(solid lines) [41] together with the pure ω2p ¼ αV 0 q form.
The interaction clearly causes the dispersion to depart from
pﬃﬃﬃ
the q behavior at significantly smaller wave vectors.
We expect the spectral weight transfer and the dispersion
renormalization to be general features of plasmons in
strongly correlated systems. The spectral density transfer
leads to qualitative differences in the EELS below and
above Uc . For the particular case of the unfrustrated halffilled Hubbard model on the square lattice, strong antiferromagnetic correlations can also be taken into account,
as they lead to a pseudogap [42] and may open the gap at
any finite U for T → 0 [43]. These effects may alter our
results at low temperatures. Plasmons with energies larger
than the gap can, however, be expected to be unaffected by
the antiferromagnetism.
In summary, we have studied the evolution of the
collective charge excitations across the Mott metalinsulator transition. By means of a ladder diagram summation, we included local as well as nonlocal vertex
corrections to the polarization within the dual boson
approach. This is essential to fulfill the requirement of
local charge conservation, thus providing the q2 =ω2 behavior of the polarization operator in the long wavelength limit.
It allows us to describe the collective excitations in the
correlated state. We have shown that an RPA-type analysis
of the long wavelength excitations remains valid in the
correlated regime. The dispersion of these long wavelength
excitations is however strongly renormalized by the interaction. The renormalization is found not to scale with the
quasiparticle weight, showing that plasmons are affected
by incoherent properties in an essential way. Strong
correlations further lead to a spectral weight transfer of
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the plasmonic modes, which cannot be described within the
RPA. Spectral weight transfer and dispersion renormalization provoke an association of the analogous phenomena
observed in single-particle spectra of strongly correlated
systems. Theoretical and experimental studies of plasmons
in correlated materials, for example, focusing on the mutual
interplay between charge and spin degrees of freedom like
in spintronics or multiferroics, are potentially relevant for
applications. It would further be very interesting to measure
these effects in angular resolved electron energy loss
spectroscopy [44] or inelastic x-ray scattering spectroscopy
[45] of correlated surface systems.
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