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Abstract

It is shown that the Jacobian Conjecture holds for all polynomial maps F': k™ —
k™ of the form F = x + H, such that JH is nilpotent and symmetric, when n < 4.
If H is also homogeneous a similar result is proved for all n < 5.

Introduction

Let F := (Fy,...,F,) : C* — C™ be a polynomial map i.e. each F; is a polynomial
in n variables over C. Denote by JF := (%)1§i,j§n, the Jacobian matrix of F'.
Then the Jacobian Conjecture (which dates back to Keller [9], 1939) asserts that if
det JE' € C*, then F is invertible. It was shown in [1] and [12] that it suffices to
prove the Jacobian Conjecture for all n > 2 and all polynomial maps of the form
F = x + H, where JH is homogeneous and nilpotent (these two conditions imply
that det JF = 1); in fact it is even shown that the case where JH is nilpotent and H
is homogeneous of degree 3 is sufficient.

For n = 3 resp. n = 4 this so-called cubic homogeneous case was proved by
Wright resp. Hubbers in [11] resp. [8]. For n = 3, the case F = x + H, where H is
not necessarily homogeneous, but of degree 3, was proved by Vistoli in [10]. On the
other hand, if H has degree > 4 not much is known; if for example F' is of the form
x+ H where H is homogeneous of degree > 4, then all cases n > 3 remain open. The
aim of this paper is to study these type of problems under the additional hypothesis
that JH is symmetric. This is no loss of generality since it was recently shown by
the authors in [3] that it suffices to prove the Jacobian Conjecture for all polynomial
maps F': C" — C"™ of the form F = x+ H with JH nilpotent, homogeneous of degree
> 2 and symmetric.

For such maps the conjecture was proved for all n < 4 in [6]. The proof of
this result is based on a remarkable theorem of Gordan and Noether, which asserts
that if n < 4, then h(f), the Hessian matrix of the homogeneous polynomial f €
Clz1, ..., xy], is singular iff f is degenerate i.e. there exists a linear coordinate change
T such that f(Tz) € C[zy,...,2,—1]. However if n = 5 such a result does not hold:
the polynomial f = 2323+ x12224 + 2375 has a singular Hessian but is not degenerate.



Nevertheless one of the main results of this paper (theorem 4.1) asserts that the
Jacobian Conjecture holds for all polynomial maps F : C° — C° of the form F =
x + H with JH nilpotent, homogeneous and symmetric. To prove this result we first
extend the 3 dimensional Gordan-Noether theorem to the case where f needs not
be homogeneous, but has the additional property that trh(f) = 0 (proposition 3.2).
Next we show, using a result of [4], that in case n = 5 and f is homogeneous, the
condition h(f) is nilpotent implies that f is degenerate. Then we are in the position
to apply the main result of [2], to conclude the above mentioned 5-dimensional result.

Finally we also extend the 4-dimensional homogeneous result obtained in [6] to
the case where H needs not be homogeneous (theorem 5.1).

1 Preliminaries

The main aim of this section is to fix the notations, collect some results from [2] and
[4] and to give some additional preliminaries which we will need in the sequel.
Throughout this paper k denotes an algebraically closed field of characteristic
zero and kM := k[zy,..., x,] is the polynomial ring in n variables over k. By H =
(Hy,...,H,): k" — k"™ we mean a polynomial map, i.e. each H; belongs to kI". One
casily verifies that JH is symmetric iff there exists an f € k[ such that H; = f,,,
the partial derivative of f with respect to x;, for all ¢. In particular, JH = h(f) :=
(%afz]_), the Hessian matrix of f. We may obviously assume that f is reduced, i.e.
does not contain terms of degree < 1. Our main interest is to study the Jacobian
Conjecture for all polynomial maps of the form F' = x + H, where JH is nilpotent
and symmetric. As already remarked above, this is sufficient for investigating the
Jacobian Conjecture. Starting point is the main result of [2]. To explain it, we need

to formulate the (homogeneous) symmetric dependence problem:

(Homogeneous) Symmetric Dependence Problem (H)SDP(n).
Let f € k" be a (homogeneous) polynomial in k" of degree d > 2 such that h(f) is
nilpotent. Are the rows of h(f) linearly dependent over k?

The following result can be found in [2].

Proposition 1.1
i) SDP(n) has an affirmative answer for all n < 2.

i) If n < 4 and f € k" is homogeneous, then h(f) is singular implies that f is
degenerate. In particular HSDP(n) has an affirmative answer if n < 4.

Since f is assumed to be reduced, it is shown in [2, 1.2] that the dependence of the
rows of h(f) is equivalent to the fact that the partials f;, of f are linearly dependent
over k, which in turn is equivalent to f being degenerate. The main result of [2]
asserts the following.

Proposition 1.2 Let n > 2 and H € k[z1,...,x,]" with JH symmetric and nilpo-
tent. Then



i) x + H is invertible if SDP(p) has an affirmative answer for all p < n.

it) If H is homogeneous, then x + H is invertible if SDP(p) has an affirmative
answer for allp <n —2 and HSDP(p) for p=n—1 and p = n.

The remainder of this paper is therefore devoted to showing that SDP(p) has an
affirmative answer for all p < 4 as well as HSDP(5).
In order to investigate nilpotent Hessians we first recall our main results on singular
Hessians obtained in [4]. To formulate them we need some preliminaries. First, let
f € kM. A polynomial g € kl"l is called equivalent to f if there exists T € G, (k)
such that g = foT ie. g(z) = f(Tz). It is well-known that

h(g) = T'h(f) . T (1)

So if g is equivalent to f and det h(f) = 0, then det h(g) = 0 as well. Furthermore,
if det h(f) = 0 there exists a nonzero polynomial R(yi,...,yn) € k[y1,...,yn] such
that R(fz,,-..,fz,) = 0. We say that R is a relation of f. Consequently (since
det h(g) = 0), also the partials of g are algebraically dependent over k. This enables
us to give the following definition: let f € k™ with det A(f) = 0. Then s(f) is the
maximal natural number s, 0 < s < n — 1 for which there exists a g € k[ equivalent
to f which has a relation in k[ysy1,...,¥yn]. In other words n — s(f) is the least
number of variables a relation of a with f equivalent polynomial can have.

Theorem 1.3 Let f € k" be reduced and satisfy det h(f) = 0. Then

1) If n = 3 then either f is degenerate or equivalent to a polynomial of the form
al(xl) + ag(xl)xg + a3({E1)LE3.

2) If n =4 and s(f) > 1 then either f is degenerate or equivalent to a polynomial
of one of the following forms:

i) a1(x1,@2) 4+ az(x1, x2)xs +as(x1, x2)xy with az and az algebraically depen-
dent over k.
it) p(x1,a) + b, with p(y1,y2) € k[y1,y2] and a,b € Axg + Axs + Axy where

3) If n =5 and f is homogeneous, then either f is degenerate or equivalent to a
polynomial of the form p(a), where a = a1xs+asrstasxs with a; € A = klxy, x9]
for alli and p(X) € A[X].

2 Orthogonal equivalence of polynomials with sin-
gular Hessians
Theorem 1.3 gives a classification for small n of reduced polynomials with singular

Hessians up to equivalence. In this section we refine this result, namely we obtain a
classification of such polynomials up to orthogonal equivalence: two polynomials f



and ¢ in k[ are called orthogonally equivalent if there exists an orthogonal matrix
T € O(n) ie. T € M,(k) with T*T' = I,, such that g = f o T". The advantage of
working with orthogonal equivalence is that it preserves the nilpotency of Hessians,
i.e. h(f) is nilpotent iff h(g) is nilpotent (which follows from (1)). The main result of
this section is

Theorem 2.1 Let f € k") be reduced and satisfy det h(f) = 0. Then

1) If n =3, then either f is degenerate or orthogonally equivalent to a polynomial
of one of the following two forms:

al(gcl) + a2($1)$2 + a3(£L'1)!E3 (2)
a1 (.’,El =+ ’LIQ) —+ az(xl =+ ix2)x2 + ag(xl + ’iIQ)IQ (3)

2) If n =4 and s(f) > 1, then either f is degenerate or orthogonally equivalent to
a polynomial of one of the following forms:

U = ai(w1,72) + az(z1, 22)73 + az(z1, 22) 74 (4)

with as and as algebraically dependent over k,
U|x1:::cl+i:cg (5)

with as and as algebraically dependent over k,
U\ml::m1+im3,wg::m2+im4 (6)

with as and as algebraically dependent over k,
p(z1,a) +b (7)

with p(y1,y2) € k[y1, y2], a,b € Axg + Axs + Axy and A = k[zq],

(p(xlva) +b)|I1!:iE1+iLE2 (8)

3) If n = 5 and f is homogeneous, then either f is degenerate or orthogonally
equivalent to a polynomial of one of the following forms

p(xlvx%a) (9)
with a = a123 4+ aswy + azxs and a; € A = kl[x1,x2] for all i and p(y1,y2,y3) €
k[y17y27y3]7

p(xlvx27a)|w1::w1+iw3 (10)
p(xlv$27a)\zl::zl+ix3,zg:212+iz4 (11)

The proof of this result is based on theorem 1.3 and the following lemma



Lemma 2.2 Let vy,...,v, € k™ be linearly independent over k. Then there exist an
$:0<s<r,an S € Gl (k) and an orthogonal matriz T € O(n) such that

t -t
el +iel,

. t .. t
S . T — ( I, il 0 ) _ €s —’—tler-‘rs
’ @ €st1
t
vl .
e
where e; 1is the i-th standard basis vector in k™ (if s = 0 read S(v},...,v})T =

(el,...,el)).

Proof. Put A := ((v;,v;))1<i j<r. Since A is symmetric, there exist an S € Gl,.(k)
and an s : 0 < s < r such that

t _ . Os
sas—s=(* , )

Put (01 -+ Up) := (vy -+ v,)-S. Then one readily verifies (or see [2, lemma 1.3]) that
((0s,05))i,; = J. So replacing the v; by the 0;, we may assume that ((v;,v;));; = J.
Now we distinguish two cases: s =0 and s > 1.

o (Case 1: s =0.
Then by the Gram-Schmidt theorem, there exists an orthogonal matrix T €
Gl (k) such that the j-th row T of T equals 1;; forallj:1<j<r. SoTyv; =1
and Tjv; =0 foralli:1 <¢ <rand all j # i. In other words, Tv; = e; for all
i:1<i<r ie T isanorthogonal matrix satisfying T'(vy --- v,) = (e1 -+ €,).

o Case 2: s> 1.
So (v1,vj) = 0 for all j : 1 < j < r. Observe that v; is perpendicular to
kvi + ...+ kv, sor < n—1. We may assume that v1; = 1. So (v1,e1) = 1.
Hence if we put u :=i(e; —v1), then (e;,u) = 0 and (u,u) = 1. So by the Gram-
Schmidt theorem there exists an orthogonal matrix T € Gl, (k) with T1 = e}
and 7,41 = u', where again T} is the j-th row of 7. So Tje; = 0 for all j # 1
and Tju = 0 for all j # r + 1, which by the definition of w implies that Tjv; =
Tjel =0 for ELH_] ¢ {1,T+ 1} Also TT+11)1 = <1)1,’U,> = i(<v1,61> — <1)1,’U1>) =1.

Summarizing Tv; = (Tyv1, ..., Thv1) = (€1 +i€pt1).

Define w; := Tw; for all j. Then T'(v1 -+ v.) = (w1 -+ wy) = ((e1 +
iep41) we -+ wy). Since T is orthogonal, we have that (w;,w;) = (v;,v;)
for all 4,j. Now replace for each j > 2 w; by w; — cjw; for suitable ¢; € k
(which operation can be obtained by replacing (wy -+ w,) by (w1 -+ w,)S

for suitable S € Gi,(k)) we may assume that the first component of w; equals
zero. Since (wi,w;) = 0 for all j > 2, it follows, using wq = e + ie,41, that
also the (r + 1)-th component of w; equals zero. Now consider the r — 1 vectors
Wy, ..., Wy in k"2 =kes+ ...+ ke, + keryo+ ...+ ke, and use induction on
n O



., U be a k-basis of k™. Put V; := (v;,z). Let

Corollary 2.3 Let v1,...,0p,Up41,-.
f be of the form
F=p Vi, Ve, Y (Vi V)V DD (. V)Y
Jj=r+1 j=r+1

Then f is orthogonally equivalent to a polynomial of the form

n

q | Xo, Y ¢;(Xo)zy, Y di(Xo);
j=r+1 Jj=r+1

<y Ls +ixr+s,iE5+1,...,Ir)-

where Xo = (1 + 12p41, - -
Proof. Choose T and S as in Lemma 2.2. Observe that

f:ﬁ S(Vlv'”v‘/?“)v Z dJ(S(Vh?‘/T))‘/Jv Z l;J(S(‘/h?‘/T))‘/J
j=r+1 j=r+1

for suitable p, d; and b; Now we claim that f o T is of the desired form. Notice first

that it follows from lemma 2.2 that
SWVioT,...,V,.oT)

E =
= SWiTz,...,viTx)
Consequently,
foT =p(Xo, Y da;j(Xo)Wy, Y b;(Xo)W)
j=r+1 Jj=r+1

where W :=V; o T is a linear form in all z; over k. Finally observe that

3 Xo)Wj, z": b (Xo)W; € k[Xol + Y k[Xola;

>y
j=r+1 j=r+1

j=r+1

So we can write f o T in the desired form O
Proof of theorem 2.1. In each of the cases in theorem 2.1 it follows from theorem

1.3 that there exists T' € Gl (k) such that f o T is of the form

n

n
plx,.... 2z, Z a;(x1,. .., z0)2;, Z bi(x1,. .., 2T,
j=r+1 j=r+1
for suitable 7, p,a; and b;. Hence f is of the form described in corollary 2.3, where v}

is the i-th row of 7!, Then apply this corollary O



3 The symmetric Jacobian Conjecture in dimension
3

The main result of this section is

Theorem 3.1 Let F = 2+ H : k> — k3 be a polynomial map with JH symmetric
and nilpotent. Then F is invertible.

Proof. This is an immediate consequence of proposition 1.1 i), proposition 1.2 and
proposition 3.2 below O

Proposition 3.2 SDP(3) has an affirmative answer.

Proof. Let f € k[® be reduced and assume that h(f) is nilpotent. Then by theorem
2.1 we may assume that f is either of the form (2) or of the form (3).

i) Suppose first that f is of the form (2). Since trh(f) = 0 this gives af(z1) +
ay(z1)za+af(z1)zs = 0. So dega; <1 forall i. Since f is reduced, this implies
that f = cix122+cox1 23 for some ¢; € k. It follows that f,, and f,, are linearly
dependent over k, so f is degenerate.

ii) Now assume that f is of the form (3). Then a simple computation gives tr h(f) =
O?f +03f + 03f = 2iah (w1 + ixg). Since trh(f) = 0, this implies that as € k
and hence that as = 0, since f is reduced. Consequently, f = a;j(z1 + iz2) +
as(x1 + ix2)x3 € k[x1 + ixo, 23]. So f is degenerate O

4 The homogeneous symmetric Jacobian Conjec-
ture in dimension 5

The main result of this section is

Theorem 4.1 Let F =z + H : k% — k5 be a polynomial map with JH symmetric,
nilpotent and homogeneous of degree > 2. Then F is invertible.

Proof. By propositions 1.1 i) and 3.2, SDP(n) has an affirmative answer for all
n < 3. Also HSDP(4) has an affirmative answer by proposition 1.1. Furthermore we
will show in proposition 4.2 below that HSDP(5) has an affirmative answer. Then
the desired result follows from proposition 1.2 ii) O

Proposition 4.2 HSDP(5) has an affirmative answer.

Proof. Let f € kl°! be homogeneous and reduced and assume that h(f) is nilpotent.
Then by theorem 2.1 we may assume that f is of the form (9), (10) or (11). We will
show that in each of these cases f is degenerate.



i)

ii)

First assume that f is either of the form (9) or (10). Since f is homogeneous
it follows that all a; are homogeneous of the same degree, say d. If d = 0
then f is trivially degenerate. So assume d > 1. Write p = v,.(y1,v2)y5 +
'yT,l(yl,yQ)yg*l + -+ and 0; instead of 9;,. Then g := 8;71]" is of the form

g = bi(x1 + cxs,xa) + ba(x1 + cx3, x2)T3 +
bs(x1 + cx3, x2)xa + ba(z1 + cx3, T2)T5

with ¢ € {0,i} and b; = rlay 'y.a; for all j > 2. Since trh(f) = 0 we have
Af = 0 where A = 97 + ... + 02. Consequently, using that (’“)g_1 commutes
with A, we get that A(?g_lf = Bg_lAf = 0 ie. Ag = 0. It then follows
from the form of g that (07 + 05 + 93)b;j(x1 + cx3, x2) = 0 for all j > 2, since
2 (03 +03+03)bj(x1+cx3, x2) is the leading term of x; of A f, seen as polynomial
over x1 + cxs, Ta,...,Ts, for all j > 2.

If ¢ = 0, this implies that b;(x1,z2) is of the form \;(x1 + iz2)® + p(x1 — iz2)®
for some \;j, p; € k and s > 1. If ¢ = 4, then it follows from 93b; (1 +ix3,22) =
(812 —+ 8% =+ 8§)bj($1 —+ iIg,IQ) = O that each bj(xl —+ iIg,IQ) iS Of the fOI‘IIl
Nj(z1 + iw3)® 4 piwa(xy + ixg)*~! for some A\j,p; € k and s > 1. In both
cases, the polynomials by, b3, by belong to a 2-dimensional k-vectorspace and
hence are linearly dependent over k. Since b; = r!agflfyraj for all 7 > 2, also
the polynomials ag, ag, as are linearly dependent over k. In case (9), it follows
that fu., fz., fos are linearly dependent over k, so f is degenerate. In case (10),
first make the coordinate change which sends x; to x; — ix3. Then the same
argument shows that f,, _;;, is degenerate and hence so is f.

So it remains to show the case (11). We will show that a; and asy are linearly
dependent over k, which will imply that f is degenerate. Write again p =
Yr(Y1, y2)ys + - - -. We distinguish two cases: r > 2 and r = 1.

First assume r > 2. Make the coordinate change X; := z1 + iz3, Xy =
xo +ix4, X; = x; for all 7 > 3. Put U := a1(X1, X2)X3 + a2(X1, X2) X4 +
a3(X1, X2)X5. Then the condition tr h(f) =0, i.e. Af = 0, becomes

(2i(9x, 0x, + Ox,0x,) + 0%, + 0%, + 0%,) (W(X1, Xo)U" +---) =0 (12)
Applying (9;(;1 to this equation gives

2i(0x,0x, + 0x,0x, + 3§(3 + 3§(4 + 3%5)(r!%a§_1U) =0
So
Ix, (vra}) + Ox, (vral taz) = Ox, 0x,vra] U + Ox,0x,yra; U =0

Consequently there exists a homogeneous element hy € k[X71, Xo] such that

Yra] = Ox,h1 and yrai " lag = —0x, (13)



So if we put D = a10x, + a20x,, then hy € ker D. Similarly, applying (9;(:1
to the equation (12) gives dx, (yra1ah ") 4+ dx,(y-a5) = 0. So there exists a
homogeneous element hy € k[X7, X5] such that

%czlag_l = Ox,hs and v,a, = —0x, ho (14)
So hy € ker D.

Since a; and ay are homogeneous of the same degree, both hy and ho are also
homogeneous of the same degree. Also ker D = k[v] for some homogeneous
element v € k[X7, X3] (by [5, 1.2.25]). Consequently hy = c;v® and hg = cov?®
for some ¢; € k and s > 1. It follows that h; and hy are linearly dependent
over k and hence so are dx,h; and dx,hy. Whence by (13) and (14) a/~* and
ag_l are linearly dependent over k, which implies that a; and as are linearly
dependent over k (since r > 2!).

So it remains to consider the case r = 1, which follows immediately from the
next lemma (which is a slightly generalized version of lemma 1.2 of [3]) O

Lemma 4.3 Let 0 <s < 5 and f € k"™ of the form
f=ao(z) +a1(2)xs1 + a2(2)xspo + ... + an—s(2)zn

where z is an abbreviation of x1 + ixsy1, T2 + iXsyo,...,2Ts + iT2s. Then h(f) is
nilpotent iff J(a1,...,as) is nilpotent.

Proof. h(f) is nilpotent iff det(TI, — h(f)) = T". Put ¢ :== 13" 22, Then
h(Tq) = TI,. Let S := (1 — i%sy1,T2 — iTsq2,...,Ts — 125, Tsq1,...,Lpn). Then
foS=ay+a1xs41+ ...+ an_sx,. Since det.S =1 it follows from (1) in section 1

that M := h(Tq — f) o S satisfies det M = T™ iff h(f) is nilpotent. Now observe that

1< , 1 «
goS = §Z(x?—2zxjxj+s—$?+s)+§ Z x?
j=1 j=s+1
I, o . 1 ¢ 2
= 3 Z(wa — 20z Tys) + 5 Z 3.
j=1 j=2s+1
Then it follows that M is of the form
* —iTI; — J(ay,...,as) *
M= —iTI;— J(ay,...,as) 0 0
* 0 TIn_QS

Finally observe that
det M = (=1)°-det(iTIs + J(a,...,as)) -
det(iTIs+ J(ay,...,as)") - T" 2
= det(TI, —iJ(ay,... as))*T" 2

Consequently det M = T™ iff det(T'I,—iJ (a1, ..., as)) = T°, which implies the desired
result O



5 The symmetric Jacobian Conjecture in dimension
4

The main result of this section is

Theorem 5.1 Let F = .+ H : k* — k* be a polynomial map with JH symmetric
and nilpotent. Then F is invertible.

Proof. This is an immediate consequence of propositions 1.2, 3.2, 1.1 and 5.2 below
O

Proposition 5.2 SDP(4) has an affirmative answer.

The proof of this result is based on theorem 1.3 2). In order to use this result we
will first show that the hypothesis h(f) is nilpotent indeed implies that s(f) > 1. For
the proof of this implication we need to recall some results obtained in [7], which we
summarize in the next two propositions.

Proposition 5.3 Let f € k™ be homogeneous and R € Elyi,...,yn] such that
R(fors- -y fun) =0. Put by := Ry, (foys-- ., fz,) and D :=>"" | h;Oy,. Then

i) D*(z;) =0 for all i.

i) Let f = Az} + 277(..)), where 0 # A € Klwa,...,x,]. If hy = 0, then
A(hg, ..., hy) =0.

Proposition 5.4 Let D = Y"" | h;0,, be a homogeneous derivation on k" such that
D2?(x;) =0 for all i and denote by u the dimension of the rational map h : P*~% -5
Pl If u < 1 then there exist at least two linearly independent linear relations
between the h;.

Now we are ready to prove

Proposition 5.5 Let f € kl4 be reduced and such that h(f) is nilpotent. Then
s(f) > 1, i.e. there exists a nonzero degenerate polynomial R € k[y1,y2,ys3,ya] such

that R(fx17fx27fz37fz4) =0.

Proof. If rtkh(f) < 2, then rk J(fu,, fzss fzs) < 2. So by [5, proposition 1.2.9],
trdegy, k(fuy, fras fzs) < 2, which implies that there exists a nonzero polynomial R €
kly1,yz2,ys] with R(fz,, fzs, fz5) = 0. Clearly R is degenerate in k[y1, yo, Y3, ya]. So
we may assume that rk h(f) = 3.

i) Let d := deg f. Observe that d > 2 since f is reduced. Since det h(f) = 0 there
exists some nonzero polynomial R € k[y1,y2, Y3, ya], say of degree r, such that
R(fuoys foy fuos> fza) = 0. Let f be the leading part of f and R the leading part
of R. Then R(fs,, fry, fos fzu) = 0. So it follows from proposition 1.1 ii) that

f is degenerate.

10



ii)

iii)

iv)

Put S := ng(;’—G) Then S € k[y1,y2,ys, Y4, ys] is homogeneous of degree
rand S(fz,, fags foss fosr 1) = 0. Put g := ng(%) + 237 2. Then g,, =
271 f, (Z) for all i < 4 and g,y = 287! - 1. Since S is homogeneous and

S(fl‘lvfxszfxwfzu 1) = O lt fOHOWS that S(gx17gz27gx3,gz4,gzﬁ) = O NOW we
want to apply proposition 5.3 ii) to the polynomial g € kL6l and the relation
S € kly1,. .., ys] which does not contain ys. Put z; := Sy, (921, 9us» Guss Goas Iug)
foralli:1<1i <6. Observe that z; = 0 and that g = f(x1, 22,23, 24) + (...)T5
(since d > 2). So taking A := f in proposition 5.3 we get that f(z1, 22, 23, 24) =
0.

Let M := h(f)™ where M # 0 and h(f)™*' = 0. Choose a nonzero column h
of M. Since h(f)M = 0 it follows that h(f)h = 0. Furthermore (h, h) = 0, for
M? = 0. Since

0 = 8$iR(fw1af123f137f;E4)
4
= ZRyj(f$1’f$27fLE37f;E4)fwj;Ei
j=1

4
= Z h/jfLEjLEi
j=1

forall 1 <4 <4, we get that h(f)h = 0 Since we already saw that h(f)h = 0, the
hypothesis that rk h(f) = 3 implies that h = ah for some a € k(x1, 22, 23, 74).
Hence (h,h) = 0 implies that h? + h3 + h3 + h2 = 0.

The polynomial 27 + 22 + 23 + 27 is clearly homogeneous. Furthermore, sub-
stituting x5 = 1 gives h? + h3 + h3 + h3 = 0 (by iii)). Hence 2% + 23 + 23 +
22 = 0, which is an irreducible non-degenerate relation between the polyno-
mials 21, 29, 23, 24. Since we also found a degenerate relation between the z;
in ii), namely f(z1,29,23,24) = 0, it follows that trdeg, k(z1, 22, 23, 24) < 2.
Consequently the dimension of the rational map z : P* --s P? defined by
z(x) = (21, 22, 3, 24,0) is at most 1.

Now define D = Z?:l 2iOgz,. Then by proposition 5.3 i) D(z;) = 0 for all 1.
Observe that z; € k[z1,...,xs] and recall that z5s = 0. So also D(z;) = 0
for all i < 4, where D is the derivation Z?Zl 20z, on k[z1,...,25]. Then it
follows from proposition 5.4 that besides the relation z5; = 0 there is another
linear relation between z1,...,25. So 21, 29, 23, z4 are linearly dependent over
k. Taking x5 = 1 it follows that hi, hs, hs, hy are linearly dependent over k.
Consequently there exist ¢; € k, not all zero with

4 4
ZCiRyi(levfzwfxsvfaM) =01ie. (ZCzR%) (faclvfzgvfacgvfx4) =0

i=1 =1

Now assume that R was taken of minimal degree, then it follows that Z?:l Ry, =
0, i.e. R is degenerate, which completes the proof O
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Proof of proposition 5.2. According to proposition 5.5 we may assume that f is
of one of the forms (4)-(8) of theorem 2.1.

i)

ii)

Let f be of the form (4). Then
h(f) = ( h((c)m) 8 >$3+ ( h(gg) 8 >x4+A

where A is a 4 X 4 matrix which entries are polynomials in 21 and zo. Since h(f)
is nilpotent, so is h(az)c1 + h(as)cs for each c1,co € k (look at the highest x3-
term of A(f)|(z,,20,c125,c004))- 0 particular both h(az) and h(asz) are nilpotent.
Then it is well-known that the reduced parts of as and as are polynomials in
21 +ix9 or x1 — ixo over k. Say the reduced part of as is a nonzero polynomial
in x1 4+ize. Consequently the reduced part of ag is also a polynomial in z1 +ixs,
for otherwise h(az) + h(as) = h(az + as) cannot be nilpotent.

Write as = c1x2+¢1(21+i22) and a3 = caxa+ga(x1+ixse), with ¢1, co € k. Since
ao and ag are algebraically dependent over k, the same holds for c;xzo + g1(21)
and coxy + ga(21) (make the coordinate change x; — x1 — ix2). If ¢; # 0
or ca # 0, it follows readily that ¢1g2 — cag1 € k (make a coordinate change
which sends one of the elements c¢;zo + g;(x1) to x2). Therefore ¢1g2 = cagi,
for g1(0) = ¢g2(0) = 0 due to the reducedness of f. Hence ay and ag are linearly
dependent over k (since az(0) = a3(0) = 0), which implies that f is degenerate.
So we may assume that ¢; = ¢a = 0. So both az and as belong to k[x; + ixs].

Finally M. := h(f)|(z1,2s,c,0) is nilpotent for all ¢ € k and is of the form

! !
a a
2 3
hiar +caz) .5 .5
M. — iay iaj
c — i ",
ay  tag 0 0
i -/
as tag 0 0

An easy computation shows that the characteristic polynomial of a 4 x 4 matrix

of the form p
B _ p p
(Bt O)WhereB_<ip iq)

is of the form T* — (tr A)T® + (det A)T? + ---. Since M, is nilpotent this
implies that h(a; + caz) is nilpotent for all ¢ € k. Taking ¢ = 1 (and using
that a; has no terms of degree < 1, since f is reduced) it follows as above from
ag € k[z1 + ixe] that also a1 € k[z1 + ixe]. Consequently f € k[zq1 + ixe, x3, 24],
i.e. f is degenerate.

Now assume that f is of the form (5). Since tr h(f) = 0, it follows that (07 +
93 + 03)(f)|z1—izs = 0. Looking at the coefficients of x5 resp. x4 we get that
(a2)zo0, = 0 resp. (a3)ese, = 0, ie. deg, a; < 1 for i = 2,3. Suppose that
deg,, az =1 or deg,, az = 1. Since az and a3 are algebraically dependent over
k, they are both polynomials in one polynomial, say u, with «(0) = 0, over k
(Gordan’s lemma). Hence deg,, u = 1 and deg, az, deg, a3 < 1. Since f is
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iii)

iv)

reduced, we have as(0) = a3(0) = 0. So from u(0) = 0, it follows that as = cou
and as = czu for some ¢; € k. Hence as and ag are linearly dependent over k,
whence f is degenerate.

Now assume that deg,, a2 = deg,, a3 = 0, i.e. az,a3 € k[r1 + ix3]. We show
that ag € k, which implies that as = 0 (since f is reduced) and hence that
f € klxy +1ix3, 22, 24]. So [ is degenerate. To see that ay € k, observe that our
assumption implies that f is of the form

f=q(z1 + ixs, x2,24) + az(x1 +ix3)23 (15)
So M := h(f)|(z,,22,0,25) is of the form
qxq21 Qxox ’iqul + (a2)11 qrsx;
M = . ¥ .* o ¥
UGz x; + (a2)11 1qzox; —qxix; + 21(&2)1-1 1qx3x,
* * * *

So if we substitute 7" := i(az2),, in the matrix TIy — M we get a matrix which
first and third row are linearly dependent over k. Consequently i(as3),, is a root
of the characteristic polynomial 7% of M. So (az2)z, = 0 i.e. az € k, as desired.

Now let f be of the form (6). Then by lemma 4.3, h(f) is nilpotent iff
J(az(x1,22),a3(x1,x2)) is nilpotent. So by [5, 7.1.7] a2z and a3 are linearly
dependent over k, which implies that f is degenerate.

Now let f be of the form (7), with a = a122 + asxs +asxs and b = byzo +boxs +
bszy, where a;,b; € k[z;] for all 4, j. If deg,, p = 1, then we can rewrite f and
“put the a;’s in the b;’s”, so that we may assume that a; = a3 = a3 =0 € k.
Also if deg,, p > 2, we get that az, a3, as € k. To see for example that a1 € k,
consider the coefficient of the highest x5 power in f, say ¢(z1). Since tr h(f) = 0,
it follows that ¢’ (z1) = 0 i.e. deg c¢(x1) < 1. Consequently, since a;(z1)? divides
c(x1) (for degp > 2), we get that a1 € k. So a; € k for all i. Without loss of
generality we may assume that a; # 0. Then f is of the form

f = alzi, a2 + asxs + azxa) + co(x1)xs + c3(x1)2a

= ci(x1,a) + ca(x1,a)xs + c3(x1,a)xy

where @ = a123 + agws + aszy. So f is of the form 2i) of theorem 1.3, since
obviously ca(z1,a) = co(x1) and c5(x1,a) = c3(x1) are algebraically dependent
over k. So by the proof of theorem 2.1 f is orthogonally equivalent to one the
forms (4)-(6). For these cases we have already shown that f is degenerate.

Finally assume that f is of the form (8). The case deg,, p < 1 and also the
case aj,az,a3 € k follow by a similar argument as above. So we may assume
that deg,, p > 2 and that {a1,as2,a3} is not contained in k. We distinguish two
subcases: a; = 0 and a; # 0. First assume a3 = 0. Then f is of the form
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f =q(z1+ iz, x3,24) + b1 (21 + ix2) 22, i.e. exactly of the form (15) with 25 and
x3 interchanged. So by the argument given there we obtain b; = 0 and hence
f is degenerate. Now assume that a; # 0. We will show that this case leads to
a contradiction and hence cannot occur. Therefore put u := a1 (z1 + iz2)ze +
az(z1 + iw2)xs + az(wy + iza)zs. Then 05 ' f = rl(yay ')(z1 + iz2)u. Since
trh(f) = 0 we have (0? +...403)f = 0 and hence (0? +...4+03)(0; ' f) = 0.
Since 62_1f is linear in z3 and x4 and each polynomial in x1 + iz, x3 and x4
belongs to ker 87 + 03 we get that

(07 + 03)[(vah " a1)(x1 + iza)wa] = 0

which implies that ’yag_lal € k, as one easily verifies. Consequently ag_lal €k.
A similar argument gives that ay 'a; € k (using 05 ' instead of 95 '). Since
a1 # 0 and {a1,a2,a3} is not contained in k, it follows that as = ag = 0. But
then, again using that trh(f) = 0, now using (02 — i9;)" "' instead of 9] *,
we obtain that ya] € k, which implies that a; € k. So all a; belong to k, a
contradiction. This completes the proof O
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