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CHAPTER 1
GENERAL INTRODUCTION
The study of electrical transport properties in solid state physics has
developed in a remarkable, at first sight even paradoxical direction in
the last years. Whereas for a long time results were believed to pertain
to properties of conductors in general or at least to specific materials, it
has become clear that in a number of experiments detailed properties of
the sample at hand are very important. Now that it is technologically
possible to make all sorts of conductors with highly controlled
properties, it appears that an important (and interesting) part of the
physics is contained in sample specific properties. It is the purpose of
this introductory chapter to sketch this development. We consider
electrical transport in the presence of an external magnetic field, as the
application of a magnetic field has proved to be an elegant way to
influence the electrical conduction and a powerful tool to study the
relevant processes.
The present attention to sample specific properties is in striking
contrast to the attitude of E.N. Hall, a century ago, who performed an
experiment on gold foil to answer the very general question whether the
force on a current carrying wire in a magnetic field is a force on the
whole wire, or on some electricity transporting medium in the wire. (The
electron was not discovered yet, when Hall performed this experiment.)
Hall argued that if the latter view would be correct one should be able
to press the electricity and hinder its passage through the wire. This
should increase the resistance, but Hall did not observe such an effect.
However, Hall remarked that "the magnet may tend to deflect the
current without being able to do so".1 The transverse voltage that Hall
general introduction
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observed was considered to be an indication of the conductor's opposing
the diversion of the current.
In the first three decades of this century, quantum mechanics was
developed and with it, solid state physics drew attention as a proving
ground for the new theories, because it advanced a number of
experimentally well established observations (magnetism, specific heat,
superconductivity, conduction of electricity with and without an applied
magnetic field, and the positive Hall effect) that could not be explained
at the time. 2 In particular the success of the models for electrical
conduction that regard the conduction electrons in a metal as a gas of
free electrons (as advanced by Drude, Lorentz, and Sommerfeld) was
not understood. In 1928 Kapitza 3 measured the resistance of as much as
30 polycrystalline metals in magnetic fields up to 30 tesla. He noted a
universal magnetic field dependence: in high magnetic fields the
resistance showed a linear dependence on the magnetic field, preceded
by a quadratic regime. The universality of these results was reflected in
the cautiously formulated conclusion drawn from these measurements:
Kapitza proposed that the scattering power of the individual atoms
increases in a magnetic field, as the magnetic field lowers the symmetry
of the atom. This would lead to an increase of the resistance and would
make the linear magnetoresistance an atomic phenomenon, to be
interpreted by quantum mechanics. However, at the same time, Bloch
was working on his electron-like quasi particles in a regular lattice. 2 His
work founded the view that conduction electrons may move through the
solid without being scattered by the individual atoms in the crystal
lattice. Only departures of this regularity proved to be important for the
resistance. Kapitza remarked that it was difficult to think of a way in
which these irregularities could be influenced by an external magnetic
field.
These Bloch electrons and the Fermi surface, which charts the
properties of those electrons that determine the physical properties of
the metal, proved to be very powerful concepts, 4 though they could not
explain Kapitza's linear magnetoresistance (LMR). In 1956 the electrical
transport properties for a metal in a magnetic field was related to the
shape of the Fermi surface, by Lifshitz, Azbel and Kaganov. 5 Their
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theory provides a comprehensive description of a variety of
magnetoresistance data on numerous conductors. In passing, it explained
Kapitza's LMR as an effect in an intermediate range for the magnetic
field parameter in the theory. Increasing this parameter - which is not
done by increasing the applied magnetic field, but rather by removing
the causes for scattering of the electrons through purification of the
material and cooling it to 4 К - should remove the effect by bringing the
material in the high magnetic field regime. However, for certain
materials the LMR persisted even in this high magnetic field range.
Unfortunately, those LMR displaying materials were the ones that were
6
thought to be understood best. Numerous explanations have been
given, each with their own experimental support. Some of the
explanations did not attribute the observed LMR to intrinsic effects in
the resistivity of the conductor, as Kapitza did, but rather to diversions
7
of the current pattern in a magnetic field.
These current diversions in a magnetic field are the subject of this
thesis. To clarify their importance, one must reconsider Hall's
experiment with our present knowledge on conduction processes. For the
evaluation of the current pattern in a conductor a set of well defined
differential equations for the electric field and the current with the
appropriate boundary conditions must be solved. These boundary
conditions may be specified by giving the shape of the sample and the
positions of the sources and sinks of the current. Generally this is a
complicated problem, and the solution can seldom be given explicitly.
Under the simplifying conditions that the conductor is homogeneous and
has a constant thickness, the transport problem can be formulated as a
two dimensional Laplace problem, which can be solved with the aid of
complex function theory.8 The resulting current lines give the ways,
along which the charge carriers (electrons) drift between the current
source and the sink.
If the conductor is exposed to an external magnetic field, a Lorentz
force is exerted on the electrons. This force is directed perpendicular to
the magnetic field as well as to the velocity of the carriers. The Lorentz
force thus tends to deflect the electrons from the least-resistance paths
that were followed in the absence of a magnetic field. However, a
general introduction
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transverse electric field is built up to oppose this deflection. This field is
named after its discoverer E.N. Hall.1 The resulting electric field must
be a solution of the transport equations with the boundary conditions.
This requirement determines to what extent the Lorentz force can be
balanced by the Hall field.9 It turns out that, for homogeneous
conductors with a constant thickness along the magnetic field direction, a
Hall field that exactly balances the Lorentz force, solves the transport
problem. The current pattern in such a conductor is therefore
independent of the applied magnetic field. For these samples, one may
measure resistances, and present the results after translation to
resistivities, as properties of the material under consideration, without
reference to the actual sample on which the measurements were done.
Spatial variations in the conductance properties of the specimen may
lead to variations in the velocity of the carriers and in the Lorentz force
that is exerted on them. Such variations may be externally induced and
their spatial form is, in principle, free. However, the spatial form of the
Hall field that would be needed to balance this force will generally be
unacceptable as a solution of the transport problem. As a consequence,
the carriers will be deflected in the magnetic field and the current
pattern will be magnetic field dependent. This gives rise to an increase of
the resistance of the specimen, but this should not be regarded as an
increase of the resistivity of the investigated material. In this respect it
seems often more correct to discuss actually measured resistances than
inferred resistivities. An example of effects in the specimen that may
alter measured resistances in a way that cannot readily be translated to
the local resistivity is found in structures that display the quantum Hall
effect.1011 In these samples plateaus in the Hall resistance as function of
the magnetic field are found at values connected to fundamental physical
constants only. The Lorentz force on the individual carriers varies with
the applied magnetic field. As the Hall resistance is observed to be
constant at the plateaus, it will be clear that the current pattern must
vary at the plateau and that disorder in the device may be important for
this effect. Magnetoresistance experiments connected to deflections of
the current in a magnetic field are reported in the chapters 2,3,4, and 5.

4
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In connection to these studies of current patterns and equipotential
distributions, it is interesting to consider to what extent the shape of a
specimen needs to be known to interpret resistance measurements
performed on that specimen, i.e. how resistances can be converted into
resistivities. Such a conversion requires the knowledge of a geometrical
factor with the dimension of length. Often the resistance measurements
are performed on conductors with a constant thickness and with four
peripheral contacts for current supply and for voltage measurements. In
that case the geometric factor is simply the product of the thickness of
the conductor and a factor that contains all relevant information of the
shape of the sample under consideration. An elegant method to
determine this dimensionless factor is the one due to van der Pauw.12 In
this method an additional four-terminal resistance measurement is
performed and the factor is found from the ratio between the two fourterminal resistances by means of a universal function. However, the
assumption of a single value for the resistivity cannot be tested by this
method. In view of the developments outlined above the fulfillment of
this condition is by no means evident. Therefore a novel method has
been developed,13 which enables a redundant number of independent
resistance measurements. These data can be used to determine the
resistivity and the Hall coefficient, and then it can be verified whether
the properties of the sample can be described consistently with these
parameters. This new method will be the subject of chapters 6 and 7.

general introduction
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CHAPTER 2
MAGNETORESISTANCE STUDIES OF
INHOMOGENEITIES IN GaAs
J.A.M.M. van Haaren, C.J. Beers, G.J.C.L. Bruls,
A.P. van Gelder, H. van Kempen, and P. Wyder

ABSTRACT
We present a model for the effect of inhomogeneities on the
magnetoresistance of semiconductors. We performed
measurements to test our model on bulk GaAs samples with
macroscopic grooves. We noted a linear magnetoresistance in
quantitative agreement with our model. However in all
samples we found a comparatively large, background linear
magnetoresistance that is attributed to inhomogeneities other
than the grooves. It is argued that magnetoresistance
measurements may serve as a semiquantitative measure for
non-uniformities in semiconductors.
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The technology for producing semiconducting materials has made
considerable progress in the last decades, and is still improving.
Concurrently with these technological advances, the scale of the devices
has decreased and one has turned from the elemental semiconductors to
the III-V compounds. Furthermore the emphasis has diverted from bulk
materials to thin layers. Though the devices are now being produced
under much more controlled conditions, the homogeneity of specimens
used in conductance experiments has not improved, and methods to
characterize inhomogeneities in the conductance properties are of
interest. Among these methods are spreading resistance measurements, 1
selective etching, 2 and optical techniques. 3 In this chapter we propose to
use magnetoresistance studies for the detection of non-uniformities in
the conductance properties of semiconducting specimens. This is
illustrated with measurements on bulk GaAs samples with an
intentionally made, macroscopic groove. In
magnetoresistance
measurements on GaAs bulk samples and on epitaxial layers we noted
effects that may be caused by non-uniformities.
Our mathematical model for the inhomogeneities has been tested
previously on thickness variations in pure aluminium at 4.2 K, where it
was used to explain the contributions to the magnetoresistance that are
linear in the applied magnetic field.4,5 Because of the larger magnitude
of the Hall effect in semiconductors in comparison to metals, the effect
that will be outlined below may be important in semiconductors at room
temperature. To clarify the essence of the model, let us consider a Hall
bar (fig. 1) with a spatial variation in the conductance properties such
that in a magnetic field the Hall voltage varies along the current
direction. This Hall voltage variation may stem from differences between
the two regions either in the Hall coefficient (i.e. the carrier
concentration), or the sample thickness, or the applied magnetic field.
For the moment we will neglect the magnetic field dependence that may
be present in the resistivities and Hall coefficients for the distinct
regions, and we will concentrate on the magnetic field dependence of the
longitudinal voltages VL that adheres to the transition between the
regions. In the two-region sample Kirchhoff's first law - <£Edl = 0 holds, so the difference in Hall voltages is reflected in the longitudinal

8
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Fig. 1: Specimen consisting of two regions with different properties in a
magnetic field.

VH

denotes

the Hall

voltage and

VL

denotes

the

longitudinal voltage.

voltages. This leads to an asymmetry between the longitudinal voltages
registered on opposite sides of the specimen; their difference equals the
difference in the Hall voltages. Expressions for these longitudinal
voltages have been published elsewhere. 4,5 Semiquantitatively it may be
conceived that the voltage along one side of the bar is of the order of
the voltage measured at zero magnetic field, whereas the voltage along
the other side increases linearly with the applied field. In connection
with this distortion of the equipotential lines in the sample of fig. 1, a
constriction emerges in the current distribution near the interface
between the regions with different properties. Fig. 2 shows an example
of the resulting current pattern, under conditions for the magnetic field
and the inhomogeneity that will be given below. Such a constriction
gives rise to an extra dissipation and therefore to an increased magnetoresistance. The Joule resistance that is associated with the dissipated
heat can be shown to equal the average of the voltages registered on
opposite sides of the specimen divided by the measurement current. The
analysis outlined above leads to a magnetoresistance R at magnetic field
strengths В given by:

magnetoresistance studies of inhomogeneities in GaAs
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В

Fig. 2: Calculated current pattern near the interface between the regions,
for ΔμΒ = 1.

R(B) =

w
ΚογΔμΒ

(1)

where RQ is the resistance in zero magnetic field, w is the width of the
specimen, L is the distance between the voltage probes on either side of
the transition, and μ is the mobility. The parameter Δ denotes the
relative variation of the Hall voltages:

Δ =

н+ - VH+
+VΗ
и

(2)

where Vrf and н" are the Hall voltages registered in the separate
regions at such a distance from the constriction at the interface that the
current pattern is homogeneous; this requires distances in the current
direction of the order w (see fig. 2). The linear magnetoresistance result
in Eq. (1) sets in for Δμ5 « 1. Expressions for Δμβ < 1 may be found
in Ref. 5. The current lines in fig. 2 have been calculated for Δμβ = 1.
Contributions to the magnetoresistance that are caused by the magnetic
field dependence of the resistivity and the Hall coefficient for the
separate regions are to be included in RQ.
10

chapter 2

In samples with several regions in series the constrictions occur at
each interface that is passed by the current, and the dissipation at each
of the constriction points must be added to yield the total magnetoresistance. If the extent of the regions is of the order of the width of the
specimens w or less, interference effects between the constrictions may
occur. For regions extending over only a small distance in the current
direction, the current pattern is expected to differ from the one shown in
fig. 2, and the Hall voltage in the middle of the region will not be
determined by the properties of that region alone, but it will be
influenced by the properties of the neighbouring regions too. However,
in the semiquantitative analysis that is pursued here, the constrictions
and their magnetoresistance effects can be considered as independent for
regions with an extension in the current direction of w/4 or more, as the
extra dissipation due to the constriction occurs close to the transition.
This is justified by the concurrence between the present model and
experimental observations on aluminium samples containing grooves with
various extensions in the direction of the average current, the smallest
extension being w/4 (Refs. 5,6). The additive property of magnetoresistance effects caused by a sequence of grooves make it suited to
detect spatially oscillatory variations in the conductance properties.
However, for the applicability of our model, the variations must extend
over lengths comparable to the sample width, as in that case interference
effects can be neglected. For smaller in-plane extensions (λ < w/4) the
model sets an upper limit to the LMR that can be expected for given
inhomogeneities. The magnetoresistance due to an oscillatory variation
in the Hall voltages between V^ and Vff and a wavelength λ, is
estimated to be 2L/K times the magnetoresistance of a single transition
as the one shown in figs. 1,2, so:
R(B) = Κοψ^μΒ

(3)

The application of this mechanism to thickness variations has been
proposed as an important cause for linear magnetoresistance (LMR) in
simple metals.4,5 In semiconductor physics, this LMR has a counterpart7:
On grounds of intrinsic theories one expects a saturation of the
magnetoresistance studies of inhomogeneities in GaAs
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resistance for high fields. Due to the presence of carriers with different
masses, a quadratic increase of the resistance and a magnetic-fielddependent Hall coefficient is expected at low fields. For high fields
( (μο) 2 » 1 ) both Hall coefficient and resistivity should saturate, and
the saturation occurs at approximately the same field for both quantities.
Usually a field independent Hall coefficient is observed for high fields,
but the resistance does not saturate.7·8
This non-saturating magnetoresistance has been related to
inhomogeneities in the charge carrier concentration in a doped
semiconductor.9"12 Herring9 finds a linear magnetoresistance by treating
departures of the homogeneous current pattern with perturbation theory.
This limits the validity of the model to small deviations of the
unperturbed current pattern and the zero-field resistance. Moreover,
Herring's result is obtained without reference to the boundaries of the
specimen. For these two reasons, a current pattern as the one shown in
fig. 2 is beyond his model. A theoretical model 10,11 that bears
resemblance to the one advanced here has been tested experimentally on
InSb specimens with doping gradients.10·11 A qualitative agreement was
obtained; the lack of quantitative agreement was attributed to the great
sensitivity of the magnetoresistance on carrier concentration gradients.
For this reason we have chosen to investigate the viability of our model
for semiconductors by accomplishing a non-zero value for Δ in Eq. (2)
via spatial variations of the sample thickness.
From a slice of η-type GaAs of 1 mm thickness we sawed rectan
2
gular samples of 20 x 5 mm . We cautiously made a groove in the
upper surface with a band saw13 (sample A ). Then we alloyed indium
contacts for voltage and current leads. The same was done for a
contiguous part of the GaAs slice, except for the sawing of the groove
(sample B). A third sample was taken from the same GaAs-slice,
somewhat remote from the other samples. In this sample a groove was
sawn as well (sample C). Samples A and В were single crystals.
Sample С consisted of two crystallites with the grain boundary extending
over the whole width of the bar, at 5 mm distance from the groove. The
samples A and В and the two crystallites in sample С had the sample
surfaces not oriented perpendicular to one of the main crystal axes, but 12
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as the conduction band in GaAs is very isotropic - the orientation of the
slices with respect to the crystallographic axes is not important for the
conductive properties of the samples. In addition, we did measurements
on a number of thin layers grown by liquid phase epitaxy. 14 The
specimen that will be considered here (sample D) is a 9.5 μιη thick layer
grown on the (100) surface of a semi-insulating GaAs substrate. On it a
Hall bar (width 240 μιη, length 400 μπι) has been defined with long
contact arms for voltage measurements and current supply. The
observations on this sample have been reproduced on three similar
specimens. The mobility for samples A ,B, and С was derived from
resistance and Hall effect measurements on the flat sample:
μ = 0.39 m2/Vs at room temperature and 0.45 m2/Vs at 77 K. For
sample D: μ = 0.63 m2/Vs at room temperature and 1.5 m2/Vs at 77 K.
The charge carrier concentration for all samples was about 2 x 10 22 m _ 3
at room temperature, and about 20% lower at 77 К, as was inferred
from Hall effect measurements.
The transverse dc-magnetoresistance was measured at room
temperature and at 77 K, both with sample plane perpendicular and
parallel to the magnetic field direction. The experiments were
performed in a 15 tesla Bitter magnet of the High Field Magnet
Laboratory in Nijmegen. Routinely we measured with reversed field
too, and averaged the results for both field directions.
The conclusions drawn from these measurements are threefold.
First, we observed linear magnetoresistance (LMR) in all measurements
on all samples, under conditions that the Hall coefficient had become
independent of the applied magnetic field (i.e. for magnetic fields of 5
tesla and higher). Secondly, in the grooved sample the LMR found for
the sample plane perpendicular to the magnetic field direction, was
larger than the one for the surface parallel to the magnetic field direction
(fig. 3). Thirdly, the LMR at 77 К was larger than the one measured at
room temperature, especially for the epilayer sample D.
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Fig. 3: Magnetoresistance at room temperature for the grooved sample
and for the flat one (samples A and B, respectively).

As a dimensionless measure for the LMR we will use the Kohier
slope 5:
s

=

1 dR(B)
Ε0μ
dB

=

1 dR(B)
Ru
dB

(4)

The measured Kohier slopes are tabulated for two orientations of the
sample surface with respect to the magnetic field.
The groove depth for samples A and С was (0.35 ± 0.01) mm, and
within measurement accuracy, it did not vary along the groove. For both
samples the thickness was (1.04 ± 0.04) mm. The calculated Kohier
14
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sample

А

В

С

D

0.37 ± 0.03

0.20 ± 0.02

0.39 ± 0.03

0.043 ± 0.005

0.20 ± 0.02

0.15 ± 0.02

0.26 ± 0.02

0.060 ± 0.005

0.63 ± 0.05

0.41 ± 0.04

0.73 ± 0.06

0.17 ± 0.01

0.55 ± 0.05

0.37 ± 0.04

0.55 ± 0.05

0.17 ± 0.01

0.16 ± 0.02

0

0.16 ± 0.02

<0.09

0

0

0

0

293 К

I
77 К
1

Theory
1

Table: Measured and calculated Kohler slopes.
slope (Eq. (2)) is 5 = 0.16 ± 0.02 for samples Л and C. (The
predominant cause of error in these Kohier slopes is the place of the
voltage probes on the sample.) Careful visual inspection of sample D did
not reveal thickness variations. However, under an optical interference
microscope we noticed a number of parallel scratches on the surface with
an estimated depth and (width) of 70 nm. The distance between the
subsequent scratches was typically 40 μηι. The scratches extended over
the whole width of the Hall bar and continued in the substrate. They are
probably of mechanical origin and though our model does not give a
conclusive result on the LMR caused by these narrow grooves, it may set
an upper limit to their effects: Neglecting the interference effects
mentioned above, we find - from Eq. (3) - a maximum Kohier slope of
0.09 for sample D.
The part of the observed LMR that can be attributed to the groove
is given either by the difference 5 ± — Sj for the grooved sample, or by
the difference in Sx between the grooved and the flat sample. The
obtained values agree quantitatively with one given by our model. We
conclude that we observed LMR caused by thickness variations in
gallium arsenide. But the observed magnetoresistance contains
additional, comparatively large, linear contributions that are not
accounted for by thickness variations. These contributions are larger at
magnetoresistance studies of inhomogeneities in GaAs

15

77 К, even after the corrections for the larger mobility at that
temperature, which are included in the definition of the Kohier slope
(Eq. (4)). Considering both the results on the bulk material
(samples A,B,C)
and the epilayer (sample D ) , we conclude that
unintentional thickness variations (e.g. scratches) give only a small
contribution to the linear magnetoresistance in semiconductors. We
suggest some mechanisms that may cause LMR in semiconductors.
First, there may be regions in the material with a different
conductivity, as was first put forward by Herring. 9 It has been
theoretically demonstrated that such regions cause LMR. 1 5 The large
magnetoresistance effects of inclusions with a different conductivity have
been applied in producing resistances with a strong linear magnetic field
dependence. 1 6 For spherical inclusions the derived LMR is isotropic and
proportional to the volume fraction of the differing regions. For large
differences between the host conductivity and the one of the inclusions,
the resulting Kohier slope roughly equals the volume fraction. 15 This
effect would account for the observed isotropy in the LMR of sample D
at 77 K. However, this inclusion-model could only account for our data
with an unrealistically large volume fraction of inclusions with a strongly
differing conductivity.
Non-ideal preparation conditions may cause macroscopic variations
in the impurity concentration (striations) and, therefore, in the number
of charge carriers. These variations have been monitored via resulting
2
differences in the etching velocity and their galvanomagnetic effects
10,11
have been considered before.
The striations cause LMR by the same
mechanism as the one for the thickness variations. The observed Kohier
slopes may be caused by these compositional variations. When variations
are considered with in plane characteristic lengths (λ in Eq. (3)) equal to
w/A, where w is the sample width, one would obtain relative variations
in the concentration of charge carriers between Δ = 0.005 (for sample D
at room temperature) and Δ = 0.06 (for sample С at 77 K, after
correction for the groove). This seems plausible, but the occurrence of
an appreciable LMR if the magnetic field is directed parallel to the
sample plane indicates differences between the two-region model of
fig. 1 and the actual inhomogeneities that would be present in the
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sample.
In epitaxial layers a special type of inhomogeneities may be present:
The thickness of the electrically conducting part of such a layer may
differ from its metallurgical thickness. 17 The electrical thickness, which is
important for the conductivity and the Hall effect, is influenced by the
impurity concentration in the substrate. The width of the depletion
regions increases upon lowering of the temperature. Spatial variations in
the number of electron traps in the substrate under the sample bar will
be reflected in variations of the electrical thickness, and will thus cause
LMR. In our epilayer samples the total thickness of the depletion
regions (at the sample's surface and at the substrate side of the layer) is
estimated at about 0.5 ц т , following the model of Ref. 17. This estimate
is supported by the observed absence of regular conduction in 0.1 μτη
thin layers. Part of the data on sample D can be explained with our
model applied to spatial variations in the electrical thickness of the
epilayer. In the case of in-plane characteristic lengths λ = w/4, where w
is the width of the sample (240 μιη), one could account for our data with
variations in the depletion width of 0.2 μτη at 77 К and 0.05 μτη at room
temperature. Both the order of magnitude of such a depletion width as
well as its temperature dependence seem quite possible. 17 But, again, the
occurrence of an appreciable LMR for the magnetic field parallel to the
sample plane, indicates differences between the inhomogeneities that
cause LMR in sample D and the one modelled in fig. 1.
In conclusion, the theory for ideal semiconductors cannot explain
the experimentally observed LMR. The LMR may be due to various
types of inhomogeneities. Two possible explanations that invoke
inhomogeneities have been considered. First, the inhomogeneities may
be modelled as inclusions without reference to the actual shape of the
sample. This model accounts for the occurrence of LMR of the same
order of magnitude for both orientations of the magnetic field with
respect to the sample, but this model requires an unrealistically large
volume fraction of inclusions with clearly different properties. The
second model considers inhomogeneities that extend over the whole
width of the sample (fig. 1). The viability of this model has been tested
on samples with intentionally made grooves. This model yields LMR, for

magnetoresistance studies of inhomogeneities in GaAs
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the magnetic field directed perpendicular to the sample plane, of the
right order of magnitude for reasonable perturbations of the
homogeneity. However, it cannot account for the LMR observed with
the magnetic field parallel to the sample plane. Application of the
mechanism advanced here to inhomogeneities that are less symmetrical
than the one shown in fig. 1, may lead to comparable Kohier slopes for
both configurations. Whereas the usefulness of the mobility as a figure
of merit for inhomogeneous semiconductors has previously been
questioned, 12 we propose to use magnetoresistance data - collected in the
magnetic field range, in which the Hall coefficient varies weakly with the
applied magnetic field - as a semiquantitative measure of the uniformity
of the devices. The length scale, on which non-uniformities can be
detected in our method, is of the order of 25% of the width of the Hall
bar used in the measurements. The proposed characterization method
may therefore be applied to small scale systems, in which it may be
difficult to monitor inhomogeneities with other techniques.
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CHAPTER 3
THE TWO TERMINAL RESISTANCE
OF QUANTUM HALL DEVICES
G.L.J.A. Rikken,(a'b) J.A.M.M. van H a a r e n d W. van der Wel,<c>
A.P. van Gelder,^ H. van Kempen,(b) P. Wyder,(a-b)
J.P. André/") К. Ploog,(e) and G. Weimann.(f)

ABSTRACT
An analytic solution of the current distribution in a
2DEG near an abrupt variation in the conductance
properties is given. This solution is shown to explain the
approximate quantisation of the two-terminal resistance of a
2DEG at values of h/ie2. The difference between the twoterminal resistance and the Hall resistance is shown to be
determined by an interplay of contact and 2DEG properties,
and is argued to be of the order of 10 - 6 times the Hall
resistance or less, for Au-Ge-Ni and Sn contacts.
Measurements in agreement with this prediction are
presented.
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I. INTRODUCTION
To measure the dc resistivity tensor components of a conductive slab
accurately, one always uses a four-terminal method in order to eliminate
contact effects (fig. 1). With such a method, the two-dimensional
electron gas (2DEG) in MOSFETs1 and heterostructures2 has been
found to give an accurately quantised four-terminal Hall resistance,
whereas the longitudinal resistance vanished. (See fig. 1 for definition of
these quantities and their magnetic field dependences.) This quantum
Hall effect is intensively studied for its fundamental implications and has
found a wide application in metrology. It has also been shown that the
quantum Hall effect yields a quantised resistance in a two-terminal
measurement, i.e. measuring the voltage across the current source and
drain contacts (fig. 1). The accuracy of this quantisation has been found
to be quite high,3·4 but no lower limit has been reported. Satisfactory
explanations of this phenomenon, taking into account the interaction of
the 2DEG with three-dimensional, metallic contacts have not yet been
given. In this paper we will show that the potential distribution within a
system that consists of a 2DEG between two metallic contact regions of
arbitrary thickness, can be calculated analytically. This is then used to
estimate the accuracy of the quantisation of the aforementioned twoterminal resistance. Furthermore, we present high accuracy measurements of this quantity, which are found to be in agreement with the
calculation.
This paper is organized as follows. In section II previous
experimental and theoretical work on the two-terminal resistance is
discussed. It is shown that the analytic solution of the transport problem
by Bruls and van Gelder5"8 applies to this problem. Deviations of the
two-terminal resistance with respect to the quantised Hall resistance are
evaluated. In section III measurements of the two-terminal resistance are
presented and they are compared to the theory.
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Β (Τ)

В (Τ)

Fig. 1: Definition of resistances: the two-terminal resistance Rsn

given by

VSD/I, the Hall resistance RH by VH/I, and the longitudinal resistance R¡0
by ViJl,

as well as their magnetic field dependences for the case of a

2DEG between metallic contacts.

II. THEORY
Experiments on samples in the quantum Hall regime show that the
two-terminal resistance R%O equals the quantised Hall resistance within
the measurement accuracy of Ю - 5 (Refs. 3,4). By making all kinds of
interconnections between contacts on the same device, ,RSD could be
tailored to rational fractions of the quantised Hall resistance, and this
elegantly proofs that the two-terminal resistance is due to current
redistributions at each interface between the 2DEG and a current
two terminal resistance of quantum Hall devices
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carrying contact. 3 The physical cause for such a redistribution is the large
difference in Hall voltage for a 2DEG and a metallic slab: For
Kirchhoff's first law (<£Edl = 0) to be obeyed, the difference between
the voltages across the interface along the two sides of the sample has to
equal the Hall voltage difference. To achieve this, the current in the
transition region will be displaced towards one side of the sample. The
quantised Hall resistance has been shown to be equal to h/ie1, where t is
an integer, within the accuracy of 5 x l 0 - 8 with which this quantity is
known (Ref. 9). On the one hand the accuracy of the two-terminal
resistance is surprising, as the current distribution is highly disturbed
near the current contacts, on the other hand a possibly significant
deviation from the four-terminal Hall resistance remains to be
investigated. Theoretical work up to now 1 0 " 1 4 has not given a satisfactory
description. Rendell and Girvin 10 and Al'tshuler and Trunov, 1 1
considering short-circuiting contacts, calculate a relative deviation of the
order of the difference of the Hall angle from π/2, which can be smaller
than 1СГ10 under standard laboratory conditions. 1 5 Finite-resistivity
contacts were very recently considered by Neudecker and Hoffmann with
numerical methods, 1 2 but the magnitudes of the resistivities and Hall
resistances in their analysis do not apply to the two-terminal resistance of
a 2DEG in the quantum Hall regime between metallic contacts.
Thouless 1 3 calculates the potential distribution in a quantum Hall device
obtaining results similar to Refs. 10,11. He gives a correction due to the
current injection in the contact material for two-dimensional contacts
and an approximation of the correction for three-dimensional contacts.
He finds that the dimension of the contact in the magnetic field direction
is of minor importance for the dissipation near the contact-2DEG
interface. Syphers and Stiles 14 experimentally find a dependence of this
deviation on the contact preparation method, which they attempt to
explain with their heuristic interactive boundary model.
The electric field and current distribution in a long two-dimensional
strip with two neighboring regions, which have different Hall resistances,
have been calculated by Bate, Bell, and Beer 1 6 and by Bruls and van
Gelder. 5 " 8 The exact, analytic solution of the transport problem in Ref. 5
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has been shown to describe magnetoresistance data on pure aluminium
6 7
8
at 4.2 K, · and on gallium arsenide at room temperature, without the
use of adjustable parameters. In those experiments the variations of the
two-dimensional resistivity tensor were realized by varying the sample
thickness of the three-dimensional samples. However, the analytic
solution can be applied to variations in the Hall resistance that have
been achieved by various mechanisms, including difference in sample
thickness, difference in carrier concentration, or spatial gradient in the
5
magnetic field. A solution of this transport problem can be found if the
following two conditions are fulfilled: First, the conduction in both
regions is described by a resistivity tensor. Secondly, the current pattern
far away from the interface must be homogeneous. Moreover, we
assume, for mathematical convenience, that the transition-length
between both regions is small compared to the sample width. The
calculation yields a magnetic-field-dependent current distribution which
is inhomogeneous over a distance L along the strip on either side of the
transition, were L is the width of the strip.
For the moment we will assume that for the case of a long strip of
2DEG between two metallic contact regions (e.g. standard Hall bar
geometries) the above conditions are fulfilled; consequences of
departures from these conditions will be discussed below. The two
contact-2DEG transition regions can be treated as independent parts
with a homogeneous current pattern in the intermediate region, since
they are a distance much larger than 2L apart. From the boundary
conditions it can be shown16 that in the two independent parts the
current pattern is symmetric around its interface. From these
considerations and.using methods of conformai mapping similar to the
ones used in Refs. 10,11, one finds a current pattern as illustrated in
fig. 2, where for χ ^ 0 and 0 s£ y ^ L the current distribution is given
by:5
2φ _

Jxixy)

- Uy(x>y) = τ

1

tanh'fojt ?)
2L

О)

where I is the current, L the width of the Hall bar,
two terminal resistance of quantum Hall devices
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»L

contact

OB

2DEG

contact

Fig. 2: Calculated current pattern across the contact-2DEG interfaces for
b = 10?. The current pattern is homogeneous in the omitted part of the
strip.

b =

Qxy ,c
ÏXX,C

Qxy ,2D

+ Q.χχ,ΙΌ

π — arctan(ò).
φ =—

(2)
(3)

The indices с and 2D refer to the contact and the 2DEG. We note that,
so far the contact has been treated as a two-dimensional,, conducting
region, and that the tensor elements in Eq. (2) are two-dimensional
resistivities with the dimension of resistance. The translation of the
three-dimensional resistivity tensor of the contacting material into the
Qxt.c and Qxyc values, which appear in Eq. (2), has been made by means
of a division by an effective contact thickness, which will be discussed
below. It can be shown that the results of Refs. 10,11 can be obtained as
limiting cases of Eqs. (l)-(3) with ρ^ c = 0 and Q^ I C = 0.
In fig. 2 we used b = 105, which is a reasonable value for the
interface between a 2DEG in the quantum Hall regime and a Contact as
will be argued in our discussion of real contacts below. The current
pattern is a function of a single parameter that measures both the
difference between the regions and the magnetic field. The constrictions
26
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shown in fig. 2 will manifest themselves in a two-terminal resistance RSD
(as defined in fig. 1) through the dissipation associated with them.
Neglecting the resistance of the part of the 2DEG with a homogeneous
current pattern, we find, with the evaluated current pattern, for the
source-drain resistance in fig. 2:

Λ SD

-

(QXX,C

+

QXX,2D)

1 + —Ψ(-ί-) - — Ψ(-Φ-) - — Ψ(Ι--Φ-)
л
2
π
π
π
π

(4)

where Ψ is the digamma function, 17 and φ is given by Eq. (3). Expand
ing the digamma function as a series of Riemann zeta functions yields:
^SD

-

(Qxx,c +

0^,2D

-

QXX,2O)

Qxy,c

ι - ^in2 + l-±-r + j - Σ (W-iX-î-)""1
π
"

π π — φ

π

η=2

π

(5)

For ft » 1, which is the case for the experimental conditions considered
below, Eq. (5) reduces to:

^SD

-

Qxy ,2D

(?*>> ,c

+

(Qxx,c +

QXX,2O)

0.12 + О

(6)

So in this model, the two-terminal resistance is equal to the Hall
resistance of the 2D EG, with corrections originating from the Hall
resistance and the diagonal resistance of the contact. In most cases,
Qxc,2D < < Qxx,c a s follows from the discussion below.
We mentioned above that the resistivity tensor of the contact that is
used in Eqs. (2)-(6) is given by the three-dimensional resistivity tensor of
the contacting material divided by an effective contact thickness. This
effective thickness is introduced by the averaging of the threedimensional current density and electric field in the contact, over the
coordinate along the magnetic field direction, after which a solvable
two-dimensional transport problem remains. Details on this procedure
can be found in Refs. 6,7. ' Only the parts in the three-dimensional
contact through which a current is flowing, must be taken into account
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for this averaging. We will estimate this effective thickness for two
commonly used - but in this respect inequivalent - types of contacts. For
evaporated contacts the actual thickness t will be much smaller than the

100 pm

2

Fig. 3: Cross section of the contacts to the 2DEG: 1 denotes the
heterostructure, 2 the 2DEG, 3 the alloyed contact, 4 the metallic
overlayer, 5 a lead. The effective thickness of the contact is 0.5 \un, the
distance between the contacts is ~ 1 mm.

width of the 2DEG L (see fig. 3). The three-dimensional current
distribution will be homogeneous along the magnetic field direction at
in-plane distances t from the contact-2DEG interface. Therefore the
effective thickness will equal t. However, for alloyed metal dots (fig. 4)
the thickness t will be comparable to or larger than L. In that case the
current will not be homogeneously distributed along the magnetic field
direction at distances L from the interface. As the resistance associated
with the constriction is located within distances L from the interface,
one should take as effective thickness of the contact the thickness of the
current pattern at distances L from the interface. Due to the harmonic
character of the potentials associated with this problem, this extent - and
therefore the contact's effective thickness - is of the order L.
As fig. 2 shows, the current is squeezed into one corner of the
contact-2DEG interface, and the locally high current density will result
in a breakdown of the quantised Hall effect.18,19 Under standard
experimental conditions with overall current densities in the 2DEG of
0.1 to 0.01 A/m, the calculated current density exceeds the
experimentally determined breakdown current density of 0.5 A/m
(Ref. 18) in a region with the size of 10 to 1% of the bar width. In this
28
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Fig. 4: Sketch of the current pattern in the Sn contact: 1 denotes the
heterostructure, 2 the 2DEG, 3 the Sn dot. The current flows through an
elongated part of the dot, with an effective thickness t = L « 100 μ/η.

region, QXX^D increases five orders of magnitude. 1 9 However, this hardly
affects the parameter φ, which determines the current distribution,
because φ is dominated by Q ^ D and QXXtC, as will be shown below.
Therefore, the current distribution of Eqs. (l)-(3) applies to the entire
sample.
Now we will consider the properties of realistic, three-dimensional
contacts to a 2DEG in GaAs-(Al,Ga)As heterojunctions in more detail,
in order to estimate the corrections on the quantised Hall resistance that
can be expected in a two-terminal resistance measurement. (The ideas
will be applicable to the case of a 2DEG in a MOSFET as well.) The
two most commonly applied contacts are the Au-Ge-Ni composite, which
is widely used in commercial electronic devices, and pure tin. The latter
is usually restricted to laboratory applications because, though simple to
apply, it is not stable over long periods of device operation.
We will first focus on the Au-Ge-Ni contact. The alloyed contact
consists of a mixture of alloys like NiGe, Ni As, NÌ2AsGe, and АизОа
of which the first three are most important in reducing the contact
resistance. 20 It has been shown that these alloys are stoichiometric, 20 and
two terminal resistance of quantum Hall devices
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although no data are available on their resistivities and carrier
concentrations at cryogenic temperatures, it seems reasonable to take as
an order of magnitude estimate the values for impure nickel i.e.
1СГ8 Ωτη and 10 2 9 m - 3 respectively.21 The thickness of the contact as
seen by the 2DEG is of the order of 0.5 μτη, being the thickness of the
evaporated contact layers. Alloying times of the order of minutes are
sufficient to let the alloys reach the 2DEG (typically 200 nm below the
surface).
As the tin contact has limited commercial use, very little is known
about the exact contact structure. A typical fabrication procedure is to
alloy tin dots of less than 1 mm diameter in a reducing atmosphere at
400 С for 4 minutes. Probably a mixture of SnAs and ЗпзАвг alloys will
be formed, with resistivities and carrier concentrations comparable with
the alloys in the Au-Ge-Ni case.
In practical samples the contact areas are approximately square or
circular, with dimensions of about 100 μιη, and the current and voltage
leads are positioned near the center of the contact. The transition region
between contact and 2DEG is a ribbon of at most 0.5 μια x 0.5 μιη
cross section, so the solution of Ref. 5 can be applied. The contact2DEG geometry in practical samples may differ somewhat from the
mathematically convenient form in fig. 2. But as the main part of the
dissipation occurs in a very small region near the interface, the
expression in Eq. (6) - possibly with slightly altered numeric constants will apply to practical contact-2DEG geometries. The same conclusion
follows from considerations of inhomogeneities in the current pattern in
22 25
the 'bulk' of the 2DEG as observed by various workers, " because the
constrictions will be dominated by the difference in properties of the
contact and the 2DEG.
For the Au-Ge-Ni contact (0.5 μιη thickness), one finds relative
2
corrections to the quantised resistance h/ie at the i =2 plateau due to
the second, third, and fourth term in Eq. (6) of about 1 0 - 8 , 2 χ I O - 7 ,
and I O - 1 2 respectively. The accuracy of the two-terminal resistance is
therefore limited by an interplay of contact and 2DEG, and not by the
finiteness of the ratio ρ^,ιο/Ρχχ,ιο·
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For the tin contacts (100 ц т effective thickness) one finds from
-11
-9
Eq. (6) for the aforementioned corrections 5 x Ю , 10 , and
14
5 x 10" respectively.

III. EXPERIMENTAL RESULTS AND DISCUSSION
The measurements were made with four samples, whose properties
are listed in table I. Three samples were provided with Au-Ge-Ni
contacts by vapour deposition and subsequent alloying. The resistance of
the current leads was measured separately and corrected for (~ 10 - 6 ).
Sample 4 was provided with small Sn-dots, which were alloyed into the
2DEG. In this sample the two-terminal resistance RSD was measured
directly at the juncture of the current leads to the sample.
sample

growth
technique

electron density
(10

15

m -- )

1

MOCVD

3.6

2

MOCVD

3

MBE

4

MBE

2

mobility

contacts

2

(m /Vs)
10

Au-Ge-Ni

4.0

15

Au-Ge-Ni

3.7

13.5

Au-Ge-Ni

2.5

60

Sn

Table I: Sample properties
The resistance RSO was compared with the Hall resistance Rn by
means of the Potentiometrie resistance comparator at the Van Swinden
26
Laboratories (VSL) of the Dutch National Standards Institute with a
resolution of better than 3 x 10 - 8 . The measurement of the current
leads (for samples 1-3) adds an uncertainty of 10 - 7 . The data were taken
at a temperature of 1.2 К so as to minimize QXX^O- A complication is
the possible inhomogeneity of the samples: The magnetic field is chosen
such that Qxxßu as measured in the middle of the channel is minimal.
Due to the variations of the electron density along the channel, some
parts of the sample might be well off the Q ^ D minimum. Then the
resulting (non-vanishing) longitudinal resistance of the 2DEG that
two terminal resistance of quantum Hall devices
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connects both contact regions might contribute significantly to ft so- To
confirm the absence of this, it was checked that the channel current was
low enough so that no current dependence was detectable, neither in the
quantised Hall resistance nor in the two-terminal resistance. As QXX2O is
27
also strongly current dependent this proves that it does not contribute
significantly to the observed resistances. Only in sample 2 both the t=4
and the i =2 plateaus had sufficiently low Q^^D t o ensure that the
contribution of the longitudinal resistance to ftSD is negligible.
sample

plateau
index i

current
(μΑ)

(RSD — ЯнУЯн
(10-6)

1

2

9-27

0.8 ± 0.1

2

2

9-27

0.4 ± 0.1

2

4

9-27

0.8 ± 0.1

3

2

9 - 18

1.2 ± 0 . 1

4

2

4.5

0.05 ± 0.03

Table II: Relative difference between the two-terminal resistance

(RsD)

and the four-terminal Hall resistances (RH) at the plateaus. The indicated
uncertainties are la estimates.

Table II gives the results. For the thin Au-Ge-Ni contacts the values
of RSO — RH are of the predicted order of magnitude. For sample 2,
Я SD — RH is independent of the plateau index i, in agreement with our
model. For the case of the Sn contact the predicted difference is smaller
than the instrumental resolution. This is in reasonable agreement with
the experimental result. It should be noted that the given uncertainty is
merely an 1σ estimate. To confirm that the small value of RSO — RH in
sample 4 is caused by the larger thickness of the contact, we spread a
Sn-layer, with estimated thickness of ~ 10 μιη, on the Au-toplayer of
the Au-Ge-Ni contacts of sample 3, by melting small pieces of Sn on the
contacts. The sample was heated to a temperature just above the melting
point of Sn for a short time to minimize damage to the underlying AuGe-Ni contact. The value for (ft SD - Ä H V ^ H w a s found to be 7 x 10 - 8
for these thicker contacts.
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As an alternative explanation for the observed difference between
RSO
and /?н, one could think of the metal-semiconductor contact
resistance. The magnitude of such a resistance in the case of a metal2DEG contact is unknown. One would expect however, that such a
mechanism would give approximately the same results for Я so - ^ н for
the Sn and the Au-Ge-Ni contacts. This mechanism would not explain
the dependence of ÄSD - ^ н o n the thickness of the metal contact that
is indicated here.
—ι

1

1

1

г

— V A

-ι

1

1

r

D D

experiments, this work
theory, this work
experiments, refs. 3,i
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Fig. 5: The relative difference of the two-terminal resistance RSD and the
Hall resistance RH according to previous theoretical and experimental
work and the present work. It was reported that RSD equab RH
experimentally within the measurement accuracy of 10'5 (Ref. 3,4). The
published theories, considering idealized short-circuiting contacts, predict
10
differences of KT or less (Ref. 10,11). Our model for realistic contacts
predicts larger differences. Our measurements with thin evaporated
contacts (the larger values) and with thick alloyed contacts (the lower
ones) show a significant difference between RsD and RH, which can be
explained with our model.
Fig. 5 shows the results of this work as well as previously published
results on this subject. A striking consequence of the result summarized
in Eq. (6) is that Л so could, in principle, be smaller than Rn if the
contact material has a large §χ><.. The physical cause for this rather
two terminal resistance of quantum Hall devices
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unexpected result can be seen from fig. 2: in both contact regions there
is a current component perpendicular to the long axis, which causes a
(Hall) voltage along the long axis that opposes the voltage drop within
the 2DEG. In this argument it is essential that У so is measured with
potential leads that have their connections to the contact on the 2DEG
within the magnetic field region (see fig. 1). A different situation occurs
if VSD is probed on the leads for current supply at such distances of the
2DEG that the potential difference is registered between points that lie
outside the magnetic field. In that case Qxy c = 0 at the measurement
positions and the negative contribution to RSD - RH will vanish.
However, the analysis of realistic contacts given above shows that even
in the measurement configuration of fig. 1 a negative value for
/?SD — ^ н will n o t be readily observable.
Now that measurements support our model, we would like to finish
up with pointing out how i? S D - Яц can be measured directly in a
three-probe configuration on a sample that is in the quantised regime.
We propose to apply the current through the source and drain contacts
as in fig. 1, and to measure the voltage between the source contact and a
Hall probe. It follows from our calculations and from fig. 2, that this
value is approximately equal to /? H for Hall probes on one side of the
sample. However, for the probes on the opposite side the measurement
yields (ÄSD - R\i)l2 directly. This way to determine iî SD - i? H
requires solely a nanovoltmeter and a μΑ-current source, in stead of a
high resolution resistance comparator. This can be applied for measuring
properties of the contact via Eq. (6), taking advantage of the welldefined resistive properties of a 2DEG in the quantised regime.
In summary, we have presented a theoretical model for ÄSD - ÄH
and order of magnitude calculations of this quantity for commonly used
contact methods: alloyed Sn dots and evaporated Au-Ge-Ni contacts.
Furthermore, we have presented experimental results in agreement with
our calculations. Our experiments show that thin Au-Ge-Ni contacts
produce a measurable difference between ÄSD a n d ^ н in the quantised
regime. In order to make more affirmative statements, the exact
properties of the alloys constituting the contact regions have to be
known more accurately. Conversely, one may start from our model and
34
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then the two-terminal resistance, or the results of a newly proposed
three-probe measurement may yield information on the contact
properties.
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CHAPTER 4
MAGNETOTRANSPORT IN AN INHOMOGENEOUS
TWO DIMENSIONAL ELECTRON GAS
G.L.J.A. Rikken,( a ' b ) J.A.M.M. van Haaren/ 3 )
A.P. van Gelder/ 3 ^ H. van Kempen/ 3 ) P. Wyder/ a ' b )
H.-U. Habermeier/ C ) and K. Ploog.W

ABSTRACT
We have studied magnetotransport in the twodimensional electron gas (2DEG) in a GaAs-(Al,Ga)As
heterojunction consisting of two contiguous regions in series
characterized by different resistivity tensors as a model for a
realistic, inhomogeneous 2DEG. We observed effects of a
magnetic field dependence of the in-plane band-diagram and
of macroscopic current redistributions. Under conditions
where the first effect can be neglected, the analytic theory
presented here for the current redistribution is shown to
quantitatively describe the observations. In the other case a
mixing between the two effects occurs, which leads to strong
deviations from the predictions by this analytic theory.
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I. INTRODUCTION
Since its discovery1 the quantum Hall effect (QHE) has raised much
interest from fundamental and metrologica! point of view.2 Recently the
important role of spatial inhomogeneities in the QHE has become clear.
Experiments monitoring the current distribution in the two-dimensional
electron gas (2DEG) have found drastic changes in the current pattern
to occur close to the conditions where an integer number of Landau
levels (LLs) is filled, i.e. where the QHE is visible.3 These effects were
attributed to spatial inhomogeneities of the carrier concentration.
Experiments to determine the density of states in a 2DEG in high
magnetic fields have found a constant background between Gaussianshaped LLs. 4 This phenomenon seems to be well explained by statistical
spatial variations of the carrier concentration. 5
As the presence and the importance of such inhomogeneities is
therefore strongly suggested, it is important to study their effect on
magnetotransport properties in a quantitative way. A convenient way to
do this is the deliberate creation of macroscopic ones, as demonstrated
by Syphers and Stiles6 and von Klitzing and Ebert. 7 However, in both
experiments the spatial dependence of the resistivity tensor was not
completely known; Syphers and Stiles6 used the ρ ^ data to characterize
contiguous regions, von Klitzing and Ebert 7 considered a spatial gradient
in the carrier distribution that was characterized by Hall measurements
8
at two different positions. Berkut et д/ created a macroscopic
inhomogeneity by interconnecting two neighbouring MOSFETs, thus
obtaining two different regions that could be manipulated and
characterized independently. However, the results of their characterizing
measurements were not used to interpret their measurements across the
interface quantitatively, probably because their ingenious, non-standard
geometry could not be modelled mathematically.
In this paper we wish to report experiments on the integral QHE in
a GaAs-(Al,Ga)As heterostructure with well characterized, contiguous
regions as shown in fig. 1. In such a geometry, where the carrier
concentrations in both regions differ, two effects can be expected near
the interface between the two parts. First, if a magnetic field is applied,
40
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Fig. 1: Specimen consisting of two contiguous regions in a magnetic field.
VH denotes the Hall voltage and VL the longitudinal voltage.

and current flows across the interface, the Hall voltages in the two parts
will differ. As Kirchhoff's first law (<j>Edl = 0) has to be obeyed, the
longitudinal voltages on the opposite sides of the strip will be different.
This difference will equal the Hall voltage difference. In order to
accomplish this, the current will be pushed towards one end of the
interface. The current pattern in this case can be calculated analytically
as will be shown in section HA.
Secondly, the difference in the carrier concentrations between the
regions will result in net diffusion of the carriers across the interface to
establish equilibrium, i.e. to align the Fermi levels. This additional
spatial variation in carrier concentration may affect the resistivity near
the interface. The formation of LLs in a magnetic field extends and
complicates the effects of such a variation. This in-plane band-diagram
will be discussed in section IIB. In section III experimental details and
results are presented, followed by a discussion in section IV.
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II. THEORY
A. Macroscopic current redistribution
Two heuristic models have been proposed for describing the
interface between two contiguous regions of the 2DEG. In the first
model one considers the two regions as isolated, with an infinite number
of connections along the common boundary. A consequence of this
multiple-connection model is that, in case both regions are quantised,
the total current crosses the common boundary in a very small region.6,7
In the second model, referred to as the interactive-boundary model, this
condition is relaxed and only part of the current is forced to pass the
boundary through a small region. The remaining part passes through the
boundary at will. The ratio of these current components is determined
by the ratio of the ρ^-values in both regions.6 Syphers and Stiles6
conclude that their measurements support the interactive boundary
model.
In general, the current distribution will show a constriction at one
end of the transition between the different regions in fig. 1, which causes
a difference between the longitudinal voltages across the transition. This
difference equals the difference between the Hall voltages that are
measured in the two regions, as required by Kirchhoff's first law. The
current pattern and potential distribution are intrinsically connected to a
polarization of the interface and the outer edge. This transport
problem, which is essentially a two-dimensional problem if there is no
current flow along the magnetic field direction, has been considered by
9
10
Bate, Bell, and Beer and by Bruls and van Gelder. The exact, analytic
solution of Ref. 10 has been shown to describe magnetoresistance data
11,12
on pure aluminium at 4.2 K
and on gallium arsenide at room
13
temperature, without the use of adjustable parameters. In those
experiments the sample thickness of the three-dimensional samples was
11,12
varied, and - after averaging over the magnetic field direction
- this
can be described as a two-dimensional transport problem with varying
two-dimensional resistivity tensors. By applying this theory to the
42
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metallic contact-2DEG transition we could explain both the approximate
quantisation of the two-terminal resistance of a 2DEG at values h/ie2, as
well as the difference between h/ie2 and the two-terminal resistance. 14
The transport problem relevant to this work has been solved
10
analytically starting from the following two presuppositions: First, the
conduction in both regions is described by a resistivity tensor. Secondly,
the current pattern matches to a homogeneous one far away from the
interface. Moreover we assume, for mathematical convenience, that the
transition-length between both regions must be small compared to the
sample width. The resulting current distribution is magnetic-fielddependent and it is inhomogeneous over a distance L along the Hall bar
on either side of the transition, where L is the width of the Hall bar.
The longitudinal voltages between contacts on either side of the
transition, each at a distance L of the transition are calculated to
be 1 0 · 1 2 · 1 3 :
V+ = / (Qxx.i + 9^,2) 1 -

- ψ(ΐ --£•)- Ψ ( 1 )

(1)

for the voltage along the constriction-side, and
У'

= /(Q«,i + Q „ > 2 ) j l -

-

π

¿

(2)

for the voltage along the repulsion-side, where / is the current, Ψ is the
digamma function, 15 and
b =

Qxy,\

Pry ,2

ΘΧΕ,Ι + Qxx,2

π — arctan(ò).
φ = —

(3)

(4)

The magnetic-field-dependent ρ^- and QXy -values for both parts of the
sample should be determined from the measurements on the single
regions. Voltages between contacts at larger distances from the
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transition can be calculated from Eqs. (l)-(4) and from the homogeneity
of the current pattern in the parts of the sample at distances from the
transition that are larger than L. The results are a function of a single
parameter b that measures both the difference between the regions and
the applied magnetic field.
B©

Fig. 2: Calculated current pattern near the interface between the regions.
The voltage measured along the constriction side of the sample is V+
(given by Eq. (1)) the one measured along the repulsion side is V~ (given
by Eq. (2)).

In previous work14 the analytic solution was applied to a transition
between a metal-like contact and a 2DEG in the quantised regime using values for b of the order of 105 - to make order of magnitude
estimates of the difference between the two-terminal resistance of a
quantised 2DEG and its Hall resistance. In the present work b will be of
the order of 1. Now we aim to make a quantitative comparison between
the voltages measured across the transition and the results given by our
analytic solution. Fig. 2 shows the current distribution calculated for
ò = l . Note that the current pattern is symmetric around the interface,
in contrast to the results given in Ref. 6. As a consequence of a
constriction as shown in fig. 2, the dissipation in the structure increases
as compared to that for a homogeneous current pattern.
44
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The electric field that is established in the conductor concomitantly
with the current pattern as shown in fig. 2 has a non-vanishing
divergence at the interface and the outer edges of the specimen. So to
bring about the current pattern and the equipotential lines that solve the
transport problem posed in fig. 1, a space charge is built up at the edges
and at the interface. In the experiments on thickness variations in
aluminium this polarization was measured directly.12 In the structures
that are considered in this work, space charges are created as well by
another mechanism, to be discussed in the next section.

B. In-plane band-diagram
We consider the case as illustrated in fig. 3, where two heterojunctions, each characterized by a different subband energy, Fermi level
and mobility (fig. 3a) are brought into close contact (fig. 3b). Under the
requirement of a constant Fermi level throughout the resulting structure,
electrons near the interface will be redistributed, giving rise to an
electrostatic potential and a shift of the electric subbands with respect to
each other. This calls for a self-consistent solution of the Poisson
equation, using the known dependence of the chemical potential16 and
the subband energy17 on electron density. The application of a magnetic
field causes condensation of the electron states in LLs and an oscillation
of the Fermi level with respect to the subband edge as function of the
magnetic field.17 In the case of different carrier concentrations in both
parts, the periods of these oscillations differ, and an intricate magnetic
field dependence of the aforementioned electron distribution and
electrostatic potential results near the interface. Several cases can be
considered: Over limited ranges of magnetic field strengths the Fermi
level will be, for both parts of the structure in equivalent states, i.e. both
near the center of a band of extended states (as shown in fig. 4a) or
both in localized states. In this case there will be little charge
redistribution across the interface necessary to align the Fermi levels.
Therefore the analytic solution given in section IIA applies.
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Fig. 3: Two 2DEGs with a different electron concentration (a) are
brought into close contact (b). An electrostatic potential is established that
aligns the Fermi levels in both parts of the structure.

On the other hand, if the Fermi level lies in one part in the
extended, and in the other part in the localized states (as shown in
fig. 4b), the LLs and the subbands will bend in the vicinity of the
46
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®
if

Fig. 4: Landau Levels are formed. We distinguish two different cases: (a)
the Fermi levels in both parts lie in equivalent states, i.e both in extended
or both in localized states, and (b) the Fermi levels lie in inequivalent
states, i.e. in one part in extended and in the other part in localized states.
interface. The lateral extent of the bending will depend on the screening
in both parts, and therefore on the position of the Fermi level with
respect to the LLs. Again a self-consistent solution for the band diagram
magnetotransport in an inhomogeneous 2DEG
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is required, but here the problem is very complicated because both the
spatial variation in the charge as well as in the screening must be
determined in a consistent way. Though we cannot give an exact
solution, it will be intuitively clear that the screening length for the
Fermi level lying in the localized states is much larger than the screening
length for the zero field case, as is also supported by calculations in
Ref. 18. The estimated screening length for a 2DEG in the quantised
regime is well below the estimated width of the transition between the
two regions (= 1 μτή). The band-bending results in a strong spatial
dependence of the resistivity near the interface, as this depends
exponentially on the separation between the LL center and the Fermi
19
level. Due to the small spatial extent of these resistivity variations the
+
direct effect on the measured voltages V and V~ will be modest. The
charge redistribution across the interface, due to the alignment of the
+
Fermi levels, has also an indirect effect on the measured voltages V
and V~ through the mixing with the polarization of the interface,
necessary for the current diversion. For the Fermi levels lying in
inequivalent states the solution for the current pattern in section IIA will
no longer exactly describe the problem. But the spatial extent of the
current diversion will still be of the order of the width of the structure
L, and therefore these indirect effects of the charge redistribution will
also extend over a distance L.

III. EXPERIMENTAL SET-UP AND RESULTS
The structure that has been examined in the present experiment is
shown in fig. 5. Three tools have been used for manipulation of the
2DEG. First, the sample that is partly covered by an opaque gate, which
is separated from the GaAs by an insulating layer, can be illuminated by
an infra-red LED outside the cryostat via an optical fiber system.
Secondly, a voltage can be applied between the top-gate and the 2D EG.
Finally, the voltage between the 2DEG and a back-gate that covers the
whole sample can be chosen. These tools enable a subtle manipulation of
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Fig. 5: Sample used for the measurements. The carrier concentration in
both parts can be manipulated by an infra-red LED, a backgate and a
topgate.
the 2DEG, thus preparing macroscopically inhomogeneous
each part of the sample four voltage contacts served for
the state of the 2DEG in that region. The voltages across
were monitored to study the effects of the charge
redistribution.

conditions. In
characterizing
the transition
and current

The sample was immersed in liquid helium at 1.5 K. No light was
admitted during the cooling cycle. Measurements were performed in a
magnetic field perpendicular to the 2DEG. The field was generated with
a 15 tesla Bitter magnet of the High Field Magnet Laboratory in
Nijmegen.
Before manipulation of the sample, only the uncovered part of the
sample showed the quantum Hall effect (ρχ>,-plateaus and QXXoscillations). After illumination and application of the gate voltages
magnetotransport in an inhomogeneous 2DEG

49

both parts of the sample showed decent quantum Hall behaviour,
15
2
characterized by nu = 4.0 x 10 m - 2 and μ^ = 31 m /Vs for the
15
- 2
2
uncovered part, and nc = 3.2 x 10 m
and цс = 3.8 m /Vs for the
covered part of the sample at zero gate voltage, as determined from low
field Shubnikov-de Haas (SdH) effect and zero-field resistance. The low
mobility in the covered part is probably due to charged traps at the
GaAs-insulator interface. The SdH oscillations as registered on contact
pairs along opposite sides of the bar - between contacts 2,3 and 10,9 for
the covered part and between 8,7 and 4,5 for the uncovered part - are
equal in period and, within the experimental accuracy equal in amplitude
on opposite contact pairs in each part. This accuracy is determined by
the uncertainty in the positions along the side of the bar, at which the
potentials are registered. This indicates that both parts of the sample
can be considered as homogeneous, on length scales comparable to the
sample dimensions.
In zero magnetic field the conduction through the transition is found
to be ohmic for currents up to 10 μΑ. The voltages across the transition
are found to be as expected from geometric considerations. The ohmic
behaviour of the voltages across the transition was also tested for
magnetic field strengths of 5, 8, and 11 tesla. We observed small nonlinearities in the voltages, which were similar to the deviations observed
within the separate parts. These non-linearities are probably caused by
warming up, and the measuring currents for the experiments described in
the following have been chosen below the value, where these deviations
became significant. With an applied magnetic field the simple 'geometric
expectation' for voltages across the transition is no longer confirmed.
The difference between the longitudinal voltages, measured on opposite
sides of the sample V+ — V~ (i.e. V9^ — V^4 in the sample shown in
fig. 5) is experimentally found to equal the difference in Hall voltages
over the entire magnetic field range. With an applied top gate voltage,
which reduces or enhances the difference in Hall voltages in the separate
parts, V+ — V~ varied, again in accordance with Kirchhoff's first law.
It is observed that, within the aforementioned uncertainty in the contact
positions, the longitudinal voltages that are registered on opposite
contact pairs change side under reversal of the magnetic field direction.
50
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magnetic field (Τ)

Fig. 6: Measured and calculated resistances as function of the magnetic
field applied perpendicular

to the 2DEG, for the low-field case. The

upper panel shows results for the separate parts in the structure: curve 1 is
V
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transition: curve 3 is V9JI¡6; curve 4: V3JI¡6.

values across the

The values for V98 that

were calculated using Eq. (1) and the QXX- and Q^-values measured at the
separate parts are shown as open circles. The closed circles represent
values for VjJ^^

that were calculated with Eq. (2). The filled bars

indicate the magnetic field ranges where minima in both curves in the
upper panel coincide (equivalent states).
where a maximum

The open bars indicate ranges

in one curve matches a minimum in the other one

(inequivalent states).
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Therefore possible, unintentional inhomogeneities would have to possess
the same symmetry as the deliberately created one. We consider this
observation as an additional indication that the sample consists of two
homogeneous contiguous regions.
Finally we will consider the case of a fixed, small difference between
the carrier concentration in both parts, characterized by QXX (as shown in
the upper panels of figs. 6 and 7) and ρχγ, both as a function of
magnetic field. The voltages measured across the interface are shown in
the lower panels of figs. 6,7 as drawn lines. From the data on the
separate parts, using the solution of section IIA - that is, only taking
into account the current redistribution - we have calculated the expected
values across the interface at many magnetic field strengths and depicted
them in the lower panels for a direct comparison.

IV. DISCUSSION
In the upper panel of fig. 6 the SdH oscillations at the uncovered
part are already seen at much lower magnetic field strengths than at the
covered part, due to the difference in mobilities. In the macroscopic
current redistribution solution the high resistivity of the covered part
dominates, so the low density SdH oscillations are more clearly visible in
the calculated results than the high density oscillations, as is shown in
the lower panel of fig. 6. The experimental results below 2 tesla show
the contrary; the SdH oscillations due to the uncovered part are much
more pronounced. The current redistribution solution therefore does not
describe the data at all magnetic field strengths: Only around the
maxima of the observed resistances across the interface agreement is
obtained. At the other field values the experimentally found value is
lower than the calculated one.
This can be explained by the (in)equivalency of the states at the
Fermi level in the separate parts of the structure, as was mentioned in
section IIB: Below 2 tesla the width of the LLs in the covered part is not
smaller than their separation. The density of states at the Fermi level is
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magnetic field (Τ)
Fig. 7: Resistances shown in fig. 6 for high magnetic fields. The upper
panel displays results on the separate parts, curve 1: (V23 + V^g}!!!^
curve 2: (V4_5 + ^ЩІ^
curve 3: (V¡02 + ^Ш^
curve 4:
(Vs . + V- J/21,6. The lower panel shows results across the transition,
curve 5 and open circles: measured and calculated values for VyJI^
curve 6 and filled circles: measured and calculated values for V3JIj6. The
filled bars indicate the magnetic field ranges with the Fermi level in
equivalent states (i.e. coincedent minima or maxima with the same filling
factor in curves 1 and 2), the open bars the ranges with inequivalent states
(i.e. minima matching maxima in curves 1 and 2).
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therefore approximately constant. But in the uncovered part clear LLs
develop for В ^ 0.5 tesla. At the aforementioned maxima the Fermi
level is in the extended states in both parts. Therefore the current
redistribution solution is expected to apply, as was observed. But for the
other Fermi level positions in the uncovered part, the space charge at
the interface causes a bending of the subbands at both sides. It is
observed that the mixing of the two mechanisms for carrier redistribution
- the polarization due to the current diversion (section IIA) and the
charge redistribution due to the Fermi level alignment (section IIB) results in a lowering of the voltages measured across the interface.
In the higher field ranges the LLs in the covered part are formed as
well. So the Fermi level can be in localized states in this part too. In
fig. 7 we have indicated the magnetic field ranges where the Fermi level
lies in equivalent states (filled bars), as well as the ranges where it lies in
clearly inequivalent states (open bars). In the former case good
agreement between the data and the current diversion solution is
obtained, whereas in the latter case the observed resistances are again
lower than the calculated ones. For the other magnetic field ranges no
clear statement on the equivalence of the states and the agreement
between the data and the solution of section IIA can be made. The fact
that the experimentally observed resistances are smaller than the
calculated ones taking into account the current diversion only, suggests
that the mixing between the carrier redistributing effects alleviates the
constriction in the current pattern.

V. CONCLUSION
The results above show that even in the simplest possible case of an
inhomogeneous 2DEG, consisting of two contiguous regions in series,
magnetotransport can only partially be described in a quantitative way:
For magnetic field ranges with the Fermi level in equivalent states in
both parts of the 2DEG, charge redistribution was argued to be small
and our analytic solution for the current pattern was shown to be
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quantitatively correct. However, if the Fermi level lies in inequivalent
states charge redistribution is important too and a quantitative
description of the interacting effects cannot be given yet. Further
theoretical and experimental work is needed on this subject. Only after
clarifying this, the quantitative study of current redistribution around
arbitrarily shaped inhomogeneities in a 2DEG can be successful.

ACKNOWLEDGEMENTS
We gratefully acknowledge helpful discussions with J.C. Maan and
M. Altarelli, and are indebted to R. Gelsing for technical assistance.
This work is part of the research program of the Stichting voor
Fundamenteel Onderzoek der Materie (FOM) and was made possible by
financial support from the Nederlandse Organisatie voor Zuiver
Wetenschappelijk Onderzoek (ZWO).

magnetotransport in an inhomogeneous 2DEG

55

REFERENCES
(a)

(b)
(c)
1
2
3

4

56

Research Institute for Materials and High Field Magnet
Laboratory, University of Nijmegen Toernooiveld, NL-6525 ED
Nijmegen, The Netherlands.
Max-Planck-Institut für Festkörperforschung, Hochfeld-Magnetlabor, В.P. 166Х, F-38042 Grenoble-Cedex, France.
Max-Planck-Institut für Festkörperforschung, D-7000 Stuttgart 80,
Federal Republic of Germany.
К. von Klitzing, G. Dorda, and M. Pepper, Phys. Rev. Lett. 45,
494 (1980).
The quantum Hall effect, edited by R.E. Prange and S.M. Girvin
(Springer, New York, 1987).
E. K. Sichel, M.L. Knowles, and H.H. Sample, J. Phys. С 19,
5695 (1986);
G. Ebert, К. von Klitzing, and G. Weimann, J. Phys. С 18, L257
(1985);
Η. Ζ. Zheng, D.C. Tsui, and Albert M. Chang, Phys. Rev. В 32,
5506 (1985);
R. Woltjer, R. Eppenga, J. Mooren, C E . Timmering, and J.P.
André, Europhys. Lett. 2, 149 (1986).
E. Gornik, R. Lassnig, G Strasser, H.L. Störmer, A.C. Gossard,
and W, Wiegmann, Phys. Rev. Lett. 54, 1820 (1985);
T.P. Smith, B.B. Goldberg, P.J. Stiles, and M. Heiblum, Phys.
Rev. В 32, 2696 (1985);
J.P. Eisenstein, H.L. Störmer, V. Narayanamurti, A.Y. Cho, A.C.
Gossard, and C.W. Tu, Phys. Rev. Lett 55, 875 (1985);
H.P. Wei, A.M. Chang, D.C. Tsui, and M. Razeghi, Phys. Rev. В
32, 7016 (1985);
E. Stahl, D. Weiss, G. Weimann, К. von Klitzing and К. Ploog, J.
Phys. С 18, L783 (1985);
I.V. Kukushkin and V.B. Timofeev, Pis'ma Zh. Eksp. Teor. Fiz.
43, 387 (1986) [JETP Lett. 43, 499 (1986)];

chapter 4

5
6
7

8

9
10
11
12
13

14

15
16

D. Weiss, V. Mösser, V. Gudmundsson, R.R. Gerhardts, and K.
von Klitzing, Solid State Commun. 62, 89 (1987);
T.T.J.M. Berendschot, H.A.J.M. Reinen and H.J.A. Bluyssen,
Solid State Commun. 63, 873 (1987).
V. Gudmundsson and R. Gerhardts, Phys. Rev. B. 35, 8005
(1987).
D.A. Syphers and P.J. Stiles, Phys. Rev. В 32, 6620 (1985).
К. von Klitzing and G. Ebert in Solid-State Sciences, Volume 53:
Two-Dimensional
Systems, Heterostuctures, and Superlattices,
edited by G. Bauer, F. Kuchar and H. Heinrich (Springer, Berlin,
1984) p. 242.
A.B. Berkut, Yu.V. Dubrovskii, M.S. Nunuparov, M.I. Reznikov,
and V.l. Tal'yanskii, Pis'ma Zh. Eksp. Teor. Fiz. 44, 252 (1986)
[JETPLett. 44, 324(1986)].
R.T. Bate, J . С Bell, and A.C. Beer, J. Appi. Phys. 32, 806
(1963).
A.P. van Gelder, Lecture Notes, unpublished, 1983; see also
Refs. 11-13 and Appendix В of this thesis.
G.J.C.L. Bruls, J. Bass, A.P. van Gelder, H. van Kempen, and P.
Wyder, Phys. Rev. Lett. 46, 553 (1981).
G.J.C.L. Bruls, J. Bass, A.P. van Gelder, H. van Kempen, and P.
Wyder, Phys. Rev. В 32, 1927 (1985).
J.Α.M.M. van Haaren, C.J. Beers, G.J.C.L. Bruls, A.P. van
Gelder, H.van Kempen, and P. Wyder, to be published (chapter 2
of this thesis).
G.L.J.A. Rikken, J.A.M.M. van Haaren, W. van der Wel, A.P.
van Gelder, .Η. van Kempen, P. Wyder, J.P. André, К. Ploog,
and G. Weimann, accepted for publication in Phys. Rev. В
(chapter 3 of this thesis).
M. Abramowitz and I.A. Stegun, Handbook of Mathematical
Functions (Dover, New York, 1965) p. 258.
Density of states is m*/nh2, where m* = 0.067 mo is the GaAs
effective mass.

magnetotransport in an inhomogeneous 2DEG

57

17
18
19

58

F. Stern and S. Das Sarma, Phys. Rev. В 30, 840 (1984).
S. Das Sarma, Phys. Rev. В 23, 4592 (1981).
H.L. Störmer, D.C. Tsui, and A.C. Gossard, Surf. Sci. 113, 32
(1982).

chapter 4

CHAPTER 5
THICKNESS VARIATIONS AND
THE CORBINO EFFECT
J.A.M.M. van Haaren, G.J.CL. Bruis, A.P. van Gelder,
Η. van Kempen, and P. Wyder

ABSTRACT
We examined the effect of thickness variations in
Corbino samples of pure aluminium at 4.2 К in magnetic
fields up to 7 tesla. Only thickness variations that affect the
axial symmetry of the sample were found to perturb the
Corbino current pattern and to lower the magnetoresistance.
A simple model accounts for our data and also shows, that
the linear magnetoresistance, which has been observed for
simple metals in earlier experiments in the Corbino
geometry, may have been caused by unintentional variations
in the thickness of the sample.

Part of the work reported in this chapter has been published in Phys.
Rev. В 34, 6813 (1986).
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I. INTRODUCTION
A Corbino disk1 is a circular conductor with one current contact in
the centre of the disk and the other current contact around the outer
perimeter. In such a disk the current contacts are equipotential surfaces,
and this holds also when a magnetic field is applied. In the experimental
set-up the voltage between two points г χ and г 2 is measured as function
of a static magnetic field Β = Β ζ perpendicular to the disk. Because of
the axial symmetry all equipotential surfaces are circular. When, with
increasing magnetic field, the radial component of the current density JT
is kept constant, the tangential component /ψ will grow linearly with the
applied magnetic field. The voltage V measured between r j and г 2
consists of a field independent part, due to JT, and a part increasing
quadratically with the magnetic field, which can be considered as the
Hall voltage due to /ψ:

Неге d is the thickness of the conductor, β = RHB/Q is a dimensionless
measure of the magnetic field, Яц the Hall coefficient, and ρ the
resistivity. Both i ? H and ρ are generally magnetic field dependent.
The Corbino effect has been exploited to measure the lattice
thermal conductivity in pure In, 2 * 3 Al, 4 and K. 5 In these experiments the
large electronic component of the thermal conductivity is suppressed by
the magnetic field, and the lattice component is consequently found by
extrapolating the high field values.
For a correct description of the electronic (thermal) conductivity one
modifies (the thermal analogue of) Eq. (1) in two ways:
The Corbino method is most useful for high magnetic fields, β » 1.
At these fields the simple metals show a saturation of RH and ρ,
and one can substitute the saturation values for RH and ρ in
Eq. (1).
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For a correct interpretation of the results one had to take the linear
2
magnetoresistance (LMR) into account. Though the LMR is well
known from experiments on simple metals in the Hall bar geometry,
its origin is not fully understood. It is incorporated phenomenologically by multiplying the xx- and yy -components of the resistivity
tensor by 1 + αβ, where α is a dimensionless measure of the LMR,
the so-called Kohier slope. In the Corbino geometry one accounts
for the effect of the LMR by dividing the right hand side of Eq. (1)
by 1 + αβ, provided that β » Ι,α.
The LMR has been incorporated in all cited experiments, yielding
2 5
otherwise confirmed results for the lattice thermal conductivity. " It has
also been found in the results on our unperturbed Corbino sample. For
LMR caused by intrinsic sources, incorporation in the resistivity tensor
has some physical relevance. In this paper we will show however, that
non-circular thickness variations in a Corbino sample modify the current
pattern and thus cause LMR. A description with a Corbino current
pattern and a resistivity tensor with a Kohier slope might be phenomenologically satisfactory for such samples, but it clearly does not treat the
underlying physics correctly.
A new mechanism for the LMR of samples in the Hall bar geometry
has recently been proposed by Bruls et al.6'7 They attribute the LMR to
variations in the sample thickness along the magnetic field direction that
extend perpendicularly to the direction of the current. Such thickness
variations cause a magnetic-field-dependent current distribution, and
yield an additional magnetic-field-dependent dissipation. The resulting
resistance increases linearly with the applied magnetic field for high
fields. The magnetic-field-induced current diversions result from
variations of the Hall voltage along the current direction. These
variations may be caused by a varying sample thickness along the current
direction, but a varying Hall coefficient or a varying magnetic field will
give rise to the same effects.
In semiconductors, inhomogeneities cause variations in the Hall
coefficient and they give also rise to an additional magnetoresistance.
Attempts to experimentally verify theories on this effect8 yielded only
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qualitative agreement, however, as it is difficult to make samples with
well defined variations in the concentration of charge carriers. In view
of the equivalence - with respect to the transport problem - of variations
in the Hall coefficient and thickness variations, such theories are better
tested in metals (e.g. aluminium) with well defined thickness variations,
than in semiconductors with poorly defined variations of the Hall
coefficient.
The effects of inhomogeneities in an (InSb) Corbino sample have
9
previously been considered by Beer. He suggested that the absence of a
Hall field in a Corbino disk diminishes the effect of inhomogeneities on
the magnetoresistance. He calculated the effect of axial-symmetric nonuniformities, and concluded that these do not affect the quadratic
9
magnetoresistance in a Corbino disk. This conclusion is however a
consequence of the symmetry of the inhomogeneity considered. In
practice, inhomogeneities do not possess this symmetry, and we will
show that non-circular thickness variations will cause severe distortions
of the Corbino effect.

II. EXPERIMENTAL DETAILS.
The samples were cut, using spark erosion, from high purity polycrystalline Al-plates (residual resistivity ratio 26,000 after annealing)
obtained from the Vereinigte Aluminium Werke.10 We made circular
disks of 55 mm diameter. Spark erosion was also used for forming
grooves and projections. Holes of 0.8 mm diameter were drilled through
the sample to attach the voltage leads and the central current contact.
Then, the samples were annealed for one hour at 500 С in air, and the
contact leads were soldered with special aluminium solder. For the outer
current contact an indium ring was pressed tightly to the aluminium disk.
On the ring eight equally spaced current leads were soldered, and these
were attached, each in series with a 10 Ω load resistor, to one terminal
of the current source, while the other terminal was used for the inner
contact.
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Six voltage contacts were made, three on 6 mm and three on 18 mm
distance from the central contact. The inner and outer contacts were
positioned in pairs on lines running through the centre of the disk.
Measurements were done on the following four samples:
Sample A, a flat disk of 1 mm thickness.
Sample B, a 1 mm thick disk with a circular groove of 0.15 mm
depth, 8 mm inner radius and 10 mm outer radius.
Sample С is made from sample A : but a straight groove was
machined through the centre of the disk extending over the whole
sample and then the sample was annealed again. The depth of the
groove is 0.30 mm, its width 2 mm.
Sample D, a 1.5 mm disk with a straight projection through the
centre of the disk over the whole sample. The height of the
projection is 0.5 mm, its width 2 mm.
In samples С and D the axial symmetry is broken, and the angle of
the lines of the voltage probes with the centre line of the groove or
projection is important. The first pair of contacts was placed on the
centre line of the groove or projection, the second pair at an angle of
23°, and the third pair at an angle of -138° with respect to the first pair
of contacts. (The sample is sketched in the inset of fig. 3.) The pairs of
contacts will be referred to as pair 1,2 and 3 respectively.
All measurements were performed in a 7 tesla superconducting
magnet at 4.2 K.

III. DATA AND ANALYSIS.
We first report the data for our samples A and B. In both samples
the magnetoresistance is quadratic in the applied field with an additional
linear magnetoresistance. This is shown in fig. 1, where we plotted GB2
versus the magnetic field B, with the conductance G = І/ {т\,т^). For
fields above 1 tesla, we obtain straight lines with slope G α/μ and offset
G/μ2, where μ = RH/Q- F o r fields below 1 tesla the magnetoresistance is
not quadratic.
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2
A
6
magnetic field B(T)
Fig. 1: GB2 plotted against the magnetic field B, where G is the
conductance for the axial-symmetric samples. Sample A (open symbols) is
flat, sample В (filled symbols) has a circular groove between the voltage
contacts. The different symbols refer to measurements across different
pairs of voltage contacts. Error bars are drawn for fields below 2 tesla,
for higher fields they become negligible on the scale of this graph.
In both samples the different pairs of voltage contacts on each
sample showed nearly the same resistance. The small differences can be
explained by unintentional differences in the geometric factor of Eq. (1).
All measurements were performed for both field directions perpendicular
to the disk; the differences between the results for the two different
directions were negligible.
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From the slope and the offset in fig. 1 we find a Kohier slope for
sample A : a = (2.7 ± 0.3) 1 0 - 3 and a saturation resistivity ρ =
(3.2 ± 0.3) Κ Γ 1 2 Ωτη. For sample Β:
α = (1.8 ± 0.3) Ю - 3 and
ρ = (2.8 ± 0.3) Ι Ο - 1 2 Ωτη.
τ

0

1

г

2
i
6
magnetic field Β (Τ)

θ

Fig. 2: Voltage divided by the current for samples A and C. The inset
shows the geometry of current and voltage contacts used. The upper curve
gives the results for a flat disk (sample A), the lower curve for this same
disk after a groove had been machined (sample C).
Let us next consider the samples С and D. Fig. 2 shows the effect
of a straight groove in a Corbino disk: the upper curve is measured on
sample A, the lower curve on sample С, across the third pair of voltage
contacts, obviously the Corbino effect is frustrated by the presence of
the groove. Fig. 3 shows in more detail the voltage divided by the
thickness variations and the Corbino effect
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measuring current (usually 1 A), measured across the different pairs of
voltage contacts on sample С for the two directions of the magnetic field
normal to the disk. These data have been collected in a single
measurement's serie, without altering the sample's conditions.

0

2
4
6
magnetic field Β (Τ)

8

Fig. 3: Voltage divided by the current for sample C, a grooved disk,
measured across the pairs of contacts 1 (squares), 2 (triangles), and 3
(circles) for the two different directions of the magnetic field (see inset).
For sample D the order of magnitude of the effect of the thickness
variation, the dependence on contact position and on the direction of the
magnetic field concurred with the results on sample С. On sample D,
we also did some measurements with a displaced central current contact,
using the inner voltage probe of the second pair of contacts as current
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contact. The potential differences across the first pair of contacts were
reduced for both field directions. Displacing the central current contact
reduced the voltages across the third pair of contacts for only one
direction of the magnetic field, as is shown in fig. 4.
The results for samples С and D depended on the force that
pressed the indium ring against the aluminium disk. Pressing the ring
more tightly to the disk raised the voltage across the third pair of
contacts, with reproducible maximum values. These maximum values
have been used in this paper. The minimum registered voltage was,
irrespective of the applied field, about 70% of this value. The voltage
across the other two pairs of contacts varied less systematically, but they
were all of the same order of magnitude as the data in fig. 3. For
samples A and В such effects were not observed.
The dependence of the results on the magnetic field direction and
the contact position is proof that the samples С and D did not exhibit a
Corbino-like current pattern. In practical situations often a single pair of
contacts is available for voltage measurements and one can only check
the dependence on the magnetic field direction. 2 " 5 If both directions
yield nearly equal results, one generally assumes that the Corbino
formulas are valid. Deviations from the ordinary quadratic magnetoresistance are then interpreted as an intrinsic (linear) magnetoresistance.
In samples С and D the voltage measured across the third pair of
contacts could be erroneously interpreted as a proper Corbino result. It
is interesting to analyse these data, the way we analysed the results for
samples A and В in fig. 1. This is done in fig. 5. For both samples we
observe an LMR deviation in the Corbino magnetoresistance, similar to
fig. 1. Ignoring our knowledge of the severe deviations from the proper
Corbino current pattern, we can determine values for Kohier slope α
and saturation resistivity ρ. We find for sample C: a = (0.11 ± 0.02)
-12
and ρ = (3.4 ± 0.7) Ю
Qm and for sample D: α = (0.08 ± 0.02)
12
and ρ = (1.3 ± 0.5) Ι Ο " Ωτη.
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Fig. 4: Voltage divided by the
current across the third pair
of contacts on sample D, a
disk with a projection, meas
ured with the normal central
(circles) and with a displaced
central

current

contact

(squares). The filled and open
symbols
directions

refer

to

of

the

the

two

magnetic

field as in fig. 3.

3

4
5
6
magnetic field (Τ)

Fig. 5: GB2 plotted

against

magnetic field B, where G is
the current

divided

by

the

voltage, measured across the
third

pair

of

contacts

on

sample С (filled circles) and
sample D (open circles).
2
4
6
magnetic field Β (Τ)
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IV. DISCUSSION
This section is divided into four parts. In part (A) we discuss the
data on the samples with axial symmetry. In part (B) we present a model
for grooves in a Corbino disk and we show that it describes our data on
the samples with non-circular thickness variations reasonably well. The
data on these samples are discussed in more detail in part (C). In part
(D) we answer the question, why symmetry is important in the Corbino
geometry.

A. Samples with axial symmetry.
The results on sample A are representative Corbino data: we find
both the strong quadratic component as predicted by Eq. (1) and an
LMR deviation of the same order of magnitude as the ones reported in
Refs. 2-5. The circular groove in sample В does not damage the Corbino
effect, and it does not have a significant effect on the Kohier slope. In
both samples the axial symmetry of the current pattern is reflected in the
small difference between the voltages registered across the different pairs
of contacts.

B. Model for grooved samples.
We performed measurements on samples with thickness variations of
30%. Unfortunately, an exact solution of the transport problem in this
case is too difficult. An interesting limiting case that can be treated
mathematically, is the Corbino disk with a groove totally cut through,
i.e. a segment of a circle with current contacts on the inner and outer
arcs.
The current distribution in such a segment can be found by a
conformai mapping of the current lines in a rectangular plate with
current contacts covering two opposite sides, on to this segment. The
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Fig. 6: Calculated current pattern for a semicircular conductor with
short-circuiting current contacts on inner and outer arc in a high magnetic
field.

current pattern in the rectangular plate is given in Ref. 11: it shows a
magnetic-field-dependent compression in the vicinity of the current
contacts. In most customary four-probe configurations this effect is
unobservable. But, after the conformai transformation to the Corbino
segment, the current lines are distorted over the whole sample, as is
shown in fig. 6. Starting from the result in Ref. 11, it is easily shown
that the voltage
between inner and outer current contact in the
Corbino segment is given by:
V, = hQ

1П(Г0/Г;)

πά,

1+

π
β
In(roAi)

(2)

Неге ds is the thickness of the semicircular disk, / s the current in the
semicircle, and r¡ and r0 the radii of its inner and outer current contacts.
A grooved sample can now be regarded as a parallel-circuit of a
Corbino disk and circle segments. At the lowest fields the magnetoresistance shows a Corbino-like behaviour; with increasing field the
segments gain importance, and the linear term of Eq. (2) will result in
an additional, eventually dominant LMR. Let us consider a surface of a
Corbino disk, divided into η equal circle segments by narrow grooves
with relative depth ƒ . Magnetoresistance measurements with the
potential leads on the current contacts, yield an LMR with Kohier slope:
70
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a = f ln(ro/ri)

"t

(3)

In most experiments ƒ « 1 and the factor following ƒ is typically
of order unity. This means that the grooved disk shows a Corbino-like
behaviour for low fields, but with increasing field the segments become
more important and the LMR is dominant for /' / 2 ß > 1. The reported
Kohier slopes in Refs. 2-5 are of order 10 - 2 , and the measurements were
performed in the high field limit β » 1, so we conclude that
unintentional grooves in the surfaces may have been the cause of the
LMR in these experiments.
The potential leads were not positioned on the current contact in
our experiment. Taking this into account, our model yields for the third
pair of contacts in sample C: α = 0.12 ± 0.02, in agreement with the
Kohier slope found in fig. 5.
The deviations in the Corbino effect for sample D, the Corbino disk
with the straight projection, resemble the ones found in the grooved
sample. Apparently, Sample D can be considered as a Corbino disk with
a parallel-circuit of circle segments as well. The magnitude of the effect
indicates that the circle segments in sample D are not the projections
themselves, but rather the semicircles in the surface that are separated
by the projection. We believe that the above given model for grooves is
relevant to other perturbations in the axial symmetry as well. Our
measurements indicate that these perturbations in samples С and D are
approximately equal, in accordance with the equivalence in relative
thickness variations in both samples.

С Samples with non-circular thickness variations.
In this section, it will be shown that part of the observed depen
dence of the registered voltages on the direction of the magnetic field,
on the position of the central current contact, and on the pressure of the
contact ring to the disk, can be explained by our simple model.
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Reversing the magnetic field displaces the constrictions in the
current pattern in fig. 6 to the opposite corners of the circle segments.
So the voltage across pairs of contacts that are not on the bisector of the
circle segment is expected to change under reversal of the magnetic field.
The third pair of potential leads in fig. 3 is closest to this bisector, and
the observed voltages are described well by our model; for the voltages
across the two pairs of leads in the vicinity of the thickness variations the
model is too simple.
Displacing the current contact will disturb the equivalence of the
current patterns in the two semicircles. This asymmetry is expected to
depend on the magnetic field direction. In the semicircle containing the
displaced current contact, the path from the constriction on the inner
contact to the constriction on the outer contact is shorter than the path
for the central current contact. This reduction is appreciable for only
one direction of the magnetic field. In that situation, the voltage across
the third pair of contacts (in the other half of the sample) will be
noticeably reduced. This is in accordance with our observations in fig. 4.
The reduction of the voltages across the first pair of contacts located on
the thickness variation, which was reported in section III, can be
understood too: the registered voltage can be regarded as the Hall
voltage of the current that traverses the projection between the potential
leads, and - for both directions of the magnetic field - this traversing
current will be reduced for a displaced inner current contact.
In the experiment, typical resistances in the indium contact ring as
well as the ones along the periphery of the aluminium disk are small
compared to the interface resistance between ring and disk. So our
model, in which the outer current contact is an equipotential surface, is
approximated best if the interface resistance between the ring and the
disk is the same anywhere along the perimeter. Local fluctuations in the
interface resistance are inevitable, but they are unimportant if their
extent is small compared to the perimeter of the disk. This range is
smallest for uniform pressure of the ring to the disk. Indium is easily
deformed, so the most uniform contact is obtained when the ring is
tightly pressed to the disk.
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The current pattern in the samples С and D is rather sensitive to
the uniformity of the outer current contact, because of the current
constrictions discussed in connection to fig. 6. Especially the voltages
measured across the potential leads near the thickness variations will be
sensitive to changes in the uniformity of the outer current contact, i.e.
on the pressure of the ring to the disk. In the axial-symmetric samples A
and В fluctuations in the interface resistance are less prominent, because
they perturb the current pattern over only small radial distances, due to
the Corbino effect. The fact that the positions of the potential leads do
not coincide with the current contacts in our experiment, suppresses
these contact effects in the samples A and В more than in samples С
and D. But in principle, non-uniformities in the outer contact will
disturb the axial symmetry of the current pattern too, and will cause
similar effects as the deliberate symmetry breaking by the thickness
variations.

D. The importance of symmetry in the Corbino geometry.
This experiment has taught us the following on the equipotential
surfaces and the axial symmetry:
It is essential for the Corbino effect that all zero-field equipotential
surfaces remain equipotential surfaces when a magnetic field is applied.
In a uniform conducting slab (i.e. homogeneous and of constant
thickness) this condition is fulfilled, if the edges are equipotential
surfaces with and without an applied transverse magnetic field. It is
easily shown,12 that for such a conductor the resistance associated with
the dissipated heat is proportional to 1 + β2.
There are two ways of making the edges to equipotential surfaces.
First, they might be short-circuited by pressing a material on to it with
better conductivity. In this method, the shape of the conducting slab is
immaterial, as long as it is a uniforih slab. However, in metal physics
this method is not reliable, because the interface resistances between the
short-circuiting medium and the slab are often larger than the resistances
in the slab itself. Secondly, the shape of the sample may be chosen
thickness variations and the Corbino effect

73

such, that the edges are equipotential surfaces because of the symmetry,
as in the Corbino disk. This strategy is to be preferred in metal physics.
If the interface resistance between the current contacts and such a disk is
large compared to typical resistances in the disk, the inner and outer
perimeters are equipotential surfaces even if the interface resistance
fluctuates along the perimeter. Then the magnetoresistance will obey
Eq. (1), as in samples A and В. But if the axial symmetry is broken by
non-uniformities, the Corbino effect breaks down, even if the inner and
outer perimeters are equipotential surfaces as discussed in part (B) of
this section. Then, the actual current pattern is also more sensitive to
local differences of the interface resistance between the current contacts
and the edge of the sample.
The above analysis shows that one should be cautious when using an
imperfect Corbino geometry. For example, in the Corbino-like geometry
that was first exploited by Störmer et al.13 for a direct measurement of
the electrical conductivity axx of the two-dimensional electron gas, the
angular symmetry of the sample is destroyed by its contacts. In the
quantised regime, where the edges are equipotential lines due to the
zero-resistance state of the electron system, the conditions for the
Corbino effect are fulfilled. But out of the quantised regime the
equipotential lines will be affected by an applied magnetic field, because
of the perturbed angular symmetry. Therefore the proper Corbino
behaviour will not appear and the results cannot be interpreted as the
true σχχ of the electron system. An anomalous magnetic-field13
dependence of the results that was observed near the quantised regime
may be explained partly by the imperfection of the Corbino effect.

V. CONCLUSION
The experiments on thickness variations in Corbino samples
reported here lead to the following conclusions.
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A circular groove does not affect the Corbino current pattern. Both
a straight groove and a straight projection disturb the Corbino current
pattern. The voltage measured across contacts some distance away from
a straight thickness variation increases linearly with the applied magnetic
field.
We have developed a model, that considers the sample with the
straight groove as a parallel-circuit of a flat Corbino sample with a
quadratic magnetoresistance, and of two semicircular segments with a
linear magnetoresistance that becomes dominant for high fields. This
model gives a quantitatively correct prediction of the voltage measured
some distance from the groove. It gives a qualitatively correct
description of the dependence of the effect on the position of the central
current contact, on the magnetic field direction, and on the uniformity of
the outer current contact.
The similarity of the results for the groove and the projection
indicates that the loss of the axial symmetry in the sample is essential for
the observed effects.
The quantitative agreement between the model presented and the
measured data leads to the conclusion that unintentional thickness
variations can account for the LMR reported in the literature on
Corbino experiments.
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CHAPTER 6
SIX-PROBE RESISTANCE MEASUREMENTS
J.A.M.M. van Haaren/3) G.L.J.A. Rikken/3·1·) A.P. van Gelder/ 3 ),
H. van Kempen/3) and P. Wyder/3'b).

ABSTRACT
We experimentally tested a novel method for measuring
the resistivity tensor components of a conducting slab in a
magnetic field. In this method the conductance properties of
an arbitrarily shaped flat conductor are studied with a
number of four-terminal resistance measurements. Under
the assumption that single values for the resistivity and for
the Hall coefficient hold for the entire sample, we use part of
the obtained data to derive a description of the conductance
properties of the sample. Then the remaining independent
data are used to check the validity of this assumption.
Experimental details of the method are given, and its
application to aluminium, germanium, epitaxial gallium
arsenide, and a GaAs-(Al,Ga)As heterostructure is
discussed. It is found that with the novel method it is
possible to observe effects of the contacts, the sample
periphery, and material inhomogeneities.

six-probe resistance measurements

77

I. INTRODUCTION
Knowledge of the resistivity of conducting materials is important
both in fundamental and applied physics. The transformation of the
resistance that appears in Ohm's law into the resistivity that characterizes
the conducting solid requires information on the geometry of the
specimen. There are different ways for establishing the relation between
the resistance R and the resistivity ρ. The simplest way is to use a rod
like sample (with length L and cross-sectional area A) and to assume
that the current in the specimen is homogeneous. In this idealized case
ρ = RA/L. However, in samples, of which the shape is not rod-like or
on which length measurements cannot be performed accurately enough,
the geometric information can be extracted from additional resistance
measurements. A comparatively high accuracy can be obtained in this
way.
Among the methods that take this approach, the one due to van der
Pauw 1 is best known. This method is performed on a flat, otherwise
arbitrarily shaped sample with four contacts on its edge, and it
presupposes that the sample can be described with a single resistivity
tensor. Two four-terminal resistance measurements are performed, and
a geometric factor is determined by the ratio of the measured
resistances. Applying a magnetic field gives rise to an electric field
component perpendicular to the current - and the magnetic field
direction; the so-called Hall field. The relation between the electric field
and the current can then be given with the help of a resistivity tensor.
The Hall field is experimentally observable as a Hall resistance, which
can be determined from an extra four-terminal resistance measurement.
The most prominent difference between our new method 2 and the
van der Pauw method is the use of six contacts in the interior of the
sample. The new method has an advantage over the van der Pauw
method in enabling more independent resistance measurements than the
ones needed for the determination of the geometric parameters and the
resistivity tensor components. The tensor components are calculated
using some of the resistance data under the assumption that the sample
is uniform (constant thickness, homogeneous composition). After a
78
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consistency check using the remaining data, one may decide that this
assumption is not fulfilled, and one may attribute the inconsistency to
the limited measurement accuracy, contact effects, compositional
inhomogeneities, thickness variations, or edge effects. It is impossible to
come to such a conclusion from the traditional van der Pauw measure
ments, because of the lack of redundant, independent data.
In this work the experimental application of the method of Ref. 2 is
described. This paper is organized as follows. In section II we discuss the
concept of an independent resistance measurement, and we sketch our
method in relation to the van der Pauw method. Section III details the
measurement procedure and the data handling: In this section we
address how the resistivity tensor elements can be evaluated from the
collected data, under the assumption that a single resistivity tensor
describes the sample adequately. We define a parameter that measures
how well this assumption is met in the sample at hand, and we show how
its value can be determined from the redundant six-probe data. In
section IV we discuss three origins for departures of a single-resistivitytensor description, including contact effects, inhomogeneities, and
random errors in the resistance measurements. In section V experi
mental results on various conductors in different temperature and
magnetic field ranges are presented.

Π. GENERAL OUTLINE
For pointing out the novelties in our method, it is important to
clearly define the concept of an independent four-terminal resistance
measurement. For this purpose we consider an arbitrarily shaped threedimensional conductor with an unspecified homogeneity (fig. 1). On this
specimen two probes are used for the supply of the current I, and three
contacts serve for measuring the potential differences V^, V23, and ц.
The four-terminal resistances .R12 = V^I and R23 are independent, but
^ 3 ! is linearly related to R23 and R31 by Ru + RJÌ + Д31 = 0. The
number of possible independent resistance measurements on a sample of
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Fig. 1: Arbitrarily shaped sample - not necessarily homogeneous - with
two contacts for current supply and three potential leads. The fourterminal resistances R¡2 = V12/I and R23 are linearly independent.
Measuring R31 as well is superfluous, as it is linearly related to R]2 and
R23 by R12 + R23 + R31 = 0.
which the homogeneity and the shape are not specified is found by
collecting all four-terminal configurations that can be made on the
sample, and then eliminating the choices that are linearly related to the
remaining ones. The number of linear interrelations between the various
four-terminal resistances is reduced by applying a magnetic field, because
in a magnetic field additional Hall-like contributions to the resistances
emerge. In this respect it is important - for a given three dimensional
sample in an external magnetic field - how many of its contacts are
projected on the periphery of the two dimensional image that results
after projecting the sample along the direction of the applied magnetic
80
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field, as for these peripheral contacts some of the Hall-like contributions
are zero. However, for given numbers of peripheral and non-peripheral
contacts - in the sense defined above -, the shape of the sample and the
positions of its contacts are immaterial for determining the number of
linearly independent four-terminal resistances.
This number of linearly independent configurations will now be
compared to the number of parameters that are needed to describe the
conductance properties of a sample. For this purpose, let us consider a
sample that is assumed to be flat and homogeneous. The transport
problem in such an idealized sample is essentially the problem of finding
the solution to the Laplace equation in two dimensions with the
appropriate boundary conditions. For doing this, an important tool is
provided by complex function theory.3 With it, it can be shown that
solutions of the Laplace equation on differently shaped two-dimensional
geometries can be transformed into each other. This has profound and
striking consequences: It can be shown that - as far as conductance
properties are concerned - any flat and homogeneous sample can be
described completely with a finite number of geometric and physical
parameters. Again this number depends on the use of peripheral or
internal contacts, and on whether or not a magnetic field is applied, but
it does not depend on the shape of such an idealized sample. The values
for these parameters contain all information on the sample at hand that
is relevant for calculating any four-terminal resistance. So, two uniform
samples may have a clearly different shape and their contacts may be
positioned at different places, but if the descriptive parameters for the
two samples are equal, then the samples are equivalent with respect to
any four-terminal resistance measurement. The geometry-resolving
resistance measurement, which was introduced in section I, serves
merely to determine to which class of equivalent samples the specimen at
hand belongs. This argument originates from the work of van der Pauw,1
who developed a method to interpret in this sense the outcomes of a set
of resistance measurements with four peripheral contacts. In his method
the number of parameters that are needed for the description of a
uniform sample and the number of linearly independent measurements
are equal. (This conclusion holds both in the absence of a magnetic field,
six-probe resistance measurements
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where this number is two, as well as in the presence of a magnetic field,
where it amounts to three.) Therefore no redundancy is present and the
assumption of the uniformity of the sample cannot be verified. However,
in our new method the number of possible, linearly independent
measurements exceeds the number of descriptive parameters needed for
homogeneous samples, thus enabling a check on the consistency of the
description.
The six-probe method is reminiscent of the van der Pauw method in
many respects, and therefore a brief review of the theoretical background of the van der Pauw method may serve both as a useful
introduction to the new method, and as a good starting point for the
discussion of the differences between both methods. The van der Pauw
method is performed on a simply connected, uniform, isotropically
conducting slab with four point contacts on the periphery. The
arbitrarily shaped slab is mapped onto a mathematically conveniently
shaped member within the same equivalence class. This transformation
must be conformai in order to ensure that the equipotential lines and the
current pattern still obey the transport equations after the transformation.3 In principle one would need four geometric parameters to
determine the positions of the four contacts on the edge of the
representative sample. However, from complex function theory it can be
argued that three contact positions may be chosen freely, leaving a single
parameter to be determined. Different values for this geometric parameter correspond to different equivalence classes of samples. This
geometric parameter is determined by the ratio of the two independent
four-terminal resistances measured. From the remaining data the
resistivity tensor components can be determined, after which all the
information available from resistance measurements has been exhausted.
The validity of the assumption that the sample can be described with a
single resistivity tensor can therefore not be verified. With more
peripheral contacts, van der Pauw measurements can be done with each
subset of four contacts, and the results for the resistivity tensor can be
compared. However, a single description for all contacts simultaneously
cannot be obtained. In the van der Pauw method the contacts are
necessarily positioned on the edge of the sample, for positioning in the
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interior of the sample would increase the number of unknown para
meters above the number of data available. Moreover, one may doubt
whether the parameters for describing the interior of the slab can be
determined with confidence using contacts on the edge, as this is a very
perturbed part of the sample. Because of this, techniques have been
developed for resistivity measurements in the interior of (effectively)
4
infinite slabs (e.g. collinear four-probe method). However, these do not
resolve the geometry by means of resistance measurements, as the van
der Pauw method does, but have to rely on geometric information
obtained by different means or assumptions on the measurement
geometry.
So, as an extension of the van der Pauw method, we propose a new
method with contacts in the interior of the sample in which the number
of available independent resistance measurements is sufficient to resolve
the descriptive parameters and to check the consistency. As not only the
resistivity but also the Hall coefficient is an essential characteristic for
the material under study the measurements are performed in a stationary
magnetic field perpendicular to the conducting plate. Starting from
resistance measurements with five internal contacts a description could
be found, but - for mathematical convenience - we propose to use six
contacts, as this yields much more transparent equations.
To conclude this general outline, we introduce a notation for the
four-terminal resistances and we state a useful theorem. A four-terminal
resistance is denoted by {ij\kl), which means the potential at contact i
minus the potential at contact j divided by the current from contact к to
/ (see fig. 1). This can be decomposed as:

(ij\kl) = (i\k) - №

- U\k) + Ш

(1)

where (i\k) means the potential at a point i due to a current source in
point k. In this respect the reciprocity theorem is important, stating that
(г|А:)(В) = {k\i){—B), or equivalently, that (ij\kl) in an applied
magnetic field equals {kl\ij) in a magnetic field of the same strength
with reversed direction. This is true for inhomogeneous, threedimensional samples, and has previously been verified theoretically5 and
experimentally.6,7
six-probe resistance measurements

83

III. THE SIX-PROBE METHOD

Fig. 2: Real sample with numbered contacts. The voltmeter and current
source are attached to measure the four-terminal resistance that is denoted
by (52\40).

In the new method, we start with an arbitrarily shaped sample with
six contacts in the interior (fig. 2). Like in the van der Pauw method,
which has been discussed in the previous section, we have to determine
the equivalence class to which the sample at hand belongs. For assigning
this sample to an equivalence class we will use the results of various
resistance measurements on the sample. In this section we will first
explain how we denote the various equivalence classes of six-probe
specimens. Then we will sketch how resistance measurements may serve
to identify the class to which the sample at hand belongs. Next the
implementation of the numeric analysis is discussed in detail. At the end
of the section the redundant independent data are considered to find out
whether the evaluated description is consistent or not. Throughout all
but the last part of this section we will assume that the sample at hand is

84

chapter 6

uniform; the possibility to verify this assumption is an essential part of
this new method, as was noted above.
In our analysis we will denote each equivalence class by a carefully
chosen member of the class: In each class of six-probe specimens we
select one representing specimen with a mathematically convenient
shape. For all equivalence classes the same shape is taken for the
representative specimen, but in each class different positions for the
contacts on the representative sample are used to distinguish the classes
from one another. For the representative shape we choose the unit disk
and both for computational and notational convenience we will locate it
in the complex plane. Any other member of the equivalence class is
related to the representative one - and to any other member of its class by a complex conformai transformation. Though these transformations
need not to be derived explicitly, some of its properties are important.
From complex function theory it follows that three parameters in such a
transformation may be chosen freely. We note that twelve geometric
parameters would be needed for defining the positions of the six internal
contacts. But the freedom left in the conformai transformation, enables
one to fix three geometric parameters on the representative sample: For
each equivalence class we place one contact in the centre of the disk,
and a second contact on the positive real axis. For the positioning of the
remaining contacts in the representative sample nine geometric parameters (i.e. five radii and four angles as defined in fig. 3) must be
determined: We adjust the geometric parameters until (at least) nine
independent resistances are exactly accounted for on the representative
sample. We choose Hall-like resistances (i.e. the parts of the resistances
that are odd in the applied magnetic field) to find the geometric parameters, because these resistances yield quantities that can be easily
related to the parameters of the representative sample, as will be clear
from what follows. This implies that together with the geometric parameters a physical parameter that measures the Hall effect must be
adjusted.
First we will collect the resistance data on the real sample. The
contacts on the sample are denoted by 0 ... 5 (see fig. 2). For contact 0,
which will be mapped on the central contact in the representative
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Ф2

Fig. 3: Representative sample, being the unit disk in the complex plane,
with the definition of the geometric parameters.

sample, the most central contact in the real sample is chosen. The
surrounding contacts are numbered consecutively, as in fig. 2. The shape
of the real sample and the positions of its contacts may be chosen within
rather broad limits (as in fig. 2), but if the configuration differs too
much from a ring of five contacts around a central contact, the algorithm
to be described next may fail to find the geometric parameters from the
resistance measurements. To find the geometric parameters and the
Hall effect parameter, we measure the odd parts of two sets of five
resistances each: (10|25)-, (20|31)-, (30|42)-, (40|53)-, (50|14)-, and
(10|34)-, (20|45)-, (30|51)-, (40|12)-, (50|23)-, where (ij\kl)- =
[(ij\kl) — (kl\ij)y2. Linear combinations are taken in the following
way:
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A1 = ± [(10125)" + (20131)" - (30142)" + (40|53)- - (50|14)-]

(2)

and Л 2 ... Л s obtained from cyclic permutations on the outer contacts
1 ... 5, and

-i

(10134)" + (20145)- + (30151)- - (40|12)- - (50|23)-

(3)

and its cyclic permutations В2 ... 8$.
Now we turn to the representative sample and we consider the
adjustment of its parameters to account for the data collected on the real
sample. Decomposing the resistances as in Eq. (1), and noting that
(i|0)- = 0 for symmetry arguments, one finds that A-^ = (1|2)~ and
Β χ = ( l | 3 ) - . For the other linear combinations it can be shown in a
similar way that A2 = (2|3)-, Л 3 = (3|4)-, A4 = (4\5)~, A5 = (5\l)~,
and B2 = (214)-, B3 = (3|5)-, B4 = (4|1)-, B5 = (5|2)-. It can be
shown that the resistances (i\j)~ in a unit disk are related to the para
meters to be solved by2
(I'I/)

= -ρ arctan

r,rj*™%

1 — rlrJcos\\)l}

(4)

where E = м/НцВ measures the Hall effect, В is the magnetic field,
AH is the Hall coefficient, t is the thickness, r, and r, are the radii for
contact Í and / , and ψ ι ; is the angle between the contacts. The
independent angular coordinates are ф^ fa, Фз, Ф4, as defined in fig. 3.
Two ten-dimensional vectors are composed: χ = (г\,Г2,г^,Г4,г5,Е,
ФьФ2'Фз>Ф4) containing the parameters to be adjusted, and у =
(Αι,Α2^3^4,Αζ,Β\,Βι,Βι,B4,B¡)
containing the resistances that are to
be accounted for. The parameters in χ are adjusted iteratively to
describe y, following the Newton method: Starting from x„, we calculate
y„ and the Jacobian D„ = Эу/Эх with substitution of the parameters in
x„, using Eq. (4). Then x „ + 1 is given by: x „ + 1 = x n + D "ЧУ - У η)For the first step a suitable xo is chosen by a view on the real sample
and the measured resistances. All radii are taken equal to the estimated
mean distance between contacts 1 ... 5 and contact 0, divided by the
six-probe resistance measurements
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estimated mean distance between the edge of the sample and contact 0.
-1
The Hall parameter E is taken equal to ( 4 # a v ) , where Б а =
(Βι + ... + B5)/5. The angles are initialized on 2π/5. The iterations are
stopped if the difference between у and y„ is satisfactorily small.
An alternative approach to find the parameters in χ is to eliminate
the radial coordinates first, and then solve a five-dimensional problem.2
In this way a large number of computer simulations were performed, in
which for a given x, first the resistances у were calculated and then using у only - χ was reproduced.2 On the basis of these simulations we
believe that the solutions are unique, but it must be noted that the
convergence of the method is not ensured for all combinations of
resistances y. Particularly, if the differences within a set of either the Aor the В -resistances are large, resulting in a contact configuration in the
representative sample that differs much from the regular pentagon, the
x-parameters cannot be found from the y-parameters.2 This restricts the
freedom to choose the measurement configuration somewhat, but
contact positions that are more or less pentagon-like to the naked eye
give good results.
Now the ten measured Hall-like resistances have been translated
into nine geometric parameters and the Hall coefficient. In order to find
the resistivity and the consistency of the description, five even resistances
(ij\kl)+ = [(ij\kl) + (kl\ij)]/2 are measured. For the even resistances
we take: Κχ = (12|34) + , Ä2 = (23|45) + , Ä3 = (34|51) + , Д4 = (45|12) + ,
and R5 = (51123)+, and their average value is denoted by R+ . For the
interpretation of these results we return to the representative sample, on
which we calculated already the contact positions and the Hall
coefficient. With the decomposition of Eq. (1) the even resistances can
be expressed in linear combinations of ( t | / ) + . Each term is given by2:
f

+

<i» • - £

(ΐ + β2]ΐη|ζ(·-ζ,·| + ( ΐ - β ψ η ΐ ΐ - ζ , ζ ;

(5)

where ρ is the resistivity, and β = R B/Q is a dimensionless measure of
the magnetic field (β = μΒ, with μ the mobility), and z,- and z;· are the
contact positions in complex notation. Performing the decomposition of
H
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Eq. (1) on Ra, and substituting Eq. (5) yields
+

fav

-

Y
2E

[β , ßo]

[ßo

=

ßj

Q

2πί

Yßo + ^ ß
Po

2

(6)

where Ε = πί/ρβ measures the Hall effect as introduced in Eq. (4), and
γ and ßo are dimensionless parameters, which are determined by
substituting the known geometric parameters in Eq. (5) and performing
the appropriate summations. Eq. (6) is a quadratic relation between the
resistivity and R^, of which the coefficients are known after the fitting
procedure above. It can be solved for the resistivity and generally two
roots will be found. In most cases it is easily seen on physical grounds
which root for the resistivity yields the correct description. In some cases
the decision which root should be taken must be postponed until
calculations on the consistency, as described below, have been done. If
no solution for the resistivity can be found for a sample with a
pentagon-like contact configuration, then a description of the data with a
single resistivity tensor is impossible.
Once values for all the geometric and physical parameters are
obtained, the redundant data can be used to determine the consistency
of the description: For each of the measured resistances Ä,(meas), with
i = 1 ... 5, a value can be calculated with the deduced parameters using
Eqs. (5) and (1). A measure for the inconsistency is Δ, defined by:
Δ =

1
R

Vi

Σ [Д,·(meas) - Я,(cale)

av

(7)

This inconsistency Δ will be zero for specimens that possess the
uniformity, which was assumed at the beginning of this section. A non
zero result may be due to the limited measurement accuracy, but it may
also be caused by any departure of the assumed uniformity of the sample
at hand.
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Г . CAUSES OF INCONSISTENCY
In this section we will consider three causes for a non-zero result for
the inconsistency Δ. These causes include perturbations due to non-ideal
contacts for current supply and voltage measurements, inhomogeneities
in the conductance properties of the specimen, and random errors in the
resistance measurements.
The six-probe method, as the van der Pauw method, assumes point
like contacts. However, under certain conditions the mathematical
conclusions drawn above can be shown to be independent of the contact
2
size : For this purpose the contact must allow a homogeneous current
injection when used for current supply. Furthermore it must be avoided
that the presence of the other contacts perturbs the underlying current
pattern in the sample. Therefore, typical contact resistances must be
large in comparison to the resistances measured in the sample, but not
so large that heating occurs when the same contacts are used for current
supply. For circular contacts on a circular sample the contacts act as to
average an analytic function over a circular domain, and this average is
exactly equal to its value at the centre of the domain.3 Small realistic
contacts may approximate these conditions fairly well, and may therefore
be considered as point-like contacts. However realistic contacts may
cause complications in high magnetic fields (β » 1): If the contact has a
spatially varying thickness along the magnetic field direction, the current
pattern in the contact becomes magnetic field dependent.8,9 More
specifically, the position where the current is injected into the sample
depends, in that case, not only on the strength of the applied magnetic
field, but also on its polarity. This introduces errors in the procedure
that was employed to separate the Hall-like resistances from the directly
measured resistances. (Though we do not reverse the magnetic field to
determine the Hall-like resistances, but interchange voltage and current
contacts, we suffer the same effects, as the reciprocity theorem, which
holds for the composite system of the sample and its contacts as well,
states that both procedures are equivalent.) The above makes the
current injection point for each contact indefinite over a distance d; an
upper limit to d is given by the contact diameter. This causes errors in
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the Hall-like resistances (ij\kl)~, due to a mixing with the (ij\kl)+
resistances, because the even resistances cannot be completely corrected
for, neither by reversing the magnetic field, nor by interchanging voltage
and current contacts. We note that the Hall-like resistances are linear in
the dimensionless magnetic field β (Eq. (4)), and the even ones are
quadratic in β (Eq. (5)), so the errors will be linear in β, and for β » 1
they will invalidate the six-probe results, as they would in any method
that uses non-perpiheral contacts. More precisely: corrections δ(ι7|Α:/)_
on (ij\kl)~ due to variations òzk in the position of the currentinjection-point in contact к for β » 1 are given by:
ò(ij\kl)~

071*/)-

=:

1

ЭР7І*/)

(i/l*/)-

dzL

« ßd/D

э(*/І'·/·)
dzk

δζι

(8)

where | δζ^ | has been taken equal to the contact diameter d and D
equals the distance between contact i (or j) and * . For β 2* D/d the
six-probe results will be influenced significantly by contact effects, so this
limits the applicability of the six-probe method in high magnetic fields or
for high mobility material.
Now let us consider departures that are caused by inhomogeneities.
Though a detailed and complete description of arbitrary spatial
variations in the resistivity tensor components is beyond any method
starting from a finite number of resistance measurements, the inconsis
tency Δ can be regarded as a measure for the inhomogeneity of the
specimen: Each configuration of contact probes reflects in its fourterminal resistance a weighted average of the resistivity and the Hall
coefficient over the whole sample. As a qualitative estimate for the
weighting function used in this averaging one could think of the local
current density as calculated for a uniform sample, because the
inhomogeneities in the dense current region are very effective in altering
the potential distribution in the sample. In a magnetic field the current
spirals around the current contact, and in magnetic fields with β > 1
these circulating currents dominate the current pattern. Let us consider
these circulating currents for a contact configuration that was employed
six-probe resistance measurements

91

for the Hall-like resistances: a current contact in the centre of the disk
and an eccentric contact. For points on the line joining the two contacts,
to be denoted by χ with — 1 ^ χ ^ 1, the tangential current component
in a uniform disk can be shown to be

h

~ 2π

1

s — χ

*

1 — x$

+

I

χ

(9)

where s is the radial coordinate of the eccentric current contact. For the
weighting function the absolute value of / t would be a reasonable
conjecture. Note that the magnetic field dependence in Eq. (9) is
removed from the weighting function by the appropriate normalization.
This function is shown in fig. 4 (using Eq. (9) with β = 1 and s = 0.85).
However, the resistance (ij\kl)~ is not solely determined by the
conductance properties around contacts к and /, but also by the
properties around the leads i and j , as both (ij\kl) and (kl\ij)
contribute equally to (ij\kl)~. The weighting function for the Hall-like
resistances will therefore emphasize the shaded parts of the sample in
the inset of fig. 4.
For finding the results we used 15 different resistances, taking 15
weighted averages, each emphasizing different regions of the specimen.
These parts overlap partially, but the variety of contact configurations
yields a rather complete image of the specimen. The geometric and
physical parameters were evaluated in order to describe ten resistances
perfectly, and five additional resistances in the best possible way. The
extent to which this is possible is represented by the inconsistency
(Eq. (7)) and is determined by - apart from the measurement accuracy differences in the weighted averaged values of the resistivity tensor
components in the different measurements. The inconsistency Δ can be
regarded as V Ï 5 times a standard deviation in 15 locally determined
averaged tensor components, and gives therefore a measure of the
homogeneity of the sample. However, the analysis above ceases to hold
if the inhomogeneities clearly affect the current pattern itself. Diversion
of the current lines from the pattern calculated for a uniform sample
have previously been studied for Hall bar 8 and Corbino disk9 geometries.
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Fig. 4: A four-terminal resistance is measured on a disk as shown in the
inset, with current contacts on the x-axis. The registered resistance is a
weighted average of the resistive properties of the entire specimen, and a
qualitative estimate for the cross section along the x-axis of this weighting
function is given in this figure. The regions that contribute mostly to this
average are shown as shaded in the two-dimensional plot in the inset.
The parameter that governs these current diversions is the product of the
dimensionless magnetic field β - introduced in Eq. (5) - and the relative
variations in the properties pertinent to the conduction (Hall coefficient,
resistivity, and the sample thickness) on the scale on which the averaging
above is performed. For magnetic fields such that this product becomes
of order unity the six-probe method is expected to yield a description
with a significant inconsistency.
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Now we will discuss a third cause of inconsistencies in the descrip
tion: random errors in the resistance data due to the limited measure
ment accuracy. In general these errors cannot be accounted for in the
description, and they will augment the inconsistency Δ. In the best
possible description the effect of random errors ÒR/R would be:
Δ = VE

{ (ÒR/R)2 } ^

(10)

where { . . } a v denotes the average over the 15 resistance data. We
believe that our description, which was constructed to represent ten
resistances perfectly and five in the best possible way, comes near the
best possible one, so we will use Eq. (10) for our results as well. The
random fluctuations of the resistance data affect also the parameters that
constitute the description. The relation between the A- and Bresistances and the numerically evaluated parameters is intricate and
cannot be caught in an explicit functional relation. This complicates the
determination of the uncertainty in the evaluated parameters due to
measurement errors in the resistance data that serve as input in the
calculation. The main effect of fluctuations in the measured resistances is
to cause random variations in the evaluated parameters. The extent to
which the measurement errors have influenced the parameters, depends
on the values that are calculated for these parameters because of the
non-linear relation between the resulting parameters and the input
resistances. A minimal sensitivity for errors in the resistance data is
found for a sample geometry that can be represented by a regular
pentagon on the unit disk with outer contact to centre distance of 0.85
(Ref. 2). In this configuration the relation between the scatter in the
measured R~ resistances (appearing in the right hand sides of
Eqs. (2),(3)) and in the Hall coefficient is given by2:
{ (ÒRH/RH)2

} a v = 3 { (ÒR-/R-)2

}av

(11)

The sensitivity of the geometric parameters is similar. However, the
non-linearities in the relation between the A- and the В -resistances on
the one hand, and the evaluated parameters on the other hand cause
also a systematic shift in the parameters determined by our algorithm.
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For the Hall coefficient that is found in the regular pentagon configuration with normalized outer contact to centre distance of 0.85 (Ref. 2):
{ àRH/RH } av = 12 { (ÒR-/R-)2 }av ^ 0

(12)

For other regular pentagon configurations the shift is up to twice as
large; for configurations that differ from the regular pentagon the shift is
also larger than the one given in Eq. (12), and for large departures from
the regular pentagon configuration they may even cause the failure of
the algorithm to find the descriptive parameters. For part of the other
parameters that are evaluated a systematic shift can be expected too: For
symmetry considerations the angles will not be affected systematically,
but the fluctuations in the Hall-like resistances and the resulting
systematic shift of the Hall coefficient cause a tendency to smaller radii
in the evaluated description, because the ten fluctuating resistances are
described perfectly by Eq. (4) with a systematically enhanced Hall
coefficient. Consequently, for measurements done with a rather large
inaccuracy (3% or more) the systematic shift in the evaluated parameters
may be larger than the fluctuations in these parameters. For measurement inaccuracies of 1% or less the fluctuations in the parameters
outweigh the systematic variations.

V. EXPERIMENTS
We applied the new method to various conductors to explore its
applicability to realistic systems, and to find out whether the commonly
made assumption of a single resistivity tensor could be justified for the
specimens under consideration. Failure of the single-resistivity-tensor
description may be caused by contact - or edge effects, or by random
material inhomogeneities. Therefore we investigated several materials,
in which such effects may be expected to be present.
First of all we studied doped germanium as a prototype of a
semiconductor with well understood properties. This conductor was
chosen to enable a comparison between the new method and the
six-probe resistance measurements
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commonly used van der Pauw method. Near-intrinsic germanium was
studied, as in this material strong edge effects have been found by other
workers. Aluminium was investigated at 4.2 K, as this material is a
commonly used model system for metallic conductors, which are
generally believed to be very homogeneous. The high mobility at low
temperatures favors the observation of contact effects. Experiments on
epitaxial gallium arsenide were performed as this conductor is an
example of the technologically important III-V compounds. The manufacturing processes for these materials are less controlled than the ones
for the elemental semiconductors. Furthermore its surface and interface
properties may affect the conductance properties of thin layers. In
addition, spatial fluctuations in the electrical thickness are expected to
have distinct effects on the uniformity of this conductor. Finally, we
considered the two-dimensional electron gas as present in GaAs(Al,Ga)As heterostructures because this system has shown very
intriguing magnetotransport properties that seem to be related to the
presence of localization or inhomogeneities.
For the majority of specimens we used a circular geometry with one
central contact and the five other ones on a more or less pentagon-like
geometry, thus providing a way to interpret the geometric parameters
deduced from the resistance measurements. We also used a square
geometry, which may be more convenient for practical purposes. On all
samples measurements according to the van der Pauw method were
performed for comparison.
The measurements on the semiconductors were performed in the
Hochfeld-Magnetlabor of the Max-Planck Institut für Festkörperforschung in Grenoble (France). The measurements on aluminium were
done at the Research Institute for Materials in Nijmegen.

A. Results on germanium
We performed measurements on both intentionally as well as
unintentionally doped germanium. First, we will report results on
intentionally doped p-type germanium. Our samples were disk-shaped
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(diameter 10 mm, thickness 0.5 mm) single crystals with the normal in
the [100] direction, and doping concentration N^ — N^
=
21
- 3
1.2 x 10 m . The samples were mechanically polished and provided
with ten ohmic contacts: one in the centre of the disk, five in a more or
less regular pentagon on a circle with 8.5 mm diameter, and four
regularly spaced on the edge of the sample to enable van der Pauw
measurements as well. The contacts were made by alloying small Sn dots
(diameter 0.2 mm) into the germanium at 400 С for 15 minutes in
forming gas ( 5 % H2 and 95% N2). We did measurements in magnetic
fields up to 18 tesla at room temperature. Using the six-probe method
we determined the geometric and physical parameters as well as the
inconsistency. The resulting geometric parameters concurred with the
values for the parameters that could be estimated by optical inspection
of the sample. The relative radial coordinates for the five outer contacts,
as deposited on our sample, were all within 4% equal to 0.85, and the
angles differed up to 10% from 2π/5. These departures from the regular
pentagon geometry - being the starting geometry in the adjustment
procedure for the geometric parameters - were reproduced in the
geometric parameters evaluated in the six-probe method. The geometric
parameters that were determined at different magnetic field strengths
were the same, which by itself is indicative for the homogeneity of the
specimen. The data yield a consistent description over the entire field
range, with typical inconsistencies Δ - defined in Eq. (7) - of 0.03. These
values for Δ can be accounted for by the measurement inaccuracy
{ (ÒR/R)2 }àv of 1% in the individual resistance measurements (see
Eq. (10)). These random errors have also a systematic effect on the Hall
coefficient: they would cause an increase of the evaluated Hall
coefficient with 0.1% (Eq. (12)) in the present case. The physical parameters according to the six probe method were compared to the results
of measurements with peripheral contacts, following the van der Pauw
method.
The results for the Hall coefficient are shown in fig. 5 and for the
conductivity in fig. 6. The Hall coefficient that is determined with the
six-probe method is systematically about 1% larger than the one
determined with peripheral contacts. Though the observed deviation
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Fig. 5: Comparison of the
Hall coefficient measured on
intentionally doped ger
manium with the six-probe
method (filled symbols) and
with the peripheral contacts
(open symbols).
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Fig. 6: Comparison of the
conductivity measured on
intentionally doped ger
manium with the six-probe
method (filled symbols) and
with the peripheral contacts
(open symbols).
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between both series of Hall coefficients is of the order of the measurement accuracy, we think that its systematic occurrence indicates that this
difference is significant. The conductivity measured at low magnetic
field strengths shows a difference of 1%, but at higher fields the concurrence between the results obtained with both methods is within the
measurement error: the calculated values exhibit differences of the order
of 0.1%. Clearly, the deviation between the Hall coefficients according
to both methods cannot be accounted for by the systematic shift due to
random measurement errors. We observed a similar behavior in other
conductors: near-intrinsic germanium, the GaAs-(Al,Ga)As heterostructure, and in the GaAs-epilayer, though in the latter system we
found a six-probe Hall coefficient that was smaller than the one
registered with peripheral contacts.
Currently, we do not have a definite explanation for the small
differences between the Hall coefficients measured with both methods.
Here we would like to put forward two possible explanations: First, the
differences may be related to the fundamental, topological difference
between the six-probe configuration with internal contacts and the van
der Pauw configuration employing peripheral contacts. The way in
which the resistances obtained in various measurement topologies like
the Hall bar and the Corbino disk must be related to mobility and
carrier concentration requires a detailed analysis.10,11 Results for the
Corbino disk, which is akin to our six-probe geometry, have been shown
to yield results that may differ about 1% from the ones obtained in Hall
bar-like geometries with peripheral contacts.10 A second cause for the
differences between the Hall coefficients may stem from diversion of the
current pattern near inhomogeneities. This gives rise to an additional
magnetoresistance that is asymmetric under magnetic field reversal (or
interchanging of the current and the voltage probes). The contribution of
this magnetoresistance to the Hall-like resistances cannot be fully
compensated for by retaining those components of the resistances that
are odd in the applied magnetic field. The resulting corrections to the
measured Hall-like resistances are linear in the applied magnetic field for
samples with peripheral contacts, and will therefore give rise to a shift in
the apparent Hall coefficient that is systematic for a given sample. The
six-probe resistance measurements
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magnitude of the resulting departures depends strongly on the
orientation of the inhomogeneities in the measurement configuration.
Departures of the order of 1% would be possible with relative variations
in the conductive properties of the same order.
An extensive account of our results on the unintentionally doped
germanium will be the subject of a separate paper. Here we will briefly
summarize the results, as they illustrate that with our method edge
effects can be studied. The measurements on this germanium
(Νχ - N ¿ = 3.5 x IO18 m - 3 ) were performed near room temperature
where the Hall coefficient has a remarkable magnetic field and
temperature dependence. This comes about from the participation in the
conduction in this temperature regime of three different types of charge
carriers: electrons, heavy holes and light holes. In a magnetic field a
different Lorentz force is exerted on the different types of carriers and
these forces cannot be balanced simultaneously by the electrical Hall
field. The solution of the transport equations is constructed such that the
composite current is parallel to the edge of the sample, leaving a net
influx of different types of particles on the boundary. Physically, this
requires a conversion mechanism of the different carrier types near the
edge of the sample. The comparatively small recombination rate in
germanium - due to its indirect gap - causes a spatially inhomogeneous
distribution of carriers. The parameters pertinent to this magnetoconcentration effect12 are the surface recombination velocity and the
bulk recombination rate. With the six-probe method we observed the
perturbation of the conductive properties of the sample in the magnetic
field -, the current - and the temperature dependence of the evaluated
geometric and physical parameters and the inconsistency. It was clearly
shown that in certain magnetic field, current and temperature ranges a
single resistivity tensor description did not hold, whereas in other ranges
it provided a consistent description. This is illustrated by the Hall
coefficients that are obtained with both methods (fig. 7). The magnetic
field dependence of the Hall coefficients can be explained with the
cooperate conduction by several types of carriers. A subtle equilibrium is
established between the partial currents, each with a component
perpendicular to the composite current direction. At 6 tesla, where Лн 100
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Fig. 7: Comparison of the Hall coefficient determined with four
peripheral contacts (open symbols) and with the six-probe method (closed
symbols) for near intrinsic germanium at 274.3 K. Between 5 and 7 tesla
a meaningful description cannot be found with the six-probe method.
as measured with the peripheral contacts - equals zero, the electric field
is exactly parallel to the composite current. However, spatial variations
in the carrier density may perturb the equilibrium and invalidate the
six-probe resistance measurements
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single resistivity tensor description that adheres to the analysis of the
measurements with the peripheral contacts. The failure of such a
description is indicated by the six-probe results: for magnetic field
strengths between 5 and 7 tesla a consistent description could not be
found. The six-probe method is not applicable to materials that do not
exhibit a Hall effect. However, the failure to find a consistent
description is seen at magnetic field strengths at which a Hall effect was
observed that would be large enough to apply the six-probe method
successfully. From the results, values for the bulk recombination rate
and the surface recombination velocity could be estimated, which agreed
with literature values.
Other workers have studied the magnetoconcentration effect by
measuring I-V characteristics for structures under conditions that the
depletion and the accumulation regions extend over the entire width of
the specimen.12 Under similar conditions the spatially non-uniform
distribution of the charge carriers has been monitored with infrared
transmission.13 However, the electric fields and the current densities
applied in the present study are two orders of magnitude smaller than
the ones used in Refs. 12,13, illustrating the high sensitivity of our
method for inhomogeneities in the conductive properties of the
specimen.

B. Results on aluminium
For the measurements on aluminium two polycrystalline plates of
different purity (99.9999% and 99.999%; ρ(295 Κ)/ρ(4.2 К) = 14,000
and 4,500, respectively) were used. With spark erosion we cut out diskshaped samples each with a radius of 27 mm and a thickness of 1 mm.
We annealed the samples for one hour at 500 С in air, and then cooled
them down slowly. The contacts were intended to be positioned as
follows: one contact in the centre of the disk, five on a circle with
23 mm radius in the regular pentagon configuration and four on the
sample's edge, with regular spacing - to ensure maximal accuracy in the
van der Pauw measurements - and as far as possible from the pentagon
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contacts. The contacts were made by positioning special aluminium
14
solder (melting point 300 C) at the intended contact positions and then
heating the whole sample uniformly on a hot plate to 350 C. Again we
took care to cool down the sample gradually. The leads were attached to
the contacts with a composition of Bi, Pb, and Sn, which melts at 95 C,
as solder. In this way we made contacts to the specimen over a more or
less circular contact area with a radius of 1 mm. Then the sample was
kept at room temperature for more than a week to anneal the
15
deformations due to heating and pressing on the sample.
We
performed measurements at 4.2 К in a superconducting coil in magnetic
16
fields up to 7 tesla, with a calculated inhomogeneity of the magnetic
field of less than 1% over the sample's area. The effects of the field
inhomogeneity on the conductance properties of the sample are
negligible. Typical grain sizes were 2 mm for both specimens. As the
scattering of charge carriers at grain boundaries and at dislocations is
unimportant compared to the scattering at impurities - even in
aluminium of this purity - and the orientation of the grains will average
out the (already) small differences in conductance properties, we would
expect the sample to be fairly uniform when viewed on the scale of the
sample dimensions. The resistance measurements were performed with a
Keithley 181 nanovoltmeter and a dc current source supplying 1 A to the
sample. The current was reversed, with intervals of 50 s, at least
16 times for each data point and the average difference between the
measured voltages was used to derive the resistance. In this way we
could correct for thermal voltages. We obtained an accuracy of 0.5 ηΩ in
our resistance measurements.
In passing we note that AC-techniques with frequencies in the order
of 1 Hz or higher, which generally enable a higher measurement
accuracy, are inapplicable to pure metallic samples in the six-probe
geometry, because such a sample acts as a self-inductance due to the
circulation of the currents around the injection points. The number of
circulations is of the order of the dimensionless magnetic field β = ω 0 τ
(where шс is the cyclotron frequency and τ is the mean free time).
Under typical conditions of β = 20 and a 2 cm sample radius, the
inductance is of the order of 1 μΗ, whereas the resistances to be
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measured are of the order of 0.5 μΩ, yielding time constants for
establishing the current pattern of several seconds. A similar argument
holds for Corbino disks with a large β. This is supported by experimental
17
observations of Lass et al.
In aluminium samples of this purity the Hall coefficient is a material
parameter that does not depend on the detailed impurity content of the
specimen under consideration. This enables a comparison of the Hall
like resistances - both the ones measured with the six-probe method and
the one registered with peripheral contacts - with calculated results based
on the literature value for the Hall coefficient (being 1.0 x 10 - 1 0 m 3 C " 1
for the magnetic field strengths considered here). The result found with
the peripheral contacts agreed within the 2% measurement inaccuracy
with the literature value. However, the geometric parameters in the sixprobe method, which are derived from the Hall-like measurements with
internal contacts, depended systematically on the applied magnetic field.
Fig. 8 shows the result for the impure sample; in the pure one similar
effects were seen at about three times lower magnetic field strengths,
indicating that the dimensionless magnetic field β is a more appropriate
parameter to describe these effects. Concomitantly with the effects in
the geometric parameters, we observed in both samples a systematic
magnetic field dependence in the six-probe Hall coefficient:
[ÄH (six-probe) - Лн (peripheral)]//? н (peripheral) was found to be 0.17
at 0.75 tesla, 0.07 at 1.5 tesla, and -0.21 at 3 tesla, for the impure
sample. The inconsistency of the description with these parameters was
0.57 at 0.75 tesla and 0.16 at 1.5 tesla, while at 3 tesla no values for the
conductivity and the inconsistency could be determined. The measure
ment inaccuracy would give rise to lower inconsistencies: 0.23, 0.13, and
0.06 at 0.75, 1.5, and 3 tesla respectively. So, the evaluated geometric
and physical parameters do not describe our data satisfactorily, and the
applicability of a single resistivity tensor for the entire sample seems
questionable. The inhomogeneities that cause these effects appear to
possess the symmetry of the sample, indicating that they are related to
either the contacts or the edge of the sample.
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For the high-field results (β > 20, corresponding to a magnetic field
strength of 1 tesla in the pure and 3 tesla in the impure aluminium) a
meaningful calculation of the geometric and physical parameters is not
possible. This has to be expected from the perturbation of the current
pattern by the contacts on the disk, as was discussed in section IV
(Eq. (8)). Fig. 9 shows typical data for the set of five resistances that
was generated by rotation of the connections to current source and
voltmeter, as shown in the inset, around the central contact. (These
resistances were used to evaluate the right hand side of Eq. (2).) For
determination of the Hall-like parts of the resistances for a given
six-probe resistance measurements
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Fig. 9: Measured resistances on the purest aluminium sample in the sixprobe method.

The various symbols refer to measurement configurations

that are generated from the one shown in the inset by rotation around the
centre of the disk. The lines between the measured points are only meant
to guide the eye. The solid line gives the expected magnetic field
dependence for an unperturbed aluminium disk with point-like -contacts
for a measurement configuration as shown in the inset. The results for
magnetic field strengths of 0.25,

0.5, 0.75, and 1 tesla are not shown, as

they would concur with solid line in this figure.
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connection of current source and voltmeter to the sample, one must
either reverse the magnetic field direction or interchange the current
source and the voltmeter as was stated in section II. For the sake of
clarity, the results in fig. 9 are depicted as if we reversed the field to find
the odd part of the resistances, but in practice it is more convenient and
- due to errors in reproducing the magnetic field strength after field
reversal - more accurate tò interchange the voltage and current probes.
At 7 tesla we compared the results after magnetic field reversal with the
ones found by interchanging current and voltage probes; within the
aforementioned cause for errors the results were found to concur. This is
additional experimental evidence for the validity of the reciprocity
theorem in non-uniform conductors.
For comparison, we depicted with a solid line in fig. 9 the values
that would have been obtained for an ideal, uniform, disk-shaped sample
with point-contacts at the intended contact positions mentioned above,
using the high-field (i.e. applicable for β > 5) aluminium Hall
coefficient. We note that the averages of the resistances in fig. 8 taken at
the same field strength come close to the values calculated for the ideal
sample, in spite of the large differences between the individual
resistances and the calculated line. A similar observation has been
obtained in the GaAs-(Al,Ga)As heterostructure (section V D). This
suggests that it is related to contact effects under high β circumstances.

C. Results on epitaxial gallium arsenide
We did measurements on a liquid phase epitaxially grown layer of
3.4 μιη thickness. With photolithographical methods a disk-shaped
geometry (diameter 2 mm) was machined. At the edge of the disk four
contact arms were made with 100 μπι diameter contacts to enable van
der Pauw measurements. On the disk six small, ohmic contacts of 10 μιη
diameter were made by the following procedure. On top of the GaAs
epilayer an insulating toplayer (ZrO) was deposited by evaporation and
in it six holes of 10 μιη diameter were left open. Then Sn was
evaporated to fill the holes. Subsequently the Sn was alloyed into the
six-probe resistance measurements
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GaAs (at 400 С for 15 minutes) and 50 ц т gold leads were attached to
the contacts with silver paint. The carrier concentration of the layer was
21
3
3 x 10 m - .
inconsistency

,
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Fig. 10: Inconsistency for the GaAs epilayer as function of the dimensionless magnetic field β for various temperatures: circles refer to results at
296 K, triangles to 309 K, and squares to 370 K. The line is meant to
guide the eye.
The measurements were performed at 296 K, 309 K, and 370 K.
The samples were kept in the dark. The inconsistencies obtained at
different magnetic field strengths and temperatures are shown in fig. 10.
The values are shown as a function of the dimensionless magnetic field
β = μΒ with μ the mobility, which is temperature dependent: it
decreases from 0.67 m2/Vs at 296 К to 0.50 m2/Vs at 370 К. The
inconsistency appears to be determined by β, rather than by the
temperature or the magnetic field. For β < 1.5 a description was found
of which the inconsistency was determined by the 1% measurement
inaccuracy. The conductivity and the Hall coefficient determined with
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the six-probe method concurred within 1% with the results obtained with
the peripheral contacts. At larger values for β the geometric parameters
become magnetic field dependent in an asymmetric way and the inconsis
tency of the evaluated description increases (fig. 10). For β«7
(corresponding to 15 tesla at 370 K) the algorithm failed to find a
description. This is attributed to random inhomogeneities, which are
probably caused by the insulating toplayer that supports the contacts at
the GaAs. Observations that concur with the ones reported above were
obtained for a second, similar sample.

D. Results on a GaAs-(Al,Ga)As heterostructure
Layered semiconductor structures can be grown in a very controlled
way with molecular beam epitaxy. We studied the uniformity of such a
GaAs-(Al,Ga)As heterostructure with the six-probe method, as
inhomogeneities in the conductance properties have been reported for
these materials.18 An unusual characteristic of these systems is the
occurrence of persistent photoconductivity below 100 K.19 This feature
has been employed to create a macroscopic modulation of the
conductance properties.20
2
A square sample (5 mm x 5 mm, mobility at 4.2 K: 36 m /Vs, and
15
-2
carrier concentration: 3 x 10 m ) was made by cleaving a part of a
wafer, and it was provided with ohmic contacts by alloying small Sn
grains into the sample at 400 С for 4 minutes in forming gas. We
refrained from treating the sample with photolithographical methods as
we wished to study the homogeneity of the conductance properties of
the as-grown material. Comparison of the contact and sample dimensions
shows that the contact effects of Eq. (8) may become important at
modest magnetic field strengths, as the mobilities in these structure at
low temperature can be very high, much like the aluminium discussed
above. On the square we positioned the contacts in a pentagon-like
configuration as shown in fig. 11, in order to obtain a sample in an
equivalence class that is close to the class of a regular pentagon on the
unit disk with centre to outer contact distance 0.85, as for samples in this
six-probe resistance measurements
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Fig. 11: Square geometry with
contact positions calculated to
obtain a sample that belongs
to the equivalence class of the
regular pentagon on the unitdisk geometry with centre to
outer contact distance of 0.85.

class the results with the six-probe method are most accurate. However,
an intuitive positioning of the contacts, more or less on a regular
pentagon would have led to positions close to the ones in fig. 11, that
are the result of the more elaborate calculation presented in the
Appendix.
Measurements were performed at various temperatures between
4.2 К and 273 К and care was taken to avoid unintended illumination of
the sample. Efforts were made to increase the measurement accuracy by
averaging, resulting in a random error of 0.1% in the as measured fourterminal resistances. We will first discuss the measurements at
temperatures above the persistent photoconductivity regime. Comparison
of the six-probe results and the ones obtained with peripheral contacts
show good agreement, albeit that the same small (1%), but significant
difference between the Hall coefficients that was already observed for
the doped germanium case was also found here. The description found
with the six-probe method showed a very small inconsistency at small
dimensionless magnetic field strengths β = μβ (where μ is the mobility).
The inconsistency under these conditions is essentially limited by the
measurement inaccuracy. With the aid of an optical fiber system and a
0.5 mW HeNe laser we projected a spot on the sample of 0.3 mm
diameter. Continuous illumination had hardly any effect on the Hall

110

chapter 6

coefficient and the inconsistency at 273 К and at 208 K, but at 140 К it
caused a 10% decrease of the Hall coefficient and a 15 fold increase of
the inconsistency (measured at β = 1). Ten minutes after switching off
the illumination the Hall coefficient had again increased 5% and the
inconsistency was a factor three lower, indicating long time-constant
transient effects in the photoconductivity at this temperature. The latter
result shows that the six-probe method is sensitive to inhomogeneities on
this scale. The former result proves the absence of such inhomogeneities
inconsistency-

Fig. 12: Inconsistency for the GaAs-(Al,Ga)As heterostructure as function
of the dimensionless magnetic field β for various temperatures. The open
symbols refer to temperatures in the non-persistent photoconduction re
gime: diamonds denote results at 273 K, circles at 208 K, triangles at
140 K, and squares at 130 K. The closed symbols refer to measurements
at 4.2 K. Lines are only meant to guide the eye.
six-probe resistance measurements
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in the unilluminated sample. At larger ß's the inconsistency increases
drastically as is shown in fig. 12. The inconsistency is observed to be a
function of the dimensionless magnetic field β, instead of the magnetic
field or the temperature. Such a behavior is to be expected from the
contact effects discussed in section IV and has also been observed for
aluminium (fig. 9).
The inferred good homogeneity seems to be in disagreement with
the observations by other workers at liquid He temperatures.18 However,
our results at 4.2 К (fig. 12) show that the inconsistency is much larger
than it was at higher temperatures with the same values for β. This
indicates that at liquid He temperatures the conductance properties of
this material are much less homogeneous. This may be due to
background illumination leaking into the cryostat during cooling down.
An alternative explanation may stem from the change in the dominant
scattering mechanism from short range optical phonon scattering at high
temperatures to long range remote ionized impurity scattering at low
temperatures.21 Further inhomogeneities might stem from increased
lattice distortions due to the different temperature dependences of the
lattice constants of the GaAs and the (Al,Ga)As.22 We conclude that
as-grown GaAs-(Al,Ga)As heterostructures may show very homoge
neous conductance properties at higher temperatures, but that at liquid
He temperatures inhomogeneities can be observed.

VI. CONCLUSION
We have described the implementation of a novel method for resist
ivity measurements in a magnetic field that provides information on the
applicability of a simple homogeneous tensor description of the
conductor. We tested the method experimentally on several well known
conductors.
Under conditions that neither contact -, nor edge effects, nor
random inhomogeneities are expected, the novel method and the van der
Pauw method agree, apart from a small but significant difference, which
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is not fully understood. For high mobility materials contact effects have
been shown to be important. In near-intrinsic germanium the presence of
edge effects, which have previously been studied by other workers, have
been demonstrated. Non-uniformities in the conducting material have
been observed in epitaxial gallium arsenide and in a GaAs-(Al,Ga)As
heterostructure, but in the latter material only under local illumination at
a temperature of 140 K, and without (intentional) illumination at 4.2 K.
We therefore conclude that the six-probe method gives valuable
contributions to the study of intrinsically or extrinsically non-uniform
conductors.
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APPENDIX
In practical circumstances it may be convenient to do six-probe
measurements on a non-circular sample, and one may wish to make the
contact configuration such that the sample at hand belongs to the
equivalence class of a regular pentagon on a disk, as for samples in this
class the six-probe method yields the most accurate results. To find the
preferred contact configuration on the non-circular sample, the unit disk
must be mapped conformally on the non-circular shape of the sample.
We performed such a calculation for a rectangular sample. The
transformation is found by first mapping the unit disk onto the upper
half of the complex plane (fig. 13). The analytic function that performs
such a mapping is
w=iX^1-z

(Al)

This transformation maps the centre of the disk ζ = 0 on w = Xi in the
complex plane. The parameter λ is a real number that will be adjusted
later to position the central contact at the centre of the rectangle. Then
the upper half-plane is mapped onto the rectangle with long side denoted
by b, short side 1 and b of order unity (fig. 13). Therefore a SchwarzChristoffel transformation is used3:

U =

2Щ) I [(l-v2)(l-*V)]*

(A2)

with к = Ae.~:xJb and K(k) is the complete elliptic integral of the first
23
kind, which can be approximated by
К{к) = -J + 2π У
(*2/ffl' ,.
v
'
2
^ 1 + (¿2/16)2'

(A3)
'

v

Eq. (A2) is used to set λ numerically by imposing и(и'=Хі) = fti/2.
Now each point on the unit disk can be transferred with Eqs. (A1),(A2)
to a point on the rectangle. This can be used to relate a contact
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¥і%. 13: Schematic illustration of the conformai transformation that maps
the unit disk on the rectangle via the upper half-plane.
configuration on the disk, which denotes an equivalence class of samples
as was pointed out in section III, to a contact configuration on the
rectangular sample.
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CHAPTER 7
EDGE EFFECTS IN NEAR-INTRINSIC GERMANIUM,
OBSERVED WITH A NOVEL METHOD FOR
RESISTIVITY MEASUREMENTS
J.A.M.M. van Haaren^, G.L.J.A. Rikken(a-b), A.P. van Gelder^,
H. van Kempen^3), and P. Wyder(a'b).

ABSTRACT
We report the observation of edge effects in the conductance
of macroscopic samples of near-intrinsic germanium near
room temperature. We used a novel method for resistivity
measurements, which allows for a check of the consistency of
a description with a single resistivity tensor for the whole
sample. Such a description was found to fail near the
magnetic field strengths with a vanishing Hall coefficient.
The inconsistency is attributed to the spatial variation of the
density of charge carriers, that is caused by the unbalance of
the influxes of carriers to the sample's edge and the
recombination-generation rate via traps in the edge region.
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I. INTRODUCTION
The well-known circumstance that the electrical current in
semiconductors can be carried by electrons and holes is essential for
their wide application. 1 For the characterization of these charge carriers,
the study of their behavior in crossed electric and magnetic fields is a
standard technique. The presence of both electrons and holes causes an
intriguing magnetic field dependence in the relation between the applied
current and the electric field. The situation is shown schematically in

Fig. 1: Schematic illustration of the current directions for the electrons (e),
the heavy holes (hh), and the light holes (Ih) in the presence of a
magnetic field B. The electric field E is established so, that the composite
current (comp) is parallel to the boundaries. The transverse component of
the electric field is measured by the Hall coefficient.
fig. 1, where the current has been decomposed in partial currents of
electrons, heavy holes, and light holes, as is the case in e.g. germanium
at room temperature. In a magnetic field applied perpendicular to the
slab the composite current j flows parallel to the boundaries of the
conductor, but the directions of the partial currents are magnetic field
dependent. The physical cause for this, is that it is not possible to
establish a single electric (Hall) field, that compensates the Lorentz force
120
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on the different species of carriers simultaneously. The actual electric
field is established in such a way that the sum of the partial currents has
no components perpendicular to the edges. With increasing magnetic
field the angle between the electric field and each of the partial currents
increases, thereby causing a magnetic-field-dependent orientation of the
electric field in the specimen. The component of the electric field that is
perpendicular to the composite current direction is measured by the Hall
coefficient. The dependence of this coefficient on the magnetic field and
the temperature as observed in our germanium samples (shown in fig. 2)
can only be explained by simultaneous contributions of three different
species of carriers to the conduction.2
However, the presence of partial currents, due to electrons and
holes, that are not aligned with the boundary would demand an instantaneous recombination or generation of the carriers at the edges of the
sample. This cannot be, and therefore the conductor will be shown to be
inhomogeneous near the boundary. This paper is concerned with the
monitoring of these inhomogeneities with a novel method for macroscopic electrical transport measurements. It is organized as follows: In
section II details on the novel method are given. In section III we
discuss the magnetoconcentration effect in germanium. In section IV we
present and discuss the experimental results. In section V we
demonstrate how our data can be analyzed to yield an estimate for the
surface recombination velocity and the bulk recombination rate.

II. OUTLINE OF THE METHOD
Among the methods that serve to determine the resistivity out of
resistance measurements the one due to van der Pauw3 is best known. In
this method a conducting slab with a constant thickness and with four
contacts on the sample's edge is used. One presupposes that the
specimen is isotropic and that a single value for the resistivity as well as
for the Hall coefficient holds for the entrire specimen. To find the
resistivity divided by the thickness of the sample one performs two four-
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Hall coefficient |m3/C)
0.2 -

6
θ
magnetic field (Τ)

Fig. 2: Hall coefficient vs. magnetic field at various temperatures for
near-intrinsic p-type germanium determined with peripheral contacts. The
lines ar only meant to guide the eye.
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terminal resistance measurements. Both resistances are proportional to
the resistivity divided by the sample thickness. Both dimensionless
proportionality factors contain in an intricate manner the shape of the
sample and the position of the contact probes. However, these factors
are a function of a single parameter: the ratio of the two four-terminal
resistances. All samples with the same value for this ratio are equivalent
with respect to any four-terminal resistance measurement that can be
done on the sample, though the shapes and the contact positions of the
equivalent samples may be manifestly different. The relation between
the ratio of the two four-terminal resistances and the proportionality
factors, which are needed to find the resistivity from the resistances, was
first given by van der Pauw. 3
If a magnetic field is applied, the electric field E acquires a
component perpendicular to the current j and the magnetic field B. This
is described by the general relation
E = Qj + RHB

x j

(1)

where ρ is the resistivity and A H is the Hall coefficient. For samples with
a constant thickness d, the quantities ρ/d and R^B/d appear in the
longitudinal and the transverse resistances measured on the sample. The
relation between E and j can be formulated with the help of a two
dimensional resistivity tensor with ρ/d on the diagonal and ±RylB/d as
off-diagonal elements. The determination of this resistivity tensor will be
a main issue in this paper. (The sample thickness and the magnetic field
cannot be resolved by the methods considered here.)
Returning to the specimen with four peripheral contacts, we note
that in a magnetic field the Hall resistance RHB/d can be determined
from an additional four-terminal resistance measurement. However, on
this sample with four peripheral contacts it is not possible to perform
any additional resistance measurements to find out whether the use of a
single resistivity tensor for the entire sample is valid.
The new method, devised by one of us, 5 differs from the van der
Pauw method in the use of six contacts on the interior of the sample,
instead of four peripheral contacts. The values for ρ/d and RHB/d are
calculated from some selected resistance data under the assumption that
edge effects in near-intrinsic germanium
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the sample can be described with a single resistivity tensor. The
information on the shape of the sample that is needed in this calculation
is obtained from resistance measurements on the sample. The procedure
5,6
followed and its justification are the subject of separate publications ;
here we will limit ourselves to a brief description.

Fig. 3: Arbitrarily shaped six-probe sample in a perpendicular magnetic
field.
We will start with an arbitrarily shaped sample on which resistance
measurements can be done (fig. 3). Our insufficient knowledge of the
shape of the sample hinders the calculation of ρ/d and КцВ/а from the
resistance data. And even if the shape of the sample could be described
accurately, the calculation would be very intricate for practical sample
shapes. However, if the sample is uniform, it may be transformed to an
exactly known, simple shape. This transformation must be a conformai
mapping, as in that case solutions of the Laplace equation on the
original sample are carried over in solutions of the Laplace equation on
the image sample. Consequently, it will not be possible to tell - using
resistance measurements on a uniform specimen only - whether a
resistance measurement is performed on the specimen before or after the
conformai transformation. A conformai transformation is unambigu
ously defined if the contour of the image of the sample after the
124
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*2

Fig. 4: Specimen after the conformai transformation to the unit disk in the
complex plane, with the definition of the geometric parameters.

transformation is known, and if some additional free parameters have
been fixed. We choose to use the unit disk with one contact in the
center and five contacts on not yet specified positions (fig. 4) as the
image after the transformation. The nine geometric parameters pertinent
to the outer contacts contain all the geometrical information that is
needed to interprete any resistance measurement on either the original
or the image sample. The conformai transformation has now been
defined exactly, but it will not be derived explicitely. It suffices to
determine the contact positions on the image sample. This is done with
the help of a number of resistance measurements on the real sample.
The contact positions on the image sample (fig. 4) are then moulded to
represent these resistance data exactly. To this purpose we collected a
number of resistance data that are odd in the applied magnetic field.
These data were obtained by retaining the differences of the
measurements done for both magnetic field directions. These Hall-like
edge effects in near-intrinsic germanium
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fig. 5: Examples of the fourterminal resistances used for deter
mining the geometric parameters
and the Hall coefficient. Each
configuration generates a set of five
resistances by rotation of the
contacts around the central one.
resistances are a function of the Hall resistance КцВ/а and the
geometry, and not of the resistivity ρ. We determined two sets of five
resistances: One set consists of the one measured in the configuration of
fig. 5a (for +B and -B), with the four other ones obtained by cyclic
permutation of the pentagon-like contacts. The other set consists of five
resistances generated from the one that is illustrated in fig. 5b in a
similar way. (In fig. 5 we denoted the measurement configuration as if
we measured directly on the image sample.) With these data we may
solve the appropriate contact positions on the image sample, because for
each measurement configuration for voltmeter and current source on the
sample at hand, the resulting four-terminal resistance is given by a
known function of a set of yet unknown parameters. The function can
be found thanks to the simple shape of the image specimen. The last
step in the solution of the parameters in fig. 4 is then the (numerical)
inversion of this function. Further details are given in Refs. 5,6.
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We determined five additional, independent resistances Ri ... Я5
that are found by a cyclic permutation of the configurations in fig. 5c.
Again, we did measurements for H-B and -B for each of the results, but
now we kept their sum. The average value Rav of the resistances
Ri ... R5 was used to find the resistivity of the specimen divided by the
sample thickness. The derived eleven-parameter description is conclu
sive if the sample is uniform. However, in this new method the
resistance measurements for Ri ... R5 need not reproduce the calculated
values. In this sense they are truly independent resistances. This
contrasts to the van der Pauw method, and enables the detection of
departures of the assumed uniformity. The description was used to
calculate values for Ri ... R5. (The average of the calculated resistances
/?,(calc) and of the measured resistances ^¿(meas) are equal by
construction.) A measure for the inconsistency of the description is given
by:
Δ=

!

Яа

(meas) - Recale)
і=1

2]*

(2)

ι

There are reasons to doubt the assumed uniformity, especially near
the edge of a sample with different types of carriers in a magnetic field,
as will be explained in the next section. Whether or not inhomogeneities
are present can be found out by calculating the inconsistency Δ.
However, for more definite statements on the nature of the inhomoge
neities one must know more about the actual shape of the real sample,
because the equivalence of samples of different shape but with the same
geometric parameters on the unit disk, does not hold for non-uniform
samples. To be able to identify edge effects in the conductance proper
ties, we made circular samples with one contact in the center, and five
contacts on a more or less regular pentagon, and we took care to
preserve this approximately five-fold symmetry in the choice of the sets
of four-terminal configurations. For the even resistances Ri ... Ä5 the
symmetry was kept by a similar procedure.
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The reversal of the magnetic field, which is needed to separate the
Hall-like and the resistive-like components out of the actually measured
data, is an elaborate and not always accurate method. We therefore did
not actually reverse the magnetic field, but instead we interchanged the
voltage probes with the ones for current supply. Both theoretically7 and
experimentally8,9 it has been verified that this is equivalent to magnetic
field reversal.

III. MAGNETOCONCENTRATION EFFECT
A conducting bar in a magnetic field (as the one shown in fig. 6)
with a single type of charge carriers displays a Hall voltage. This can be
regarded as a gradient in the chemical potential that balances the
Lorentz force on the carriers, in order that the current remains parallel
to the boundary if a magnetic field is applied. This simple picture must
be altered if several types of carriers participate in the conduction. Here
we will consider a Hall bar, but the argument can readily be generalized
to arbitrarily shaped samples. For two types of carriers the Lorentz
force on the different species cannot be balanced simultaneously, and
each type of particles has a current component perpendicular to the
boundary, as was shown in fig. 1. This causes the accumulation of both
species at the sample's boundary, and a depletion on at the opposing
part, or equivalently, a difference in the chemical potentials for both
types of carriers near the edges (fig. 6). The conduction cannot be
described by the bulk resistivity tensor in this region.10"12 Along the ydirection in fig. 6 a chemical potential (or concentration) profile for the
different species of carriers is established by the competing processes of
thermal generation and recombination of electron-hole pairs, and the
supply or extraction of carriers through the transverse currents. The
recombination of electrons and holes is slow in germanium due to its
indirect gap, and the lifetime of electron-hole pairs in pure material (i.e.
the lifetime of minority carriers) is of the order of 10 -3 s. The mediation
of traps in the recombination process reduces the minority carrier
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Fig. 6: Schematic illustration of the magnetoconcentration effect: We
consider a current through a conductor in a magnetic field, as shown in
the upper half of the figure. To fulfill the boundary condition of a
vanishing current in the y-direction, a gradient in the electrochemical
potential is established, and this variation is registered as a Hall voltage
V . For single-band conduction the drift velocity of the carriers is in the
x-direction only. However, for the two-band case the drift velocities for
the different types of carriers acquire a component in the y-direction too
(cf. fig. 1). The finite recombination rate at the boundaries leads to a
bending of the potentials as depicted in the lower right graph. Now, the
registered Hall voltage is an average of the potential variations.
effects in near-intrinsic germanium
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lifetime to values of the order of 10 s. However, the concentration of
traps is considerable only in a thin edge region, with thickness of the
order of the disturbances in the crystal: for our samples the thickness of
the region will be about 10 μαι. The product of this thickness and the
recombination rate, called the surface recombination velocity (SRV), is
13
important in conduction experiments. The SRV depends on the surface
treatment: for our samples, which were gently cut using a steel tube and
diamond paste and etched afterwards, the SRV is of the order of
_1
10 m s . For lowering the SRV the surface must be etched, or passiv14
ated chemically, to obtain a higher SRV the surface is sandblasted.
For low magnetic fields the current components in the y -direction
are small and their influence on the equilibrium between the recombina
tion and the generation of electrons and holes is appreciable in the
10 μπι edge region only. The transport properties in samples with
-2
dimensions of the order 10 m are not affected. For higher fields the
y -components of the partial currents are relatively large, and the SRV
may be too small to limit their effects to the edge regions. Due to the
slowness of the recombination and thermal generation without the
mediation of traps, this will influence the conductance properties over a
larger extent. These effects will be appreciated outside the edge region,
over macroscopic distances into the sample, if the influx of particles
exceeds the product of the SRV and the density of the carriers that must
be recombined. A similar argument holds at the opposing edge of the
sample: the outflux of carriers must be compared to the thermal genera
tion out of the traps, which balanced the recombination without an
applied magnetic field. The resulting inhomogeneity of the carrier
concentration is not of a random nature but has to reflect the shape of
the sample edge region. Such a spatial dependence of the carrier density
in a current carrying Hall bar in a magnetic field has been monitored
with infrared transmission.15
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IV. EXPERIMENTAL RESULTS
In order to observe edge effects due to the presence of electrons
and holes we did measurements on unintentionally doped p-type
germanium near room temperature. From low-temperature Hall
measurements we found that Ν\ — N¿ = 3.5 x IO18 m - 3 . The
geometry of the two samples was disk-like with the normal in the [100]
direction and a diameter of 6.4 mm and thickness of 0.8 mm and 0.6 mm
for sample 1 and 2 respectively. The samples were carefully mechanically
polished, with a final surface roughness of less than 1 μια. As a last
treatment the samples were chemically polished in CP4 at room
temperature for a few minutes.16 The contacts were made by alloying
small tin dots (diameter 0.2 mm) into the germanium at 400 С for
15 minutes in forming gas. The ten contacts were positioned as follows:
one in the center of the disk, five in a more or less regular pentagon at
about 85% of the radius of the sample, and four on the edge to serve as
contacts for van der Pauw measurements.
Experiments on doped p-type germanium (Л^д — N^ =
1.2 x 1021 m - 3 ) at room temperature, which were performed in much
the same way as the present experiments, will be discussed in detail in a
separate publication.6 Here, we would like to mention their results
briefly to demonstrate the feasibility of the novel method. In this
extrinsic p-type germanium the charge is carried by heavy and light holes
only, with a very rapid exchange between the bands (the interband
scattering time for carriers initially in the light hole band is of the order
of 10" 12 s). The Hall coefficients and the resistivities that were
determined with the six-probe method at magnetic field strengths from
2.5 to 18 tesla agreed within the measurement accuracy with the ones
provided by the van der Pauw method. The geometric parameters
determined in these extrinsic samples were independent of the applied
magnetic field over the entire field range, and they all agreed with the
ones optically measured on the samples.
Now we will consider the results on the near-intrinsic germanium.
The Hall coefficient Ки, as measured with the peripheral contacts, has
already been shown as function of the applied magnetic field in fig. 2.
edge effects in near-intrinsic germanium
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Fig. 7: Comparison
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symbols)

of the Hall coefficients determined with the four

contacts (open symbols) and the six-probe method (closed
at 274.3 K.

Between 5 and 7 tesla a meaningful

description

cannot be found with the six-probe method.
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The Hall coefficient varied strongly with temperature and magnetic field:
for certain combinations of these parameters a so-called Hall null was
found. The temperature affects the scattering rates of the three species
of charge carriers - electrons, heavy holes, and light holes - and thereby
the directions and magnitudes of the partial currents. The magnetic field
dependence of RH is caused by the aforementioned competition between
the three different carrier types.2 From measurements with the six-probe
method, a Hall coefficient is found that does not concur with the result
using peripheral contacts over the entire field range, as is shown in
fig. 7. Near the Hall null an anomaly was found: in an appreciable
range of magnetic fields around the Hall null no meaningful description
could be found, though the measurement accuracy of the Hall-like
resistances was large enough to apply the method.
At 286.5 К the Hall null lies far above 8.5 tesla, and at this
temperature a description can be found with the six-probe method for
the entire field range. But the results at 286.5 К lead to a magnetic field
dependence in the geometric parameters, which is systematic in the radii,
but not in the angles (fig. 8). The occurrence of such a dependence is
indicative of a failure of the assumptions made, i.e. of non-uniformities
in the conductance properties. The systematic way, in which the
magnetic field dependence occurs, shows that such inhomogeneities
possess the symmetry of the sample with its pentagon-contacts.
Two likely candidates for the explanation of these symmetrical
inhomogeneities will be considered next. First, they might result from
carrier injection effects near the contacts. However, the spatial extent of
these effects is small: it can be estimated by the drift velocity of the
carriers divided by the recombination rate in the highly perturbed
contact region and is of the order of 1 μτη. Secondly, the effects might
be due to the magnetoconcentration effect, which changes the
concentration of carriers near the edge of the sample. One would expect
this to affect the conductance properties most strongly under conditions
of a high magnetic field and a small Hall coefficient. Therefore the
remaining measurements to be presented here were performed at that
temperature, where the Hall null was near the maximum available field
(8.5 tesla). For sample 1 this was at 277.7 K, for sample 2 at 276.1 K:
edge effects in near-intrinsic germanium
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magnetic field (Τ)
Fig. 8: Geometric parameters as function of the magnetic field strength in
the six-probe method measured at 286.5 K. The five angles represent only
four independent parameters, as their sum has to equal 2π.
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the difference can be explained by a small difference in the impurity
concentration.
In the data presented so far only part of the independent fourterminal resistances that have been measured has been taken into
account. The remaining data can be used to calculate the inconsistency
of the description, as defined in section II; the results are shown in
fig. 9. The lower limit for the inconsistency is determined by the
measurement inaccuracy (0.04 in fig. 9, corresponding to an experi
mental error of 0.04/λ/Τ5 = 0.01, see Ref. 6). On top of this, large
increases of the inconsistency are observed near the Hall nulls at very
low field (< 0.1 tesla) and at « 8.2 tesla. Therefore five magnetic field
ranges can be discerned: For magnetic field strengths from 1 to 5 tesla
the inconsistency is determined by the measurement inaccuracy. For
В < 0.1 tesla and for В > 7 tesla the six-probe method, assuming a
uniform resistivity tensor, cannot give a meaningful description. In the
intermediate ranges a higher inconsistency is found, proving that a
description with a uniform resistivity tensor is not adequate.
inconsistency
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Fig. 9: Inconsistency vs. magnetic field for sample 2 at 276.1 К and 3 μΑ
measurement current.
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An inhomogeneity related to the magnetoconcentration effect will
be current dependent, as it is determined by the balance between the
partial currents incident on the edge and the recombination through the
traps near the edge. Such a dependence was obtained here in the results

magnetic field

Fig. 10: The relative current dependence of the Hall coefficient
D = [ϋΗ(3μΑ) - ΚΗ(10μΑ)]Ι[ΚΗ(3μΑ)
+ ΚΗ(10μΑ)] and the inconsis
tency for a current of 3 μΑ as function of the applied magnetic field for
sample 1 at 277.7 K. Lines are only meant to guide the eye.
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F/g. 11: Current dependence of the inconsistency and the Hall coefficient
according to the six-probe method (closed symbols) and the Hall coeffi
cient as determined with the peripheral contacts (open symbols), all deter
mined for sample 1 at 7 tesla and at 277.7 K.
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from the six-probe method, and it was also found, although much
weaker, in the Hall coefficient measured with the peripheral contacts.
Fig. 10 shows the relative current-dependence of the Hall coefficient
found from the six-probe results and the inconsistency as function of the
applied magnetic field. Both show a sharp increase above 5 tesla. Ohm's
law could not describe such a behavior of the conductance, not even for
an inhomogeneous sample. This non-linearity has been further
investigated at a magnetic field near the Hall null. The inconsistency and
the Hall coefficient measured with both methods, as shown in fig. 11,
show concurrently a strong current dependence above 5 μΑ. The
behavior of the inconsistency at low currents is due to the reduced
measurement accuracy; at the highest currents it indicates that a
description with a single resistivity tensor is not adequate. The divergent
behavior of the Hall coefficients according to both methods sets in where
the inconsistency increases, suggesting that their discrepancy is related to
the failing of the description. Because the geometric parameters are
determined simultaneously with the Hall coefficient, one would expect
the current dependence that is shown in figs. 10 and 11, to be present in
these parameters too. Indeed such a dependence was observed.
A similar current dependence for the inconsistency was found in
sample 2, though with a somewhat larger critical current, as is shown in
fig. 12. We did not approximate the regular-pentagon-on-a-diskgeometry for sample 2 as closely as we did for sample 1. One of the
contacts was positioned somewhat closer to the edge than the other
pentagon contacts, and the edge looked somewhat abraded near this
contact. In the magnetic field dependence of the geometrical parameters
we noticed a peculiar behavior for the corresponding contact (No. 3) on
the representing specimen. The geometrical parameters, which resulted
from the set of ten Hall-like resistances, are depicted for sample 2 at
276.1 К in fig. 13. The magnetic field dependence for contacts 1,2,4, and
5 is similar to that observed on sample 1 (see fig. 8). However, the
different behavior of contact 3 suggests the breakdown of the
uniformity-assumption near this contact.
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We found a strong current dependence in the six-probe results at
0.15 tesla and at 7 tesla, whereas a possible current dependence at
4 tesla was less than the measurement accuracy of 1%. At 7 tesla the
inconsistency increased with the measurement current, as was shown in
fig. 12. However at 0.15 tesla the quality of the description (geometrical
parameters, consistency) improved with an increase of the current from 3
to 10 μΑ. At 0.15 tesla the Hall coefficient was nearly equal to the
7 tesla value, but the partial currents due to electrons and holes differed
completely from the ones at 7 tesla. The difference in the results is
additional evidence that our experiment is sensitive to the conduction
process, and not just to the values of the resistivity and the Hall
coefficient.
In summary, we conclude that the magnetic field- and current
dependence of the geometric parameters (figs. 8,13), the Hall coefficient
(figs. 10,11) and the inconsistency (figs. 9-12) can be understood
qualitatively in terms of the magnetoconcentration effect.

inconsistency
1.0 b

0.0"
0

.

"
10

1
20

1
30

current IpA)
Fig. 12: Inconsistency vs. current for sample 2 at 276.1 К at 7 tesla.
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angle

6

θ

magnetic field |T)
Fig. 13: Geometric parameters as function of the magnetic field strength
in the six-probe method measured at 276.1 К for sample 2. The measure
ment current is 3 μΑ. The five angles represent only four independent
parameters, as their sum has to equal 2π.
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V. EVALUATION OF RECOMBINATION RATES
Since our experiment was performed on such an extensively studied
material as germanium, a more quantitative analysis can be given than
the one above. This will be the subject of this section. Our analysis
yields further support for. the conclusion that the observations in the
previous section can be explained in terms of the magnetoconcentration
effect. Certain assumptions have to be made in order to find values for
the surface recombination velocity (SRV) and the bulk recombination
rate, but these assumptions, which may influence the evaluated values
for the rates, will not change their order of magnitude.
The thorough investigations of germanium in the last decades have
enabled a variety of applications (ranging from the first transistors in the
1950s to gamma radiation detectors, optoelectronic devices, and solid
state far-infrared lasers in these days). Concomitantly, a profound
knowledge of the properties of germanium has been obtained, which has
made germanium a model system in various fields in solid state physics,
because the experimentally obtained quantities can be compared with
theoretical calculations with virtually no adjustable parameters. We
performed such a calculation for the electrical resistivity and the Hall
coefficient data on our samples with the aim to identify the partial
currents due to the various carrier types that are involved in the
conduction. The result will be used for deriving an estimate for the
surface recombination velocity and the recombination rate in bulk
germanium.
Especially in near-intrinsic material the interplay of the different
types of carriers causes a remarkable magnetic field and temperature
dependence in the resistivity and the Hall coefficient. The evaluation
these quantities invokes averaging of the relaxation time of the charge
carriers over their energies.2 Therefore one needs to know which
scattering mechanisms are active at the temperature under consideration,
and how they affect the energy dependence of the relaxation time of
each type of carriers. Once this is known the appropriate averagings can
be performed.
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In the calculations we took scattering by ionized impurities, optical
deformation potential scattering, and acoustical deformation potential
scattering into account. We obtained a satisfactory agreement between
our theoretical results and the prominent, experimentally observed
features resistivity and the Hall coefficient. Details on the procedure are
given in the Appendix. After thus verifying our approach, we used our
results for the partial currents to evaluate the maximum current
component parallel to the edge of the disk for a measurement
configuration that was encountered in the Hall-like measurements: a
central and an eccentric contact for current supply (figs. 5a and 5b).
Then we calculated the influx of electrons perpendicular to the edge. Of
course, this influx to the edge equals the influx due to the holes, because
the component perpendicular to the edge for the composite current must
vanish. The maximum partial current component perpendicular to the
edge is given by
il. = η//"·

(3)

where / is the current supplied to the sample, t is the thickness, and r
the radius of the disk. The dimensionless proportionality factor η is the
main result of the calculations of the Appendix: it depends on the
properties of germanium, the doping, the temperature, the magnetic
field, and the radial coordinate of the eccentric contact. Fig. 14 shows η
as function of the applied magnetic field for various temperatures, as
obtained in our calculations.
For estimating the SRV and the bulk recombination rate we used
the experimentally obtained inconsistency vs. measurement current
curves in figs. 11,12, for samples 1 and 2 respectively. In these curves we
may discern two regimes: For currents below 10 μΑ in both samples the
inconsistency Δ is principally determined by the inaccuracy in the
measured resistances, amounting to about 1%, which yields Δ =
V Î T · 10 - 2 = 0.04. For larger currents an increase of the inconsistency
with the current is observed, and eventually for still increasing currents
the algorithm of section II could not find a description. The slope of the
curves above 10 μΑ is for both samples about 105 A - 1 . The onset of the
increase of Δ gives the upper bound of the regime, in which the recom142
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Fig. 14: Calculated magnetic field dependence of the dimensionless pro
portionality factor η, which is defined in Eq. (3), at various temperatures,
The parameters pertinent to the partial currents, carried by the electrons
and the holes in the germanium, were derived from the Hall effect and the
magnetoresistance measurements, as indicated in the text.
bination of the influx of carriers happens through the surface traps. For
increasing currents one enters the regime, in which the magnetoconcentration effect perturbs the bulk conductance properties in an
increasingly larger part of the sample. The failing of the single resistivity
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description sets in at about that value for the measurement current, at
which the component of the drift velocity for the minority carriers
incident on the edge exceeds the SRV, because for these currents the
supply of carriers incident on the edge surpasses the removal of the
particles by recombination. The transverse component of minority
carrier drift velocity can be found from the calculations in the Appendix,
as summarized in Eq. (3) and fig. 14, and from
І± = nevtd

(4)

where η is the electron concentration and v td is the transverse drift
velocity. Using 10 μΑ for the critical current at which the perturbation of
the bulk material sets in, one finds a value for v t d , and consequently for
the SRV, of 5 m s - 1 , which is in fair agreement with values reported in
literature for similarly prepared samples.1,14
At current values above 10 μΑ the carriers accumulate at the
boundary and additional diffusion currents occur. The conductive
properties of the slab cannot be accounted for by a description based on
a single resistivity tensor for the entire specimen. A complete account of
the electric field and the current density in the sample and their intricate
non-linear interrelation is hard to evaluate for this non-standard
geometry and is beyond the scope of this paper. (See Refs. 10-12 for
results pertaining to narrow Hall-bar geometries.) For making an order
of magnitude estimate of the bulk recombination rate, we conceive the
effects of the accumulation and depletion at a part of the sample's
boundary, as if the resistivity tensor at this part of the edge of the
sample differs significantly from the bulk value - say by 50%, as
suggested by the results given in Refs. 15,17 - and this resistivity tensor
for the perturbed part of the edge passes smoothly into the bulk value
over a distance € into the specimen. The increase of the measurement
current will primarily enhance the spatial extent of this transition region,
rather than enlarge the departure between the edge region resistivity
tensor and the bulk tensor. This is a reasonable conjecture, as in our
samples the diffusion currents out of the accumulation - and into the
depletion region will oppose larger departures between the carrier
concentrations in the edge and the bulk. This contrasts to the situation
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encountered in the narrow structures in in Refs. 10-12, where no spatial
increase of the accumulation and depletion regions is possible. The
characteristic length over which this departure extends into the bulk is
€=«vtdTrec where vtd is the transverse component of the drift velocity that
was used in Eq. (4) and т гес is the bulk recombination time. The fraction
of the periphery, at which the non-equilibrium carrier distribution
occurs, depends on the sharpness of the maximum in the current density
as function of the peripheral coordinate. This maximum is broad: along
about a quarter of the periphery the incident fluxes are within 50% of
the maximum value. Therefore the fraction of the specimen with a
departing resistivity tensor is (π€>/2)/(πτ2) = €/2r, with r the radius of
the specimen. The inconsistency defined in Eq. (2) is estimated to be

Δ = VÏ5 4-

І9е

~Qbl - -

(5)

where Qe,Qb is the resistivity for the edge region and the bulk
respectively. With Eq. (3),(4) and the estimate ρβ = Qb/2, we conclude
ЭА _ 2ητΓ6Ε
3/ _ nr4t

C

'

with η = 0.8, η = 5 x IO18 m - 3 , r = 3.2 χ Ю - 3 m, t = 8 х Ю - 4 m,
and ЭЛ/Э/ = IO5 A - 1 , we find т гес = 4 χ Ю - 4 s, in agreement with
reported values for the bulk recombination time in near-intrinsic
germanium at room temperature.18
So far we used the results for the inconsistency as function of the
current through the sample at a fixed magnetic field to obtain estimates
on the SRV and the bulk recombination rate. Another way to determine
these quantities is to start with the inconsistency vs. magnetic field
curves at a fixed value for the current supplied to the sample. The
results for sample 1 at 277.7 К and sample 2 at 276.1 K, both with 3 μΑ
measurement current have been given in figs. 9,10. With the help of the
calculations in the Appendix, Eq. (3) and fig. 14, and Eq. (4), we
translate the magnetic field values into the transverse drift velocity for
the minority carriers near the perturbed part of the edge. We find a
edge effects in near-intrinsic germanium
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sharp increase of the inconsistency for a transverse drift velocity that
corresponds to a SRV of 2 ms - 1 . This is in fair agreement with the
order of magnitude estimate from curves obtained at a fixed magnetic
field. The increase of the inconsistency for larger magnetic fields is due
both to the enhancement of the accumulation region as mentioned
above, as well as to the decrease of the unperturbed Hall coefficient.
This complicates the interpretation of the slope of SA/dB. However,
neglecting the latter effect we find for the bulk recombination rate
2 x 10 -3 s. Incorporation of the effects due to the decrease of the bulk
Hall coefficient would further improve the agreement with the value
found above. An additional complication in the interpretation of the
inconsistency vs. magnetic field curves stems from a possible magnetic
field dependence of the recombination rates. Measurements and
calculations for shallow traps show a strong increase of the recombination rate with magnetic field.19 However, the mechanisms pertaining to
recombination via deep traps, of which the exact nature is not known,
might differ significantly.

VI. CONCLUSION
We demonstrated that, under certain conditions, resistance measurements aiming to find the resistivity and the Hall coefficient may lead to
inconclusive results if one uses peripheral contacts only. Generally, this
may arise from any spatial inhomogeneity in the conductance properties
of the specimen. We studied these inhomogeneities more closely for
pure germanium near room temperature with a novel method for
characterizing resistance measurements. They were shown to originate
from the influx of partial currents, carried by electrons, heavy holes and
light holes, to parts of the sample's boundary. The limited recombination rate of the carriers involves changes in the concentration of the
carriers at the sample's edge and results in additional diffusion currents
that invalidate a description with a single resistivity tensor for the entire
specimen. A quantitative analysis of the data yields order of magnitude
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estimates for the parameters relevant to these processes: the surface
recombination velocity and the bulk recombination rate, which were
both found to agree with literature values obtained by different methods.
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APPENDIX
In order to do a quantitative analysis of the edge effects observed
with our six-probe method, it is necessary to determine the partial
currents carried by the electrons, heavy holes, and light holes. To do so
one has to evaluate the following constitutive relations 2 , 2 0 between the
electric field E = (Ex ,Ey ,0) and the current density j = (jx ,jy ,0) in the
presence of a magnetic field В = (0,0,ß):

л + i r BE, ¿σ,μ«: A

;* = Σ/,,. = Εχ
,=1

Іу = ¿У^< = -^Г
,=1

8

1=1

й

BE

(AI)

,=1
Е

A2

x Σσ«μ«:Α. + У Σσ«^«
ι=1

( )

,=1

where i = 1,2,3 denotes the electron, heavy hole, and light hole band
respectively. Further σ, = η,β,μΜ,ι with щ is the number of carriers of
type i', and μ 3 ς ) ( is the acoustical-phonon limited mobility and el is the
charge of the carrier including its sign. (The mobility reflects the sign of
the charge carrier.) The parameters /Í, and L, will be addressed below.
The law of mass action provides 21 :
ηλ{η2 + из) = 3.1 IO 44 [ m - 6 K - 3 ] Г 3 exp(-0.785

-|^-)

(A3)

where к is the Boltzmann constant and Τ is the temperature. For solving
п п
ъ г,пъ separately we used «2 + «з — n\ = NÁ — N^ , where N^ ,N¿
are the concentration of ionized acceptors and donors respectively. For
shallow-level dopants, assumed to be dominant in our samples, N^. and
Nft are independent of the temperature for the temperature range
under consideration in our experiment (200 К to 290 K). We inferred
NÄ. ~ No from Hall effect measurements at low temperatures, where
our germanium was in the extrinsic regime. Furthermore tij and n^ can
be calculated, using n^/rtj = {m-Jm^2
because of the difference in the
density of states for the heavy and light hole band. In germanium
т^тт, = 8.14. In Eqs. (A1),(A2) two parameters .K, and L, have been
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2

introduced, which contain the averages of the relaxation time of the
2 2
2
2 2
carriers: K, averages τ/(1 + ω τ ) and L, averages τ /(1 + ω τ ) over all
carriers of type i. Here ω ς = efi/w, is the cyclotron frequency for this
type of carriers. The averages are rewritten as averages over the energy
of the carriers of band i, using the density of states for this band and a
non-degenerate distribution function. For performing the averagings, we
introduce a dimensionless measure χ for the energy of the carrier ε:
(A4)

* - ττ

The expressions for K, and L, involve three scattering mechanisms:
acoustical deformation potential scattering parameterized by the
acoustical phonon limited mobility μ3ο,ι, ionized impurity scattering with
dimensionless parameter ß, (Refs. 2,22), and optical deformation
potential scattering accounted for by a dimensionless function g(x) to be
defined below. The resulting energy-dependence of the relaxation time is
given by:
3/2

β, + g(x)x¿
where τ",. ,· is an energy-dependent prefactor related to the acoustical
mode interaction. The lattice scattering relaxation times for heavy and
23
light holes are assumed to be equal. This approximation simplifies the
situation somewhat and can be justified empirically by the large
difference in the density of states in both bands, which causes that the
predominant scattering event for light holes is scattering to the heavy
hole band, whereas heavy holes are scattered within their band with
approximately the same probability. Consequently the ratio of the light
hole to heavy hole mobility Цас,. Цас,2 is given by m-Jm^. The lattice
scattering relaxation time for electrons will differ from the value for the
holes.
The g(x) function appearing in Eq. (A3) is given by 20,24 :
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g(x) = 1 + R-¿—(l

g(x) = l + R-

-1

+ ^УЛ

(1 + 1 ) й + e\l - 1 ) %

for je < ξ

for χ > ξ

(A6)

where ξ = ho30/kT with йш 0 is the optical phonon energy. From neutron
diffraction h(a0/k = 430 К (Ref. 25). The coupling constant R measures
the relative strength of the optical phonon scattering relative to the
acoustical
mode scattering. For p-type germanium R = 1.9,
μ 3 ς ) 2 = 0.26 Τ'3/2 m 2 /Vs, and μ30 3 = 2.12 T - 3 / 2 m2/Vs (where Τ is the
temperature in K) has been found by adjusting the temperature
dependence of the theoretically evaluated mobility for acoustical and
optical mode scattering to the experimentally observed temperature
dependence. 2 3 Though R = 1.9 has been used for electrons in
germanium too, 2 0 the large differences between the valence and the
conduction band in germanium suggest a different coupling constants for
electrons. Moreover, for η-type germanium the observed temperature
dependence of the mobility (^ Τ'1-66) differs from the p-type result
(ос т^-зэз-) ^ § e e R e f 21). As for scattering by acoustical phonons only,
the mobility is proportional to Г - 3 ' 2 , one improves the concurrence
between the experimental and the theoretical temperature dependence
by lowering R. With the same procedure as was followed in Ref. 23 we
extract R = 0.2 and ц а с д = 0.26 Г - 3 / 2 (with again Τ the temperature
measured in K) from the experimentally determined mobility vs.
temperature curves. Other effects like intervalley scattering or a
temperature dependence in the effective mass of the carriers have been
omitted here, as they can be argued to be small (See Refs. 26,27
respectively). The ionized impurity scattering parameters β, remain to
be specified. Our experiment was performed at a fairly high tempera
ture in pure germanium and therefore the importance of the impurity
scattering was small. We estimated ßj = 0.03, using the Brooks-Herring
formula 2 to find the ionized impurity limited mobility. For the fast, light
holes the impurities scatter more effectively, so following Refs. 20,28 we
take ßs = 3ß 2 and fa = fa.
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Now the parameters for the scattering processes have been defined
and their values have been determined we can give the expressions for
Κι and Lj as averages over the carriers' energy χ (defined in Eq. (A4)):
œ

3

2
(g(x)x
+ &)e-xdx
К6У
Ki = J\
,
4^
=o {g{x)x2 + β,) 2 + γ,Λ:3
cx

(A7)

and
2 r
x^e-tax
J
2
+ ft)2 +
K^ o(g(x)x

Lt

Yi

x3'

^

where
γ, =

й

—

(А9)

and £(дс) has been defined in Eq. (A6). The integrals were evaluated
numerically. We incorporate the warpening for the heavy hole band,
following Ref. 2, with the following series expansions:
tf2(warped)

= α[Κ(β 2 ,γ 2 ) + 03^(β 2 ,9α 2 γ 2 ) + ο 5 ί:(β 2 ,25α 2 γ 2 )]

(AIO)

and
L 2 (warped) = αΰ[Α:(β 2 ,γ 2 ) - 303^(β 2 ,9α 2 γ 2 ) + 5b 5 tf ( ß ^ S a ^ ) ]

(All)

where α = 0.96, a = 0.935, Ь^ = 0.085, and b5 = 0.035.
With these results for £¿ and L ( , we can readily evaluate the
resistivity tensor elements ρ and RH by inverting Eqs. (A1),(A2):

ρ=

-—^ ^
i=l

ö

(A12)

ι= 1
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Hall coefficient {m3/C)
2

6
θ
magnetic field IT)
Fig. 15: Calculated results for the Hall coefficient as function of the
magnetic field at various temperatures (solid lines). The results measured
with contacts on the edge of the sample are depicted for comparison. (See
also fig. 2.) The inset shows the temperature dependence of the Hall
coefficient measured at 5 tesla (circles) as well as the calculated results
(drawn lines).
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and

Дн = —
/=1

—.

1
δ

(А13)

(=1

In these expressions we take for K2 and L2 the values after the
warpening correction of Eqs. (AIO),(All). In fig. 15 we depicted the
computed results for the Hall coefficient as function of the applied
magnetic field at various temperatures. The experimental data points
measured with peripheral contacts have been shown for comparison.
Fig. 16 shows the calculated results for the resistivity as well as the
experimental results obtained with the van der Pauw method. In near
intrinsic material the Hall coefficient can be comparatively small, as it is
to be regarded as the difference between the electron-like contributions
and the hole-like contributions. Departures from the fit should therefore
be compared to the Hall coefficient due to the electrons and the holes
separately, being of the order of the Hall coefficient in the extrinsic
temperature regime, i.e. a factor 10 larger than the values depicted in
fig. 15. Therefore, the measured and calculated temperature dependence
of the Hall coefficient at 5 tesla are shown in the inset in fig. 15. From
the satisfactory agreement we conclude that we have identified all the
relevant scattering mechanisms with their appropriate parameters. With
Eqs. (A1),(A2) we can now calculate reliable values for the partial
currents incident to the edge region.
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Fig. 16: Calculated results for the resistivity as function of the magnetic
field at various temperatures (solid lines), as well as the results measured
with peripheral contacts, using the van der Pauw method (symbols).
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MATHEMATICAL APPENDICES
CURRENT DIVERSION IN MAGNETIC FIELDS
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APPENDIX A: conductor with peripheral contacts
In this appendix we give a mathematical argument to illustrate the
(in)dependence of the current pattern in a conductor on an external
magnetic field. Our analysis holds for conducting specimens that can be
decomposed in two-dimensional sheets, in such a way that in each plane
a self-contained transport problem - without current flow between the
planes - can be formulated. A general example of such a specimen is a
conducting slice with a constant thickness and in-plane variations of the
conductance properties only. Furthermore, the transport problem for
specimens that do not meet these requirements exactly may be approxi
mated by such a two-dimensional problem, after suitable averaging
procedures. 1,2,3
The conductor under consideration is assumed to be isotropic, but it
need not be uniform. As our sample is regarded as two-dimensional, its
resistivity ρ is measured in ohm. For a conducting slice ρ is obtained
from the three-dimensional resistivity after division by the sample thick
ness. We will limit ourselves to simply connected3 specimens, and we will
assume that the current is supplied through small contacts at the
boundary. (Sources and sinks for the current on the interior of the
sample will be treated in Appendix C.) For the electric field E and the
current J the following relations hold on the interior of the sample:
E = Qj

(Al)

VxE = 0

(A2)

VJ = 0.

(A3)

In addition, J and E must meet the appropriate boundary conditions.
We may formulate these conditions by specifying the contour of the
conductor as well as the positions on its edge where the current enters or
leaves the specimen.
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In solving this transport problem, Eq. (A2) is readily dealt with by
evoking a suitable potential Φο, with E = — Фо. Then Eqs. (Al) and
(A3) lead to:
-(-

Фо) = 0.

(A4)

This differential equation and the boundary condition determine the
potential Ф 0 , which in turn determines the current pattern.
Next a static magnetic field is applied perpendicularly to the sample
plane. Now Eq. (Al) must be modified to include the Hall field (see
chapter 1), resulting in
E = Q ( J - J x β)

(A5)

where β = 7? Η Β/ρ is the dimensionless magnetic field and R^ is the
Hall coefficient for the two-dimensional conductor. (For a conducting
slice the two-dimensional Hall coefficient is found by dividing the threedimensional one by the sample thickness.) Our boundary conditions and
Eqs. (A2) and (A3) remain valid in a magnetic field. For simplicity we
assume that the resistivity ρ does not depend on the magnetic field, but
our conclusions are also valid for a magnetic field dependent resistivity,
provided that its spatial variations are not affected by the magnetic field.
The current pattern is not changed by the magnetic field, if QJ = - Фо
solves the transport problem, using Eq. (A5) instead of Eq. (Al). This
current pattern obviously meets the boundary conditions and Eq. (A3).
The fulfilment of Eqs. (A2) and (A5) is ensured, if a potential Φ exists
such that
Ф =

Фо -

ФоХ β-

(A6)

Writing Φ = Φο + Ф ь the zero-field current pattern solves the transport
problem, if a function Φ χ can be found that obeys
Ф! = -

ФоХ β.

(A7)

For an acceptable function Ф^ it is required that
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(А8)

With Eqs. (А7) and (A4) this condition can be translated into
νΦο·ν(βρ) = О

(A9)

where β = | β|. For specimens in which Φ 0 , β and ρ obey Eq. (A9), the
current pattern does not depend on the magnetic field. This pattern is
conserved for arbitrarily shaped, uniform two-dimensional conductors.
This is also valid for specimens with non-uniformities that do not affect
βρ, which is the Hall resistance. For three-dimensional samples this Hall
resistance should be read as RHB/d, with d the sample thickness.
Thickness variations in homogeneous specimens generally lead to current
diversions, as they affect the Hall resistance βρ. However, uniform wires
with a cross section that is constant along the direction of the current are
an important exception to this general statement, as for these wires
ν(βρ) is perpendicular to Фо- Non-uniformities in the specimen will
generally lead to current diversions. A special case of these inhomogeneities is provided by large contacts for current supply at the sample's
edge.

APPENDIX B: conducting strip with two adjacent regions.
This appendix gives a concise description of the solution of a
transport problem that is encountered in various forms in chapters 2,3,
and 4 of this thesis. Though the outcome of this solution has been
published,1,2 and is also considered in the aforementioned chapters of
this thesis, a comprehensive account has not been published yet. The
solution presented here has been devised by A.P. van Gelder.3
We consider the electric field and the current distribution in a
conducting strip consisting of two different regions in series. As an
example, we choose a conducting bar with a thickness variation as shown
in fig. 1. The thickness variation is discontinuous and extends over the
160
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Fig. 1 Specimen with thickness variation in a magnetic field.

whole sample width.
current is:

The local relation between electric field and

E = Q ( J - J x β)

(Bl)

_1

where ρ = σ
is the three-dimensional resistivity, and β is directed
along the magnetic field. After averaging over the ζ-direction we
obtain:
- β/,)

(B2)

Ey = ^-(βΛ + Jy)

(B3)

Ex = ^{Jx

where d is the thickness in the ζ-direction and:
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E, =
a

±¡El(x,y,z)dz

(B4)

0

and
d

J, = f Jt(x,y,z)dz

(B5)

0

where i = x,y. For the averaged current J:
VJ = 0.

(B6)

The average value for the electric field - Eq. (B4) - is assumed to be a
good approximation for the three-dimensional field. In that case:
V x E = 0

(B7)

holds for the averaged field E. Equations (B6) and (B7) are solved with
the help of two potentials Φ and Η defined by
ЭФ
Э*

F

У

ЭФ
Эу

.
х

ЭЯ
Ъу

.
У

ЭЯ
Ъх'

Inserting these potentials in Eqs. (B2) and (B3), one finds:

and

where σ and β are independent of χ and y, and d = d+ for χ > 0, and
d = d~ for χ < 0. As these equations resemble the Cauchy-Riemann
conditions for a complex analytic function, we define ζ = χ + i у and
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f (ζ) = -σάΦ

(Bil)

+ βΗ + ІН.

The function ƒ = и + i ν, with и and ν both real functions of χ and у,
is an analytic function of г = χ + iy, if and only if
Эй _ Э
Эх
Эу

ди_ _
Эу

Э
Эх '

(B12)

Equations (В 12) are known as the Cauchy-Riemann conditions.
Insertion of Eq. ( B l l ) in Eq. (B12) yields Eqs. (B9) and (BIO).
Now we must carefully determine the boundary conditions, and then
we must look for an analytic function that obeys these boundary
conditions. This function must be analytic on the + part as well as on

Fig. 2: ƒ must be analytic on the +
and - part of the complex plane

the - part of the strip that is shown in fig. 2. An analytic function is
characterized by its behaviour at the boundaries, so at least in principle,
the problem will be solved if the boundary conditions have been derived.
The boundary conditions follow from physical arguments. First, the
current must be parallel to the walls of the conductor, so Я must be
normal to the walls, so Η must be constant on the walls:
#(*,()) = 0

and

H(x,L)

= I.

(B13)

The potential Φ must be continuous at χ = 0 , as follows from Eq. (B7),
so:
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ф-(0,у) -

Ф+(0,у)

(В14)

and H must be continuous at л: = 0 :
Я-(0о0 = Я + ( 0 ^ )

(B15)

Next, the following subtle argument leads to a relation between ƒ
on the + part and ƒ on the — part of the strip in fig. 2: / ( z ) is an
analytic function on the two parts of the strip if and only if ƒ*(—z*) is
analytic on the same domain, as follows from the Cauchy-Riemann
conditions (z* denotes the complex conjugate of z). Hence
g(z) = f(z) + ƒ*(—z*) is also an analytic function on the two parts of
the strip. From Eq. (B13) it follows that:
Im g(x,0) = Im g(x,L)

=0

(B16)

and from Eq. (B14):
Im g-(0,y)

= Im g+(0,y)

= 0.

(B17)

So g(z) is an analytic function with an imaginary part that vanishes on
the boundaries for both the left as well as the right part of the strip.
Complex function theory tells us that g equals a real constant-valued
function, which may be chosen equal to zero for the left and the right
part. So ƒ = и + iv has the following symmetry:
u(x,y)

= -u(-x,y)

and

v(x,y)

= v(-x,y)

(B18)

and it suffices to determine ƒ on the right part of the strip only.
For this aim the boundary conditions are rewritten in terms of
ƒ = и + iv on the right part of the strip. We find:
v(x,0) = 0

and

v(x,L)

=I

(B19)

and
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for χ = 0

и = bv

with

b =β

41.
+
a' + d

(B20)
'

V

where we have used:
±

φ ±

=

-u

+^
±
ad

( B 2 1 )

As a direct consequence of the boundary conditions we obtain the
Hall voltage at the step, without solving the problem any further. Far
away from the step the electric field and the current distribution will
resemble the ones for a strip of constant thickness. Therefore
ы(д:,0) = u(x,L) for χ —» °°. Hence
н

(В22)

Ф( + оо,£) - Ф(+°°,0) = - ^ ш VJ

(В23)

Φ(-οο,Ζ,) - Φ(-οο,Ο) = £1 «
a

and

as follows from Eqs. (B19) and (B21). From Eqs. (B18) and (B20) we
find for the Hall voltage at the step:
Φ(0,Ζ.) - Φ(0,0) =
α

Φ
+a

- Vß.

(В24)

The Hall voltage at the step is therefore given by:
2

Д

'

н+

+-¿z.
н

(B25)

Let us now return to the original problem: finding a function
ƒ = и + iv that is an analytic function of ζ = χ + i у in the shaded
region of the left part of fig. 3. One could make a similar picture in the
complex /-plane, instead of the ζ-plane (the right part of fig. 3). In this
/-plane the problem is to find a function ζ = χ +iy, which is an
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Fig. 3: The boundary

conditions on ƒ in the z-plane

(left) can be

translated in boundary conditions on ζ in the f-plane (right).

analytic function of ƒ = и + i ν in the shaded region. In the right part
of fig. 3:
φ =—
z.

arctan b = arctan (—).
о

(B26)

The wanted function ƒ is the conformai transformation from the z-plane
to the /-plane that maps the shaded region in the z-plane on the shaded
region in the /-plane. Conformai transformations are known to preserve
angles, and clearly this is not possible in this case. Therefore one must
leave out the angular points, and one must expect singularities for
(x,y) = (0,0) and (0,L).
That it is possible to find such a transforming function follows from
a theorem - first stated by Riemann -, which says that every simply
connected region4 in the complex plane, with the exception of the
complex plane itself, can be mapped in a conformai manner on the unit
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5

circle. The Schwarz-Christoffel theorem gives the derivative of a
function that maps a polygon, or in some cases a degenerate polygon
like the half-infinite strips in fig. 3, on the upper-half of the complex
5
3
plane. Using this theorem twice we find :

dz

J_
L

24L- i

tanh^)

(B27)

As
df
du
.Э
Э
.Э
.І
т
,
= —
1- ι -^— = -χ— + ι -χ— = Jx — iJy
dz
Эх
Эх
ду
Эу

(В28)

Eq. (В27) gives the current distribution for the χ > 0 part of the strip.
Due to the symmetry relations (B18):
Jx(-x,y)

and

= Jy(x,y)

Jy(-x,y)

= -Jy(x,y).

(B29)

Once the current distribution is known, the electric field can be
calculated using Eqs. (B2) and (B3), and the potential can be found by
integrating the electric field. In general this requires a numerical
integration. Fig. 4 shows a numerically evaluated current pattern for
b = 1. The current lines show a quick recovery from the severe
macroscopic distortions near the step. Upon reversal of the magnetic
field the polarity of the Hall voltages changes, and the constrictions
move over to the opposite side of the strip.
In Eq. (B19) it was noted that ν is constant at the boundaries of the
specimen. From this and from Eq. (B21) it follows that it is sufficient to
study и for evaluating potential differences along the boundaries. For
χ > L approximative, analytical expressions for variations in и may be
given3:
u(x,0) - ц(0,0)
/

=

x_ _ J_
L
π
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(B30)
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Fig. 4: Calculated current pattern for b = 1

u(x,L)

- »(0,L) _ j ·

1

Ψ ( 1 - | ) - Ψ(})

(B31)

neglecting terms of order e -7U/L. The Ψ-function is plotted in Ref. 6.
For the resistance associated with the Joule heat, it can be shown
that:
R =

R- + R

(B32)

where
-

=

u(x-,L)

R +

=

u(x-,0)

R

- u(0,L)
lod'

+

u(0,L)

+

- u(x ,L)
Iod+

(B33)

and

and χ
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- M(0,0)
Iod-

+

и(0,0) - u(x + ,0)
Iad+

(B34)

< 0, x+ > 0 and the current crossing the planes χ = x~, x +

appendix В

must be homogeneous. If —x
AR
RQ

2πχ

—

= χv

+

2ψφ - ψ(^) _ ψ(ΐ-|.)
¿

л

(В35)

л

where AR denotes the difference between R as given by Eq. (B32) and
R0. From Eqs. (B26) and (B34) it is readily seen that AR/R0 is an even
function of b. For positive b, Eq. (B35) can be expanded in the
following series 3 :
AR
2лх

2ф
-41n2 + лЬ + - ^ - + 2 Σ (ζ(η) - I K Φν-ι
^)"-1
π—φ
η=2
π

(Β36)

where ζ(π) is the Riemann Zeta function, which converges rapidly to
one with increasing η . 6 Eq. (B36) can be written as a series-expansion in
b:
AR
Rn

L_
2x

ln2 +

b

(B37)

π

disregarding terms of order б - 1 . Equations (B36) and (B37) are already
approximately linear in b for b = 1. For negative b one should read
| b | instead of b.
This solution for sample thickness variations may be applied to
spatial variations in other physical parameters like the conductivity or
the applied magnetic field as well. The transport problem considered
here is described by two parameters: ad and β. Any abrupt variation in
these quantities may cause current diversions as described by Eqs. (B27)
and (B28). However, in a new transport problem the parameter b,
which occurs in Eqs. (B20) and (B26), must again be derived from the
boundary conditions. With (orf)* and β* for the + and - part of the
strip, we find:
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ad
1
ad

+

ß
od
1

+

+

[l

od

Variations that leave ß/crd unaffected do not cause a magnetic field
dependent current distribution, in accordance with the result found in
appendix A. If the difference between the regions originates from
differences in β or in σ, but not in d, the averaging procedure in
Eqs. (B4) and (B5) is omitted and Eq. (B7) holds exactly.

APPENDIX C: conductor with non-peripheral contacts
In this appendix we will consider uniform two-dimensional
conductors with non-peripheral contacts. It will be shown that the
positioning of source and drain contacts for the current on the interior of
the conductor introduces singularities, which will be shown to lead to a
magnetic field dependent current pattern. Such current patterns occur in
various forms in chapters 5,6, and 7 of this thesis. The description given
here is due to A.P. van Gelder.7
In the absence of a magnetic field, the electric field E and the
current J obey the following relations:
E =

QJ

(CI)

V x E =0

(C2)

VJ = 0.

(C3)

In Eq. (CI) ρ is the two-dimensional resistivity, and J is a twodimensional quantity too (cf. Appendix A). For defining the ρ and J for
a three-dimensional specimen, an averaging procedure as outlined in
Appendix В may be used. The equations (C1)-(C3) are not valid at the
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positions at which current enters or leaves the specimen. As we are not
interested in the current distribution at the current contacts themselves,
we will formulate which singularities in the electric field and the current
stem from the presence of point-like contacts for supply and extraction
of the current. This will be used to determine the electric field and the
current in the specimen. Just like we did in Appendix B, we may evoke
two potentials Φ and Η - defined in Eq. (B8) - for solving the
differential equations (C2) and (C3). These potentials are used to
construct a complex function ƒ of ζ = χ + i y:
f = -αφ + ІН

(С4)

with σ = ρ - 1 is the two-dimensional conductivity. Ohm's law (Eq. (CI))
is obeyed if ƒ is an analytic function. For internal current contacts Η
must be constant - say equal to zero - at the boundary of the specimen.
At the source and the drain contact ƒ is singular. Integration of ƒ
around a closed contour that encompasses the drain contact must yield
—il, whereas for the source contact it should produce i/. For source and
drain contacts located at z s and z¿ respectively, this leads to the
following form for ƒ :
ƒ = - 2^ l n (* - 2 d) + ¿ l n ( z - z s ).

(C5)

This function vanishes for |z| —» °°, so this ƒ applies to an infinite
sheet. For practical, finite specimens ƒ must be zero at specified
boundaries of the conductor. This is accomplished by positioning image
sources and drains in the complex plane outside the sample. For a
selected number of idealized simple shapes of the specimen the positions
of these image contacts are readily found. For the upper half plane the
image contacts must be positioned at z*d, z* respectively.7 For a sample
given by the unit disk in the complex plane - which was considered in
chapters 6 and 7 of this thesis - the image contacts are positioned at
l/zj , l/z¡ (Ref. 1). The Corbino current pattern occurring in chapter 5
can be found by considering a single current contact at the origin, and by
defining the edges of the sample at circles around this contact, thus
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ensuring that H is constant at each of the edges.
Application of a magnetic field changes Eq. (CI) into
E =

Q(J

- J x β).

(C6)

Consequently the function ƒ is changed into
ƒ = -

σ

φ + β # + [Η.

(C7)

Again this function ƒ must possess the singularity specified above, but
we must also demand that the potential Φ is a single-valued function. As
Φ = ρ Κ ε / ( ζ ) + ρβΙιη/(ζ)

(C8)

we cannot use the function ƒ given in Eq. (C5), as for this ƒ , a contour
integration around a current contact would change Φ by ± ρ β / . It is
readily seen that for an infinite sheet
ƒ = (14-iß)

ln(2 - z s ) - l n ( z

-zd)

(C9)

is single-valued and possesses the correct singularities.
Again, image sources and drains can be positioned to mould the
constant Я-contours to the shape of a finite specimen. For the complex
half-plane and the unit disk the same image contacts apply. However, in
order to meet the condition that Η is constant on the boundary for
β Φ 0, the magnetic field dependent prefactor for the image contact
should read (1 - iß). With Eqs. (C8) and (C9) the potential Φ for a
Corbino disk becomes
Φ = ρ ( 1 + ß2)ln|z|

(СЮ)

in accordance with the result found in chapter 5. For an infinite sheet we
find
Φ = ρ (1 + β 2 ) In Ι ζ - z d | - In | ζ - z s |

(СП)

However, for a finite specimen the image contacts give rise to additional
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contributions to Φ that are linear in β. These Hall-like potentials are
essential in the six-probe method as outlined in the chapters 6 and 7.
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SUMMARY
An electric current in a conductor takes the path of least resistance.
The calculation of such a current pattern requires the solution of a set of
differential equations, the so-called transport equations, with the
appropriate boundary conditions. For arbitrary specimens this is an
intricate problem. For homogeneous, flat conductors with small contacts
on the edge, the problem simplifies to a two-dimensional Laplace
problem, for which powerful techniques exist. The boundary condition
of the transport problem for such specimens is that the current may
enter or leave the specimen exclusively at the contacts. In a magnetic
field, applied perpendicularly to the sample plane, a force acts on the
moving charges in the conductor. This Lorentz force is directed perpendicularly to both the carriers' direction of motion and the magnetic field.
This force would deflect the carriers of their least-resistance path, if
there would not arise an electric field that compensates the Lorentz force
on each of the charge carriers. Such an electric field is called the Hall
field. The resulting current pattern in a flat and homogeneous
conductor with small contacts on its edge is therefore equal to the
pattern in the absence of a magnetic field. However, in other specimens
the strength of the Lorentz force may vary spatially. This may be due to
spatial variations in the carriers' velocities, which may be caused by
variations in the thickness or the composition of the sample. In these
specimens the current could only follow its original least-resistance path,
if there would be a spatially varying Hall field to balance the varying
Lorentz force. Such an electric field is only permissible if it solves the
aforementioned transport problem. This requirement sets bounds to the
possible forms of the electric field in the conductor. However, externally
induced variations in the properties that affect the Lorentz force, will
generally not concur with the form imposed by the transport problem.
Hence only a partial compensation of the Lorentz force will result,
giving rise to macroscopic diversions of the current. This will be more
pronounced in a stronger magnetic field, as with it, the Lorentz force on
the carriers increases. This thesis considers the effects that occur when
the current pattern is magnetic-field-dependent.
summary
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The appearance of such current patterns may be caused by e.g.
spatial variations in the thickness of the conductor. The current
distribution in such a conductor shows a magnetic-field-dependent
constriction at the positions of the thickness variations. As a
consequence the sample's resistance increases linearly with the magnetic
field. Such an effect has previously been observed in aluminium at low
tempperatures and an analytic description of the current pattern has
derived. Furthermore, it has been pointed out that unintentional
thickness variations are important for the magnetoresistance of
aluminium samples at low tempperatures. In this thesis the occurrence
of magnetoresistance due to thickness variations is demonstrated for
gallium arsenide slices, in which a macroscopic groove has been
machined. But, apart from the linear increase of the resistance that is
due to the groove, we observed additional, comparatively large rises of
the resistance in a magnetic field. These increases were obtained in each
of the studied gallium arsenide specimens: both in bulk material, with
and without a groove, as well as in epitaxial layers. It is argued that for
explaining this increase, unintentional thickness variations in semicon
ductors are less important than perturbations in the conducting material.
Some of these perturbations can be described with the model that was
developed for the thickness variations.
The second part of this thesis concerns the two-dimensional
electronic gas (2DEG). Under certain conditions the Hall resistance of
this system appears to be quantised at a value that is determined solely
by fundamental physical constants. The two-terminal resistance - i.e. the
resistance that is measured across the current contacts - approximates the
quantised Hall resistance very closely. The value of the two-terminal
resistance is connected to magnetic-field-dependent constrictions in the
current pattern that emerge at the interface between the metallic
contacts and the semiconducting system containing the 2DEG. Our
analytic solution for constrictions in the current pattern describes the
"near"-quantisation of the two-terminal resistance and predicts an extra
resistance of the order of 1СГ6 times the quantum Hall resistance. This
extra resistance is caused by an interplay of contact- and 2DEG
properties. High accuracy measurements provide an experimental upper
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limit to this extra resistance of the predicted order of magnitude.
Inhomogeneities in the 2DEG will generally involve two effects.
First, charge redistribution will occur due to the differences in the charge
carrier concentrations. The magnitude of this effect, depends, via the
detailed state of the system, on the applied magnetic field. Secondly,
current diversions will arise, in case of electric transport in a magnetic
field. We studied a 2DEG system consisting of two different, adjacent
regions. For that purpose, a partially covered sample was illuminated.
Such a system models a realistic 2DEG, in which inhomogeneities seem
to be important. The current pattern in our model system can be
described analytically. Both regions were observed to display the
quantum Hall effect. For the entire, experimentally attainable magnetic
field range we have determined the resistivity tensors for the two regions
from measurements on the individual regions, after which the current
diversion near the transition between the regions has been calculated.
Using this, we calculated the part of the resistance that is due to the
current diversion. Comparison between the thus calculated values and
the measured resistances yields concurrence, under conditions that the
charge redistribution is expected to be small. When charge redistribution
is expected to be important, the measured resistances deviate from the
ones calculated with the current diversion only.
A magnetic-field-dependent current pattern is also obtained by
positioning of the contacts for current supply in the interior of the
sample in stead of at its periphery. This is important in a Corbino disk:
i.e. a conductor with one current contact in the centre of the specimen
and the other one covering the edge of the sample. In a magnetic field
the current follows a spiral path between the contacts. Concomitantly an
increase of the resistance is obtained, that is stronger in conductors with
a lower specific resistivity. The attending departures of the expected,
geometrical increase of the resistance in a magnetic field have previously
been attributed to intrinsic linear magnetoresistance. In this thesis it is
experimentally demonstrated that variations in the angular symmetry of
the disk-like specimen cause perturbations in the current pattern. These
perturbations involve corrections on the magnetoresistance that may be
regarded phenomenologically as intrinsic linear magnetoresistance with
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an unperturbed current pattern. However, such a description is not
correct, because it attributes the departures in the magnetoresistance to
effects in the specific resistivity instead of perturbations in the current
pattern. The linear magnetoresistance that has been reported in
literature on experiments in the Corbino geometry may stem from
extrinsic causes, like thickness variations.
In the last part of this thesis magnetic-field-dependent current
patterns are employed in a novel method to determine the conductive
properties of a flat sample. In this method, the conductivity and the Hall
coefficient are determined from a set of independent resistance measurements. The sample-shape-depending parameters - that are needed to
determine the properties of the conducting material from the actual
resistance measurements - are determined from the resistance data as
well. The method differs from previous methods (like the one devised by
van der Pauw) by enabling a check on the consistency of the evaluated
description with redundant, independent resistance data. In this way the
validity of a single resistivity tensor for the entire specimen can be
verified. The novel method has been tested on various, widely studied
conductors: germanium, thin layers gallium arsenide, aluminium and a
GaAs-(Al,Ga)As heterostructure. In p-type germanium the present
method leads to a consistent description. In our gallium-arsenide
samples we demonstrated the presence of random inhomogeneities. In
pure aluminium at low tempperatures the contacts influenced the current
pattern in the specimen. The same was observed for the GaAs(Al,Ga)As structure at high magnetic fields. At lower field strengths the
material appeared to be a very homogeneous conductor. However, the
inhomogeneity was augmented both by cooling down and by local
illumination of the sample.
In pure germanium at room tempperature, several types of charge
carriers contribute to the conduction: electrons, light holes and heavy
holes. These different types of charge carriers have different velocities
and hence experience a different Lorentz force. These forces are
compensated by the Hall field to a different extent for the various types
of carriers. An equilibrium is established between the current
components carried by the different types of carriers. At the sample's
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edge the equilibrium is perturbed, and under certain conditions this
invalidates a single-resistivity tensor description. This effect has been
studied with the novel method that was described above. The variation
of the parameters in this method as function of the current and the
magnetic field gives information on the state of the edge of the sample
and on the exchange between holes and electrons in the material.
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SAMENVATTING
De electrische stroom in een geleider kiest de weg van de minste
weerstand. De berekening van een dergelijk stroompatroon in een
geleider vraagt om de oplossing van een stelsel differentiaal
vergelijkingen, de zogenaamde transportvergelijkingen, met inachtneming van de randvoorwaarden. Voor willekeurige preparaten is dit
een heel lastig probleem. Voor homogene, vlakke geleiders met kleine
contacten op de rand van vereenvoudigt dit echter tot een tweedimensionaal Laplace probleem, waarvoor krachtige wiskundige hulpmiddelen bekend zijn. Voor deze preparaten is de randvoorwaarde bij
het transportprobleem dat er alleen bij de contacten stroom in - dan wel
uit het materiaal mag gaan.
Wanneer nu een magneetveld wordt aangeschakeld gericht loodrecht
op het vlak van de geleider, werkt op elk van de daarin bewegende
ladingen een Lorentzkracht, gericht loodrecht op zowel de bewegingsrichting van de deeltjes als het magneetveld. Deze kracht zou de stroom
van het minste-weerstand pad af brengen, als er niet een extra electrisch
veld zou ontstaan dat de Lorentzkracht op elk van de deeltjes compenseert. Dit electrische veld wordt het Hall veld genoemd. In een vlakke,
homogene geleider met kleine contacten aan de rand, resulteert
daardoor een stroompatroon in magneetveld dat gelijk is aan het
patroon zonder magneetveld. Echter de grootte van de Lorentzkracht die evenredig is met zowel de snelheid van de ladingdragers als met het
aangelegde magneetveld - kan in andere preparaten ruimtelijk variëren.
Dit kan optreden wanneer de snelheden van de ladingdragers niet overal
gelijk zijn, iets wat kan worden veroorzaakt door variaties in de dikte of
in de samenstelling van het preparaat. De stroom zou ook in deze
geleiders langs de zonder magneetveld gevolgde weg van de minste
weerstand kunnen gaan, maar dan moet er een ruimtelijk variërend Hall
veld aanwezig zijn dat de ruimtelijk variërende Lorentzkracht precies
compenseert. Een dergelijk electrisch veld is echter alleen toelaatbaar
wanneer het voldoet aan de bovengenoemde transportvergelijkingen. Dit
stelt eisen aan de vorm van het electrisch veld in de geleider. Echter,
van buiten opgelegde variaties in de eigenschappen van de geleider die
samenvatting
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van belang zijn voor de Lorentzkracht, passen in het algemeen niet bij
deze door de transportvergelijkingcn opgelegde vorm. De compensatie
van de Lorentzkracht zal in dat geval niet volledig zijn. Dit geeft
aanleiding tot macroscopische verleggingen van de stroom, die sterker
zijn naarmate het aangelegde magneetveld, en daarmee de op de
ladingdragers werkende Lorentzkracht, sterker is. In dit proefschrift
worden deze stroomverleggingen bestudeerd.
Het optreden van magneetveld-afhankelijke stroompatronen kan
onder meer worden veroorzaakt door ruimtelijke variaties in de dikte
van de geleider. Het stroompatroon in zulke geleiders vertoont een
magneetveld-afhankelijke
insnoering
op de plekken van de
diktevariaties. Hierdoor neemt de weerstand van het preparaat als
functie van het magneetveld lineair toe. Een dergelijk effect is in het
verleden waargenomen in aluminium bij lage temperaturen en er is een
analytische beschrijving van het stroompatroon afgeleid. In dit
proefschrift wordt de aanwezigheid van dit effect in plaatjes gallium
arsenide met een daarin aangebrachte macroscopische groef aangetoond.
Echter, naast de lineaire weerstandstoename in magneetveld, die wordt
veroorzaakt door de groef, blijken additionele, verhoudingsgewijs grote
verhogingen van de weerstand in magneetveld op te treden. Dit werd
waargenomen voor elk van de onderzochte gallium arsenide preparaten:
zowel voor bulk materiaal met én zonder groef, als voor epitaxiale lagen.
Er wordt beargumenteerd dat voor de verklaring van deze toename,
onbedoelde diktevariaties in halfgeleiders minder belangrijk zijn dan
andere verstoringen in het geleidende materiaal. Verschillende soorten
van deze verstoringen kunnen met het voor diktevariaties ontwikkelde
model worden beschreven.
In het tweede deel van het proefschrift staat het twee dimensionale
electronen gas (2DEG) centraal. In dit systeem blijkt onder bepaalde
condities de Hall weerstand gequantiseerd te zijn op een alleen door
natuurconstanten bepaalde waarde. De tweepuntsweerstand - dat is de
weerstand die gemeten wordt tussen de stroomvoerende contacten blijkt voor dit systeem in zeer goede benadering gelijk te zijn aan de
gequantiseerde Hall weerstand. De grootte van de tweepuntsweerstand
hangt samen met magneetveld-afhankelijke insnoeringen in het stroom-

182

samenvatting

patroon, die optreden aan het grensvlak tussen de metallische contacten
en de halfgeleiderstructuur waarin zich het 2DEG bevindt. De
analytische oplossing voor de insnoeringen in het stroompatroon
beschrijft de "bijna"-quantisatie van de tweepuntsweerstand en voorspelt
een extra weerstand van de orde van 10 - 6 maal de quantum Hall
weerstand. Deze extra weerstand wordt veroorzaakt door een samenspel
van eigenschappen van het contactmateriaal en het 2DEG. Hoge
precisie metingen geven een experimentele bovengrens voor deze extra
weerstand van de voorspelde orde van grootte.
Inhomogeniteiten in het 2DEG zullen in het algemeen tot twee
effecten aanleiding geven. In de eerste plaats zal, als gevolg van
verschillen in de concentratie van ladingdragers, ladingherverdeling
plaats vinden. De mate waarin dit effect optreedt, hangt, via de precieze
toestand van het systeem, af van het aangelegde magneetveld. Verder
zullen er, bij electrisch transport in magneetveld, stroomverleggingen
optreden. We hebben een 2DEG systeem bestudeerd met daarin twee
verschillende, aangrenzende gebieden. Hiertoe is een gedeeltelijk
afgedekt preparaat belicht. Een dergelijk systeem is een model voor een
realistisch 2DEG, waarin inhomogeniteiten een belangrijke rol lijken te
spelen. Voor ons model-systeem kunnen we het stroompatroon
analytisch beschrijven. In het experiment vertoonden de afzonderlijke
gebieden beide het quantum Hall effect. Voor iedere waarde voor het
magneetveld konden de weerstandstensoren voor de gebieden uit de
metingen aan die gebieden worden bepaald, waarna de stroomverlegging
in de buurt van de overgang kon worden berekend. Daarmee kon het
deel van de weerstand, dat het gevolg is van de stroomverlegging,
worden berekend. De aldus bepaalde waarden en de gemeten
weerstanden stemmen overeen onder condities waarbij slechts weinig
ladingherverdeling verwacht wordt. Wanneer ladingherverdeling wel
belangrijk is, wijkt de gemeten weerstand af van de waarden die
berekend zijn met alleen stroomverlegging.
Men verkrijgt eveneens een magneetveld-afhankelijk stroompatroon
door de stroomvoerende contacten in plaats van langs de rand in het
inwendige van het preparaat te plaatsen. Dit is van belang in een
Corbino schijf: dat is een geleider met één stroomcontact in het midden
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van het preparaat en het ander langs de rand van de schijf. In deze
geometrie is een electrisch veld loodrecht op de randen van het
preparaat niet toegestaan als oplossing van het transportprobleem.
Onder invloed van een magneetveld volgt de stroom in de Corbino schijf
een spiraalvormige weg tussen de contacten, omdat het in de inleiding
genoemde Hall veld, dat stroomverlegging zou hebben tegengewerkt,
niet wordt opgebouwd. De stroomverlegging gaat gepaard met een
toename van de weerstand, die sterker is naarmate de geleider een
lagere soortelijke weerstand heeft. Dit maakt de Corbino geometrie
geschikt voor geleidingsmetingen aan zuivere metalen. De daarbij waargenomen afwijkingen van de verwachte, op de geometrie terug te voeren
weerstandstoename in magneetveld, zijn in het verleden geïnterpreteerd
als effecten in de soortelijke weerstand van het onderzochte materiaal.
In dit proefschrift wordt experimenteel aangetoond dat variaties in de
cirkelsymmetrie van het preparaat aanleiding geven tot verstoringen in
het stroompatroon. Deze verstoringen uiten zich in correcties op de
magnetoweerstand die fenomenologisch kunnen worden beschreven als
een intrinsieke lineaire magnetoweerstand bij een ongestoord stroompatroon. Een dergelijke beschrijving is niet correct, omdat ze de
afwijkingen van de verwachte weerstand toeschrijft aan veranderingen in
de soortelijke weerstand in plaats van verstoringen in het stroompatroon.
Ook de voor de Corbino geometrie gerapporteerde lineaire magnetoweerstand blijkt een extrinsieke oorzaak, zoals diktevariaties, te kunnen
hebben.
In het laatste deel van dit proefschrift worden de magneetveldafhankelijke stroompatronen toegepast in een nieuwe methode voor het
bepalen van de elektrische eigenschappen van een vlak preparaat. In
deze methode worden uit een reeks van onafhankelijke weerstandsmetingen de Hall coëfficiënt en de conductiviteit bepaald. Daarbij
worden de van de vorm van het preparaat afhankelijke parameters - die
nodig zijn om uit de uitgevoerde weerstandsmetingen de algemene
materiaal eigenschappen te halen - eveneens uit de weerstandsmetingen
bepaald. De methode onderscheidt zich van andere methodes (zoals de
van der Pauw methode) door de mogelijkheid met overblijvende,
onafhankelijke gegevens de consistentie te controleren van de afgeleide
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beschrijving. Op deze manier kan worden nagegaan of een constante
weerstandstensor voor het hele preparaat voldoet. Deze methode is
toegepast op verschillende soorten, veel bestudeerde geleiders:
germanium, dunne lagen gallium arsenide, aluminium en een gelaagde
GaAs-(Al,Ga)As structuur. Voor p-type gedoteerd germanium blijkt de
nieuwe methode te voeren tot een consistente beschrijving. In het
gallium arsenide konden inhomogeniteiten worden aangetoond. Voor het
zuivere aluminium bij lage temperatuur blijken de contacten het stroompatroon in het preparaat te beïnvloeden. Hetzelfde werd waargenomen
voor de gelaagde halfgeleiderstructuur bij hoge magneetvelden. Bij lage
magneetvelden bleek dit materiaal zeer homogeen te zijn in zijn
geleidingseigenschappen. Echter zowel bij afkoelen als bij plaatselijk
belichten bleek de inhomogeniteit toe te nemen.
In zuiver germanium bij kamertemperatuur dragen verschillende
soorten ladingdragers bij in de geleiding: electronen, lichte gaten en
zware gaten. Deze drie soorten ladingdragers hebben verschillende
snelheden en ondervinden dus verschillende Lorentzkrachten, die in
weer ongelijke mate worden gecompenseerd door het Hall veld. Er stelt
zich een evenwicht in tussen de stroomcomponenten die gedragen
worden door de drie soorten ladingdragers. Aan de rand van het
preparaat kunnen verstoringen van dit evenwicht worden verwacht, die
onder bepaalde condities een beschrijving met een constante weerstandstensor minder juist maken. Dit effect is waargenomen met de nieuwe,
boven beschreven methode. Het gedrag van de met deze methode
gevonden parameters als functie van de stroom en het magneetveld geeft
informatie over de conditie van de rand van het preparaat en de
uitwisseling tussen de gaten en de electronen in het materiaal.
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STELLINGEN
behorende bij het proefschrift
Macroscopic

current diversion in magnetic

in metals and

fields

semiconductors

I
In multilongitudinale mode InGaAsP laserdiodes moeten behalve de
somfrequenties1 ook de verschilfrequenties aanwezig zijn. In tegenstelling tot de eerstgenoemde zullen de verschilfrequenties slechts zwak
geabsorbeerd worden.
1: T. Furuse and I. Sakama, Opt. Commun. 35, 413 (1980).
II
Bij de bestudering van chemisch geïnduceerde aggregatieprocessen in
kolloidale oplossingen door middel van lichtverstrooiing of turbiditeitsmeting, neemt men bij de interpretatie van de metingen vaak lineaire
aggregaten als eerste benadering,1 hoewel allerlei aggregaatvormen
voorkomen. Bij magnetische floculatie zijn de aggregaten in goede
benadering lineair,2 zodat daar een betere overeenkomst tussen model
en experiment kan worden verwacht.
1: H. Sonntag, V. Shilov, H. Gedan, H. Lichtenfeld and C. Dürr,
Colloids and Surfaces 20, 303 (1986).
2: M. Ozaki, H. Suzuki, К. Takahashi, E. Matijevic, J. Colloid Interface
Sci. ИЗ, 76 (1986).
Ill
In de spectroscopie ontleent het begrip verzadiging zijn betekenis aan de
gevoeligheid van de gebruikte meetmethode voor verzadigingseffecten,
en is derhalve niet eenduidig gedefinieerd.

IV
Uitsluitsel over het bestaan van de door Tifft gerapporteerde quantum
effecten in de relatieve roodverschuiving van dubbel-sterrenstelsels kan
worden verkregen uit extra informatie over de ruimtelijke oriëntatie van
de banen van deze stelsels of door een groot ensemble van objecten te
beschouwen. De door Tifft geponeerde effecten kunnen echter
vooralsnog ook worden toegeschreven aan een overschatting van de
meetnauwkeurigheid van de door hem gebruikte data.
W.G. Tifft, Astrophys. J. 236, 442 (1980); W.G. Tifft, Astrophys. J. 257,
70 (1982).
V
Bij de interpretatie van het door Levstik et al. gemeten temperatuurgedrag van de dielektrische constante van de spoed van de helixstructuur
van een ferroelectrisch vloeibaar kristal is, als gevolg van het gebruik van
verouderde preparaten, voorzichtigheid geboden.
A. Levstik, B. ZekS, C. Filipiè, R. Blinc and I. Levstik, Ferroelectrics 58,
33 (1984).
VI
De observatie van de additionele akoestische fasontak in incommensurabel gemoduleerde structuren is in principe mogelijk met behulp van
ultrasoon puls echo metingen.
VII
Een sportrolstoel is wendbaarder en sneller, wanneer de plaats en de
houding van de sporter zorgvuldig worden gekozen en de wielen van de
rolstoel iets schuin worden gezet.
VIII
Bij het verantwoord toepassen van automatisering zal taakverruiming
optreden. Hierdoor wordt het mogelijk om tot een plattere en bredere
organisatiestructuur te komen.

IX
De ontwikkelingspsychologische determinanten van een wereldbeeld zijn
in vergelijking met die van een fysisch beeld van de wereld indikatief
voor regressie in het louter abstrakt-hypothetisch denken.
Roel Weiten, Doctoraal scriptie Ontwikkelingspsychologie, Nijmegen,
augustus 1987.
X
Het aantal Rem dat een Röntgenlaborant(e) ontvangt, hoeft geen rem te
zijn om voor dit beroep te kiezen.
XI
Waarom ferroelectrische vloeibare kristallen in dunne cellen bistabiel
gedrag vertonen is nog niet volledig begrepen.
N.A. Clark and S.T. Lagerwall, Appi. Phys. Lett. 36, 899 (1980).
XII
De in de Kinderen voor Kinderen serie verschenen liedjes bewijzen dat
het Nederlands een uitstekende taal is om in te zingen.

Jos van Haaren

