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Chapter 0

Introduction

This thesis is concerned with mathematical aspects of gauge theories and the role
of Dirac operators in such theories.

Gauge theories form an important class of theories in physics, the most im-
portant example being the Standard Model of elementary particle physics, from
now on simply called the Standard Model. Basically, a gauge theory is a physical
theory for which the dynamics is invariant under some group of local symmetries,
also called the gauge group. The dynamics is deduced from a Lagrangian density,
i.e. a functional depending on either the position or velocity coordinates as in
classical mechanics, or (particle) fields as in classical field theory. The symmetry
operations in a gauge theory are also known as gauge transformations.

Mathematically, a classical gauge theory on a spacetime M is represented by a
principal G-bundle P — M, where G is a Lie group. The fermionic particle fields
are sections of specific associated vector bundles of P. The connections on P are
interpreted as gauge potentials and, after quantisation, these describe the gauge
bosons. The gauge group is given by bundle automorphisms of the bundle P over
the identity map M — M. The gauge group acts on the gauge potentials and
on the particle fields in a natural way. The Lagrangian density is then a gauge-
invariant functional depending on the particle fields, the gauge potentials and the
metric.

Let us illustrate the notion of a gauge theory by looking at an example that is
part of the Standard Model, namely Quantum Chromo Dynamics (QCD). Assume
that P is a principal SU(3)-bundle over, let’s say, R* or S%, and let E be the complex
vector bundle with fibre C? associated to P by the fundamental representation of
SU(3) on C3. Write S for the spinor bundle and V*° for the corresponding spin
connection. Consider the fermionic Lagrangian density

‘Cf = <w7DEw>’ (1)

where DF = —in#(V5, © 14+ 1® V}) is a generalised Dirac operator, 1) is a section
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2 INTRODUCTION

of E, also called a quark field, and (-,-) is the fibre-wise inner product on E. To
give an idea of what gauge transformations do, we provide a local description of
the Lagrangian density. First of all, the quark field v is locally a function

M -8, ®C3,

where S, is the typical fibre of S and C? is the typical fibre of E. Locally, the
connection V¥ is of the form d + A, where A is a su(3)-valued 1-form. The local
form of the Lagrangian density is then

L= —z@’y“(Vi ®1+1® (O + Ap))Y,

where VISL denotes the spin connection and each A, is an element in the Lie algebra
su(3) acting in the fundamental representation on C3. The field A, is called
the gauge potential. Locally, a gauge transformation is a point-wise change of
orthonormal basis for the vector space C3, and as such it can be interpreted as an
SU(3)-valued function u on M, acting in the fundamental representation on C3.
It replaces the field ¢ by ut and replaces A, by uA,u™" +ud,u™!, since 4, is a
connection 1-form. From its local expression, one can deduce that £ is invariant
under local SU(3)-gauge transformations. That is, the Lagrangian density does
not depend on the choice of basis of the fibre of E. Of course, we already knew
this from the global expression of the Lagrangian density, see Equation (1).

Now that we have introduced the notion of a classical gauge theory, let us focus
on two important questions regarding gauge theories that mathematical physicists
try to answer. In both, Dirac operators play an important role.

1. Let us assume that spacetime is flat. The Standard Model is a quantum
field theory, though the above mathematical framework deals with classical
gauge theories. To obtain a quantum version of the classical description of
gauge theories, one needs to find a Lorentz- and gauge-invariant way to quan-
tise the classical field theory into a (renormalisable) quantum field theory.
Quantising non-abelian gauge theories, and in particular Yang-Mills theory,
is one of the hardest problems in (mathematical) physics at the moment,
partly due to the constraints and partly because of the difficulties of con-
structing interacting quantum field theories in dimension 4. To date there
is no mathematically rigorous way to do so. The situation is greatly sim-
plified, however, if the continuum spacetime is replaced by a finite lattice.
The advantage of these lattice gauge theories is that the gauge group is a
finite-dimensional Lie group and that the state space is a finite-dimensional
manifold. In ordinary field theories the gauge group and the state space are
usually infinite dimensional. Because of their finite-dimensionality we refer
to (finite) lattice gauge theories as gauge systems, to distinguish them from
the much more complicated gauge theories on continuous spacetimes.

In this thesis, we consider the quantisation of the gauge system consisting
of a cotangent bundle of a compact connected Lie group. In this case, the
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action of the Lie group G on itself by conjugation induces an action of G
on its own cotangent bundle T*G. If one considers a single plaquette in
two-dimensional lattice gauge theory, then the state space is precisely the
cotangent bundle of the structure group of the gauge theory, and the gauge
symmetries are implemented by the action of the structure group on its
own cotangent bundle, as described above [29]. Inspired by techniques from
noncommutative geometry [19] quantisation is then performed by taking
the kernel of the Dolbeault-Dirac operator corresponding to some Kahler
structure on the cotangent bundle. We refer to Definition 1.4.3 for a more
precise definition.

In gauge theories, states that are related through the application of gauge
transformations are physically indistinguishable and the directions of the
orbits of these gauge transformations therefore correspond to non-physical
degrees of freedom. To obtain a state space with only physical degrees of free-
dom, one needs to remove these gauge symmetries. This can be done in two
ways. First, one can quantise the full space including its gauge symmetries to
obtain a quantisation that also incorporates the gauge symmetries, and then
apply a reduction procedure to remove the latter. Second, one may remove
the gauge symmetries on the classical side and then quantise the ensuing
classical reduced space. It is often easier to remove the gauge symmetries
after quantisation (so-called reduction after quantisation) than to quantise
the classical reduced space (so-called quantisation after reduction), because
the classical reduced spaces are usually highly singular. Nevertheless, once
a quantisation of the classical reduced space has been defined, its quantisa-
tion should yield the same answer as reduction after quantisation. If that
happens, we say that quantisation commutes with reduction. In Chapters 2
to 4, we prove that quantisation commutes with reduction for the previously
mentioned example of cotangent bundles of compact connected Lie groups.

2. The Standard Model incorporates the electroweak and strong nuclear force,
but the gravitational force is described by General Relativity. Many math-
ematical physicists are looking for a single mathematical framework that
unifies the Standard Model and General Relativity. Whereas the Standard
Model is a quantum field theory, General Relativity is a purely geometri-
cal, classical field theory. This is one of the biggest discrepancies between
both theories, and to unify General Relativity with the Standard Model one
arguably first requires a quantum version of General Relativity.

Noncommutative geometry [19] does not provide a solution to the quantisa-
tion problem of General Relativity, but it does catch both classical Yang-
Mills theory and classical gravity on a compact Riemannian spin manifold
into one mathematical framework, namely the framework of spectral triples
(i.e. almost-commutative manifolds). A major role here is played by a suit-
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able generalised Dirac operator, as the dynamics can be obtained from it in
the form of the spectral action principle [14]. The action is ‘spectral” in the
sense that it is equal to the sum of the eigenvalues of a generalised Dirac
operator, up to some ‘energy scale’. Using heat kernel techniques, the spec-
tral action can be expanded asymptotically with respect to this energy scale.
This expansion produces the Einstein-Hilbert action plus the Yang-Mills ac-
tion, thereby obtaining both the gravitational part and the gauge part of
the theory from a single operator. Even the full Standard Model can be
obtained in this way [15]. In loc. cit. the gauge theories are globally trivial
in the sense that the principal fibre bundle is a globally trivial bundle. In
Part IT we extend the definition of almost-commutative manifolds to include
also the description of globally nontrivial gauge theories.

Outline of this thesis

Chapter 1

Section 1.1 contains some preliminaries. There we discuss the structure of the
quotient of non-free proper actions of a Lie group on a smooth manifold. For non-
free actions the quotient space has no natural manifold structure in general. From
a classical mechanical point of view this is problematic, since the smooth structure
of the configuration space is needed to define derivatives and thence, in particular,
time evolution. Fortunately, even though the quotient is not a manifold, it can
be partitioned into smooth manifolds in a very nice way. This partition is called
a stratification. One important feature of this stratification is the existence of a
dense, open subset, which is called the principal stratum of the quotient. This
principal stratum is one of the main objects of interest in this thesis.

In Section 1.2 we give a brief introduction to symplectic geometry and its
relation to classical mechanics. If the symplectic manifold M has a group of sym-
metries GG, which may or may not be be gauge symmetries, then the removal of
these gauge symmetries is known as Marsden-Weinstein reduction. If the group is
not discrete, the Marsden-Weinstein quotient is different from the ordinary quo-
tient M/G. We pay special attention to the Marsden-Weinstein quotient in the
case of non-free proper actions, in which case the Marsden-Weinstein quotient is
in general not a smooth manifold. Nonetheless, it can be stratified by smooth
and (in this case) symplectic, manifolds. This fact is known as the symplectic
stratification theorem [82]. Once again, there is a dense, open stratum, still called
the principal stratum.

Section 1.3 is devoted to the basics of Ké&hler geometry. Our notion of quan-
tisation on Kahler manifolds, which is Dolbeault-Dirac quantisation, is formulated

IStratified symplectic spaces are not the same thing as symplectic decompositions. In the
latter a regular Poisson manifold is decomposed into so-called symplectic leaves.
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in terms of the Chern connection on some hermitian holomorphic line bundle over
this Kéhler manifold. We briefly discuss these notions and we particularly study
the hermitian holomorphic structure of the so-called canonical line bundle. The
canonical line bundle will play an important role when we consider the Dolbeault-
Dirac quantisation of compact connected Lie groups in Chapter 2.

In Section 1.4 we give a short historical overview of geometric quantisation and
introduce our definition of Dolbeault-Dirac quantisation. If there is a group of
symmetries acting on the Kahler manifold, then, as we will show, the quantisation
carries a natural group action as well.

Chapter 2

We consider the cotangent bundle of a compact connected Lie group. As a cotan-
gent bundle of an ordinary manifold it has a natural symplectic structure. Follow-
ing Hall [40], we then put a complex structure on this cotangent bundle, which
turns it into a K&hler manifold. This Ké&hler structure is used to define the
Dolbeault-Dirac operator. If the curvature of the canonical line bundle is semi-
negative, that is, if, on holomorphic coordinate patches, the curvature 2-form of
the canonical line bundle is of the form

R= ZRklek A d5l7
kl

where Ry; is a negative semi-definite matrix, we show that the Dolbeault-Dirac
quantisation is unitarily isomorphic to the square-integrable functions on the Lie
group, in a natural way. Moreover, this isomorphism is equivariant if the action
of the Lie group on its own cotangent bundle is induced by left- or inverse right-
multiplication of the group on itself.

We conclude this chapter by showing that the curvature of the canonical line
bundle on T*SU(2) is semi-negative, so that the results in this chapter apply in
particular to the cotangent bundle of SU(2).

Chapter 3

In Chapter 3 we focus on the singular nature of Marsden-Weinstein quotients. We
study the special case in which the Weyl group acts on the cotangent bundle of a
maximal torus of a compact connected Lie group. We define the Dolbeault-Dirac
quantisation of the corresponding singular Marsden-Weinstein quotient to be the
Dolbeault-Dirac quantisation of its principal stratum and show that this definition
is feasible in the sense that it makes quantisation commute with reduction. The
main idea is that the quantisation of the inverse image of the principal stratum
under the projection map is the same as the quantisation of the full cotangent
bundle. We could therefore simply ignore all the points outside the inverse image
of the principal stratum. The action of the Weyl group is free on the inverse image
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of this principal stratum, and because the Weyl group is finite, it is not difficult to
prove that quantisation commutes with reduction. In Section 3.4 we carry these
ideas a bit further.

Chapter 4

In Chapter 4 we once again consider a compact connected Lie group and the action
of this group on its cotangent bundle that is induced by the action of the Lie group
on itself by conjugation. The main result is that quantisation commutes with
reduction if the canonical line bundle on T*G is semi-negative. In Chapter 2 we
have already seen that in this case Dolbeault-Dirac quantisation of the cotangent
bundle yields the Hilbert space of square-integrable functions on the Lie group
itself. Applying quantum reduction yields the Hilbert space of square-integrable
functions on a fixed maximal torus of the Lie group invariant under the Weyl
group.

The Marsden-Weinstein reduced space is in general not a manifold, but a sym-
plectic stratified space. We define the quantisation of the reduced space to be the
Dolbeault-Dirac quantisation of its principal stratum. This Marsden-Weinstein re-
duced space is closely related to the quotient of the cotangent bundle of a maximal
torus under the action of the Weyl-group. In fact, these quotients are naturally
homeomorphic, and their stratifications are identified under this homeomorphism
if the Lie group is simply connected. We do not know if the stratifications in
question are identified when G is not simply connected, and neither do we know if
the principal strata of both stratifications are identified. Therefore, we first prove
that the Dolbeault-Dirac quantisation of both principal strata are equal. Using the
results of Chapter 3, we can subsequently show that the Dolbeault-Dirac quanti-
sation of the Marsden-Weinstein quotient is also naturally unitarily isomorphic to
the Hilbert space of square-integrable Weyl-group invariant functions on a maxi-
mal torus. Consequently, quantisation commutes with reduction if the canonical
line bundle on the cotangent bundle of the Lie group is semi-negative.

Chapters 5 to 8

In the second part of this thesis we study classical gauge theories in the frame-
work of Connes’ noncommutative geometry [19]. As mentioned above, within this
framework, the special case of a (globally trivial) almost-commutative manifold
has been shown to describe a (classical) gauge theory over a Riemannian spin
manifold, which ultimately led to a description of the full Standard Model of ele-
mentary particle physics, including the Higgs mechanism and neutrino mixing [15].
These gauge theories are, by construction, topologically trivial (in the sense that
the corresponding principal bundles are globally trivial bundles). In this chapter
the framework is adapted in order to allow for globally nontrivial gauge theories
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as well. Such a generalisation has previously been obtained only for the special
case of Yang-Mills theory [11].

The work in this chapter has been carried out in collaboration with Koen van
den Dungen (Australian National University and University of Wollongong), and
is based on [10].
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Quantisation commutes with
reduction for cotangent bundles of
compact connected Lie groups

As a first step towards studying the singular case, the quantisation-
commutes-with-reduction problem is studied for the co-adjoint action
of a compact connected Lie group on its own cotangent bundle. Quan-
tisation is defined as the kernel of a twisted Dirac operator. This quan-
tisation procedure that we propose yields a Hilbert space, which can
naturally be identified with the square-integrable functions on the Lie
group if the canonical bundle on the cotangent bundle is semi-negative.

Classically, the Marsden-Weinstein quotient is a symplectic stratified
space. We formulate a quantisation procedure for this quotient that
only depends on the principal stratum. To show that this defini-
tion is feasible, we subsequently prove that it leads to a quantisation-
commutes-with-reduction result for a non-empty class of compact con-
nected Lie groups, including SU(2).
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Chapter 1

Preliminaries

The preliminaries mainly concern geometric structures such as symplectic geome-
try and Kahler geometry, but we also devote one section to reviewing some basic
results on stratifications coming from proper Lie group actions. We fix some con-
ventions and notation here as well. We conclude with a short history overview of
quantisation.

1.1 Proper group actions

If a Lie group G acts smoothly on a manifold G, then the quotient M/G is a
smooth manifold, provided that G acts properly and freely. Moreover, in that
case the projection map = : M — M/G is a principal G-bundle over the base
manifold M/G. If the action of M is not free, then the quotient space M/G need
no longer carry a natural manifold structure. If the action is still proper, the
group action can be used to decompose the quotient space as a disjoint union of
smooth manifolds that are glued together in a very nice way. This decomposition
is an example of what is called a stratified space. Non-free proper group actions
occur frequently in gauge systems and the understanding of the stratification of
the classical reduced space is of great importance. Therefore, we review some
basic results of stratifications by proper group actions here. We restrict ourselves
to recalling only those facts that we actually need later on, even though there is
much more that can be said about these kind of stratifications. A detailed account
on the subject can be found in for instance [28, 77].

A map f: X — Y between topological spaces is called proper if the pre-image
under f of any compact subset K C Y is again compact. If Y is locally compact
Hausdorff, then a proper map X — Y is always closed.

Definition 1.1.1. A (continuous) group action ® : G x M — M of a locally
compact group G on a locally compact Hausdorff space X is called a proper

11



12 CHAPTER 1. PRELIMINARIES

action, or G is said to act properly on X, if the map © : G x X — X x X,
(9,z) — (gz,x) is proper.

Example 1.1.2. 1. If G is compact, then any continuous action of G on a
topological space X is proper.

2. If G acts properly on a compact space X, it follows that @ (X x X) = Gx X
is compact. Therefore, an action of a locally compact group on a compact
space X is proper if and only if the group is compact.

Lemma 1.1.3. Let G be a locally compact group acting properly on a locally com-
pact topological space X. Then X/G is Hausdorff, provided that X is Hausdorff.

Proof. First of all, note that the projection map m is open. Indeed, for any open U
in X, its saturation 7~ (7(U)) = UgeegU is open, since it is a union of open sets.
A quotient space for which the projection map is open is Hausdorff if and only
if the graph of the equivalence relation R = {(gz,z) | € X,g € G} is a closed
subset of X x X. Let now © : G x X — X x X be the proper map (g, z) — (g, x).
Since X x X is locally compact and Hausdorff, the map © is necessarily closed.
Because R = O(G x X), R is a closed subset. O

We are mainly interested in smooth, proper actions of Lie groups on smooth
manifolds, that is, we only consider group actions for which the map ¢ : G x M —
M is smooth. Our manifolds are always assumed to be smooth, Hausdorff and
second countable. By Lemma 1.1.3, if M is second countable and Hausdorff, so is
its quotient M /G (the quotient is second countable because the projection map is
open). Some basic properties of proper Lie group actions on manifolds are stated
in the following proposition. The isotropy or stabiliser group G, of an element
x € M is defined to be the group G, ={g € G| g -z = z}.

Proposition 1.1.4. If ®: G x M — M is a proper (and smooth) action of a Lie
group G on a manifold M, then:

1. For any x € M, the isotropy group G, is compact.

2. If the action is free, then M/G has a unique smooth manifold structure
such that m : M — M/G is a surjective submersion. The quotient map
m: M — M/G defines a smooth left-principal G-bundle.

3. If all isotropy groups are conjugate to a single subgroup H C G, then M/G
is a smooth manifold and the projection m : M — M/G is a locally trivial
fibre bundle with structure group N(H)/H and fibre G/H.

Proof. If © : Gx M — M x M denotes the map (g, z) — (g, z), then ©~!(z,x) =
G, x {x}. Since {(x,z)} is compact, properness of the action implies that G, is
compact. The second and third statements are well known. A proof of the second
can be found in [1, Proposition 4.23] and the third is [1, Exercise 4.1M]. O
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If the group action is proper but non-free and has non-conjugate isotropy
groups, then in general the quotient M/G has no natural manifold structure.
However, if M is partitioned into submanifolds in such a way that each piece
only consists of points that have conjugate isotropy groups, then Proposition 1.1.4
implies that the projections of these pieces constitute a partition into smooth
manifolds of M/G . These thoughts lead to the following definitions.

Definition 1.1.5 (See e.g. [75, 77]). For an action ® : G x M — M the sets
My={xeM|G,=H},
Mgy ={zeM|G, = gHg™! for some g € G},
M ={zxeM|G, D> H}
are called the H -isotropy type submanifold, the (H)-orbit type submanifold
and the H-fixed point type submanifold respectively.

If x € My, then the notation M} is used to indicate the connected component
of My containing x. Similarly, if 2 € My (x € M¥), then My (MH) indicates
the connected component of Mgy (M*) containing .

We will see later (¢f. Proposition 1.1.9) that the connected components of My,
MH or My are submanifolds of M. Despite their names, the subsets My, MH
and Mgy themselves are in general not submanifolds, because the dimension of

different connected components may vary. This is shown by the following example,
which has been taken from [82] (see also [75, 2.4.9]).
Example 1.1.6. Let S° C C3 be given by

{(20,21,22) S (CS | |Zo|2 + |2’1‘2 + ‘22|2 = 1}.
The circle S! acts freely and properly on S° as e?- (21, 22, 23) = (€20, €921, ¥ 25).
The quotient space is the complex projective plane CP? which is a smooth Haus-
dorff manifold. On CP? one can define a S' action by

¢ - [20, 21, 20] = [¢7%20, 21, 29)].
The submanifold (CP?)g:1 = ((CIE”2)S1 consists of the point [1,0,0] as well as
[0, 21, 22], (21,22 € C).

To show that the (connected components of) My, Mgy and M H are indeed
submanifolds, one uses the existence of tubes for proper Lie group actions.

Definition 1.1.7. Let M be a manifold on which a Lie group G acts properly.
Let x € M. A tube around the orbit G - z is a G-equivariant diffeomorphism

¢:Gxg, T —U,

where U is a G-invariant neighbourhood of G - m and T is a manifold on which
G, acts. Since G is compact, the canonical action of G on G xg, T is proper.
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The following theorem is also known as the Tube Theorem.

Theorem 1.1.8 ([75], Theorem 2.3.38). Let M be a manifold upon which G acts
properly and let x € M. Then there exists a tube G xg, T, where T is an open G-
invariant neighbourhood of 0 in the G -equivariant vector space Ty M /T, (G - m).

We are now ready to prove that the connected components of the isotropy-type,
orbit-type, and fixed-type manifolds are indeed submanifolds. We shall sketch the
proof given in [75, Theorem 2.4.7].

Proposition 1.1.9. Let G be a Lie group acting properly on a manifold M. Let H
be an isotropy group for this action. The connected components of the sets Mg,
My are locally closed embedded submanifolds of M. If H is any closed subgroup
of G, then the connected components of MH are closed submanifolds of M.

Proof. This is a consequence of the Tube Theorem. For x € M with H = G,
there exists a tube ¢ : G x g T around the orbit G-m. Then, by the G-equivariance
of the map ¢, we obtain

d)_l(UﬂMH) = (G XH T)H ZNG(H) XH TH,
¢71(UQM(H)) = (G XH T)(H) =G XH TH.

Since the action of H on both G x TH and Ng(H) x TH is free and proper,
the spaces Ng(H) xg TH and G xgyg TH are closed submanifolds of G x g T.
Therefore, the connected components of My and Mg are locally closed embedded
submanifolds of M.

We now consider the space M. The set M, and hence its connected com-
ponents, are clearly closed in M. To prove that the connected components of
MH are submanifolds of M, we restrict the group action of G on M to H. If
K C H, write Mg for the isotropy type submanifolds for the action of H on M.
Then MH = M u, and by the previous paragraph the connected components of
M 7 = M are embedded submanifolds of M. O

The next proposition will be important when we consider stratifications of
symplectic group actions.

Proposition 1.1.10. Suppose that G acts properly on a manifold M. For each
x € M, one has (T,M)% = T,(Mg,). Similarly, if v € M for some subgroup
H C G, then T,MH" = (T, M).

Proof. A proof of the first claim can be found in [75]. Again, the second claim
follows from the first one by restricting the action of G on M to the subgroup H,
as in Proposition 1.1.9. O

If G is not connected, the submanifolds M@, are not necessarily G-invariant.
An alternative approach to divide M into submanifolds is taken by Duistermaat
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and Kolk in [28] who write  ~ y if there exists a G-invariant diffeomorphism
from an open neighbourhood of z onto a G-invariant open neighbourhood of ¥,
and subsequently define

M7 ={yeM|y=uz}.

The spaces M® are called the local action types of M. Each M7 is a locally
closed G-invariant embedded submanifold of M and each local action type M7 is
an open and closed subset of M,y (see [28, Theorem 2.6.7]). Each space M7’ is
therefore equal to a union of connected components of M(¢, ). Indeed, since each
local orbit type M is open and closed in its corresponding orbit type M(q,),
the intersection M(me) N MZ is open and closed in M (yGw). For each y; the space
M (ygi) is maximal connected in Mg, ), so it is maximal connected in the subspace
M7, too. Consequently, the partition of M into connected components of the orbit
type strata coincides with the partition of M into the connected components of the
local action types. These local action type submanifolds are no longer connected.
However, each local action type is a G-invariant submanifold of M.

By Proposition 1.1.4 the quotient M2’/G is naturally a smooth manifold, so
that the projections of the connected components of the orbit-type submanifolds
constitute a partition of M /G into manifolds. This partition has the following
properties (among many others).

Theorem 1.1.11. Let G be a proper action on a manifold M. Write {S;} for the
set of connected components of the orbit type submanifolds in M or for the set of
their projections in M /G, then {S;} has the following properties:

1. {S;} is a locally finite partition of M or M/G into manifolds (embedded
submanifolds in the case of M) and each piece S; is a locally closed subset;

2. If S;iNS; #0, then S; C S; (frontier condition).

Proof. For a proof of these statements, which is another application of the Tube
Theorem, see [77, Section 4.3] or [28, Section 2.7]. O

Definition 1.1.12. A locally finite partition S := {.S;} of a paracompact Haus-
dorff topological space X into locally closed subspaces such that S satisfies the
frontier condition, is called a decomposition of X, and (X,S) is said to be a
decomposed space (cf. [77, Definition 1.1.1]). The elements S; are known as
pieces or strata.

Remark 1.1.13. Decomposed spaces are examples of so-called stratified spaces
and the decomposition is an example of a so-called stratification. A stratification
of a topological space X is a map that to each point z € X associates the set germ
S(x) of a closed subset of X in such a way that for every z € X there is a
neighbourhood U of x and a decomposition S of U such that for all y € U the set
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germ S(y) coincides with the set germ of the piece of S that contains y. The pair
(X,S8) is then called a stratified space. If (X,S) is a decomposed space, then it
is a stratified space if to each point y one assigns the germ of the piece it is sitting
in. For more details on stratified spaces, see for instance [77, Section 1.2].

The above decompositions of M and M /G by (connected components of) orbit-
type manifolds satisfy many additional properties. The interested reader should
consult [77, Chapter 1,2,4] for more details (see also [28, Chapter 2]).

We conclude this section with the following proposition, which mentions two of
these additional properties. The first says that smaller strata are always of lower
dimension.

First we introduce the following notation: let H, H' be two closed subgroups
in G. We say that H and H' are conjugate in G if there exists an element g € G
such that gHg~! = H’. The conjugacy class of a closed subgroup H in G is
denoted by

(H)={H' CG|H =gHg ' ,g€G}.

We can define a partial ordering on the set of conjugacy classes of compact sub-
groups of G by saying that (H') < (H) if and only if H is conjugate to a subgroup
of H'. The anti-symmetry of < follows from the fact that for any compact sub-
group H of G, the inclusion gHg~! C H implies that gHg~! = H ([75, Lemma
2.1.14]). In particular, as each isotropy group for a proper action is compact, the
relation < defines a partial ordering on the conjugacy classes of isotropy groups.

Proposition 1.1.14 ([28, Proposition 2.7.2 and Corollary 2.8.6]). Let G be a
proper action on a smooth manifold M and write m : M — M /G for the canonical
projection. Let x € Mgy. Then the following statements hold:

1. For all y sufficiently close to x, one has (H) < (Gy). Moreover, for all y
that are sufficiently close to x but do not sit in M(”jq), the inequalities

dim Mg, | > dim My,
dim W(M(ygy)) > dim m(M{)

hold. Thus, dim S; < dim S; if S; < S;, where S;, S; are pieces of the
stratification of either M or M/G.

2. If M/G is connected, then there exists a unique conjugacy class of subgroups
(Ho) such that Mgy is open and dense in M. Moreover, m(Mp,)) is open,
dense and connected in M/G.

The unique orbit-type submanifold Mg, that is open and dense in M is called
the principal stratum of M, also denoted by M inc.
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1.2 Symplectic geometry

Symplectic geometry is the mathematical language of classical Hamiltonian me-
chanics. In this section we give a short overview of the most basic notions. More
information on symplectic geometry and its relation to classical mechanics can be
found in [1, 36].

Definition 1.2.1. A symplectic structure on a manifold M (of dimension 2n)
is a non-degenerate closed 2-form w on M. If M is endowed with a symplectic
structure w, then M is said to be a symplectic manifold denoted by (M,w).

Let (M,w) be a symplectic manifold. Because w is non-degenerate, the top
form

1
€= (—1)”aw"

is nowhere vanishing. We use ¢ to endow M with an orientation. The correspond-
ing measure on M is called the Liouwille measure, also denoted by €.

Example 1.2.2. The basic example of a symplectic manifold is the cotangent
bundle T*N of an ordinary manifold N. The fundamental 1-form 6 on T*N
is defined as

O, (Va,) = aq(Ta,m0,), (aq € TyN,v,, € To, T*N).
The 2-form
w=db

is the canonical symplectic structure on T*N. The non-degeneracy of w
follows from its local expression: choose local coordinates (¢°) for N and set
pi(ag) = aq(aiqi ¢)- The functions {¢',...,q", p1,...pn} provide local coordinates
for T*N. With respect to these coordinates the fundamental 1-form 6 is of the
form

0= prdd",
k=1

where n denotes the dimension of V. Consequently, the local expression for the
symplectic form w = df is

w = Z dpi A dg".
k=1

The coordinates {q',...,q", p1,...pn} are also called standard (or Darbouz)
coordinates for T* V.
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In classical mechanics without constraints, the manifold N of space coordinates
is usually called the configuration space. Newton’s second law is a second order
differential equation (in time), so next to the initial values of the positions, the
initial values of the the velocities or momenta need to be known as well. These
momenta are precisely the coordinates p; for T*N (hence the notation). The actual
state of the physical system is therefore determined by a point in T*N which is
therefore also known as phase space, though the term state space also occurs
frequently in the literature. In this sense, symplectic manifolds are generalised
phase spaces.

Let (M,w) be any symplectic manifold. The non-degeneracy of the symplectic
2-form w determines an isomorphism

b : TM = T*M, X 5 ixw=w(X,"),

whose inverse is denoted by #,, : T*M — TM. If f € C*°(M,R) is any smooth
function on M, one assigns a vector field Xy to f by the equation

ix,w = —df, or equivalently, X; = —(df ).

The vector field X is said to be the Hamiltonian vector field of f. In general,
for any manifold and any vector bundle E — M, the map i., : A*(E,) — A*1(E,)
is defined as

(tegtz) (€1, ... 1) = agzlep,e1,...,e-1), (eo,...ex € Ey), (1.1)

and it is known as the interior product. For every s € I'°(E), Equation (1.1)
induces a C*°(M)-linear map

Qs TP(AME") 5 T(APIE"),  (isya)(51,. .. 8k-1) = (80,81, 86_1)-

In physics, time evolution of a classical system is determined by a real-valued
function H € C*°(M), called the Hamiltonian. Namely, the time evolution gen-
erated by H corresponds to the (parametrised) integral curves of the Hamiltonian
vector field Xg. That is, if 29 € M is an initial state and v : (—¢,e) > M, e >0
is an integral curve of Xy such that v(0) = zg, then the state at time ¢ € (—¢,¢)
is y(t) € M.

Note that the partial differential equations for the integral curves of Xy are
first-order time derivatives, so we only need the point =y as our initial data. This
is the fundamental advantage of passing from the configuration space N to the
phase space T*N. In the standard coordinates for T* N, the Hamiltonian vector
field X g is given by

0H 9 0H 9

T Opy 0k By, Op*
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and its integral curves satisfy the system of partial differential equations

b OH . OH

— . P = —5 1>
Opk dqk

which are the so-called Hamilton equations.

In quantisation-commutes-with-reduction problems, the phase space is usually
invariant under some group of symmetries. ‘The physics’ is supposedly invariant
under these transformations and therefore these symmetries do not correspond to
actual, physical, degrees of freedom. The removal of these symmetries from the
classical phase space is called classical reduction. For symplectic manifolds this
reduction is known as Marsden-Weinstein reduction, which we now briefly explain.

Note first that any G-action on M determines a map g — X' (M) by

d
Y=Yy, Yu(z)= 7 exp(tY)z|i=o,
where g is the Lie algebra of G.

Definition 1.2.3. A symplectic action of a Lie group G on a symplectic man-
ifold (M,w) is a (smooth) G-action ® : G x M — M such that

*
tI’gw = w,

for all g € G.
A symplectic action is called Hamiltonian if there exists a map j: M — g*
such that for all Y € g the equation

Xivy=Yum

holds, where j(Y') € C°°(M,R) is defined as j(Y')(x) = (j(z),Y), and where Xy,
is its associated Hamiltonian vector field. The map j is called a moment map
for the action of G on M.

If in addition the map j satisfies

jo®y=Ad; 105, (9€G),
then the action of G on M is called strongly Hamiltonian.

Example 1.2.4. If & : G x M — M is a G-action on a manifold M, then this
action carries over to an action on the cotangent bundle T*M. An element g € G
acts on a; € TN as

g(az) == (®y-1)ay € Ty, N.
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This map is automatically symplectic because ®70 = 6 for all g € G:
((I)Zeam)(vgflam) =ba, (¢g,*vg*1am) = O‘w(ﬂ*(q)gﬁvg*lam)) = aa:((ﬂ' © (I)g)*vgflozm)
= al’((q)g °© 71')*’09—10(1) = (q);aw)(ﬂ*vg—lam) = 943‘_’;01: (vg—lam)
= bg-1a,(Vg-1a,)-

The moment map is given by
JY) =iy,0, (Y €g), (1.2)

or, more explicitly, by
. d
J(Y) () = ag (7 (Yar)a,) = @ %|t:07'r exp(tY)ay

= ag (jt|t_0 exp(tY)ﬂaw) = oy (i't‘o exp(tY)ac) = au(Yn ().

Indeed, it follows from equation Equation (1.2) and from the fact that the group
action is symplectic that

d(](Y)) = d(iYMH) = —iy,,d0 + Ly,,0 = —iy,,w.
Moreover, the moment map j satisfies

(1(g0),Y) = (j(®-104),Y) = j(Y) (D)1 0)
= (q);—lam)((YN)qw) = Oy [(I)gfl*(YN)qw]

d _
=y £|t:09 Lexp(tY)gz| = a, [(Adg—l Y)N]

= j(Adg*1 Y)(ax) = <](ax)7 Adg*1 Y>
= <Ad;71j(az),Y>,

for all Y € g, so that the G-action on T*M is strongly Hamiltonian.

Let G be a group of symmetries of the symplectic manifold (M,w), acting in
strongly Hamiltonian fashion. The classical reduction of this system is known as
Marsden- Weinstein reduction or symplectic reduction.

Let ¢ : M — N be a smooth map between manifolds. An element y € N is
called a regular value of ¢ if for each x € ¢~1(y), the differential T,¢ : T, M —
T, N is surjective.

Theorem 1.2.5 (Marsden-Weinstein reduction [69]). Suppose that (M,w) is a
symplectic manifold upon which a Lie group G acts in a strongly Hamiltonian
fashion with moment map j. Let p € g* and assume that p € g* is a regular value
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of j, and suppose that the isotropy group G, :={g € G | Ad;—l w=p} acts freely
and properly on j~'(u). Then j_l(u)/Gu carries a unique symplectic structure
w,, such that

* %
ﬂ#w#—a

us

where m, = j () = 571 (1)/G, is the projection map and v, : j7H(p) < M is
the inclusion.

The assumption that u is a regular value of j ensures that j~!(u) is a subman-
ifold of M. Freeness and properness of the action of G,, on j~'(u) is sufficient for
771 (w)/G, to have a unique manifold structure as well. We are especially inter-
ested in the Marsden-Weinstein reduction at p = 0 € g*, in which case G, = G.

When the action is non-free, but still proper, 0 € g* is usually not a regular
value.In that case the spaces j~'(u) and j~'(u)/G, have no natural manifold
structure. However, just as in the case of ordinary quotients of proper group
actions, the Marsden-Weinstein quotient can be stratified by smooth manifolds.
Moreover, the strata of the Marsden-Weinstein quotient are even symplectic man-
ifolds. The full statement, which is due to Sjamaar and Lerman [82], is as follows
(with definitions and notation borrowed from [75, Chapter 8]).

Define

Miﬁ) = (jil(,u) NG.Mp)/G.
The set j~* (1) NG, M7, is a submanifold of M and the quotient MQEIZ) has a unique
differentiable structure such that the projection

3 () N G Mg — M)
is a surjective submersion. Write Lg{) for the inclusion j~1(u) N ME’“’H) — M.

Theorem 1.2.6 (Symplectic stratification theorem, [81, 82]). Let (M,w) be a
symplectic manifold. Assume that a Lie group G acts properly on M in strongly
Hamiltonian fashion, with moment map j. Then the space Mﬂ) carries a unique
symplectic structure wg(gﬁ) such that
TI';{?*OJ;{{) = Lgi)*w.

Moreover, the set {Myﬂ)} constitutes a stratification of M, = j='(n)/G, into
disjoint symplectic strata, i.e. M, = UMéﬁ),

Furthermore, each connected component of M, contains a unique connected,
open and dense stratum.
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See also [75, Chapter 8] for more details on the symplectic stratification theo-
rem. We also use the notation M//G to denote the Marsden-Weinstein quotient
7~H0)/G.

In Chapters 3 and 4 we will study the symplectic reductions of cotangent
bundles of compact connected Lie groups when the Lie group actions on their own
cotangent bundles are induced by the actions of these Lie groups on themselves
by conjugation.

1.3 Kahler geometry

In this section we explain the basic properties of Kahler manifolds and hermitian
holomorphic line bundles over Kahler manifolds. We start, however, by examining
the more general class of almost complex manifolds, because our formulation of
quantisation of a symplectic manifold requires only a (compatible) almost complex
structure. We then restrict our attention to those almost complex manifolds that
are actually complex, and in particular to Kahler manifolds. For any compact,
connected Lie group G the symplectic manifold 7*G will be endowed with a natural
Kéhler structure and our proofs on the quantisation of T*G rely heavily on this
Kéhler structure. The material in this section can also be found in many books
on complex geometry or Kahler geometry, e.g. [3, 51].

1.3.1 Almost complex manifolds

In this section we describe the basics of almost complex manifolds.

Definition 1.3.1. An almost complex structure J on a real vector bundle
E — M is a (smooth) vector bundle homomorphism E — E such that J? = —1.
A manifold M that carries an almost complex structure J on its tangent bundle
TM is called an almost complex manifold.

If J: V = V is a real-linear map on a real vector space V such that J? = —1,
then V' can be turned into a complex vector space by defining

Av=Re-v+Im X Ju.

If J is an almost complex structure on a vector bundle £ — M, then the fibre-wise
operators J, : B, — E,, (x € M), satisfy J2 = —1, so that the fibres E, can be
turned into complex vector spaces. This turns F into a complex vector bundle.
Therefore, if a vector bundle £ — M carries an almost complex structure, the real
dimension of its fibres is necessarily even. We also write (E,J) for the complex
bundle E, where the complex vector space structure in the fibres is given by J.
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Lemma 1.3.2. Let M be an almost complex manifold, and let g be a J-invariant
Riemannian metric on M, i.e. g(JX,JY) = g(X,Y) for all X,Y in the same
fibre. Then the formula

h(va):g(XvY)fzg(Xﬂ]Y% (XaYETrMa‘TGM)

determines a hermitian structure on (TM,J) (anti-linear in the first variable),
and w(X,Y) = g(X,JY) is a J-invariant non-degenerate 2-form.
Conversely, given a hermitian metric h on (TM,J), then

9(X,Y) = % (h(X, V) + h(X, Y))

defines a J-invariant Riemannian metric. The corresponding J-invariant non-

degenerate 2-form is equal to w = —2%, (h(X,Y) — h(X,Y)). We therefore also
say that g = Re h and w = —Im h.

Lemma 1.3.2 says that an hermitian structure on the tangent bundle of an
almost complex manifold is already determined by its real or imaginary part, the
real part being a J-invariant Riemannian metric, the imaginary part being a J-
invariant non-degenerate 2-form.

Definition 1.3.3. An almost complex manifold (M, J) is called an almost her-
mitian manifold if M carries a J-invariant Riemannian metric. According to
Lemma 1.3.2 this is equivalent to the existence of a hermitian structure on (T'M, J).
The corresponding 2-form w is called the fundamental form.

We say that a 2-form w and an almost complex structure J are compatible if
9(X,Y) =w(JX,Y) determines a Riemannian metric.

Let (M, g) be a Riemannian manifold. For each € M the metric g induces a
linear isomorphism between T, M and Ty M by the rule

b T, M — T M, X°(Y)=g(X,Y),(X,Y € T,M).
The isomorphism b satisfies
Y (JZ) = g(Y,JZ) = —g(JY, Z) = =(JY)'(Z) = (=JY)"(2),
where Y, Z € T, M. So, if we define
Ja:=—-aold, (a€eT;M)

then J commutes with b. The inverse of b is denoted by #.

As J? = —1, it cannot be diagonalised as a real linear map on TM. Let us
therefore consider its complex-linear extension to TcM = TM ® C, the complexi-
fied tangent bundle of M. The almost complex structure J, can be diagonalised
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as a map on T, M ® C, its eigenvalues being +i. The eigenspaces of J in T, M @ C
belonging to the eigenvalues +¢ are given by

Iﬁ%%:{;X—UD’XeﬂM}
TpWW:{;X+UD’XeﬂM}
respectively. The maps
EM%ﬂWM7XH%M—UM, (1.3)
and
T.M —TOYM, X %(X +iJX), (1.4)

are linear and anti-linear isomorphisms, respectively. The unions TM (10 .=
U, T80 and TOD M = U, 7Y M are complex subbundles of Tc M, and
TeM = TEOM 7O N

From now on, we always identify 7(H9 M with TM through the map of Equa-
tion (1.3).
The following results are immediate from the above definitions.

Lemma 1.3.4. Let M be an almost-complex manifold.
1. The decomposition TeM = THOM & TOV M induces a decomposition
TEM = T*OO N @ 7O A,

where T*CO M and T*OY M are the dual bundles of T M and TV M,
respectively.

2. The complex bundle of k-form AkTgM decomposes as
AkTEM — @r+s:kA(r’S)T*M,

where AIT*M = A™(T*EOM) @ AS(T*OVM). We use the notation
7% for the projection maps AkT(C*M — AST*M  (with respect to the
above decomposition,).

Sections of A™*)T*M are also called (r, s)-forms and we write Q%) (M) for
the space of all smooth sections of A" T*M.
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Remark 1.3.5. Elements in T3 M are of the form a+iJa, (v € T¥ M), since,
by definition, J-acts on a covector « as (Ja)(X) = —a(JX). This definition is
unfortunate in the sense that the J-action on 7*1:9 M corresponds to multiplica-
tion with —¢ instead of <. We would like to stress that complex multiplication on
the fibres of T*(M9 M is determined by multiplication with i (rather than by the
application of J).

If (M,w) is a symplectic manifold and J is a compatible almost-complex struc-
ture, then there are two natural measures on M. First, there is the Liouville
measure €, and second, there is the Riemannian measure p, that comes from the
Riemannian metric g(X,Y) = w(JX,Y). The following proposition shows that
both measures are equal.

Proposition 1.3.6. If (M,w) is symplectic with compatible almost structure J,
then the Liouville and Riemannian measure agree.

Proof. We prove that both measures are equal on each oriented chart. On such a
chart the symplectic structure is of the form w =3, j %wijdxl A dxd. On the one
hand, the volume form ¢ is equal to

—_1)"
€= ( ') w" = (=1)"Pf(w;j)daz' A - A da®".
n!
Here, (—1)"Pf(w;;) is always positive because the chosen chart preserves orienta-
tion.
On the other hand, as g(X,Y) = w(JX,Y), we see that on the same chart,

when we write each vector Z as Z =), Zi%a

9(X,Y) =w(JX,Y) = (JX)w;;Y; = XpJiwi;V; = Xp(J w)k; Y.
The map J is a linear transformation of T, M. Since det.J? = 1, we see that
det J = £1 (independent of the chosen basis). Consequently, with respect to the

local coordinates () of the chart, we have

det(gij) = det((JT det w)ij) = det Jdet(wij) = :l:det(wij).

Hence +/|det g;;| = /[det(w;;)] = /|Pf(wi;)?] = (—1)"Pf(w;;). Thus, on

oriented charts the Riemannian measure is

\/ldet gijldzt A+ - Ada™ = (=1)"Pf(w;j)dat A Ada™ = e
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1.3.2 Complex manifolds
We now discuss the notion of complexr manifolds.

Definition 1.3.7. An almost complex structure J on a manifold M is a complex
structure if there exist local coordinates {(z*,y*)}"_; of M such that .J is of the
form

d 0 0 0
_ | = — _ | = —— <k <n). .
J(@x’“) oyk’ J(ayk) Oxk’ (1< k<n) (15)

Similarly, an almost hermitian manifold is called a hermitian manifold if the
almost complex structure is a complex structure.

The coordinates {z* = 2* 4 iy*} provide complex coordinates for the manifold
M. The transition functions between two such coordinate charts are holomorphic
maps, which turns M into a complex manifold. Conversely, if M is a complex
manifold, then Equation (1.5) defines a complex structure on M. Thus, complex
manifolds and manifolds carrying a complex structure are the same thing.

If M is a complex manifold, define (cf. Equations (1.3) and (1.4))

o (o 0N o0 _1(i0 O
0zF " 2 \oxk  oyk ) azk T 2\ 9xF  oyk )’

and their dual covectors
dzF .= da¥ +idy®, dzF = da® — idy".
The exterior derivative on M is then locally of the form

" 0 0 " 0 0
_ k_Y kY kY kY
d—kgldx xk+dy yk—kgldz Zk—l—d§ _—

Under a holomorphic change of coordinates w! = w'(z!,...2"), the expression
>k dzk(,)%k transforms to ), dwk% and similarly, cﬁk(,)%k transforms to
Yok dﬁk%. In other words, the operator d decomposes globally into two sep-
arate operators

d=0+9,

and @ = 7("t1%) o d and 9 = 7"+ o d on AT M. With respect to some
holomorphic coordinates {z*}7_,, we have 9 = 3", dzk% and 0 = dfkagk. The

operator 0 is called the Dolbeault operator.
Let a € Q) (M) be given, then

d*a = 9*a + (00 + 00)a + Fa.
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The terms on the right-hand side take values in Q("+2) (M), QU+Ls+1)(pr)
and Q(’"’s+2)(M), respectively. Therefore, because d? = 0, each of these terms is
zero. On complex manifolds we therefore have the relations

P =0 =00+00=0.

In the rest of this section we study hermitian holomorphic vector bundles over
complex manifolds.

Definition 1.3.8. Let M be a complex manifold. A holomorphic vector bun-
dle 7 : E — M is a complex vector bundle F, such that E is a complex manifold,
the projection map 7 is holomorphic, and F is locally trivial with biholomorphic
local trivialisations. A section M — E' is called holomorphic if it is holomorphic
asamap M — E.

A holomorphic vector bundle E is said to be hermitian if E carries a smooth
hermitian metric.

Let E — M be a holomorphic bundle over M. We define a map

3" . QO (M, B) — QD (M, B)

by defining it with respect to local holomorphic frames (Z1,...,Z) of E as
—_E k . k — .
9| ez | => 0)e 2z, (ae)(M,E)). (1.6)
j=1 j=1

This definition of 5E is independent of the choice of local holomorphic frame.

Example 1.3.9. If M is a complex manifold, then all changes of coordinates are
holomorphic, so T M is a holomorphic vector bundle in a natural way. The map
TM > X — % (X —iJX) € TMOIM is a complex-linear isomorphism, turning the
bundle 79 M into a holomorphic vector bundle as well. One can prove that a
vector field X € I'>°(M,TM) is holomorphic if and only if [X, JY] = J[X,Y] for
allY e (M, TM) (see [3]).

If M is a hermitian manifold, then T'M is a hermitian holomorphic vector
bundle.

If V is a connection on a holomorphic vector bundle F, then V can be decom-
posed as

V=vto 4 yOn,

where V(1.0) = 7(1.0) 0 ¥ and VOV = 7(01) o v,
Hermitian holomorphic vector bundles have a canonical connection.
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Lemma 1.3.10. Let E — M be a hermitian holomorphic vector bundle over a
complex manifold M. There exists a unique hermitian connection V¥ on E such

that (VE)(O:D) = a”. Moreover, if (Zy,...,Zk) is a local holomorphic frame and
0 is the matriz of 1-forms defined by V¥ Z; = 0;,7;, then

0 =019 =p19h,

where h = (h;j) = (h(Z;, Z;)) denotes the matriz of the hermitian structure h with
respect to the holomorphic frame (Zy,...,Zy). In particular, 0 is a (1,0)-form.

Proof. Assume that such a VE exists. Let (Z1,...Z;) be a local holomorphic
frame and let ;; be the connection 1-form given by VEZ, = 0;:Z;. The condition
(VEYO = § implies that 6 is of type (1,0). Since the connection is hermitian,
we obtain

dhij = dh(Zla Z]) = h(ekizk; Z]) + h(Zu eijk) = Tkihkj + ekjhik
= Opihjr + Okjhik.

It follows that Oh;; = hi0y;, or equivalently, = h=*0h. Thus, h determines vE
uniquely.

Existence of V¥ is proved by showing that the locally defined forms § = h='0h
transform correctly under changes of holomorphic frames. O

Definition 1.3.11. The (unique) connection V¥ in Lemma 1.3.10 is called the
Chern connection on E. It depends on both the holomorphic and the hermitian
structure on the bundle E.

The Chern connection V¥ determines the holomorphic structure on a hermitian
vector bundle F, in the sense that a local section s of E is holomorphic if and only
if (VE)ODs =0.

The dual E* of a hermitian vector bundle E is conjugate-linearly isomorphic
to E: an element T € E? is sent to the unique element h(T) in E, such that
T(X) = h(h(T),X) for all X € E,. If V¥ is a hermitian connection on E, then
a+— [V a] is the corresponding connection on E*. Now,

[VE,oz](s) =d(as) — a(VEs) =d[h(h(a),s)] — h(h(a), VE.S) = h(VEh(a), s),

where we have used that V¥ is a hermitian connection. Furthermore, E* can be

endowed with a holomorphic structure by defining a local section o : U — E* to

be holomorphic if and only if «(s) is holomorphic for all local holomorphic sections

s: U’ — E with U’ C U. This is a well-defined holomorphic structure on E*.
The Chern connection behaves well under vector bundle operations:

Proposition 1.3.12. Let (Ey, hy), (E2, ha), (E,h) be hermitian holomorphic vec-
tor bundles over M. Denote their Chern connections by Vi, Vo and V, respec-
tively. Then
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1. the Chern connection on E1 @ Es is given by V1 @ Vo (with respect to the
hermitian form higs [(s1,82), (t1,t2)] = hi(s1,t1) + ha(sa,t2));

2. the Chern connection on Ey ® Es is given by Vigs := Vi ®14+1Q Vs (with
respect to the hermitian form higa ($1 ® $2,t1 ® to) = hi(s1,t1)ha(s2,t2));

3. the Chern connection on E* is given by (V*T)(s) = d(T's) — (IT'Vs) (with
respect to the hermitian form h.(T,S) = h(h(S), h(T))).

Proposition 1.3.13. Let E — M be a holomorphic vector bundle with hermitian
metric h and Chern connection VE. If (Zy,...,2Z) is a local holomorphic frame
of E, then the curvature form RE of VF is equal to RF = 06 with respect to this
frame. Here, 0 is as in Lemma 1.53.10. In particular, R¥ is of type (1,1).

Proof. With respect to the holomorphic frame (Zi,...Z) the curvature RF is
given by RF = df +0 N6 = (00 + 6 A 0) + 06, where we have separated the
(2,0)-part and the (1, 1)-part. Now,

00 = 9(h™'0n) = 0h™' AOh = —h=1(Oh)h L ANOh = -6 A 6,
so that the (2,0)-part of RF is equal to 0. Thus, RF = 9. O

Let V, W be vector spaces over R or C. If A : V — W is a linear map,
then the transpose AT : W* — V* is defined as AT (a)(v) = a(Av). Let h be
an (hermitian) inner product on V. Choose a basis (e;) and let h also denote
the matrix (h;;) with entries h;; = h(e;, e;). With respect to the basis (e;), the
inner product h(v,w) is equal to v*hw, where in the latter expression v and w are
considered column vectors with respect to the chosen basis. Let o be an element
of V* and consider it as a column vector (a,...a,)T with respect to the dual
basis {ef}. Then

ol v =a)=hh(a),v) =h(a)* -h-v, forallveV,

so that a” = h(a)* - h. Now,

h(a, 8) = h(a, B) = (h(8)*hh(a))” = (BTh " hh'a)" = a* (A8,

where we have used that h = h* and o = h(a)* - h. Hence, if h is the matrix of a
hermitian inner product with respect to some basis, then the matrix of the inner
product on V* with respect to the corresponding dual basis is equal to (h=1)T.
We are now ready to prove the following fact.

Proposition 1.3.14. Let E be a hermitian holomorphic vector bundle with cur-
vature R”. Then R®" = —(RF)T.



30 CHAPTER 1. PRELIMINARIES

Proof. Let (Z;) be a local holomorphic frame for F and let h be the matrix of
the hermitian structure with respect to the frame (Z;). The dual frame of (Z;)
is a holomorphic frame of E*. By the remarks preceding this Proposition and by
Proposition 1.3.13, the curvature of E* is equal to

RE =3 (00T = (3 (0 m))" = - (@ (h"on))"

1.3.3 Kahler manifolds

Kahler manifolds are special cases of complex manifolds. We recall the definition
of a Kéhler manifold and apply the results of Section 1.3.2 to (exterior) powers of
the tangent and cotangent bundle.

Definition 1.3.15. A hermitian manifold M is called a Kdahler manifold if the
corresponding fundamental form w is symplectic.

Recall that on a hermitian manifold M the Riemannian metric g and the
fundamental form w are related by g(X,Y) = w(JX,Y"). This is reflected by their
forms with respect to holomorphic charts.

Lemma 1.3.16. If M is a Kdhler manifold and (U, z) is a holomorphic chart,
then

glu = ngjdzk vdz, wly= —z'E:g,ddz]~C AdZ,
kel k,l

where g,; = g(%7 %) is a hermitian matriz in the sense that g,; = g;z. Here,
dzF v dz' = d2* @ d7t + d7' @ d2*.

Since M is a complex manifold, the tangent bundle T'M is a holomorphic vector
bundle over M (see also Example 1.3.9). Recall that the symplectic structure and
the Riemannian metric determine a hermitian structure on 7'M by the formula

h(X,Y)=9g(X,Y)—-iw(X,)Y), (X,)YeTM),

which is anti-linear in the first variable. Since the tangent bundle TM of a Kéhler
manifold M is hermitian holomorphic, it carries, besides the Levi-Civita connec-
tion, another natural connection, namely the Chern connection. The following
Theorem states that both connections are equal if and only if (T'M, J, g) defines a
Kahler structure on M.

Theorem 1.3.17. Let (M,J) be a complex manifold with compatible metric g.
Denote the Levi-Civita connection by V9 and the Chern connection on TM by V.
The following conditions are equivalent:
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~

. M is Kdhler;
dw =0, (i.e. the non-degenerate form w is closed);
VIJ=0;

V9 preserves the complex bundles T M and TV M ;

SAER NI

The Chern connection V of the hermitian metric h on TM is equal to the
Lewi-Clivita connection V9.

On TcM we consider the hermitian structure
(Z,W)HQ(Z,W), ((Z,W)GTcM XMT(CM)

One can check that under the isomorphism X — 1(X — iJX) between TM and
TEO M| the equality

or, more precisely,

X +iJX Y —iJY 1
— “WX.Y
9( 5 T3 ) 2h( ,Y)

holds. The dual bundle of T M is equal to T*(19 M. Being a dual bundle
of a hermitian holomorphic vector bundle, T*(10 M has a natural holomorphic
structure, hermitian structure and a corresponding Chern connection.

Lemma 1.3.18. Let M be a Kahler manifold.
1. The induced hermitian structure h on TEM s
e, B) = 9@, B),

where g denotes the complex-linear extension of the (inverse) Riemannian
metric g on T*M to Tz M.

2. The Chern-connection on T*VOM is given by the restriction of the Levi-
Civita-connection V9 on T M.

If g is a (real/complex) bilinear form on a real/complex vector space V, then
g is extended to T*V := V®F as

g1 ® - Qug, w1 @ -+ @wg) = g(vi,wi) - - - g(Vk, Wk). (1.7)

The bilinear form g on A*V is defined as

gzﬁg-
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Remark 1.3.19. Suppose g is a real bilinear form on a real vector space V. The
corresponding complex bilinear form on V' ® C induces a complex bilinear form on
T*(V @ C) according to Equation (1.7). On the other hand, Equation (1.7) also
determines a real bilinear form on T*V, which can then be extended by complex-
linearity to a complex bilinear form on (T%V) ® C = T*(V ® C). Both bilinear
forms on T*(V ® C) are equal as they are equal on the real subspace T*V.

We endow the bundles AkTé“M with the hermitian inner product

ha, 8) 1= 9(@, §) = 27(@, B), (1.8)

where o, 3 € AkTéM are in the same fibre. The subbundles A™*)T*M C A"'T(f:“M,
(r + s = k) are mutually orthogonal with respect to this hermitian structure on
AFTEM. Together, these hermitian structures determine an hermitian structure
on A*TEM = AT M.

The following subbundle of A®*T¥M plays a crucial role in Dolbeault-Dirac
quantisation.

Definition 1.3.20. Let M be a Kahler manifold. The bundle E is the hermitian
vector bundle AO®)T* M with hermitian structure

ha, B) == g(a, B),
where «, 8 € E are contained in the same fibre.

Remark 1.3.21. The hermitian structures on TeM, TEM, AOOT* M are ob-
tained from the Riemannian metric g by point-wise operations. These hermitian
structures can therefore also be defined on arbitrary almost hermitian manifolds.
In particular, Definition 1.3.20 extends to almost hermitian manifolds.

Another important bundle is the canonical line bundle.

Definition 1.3.22. Let M be a Kdhler manifold. The hermitian holomorphic line
bundle K := A™O(T*M) = A*T*1O M is called the canonical line bundle
of M. The holomorphic structure is induced by the holomorphic structure on
T*19 M and the hermitian structure on K is given by Equation (1.8).

For later use we give the following alternative form of the hermitian structure on
K. If (M, g) is a 2n-dimensional oriented Riemannian manifold with volume form
11, then the Hodge *-operator Q% (M) — Q2"~*(M) is the invertible C>°(M,R)-
linear operator that is defined on A*T*M as

aAxB=gla,B)p, (a,8€A*T*M). (1.9)

It satisfies 2 = (—1)(2"=0* on k-forms. If we extend both g and * to Q&(M) by
complex-(bi)linearity, then Equation (1.9) remains valid when «, 8 € (A*T*M) ®
C. This leads to the following result.



1.4. INTRODUCTION TO QUANTISATION 33

Lemma 1.3.23. Let M be Kdhler manifold. The hermitian structure h(a, ) =
g(@, B) on K satisfies

(_1)n(n—1)/2ikg(a7 B)M —aAn B’

where u s the Riemannian measure on M (which is equal to the Liouville measure

).

Proof. Let o, 3 € QUO(T*M). Since g(f,5) = 0 if ' ¢ QOM(M), «5 €
Q0 (M). Consequently,

9@, Blp=canp
for some constant ¢ that squares to (—1)™. It remains to determine c. Let © € M.
The value of ¢ can be determined that by requiring that ca, A «, is a positive

multiple of the Liouville form ¢ if «, # 0.
Let z = (2%) be holomorphic coordinates around = € M, such that

D oN_ (0 0 _, 0 0N,
g.’L‘ axk7axl _gL aykvayl = Okl, gl 3xk’8yl -

Then e, = dz' Ady' A--- Adax™ Ady™. If o = dz' A--- Adz™, then
g Nag =cdz' Ao ANdZP AdzE A - Ad™
Interchanging forms, after n(n — 1)/2 steps one arrives at
co(—1)M D 2q7 Ad2t A AdE A d2T
which is equal to
(=) =D22)) dat Adyt A - A da™ A dy”.

So, (—1)"(n=1/2ne = 1. O

1.4 Introduction to quantisation

We give a brief overview of the history of quantisation and the quantisation-
commutes-with-reduction principle. We also explain our approach to the equiv-
ariant quantisation of T*G, where the G-action on T*G is the pull-back of the
G-action on itself by conjugation.
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1.4.1 A short history of quantisation

In physics, quantisation is the transition of a classical mechanical system to a
“corresponding” quantum mechanical system. A classical mechanical system is
defined by a phase space. For our purpose we restrict ourselves to symplectic
manifolds (M, w) but one could also consider the more general class of Poisson
manifolds. The phase space consists of all physical pure states of the system (pure
in the sense that pure states reflect maximal information on the state, as opposed
to mized states, which are probability measures on phase space).

To probe the phase space, one considers so-called observables, e.g. (kinetic)
energy, (angular) momentum, position, etc. These are represented by real-valued
functions on the phase space. The value of an observable f € C°°(M,R) in a pure
state x € M is simply the evaluation of f at that point, i.e. f(z).

The symplectic structure w induces a (real) bi-linear anti-symmetric bracket
{-,-} on the algebra of observables C*°(M, R), the so-called Poisson bracket:

{f, 9} = w(Xy, Xy) = X4(f),  (f,9 € CF(M,R)).

The dynamics or time evolution of the classical system is determined by a Hamilto-
nian, which is a real-valued function H on R. More specifically, the time evolution
is given by the integral curves of the Hamiltonian vector field associated to H.
The time evolution of an observable f € C°°(M,R) can then be shown to be the
solution of the differential equation given by

%:XH(J‘) =w(Xm, Xy)={f H}.

Quantum mechanically, the situation is quite different. The phase space is
replaced by a Hilbert space, but the time evolution is still induced by a single
observable, which is again called the Hamiltonian (of the quantum mechanical
system). Roughly speaking, quantisation of the classical system then means that
one constructs a certain Hilbert space and a quantum mechanical Hamiltonian
from the corresponding classical data.

Before we explain how the Hilbert space may be constructed, let us say what we
mean by ‘quantisation commutes with reduction’. Assume that some Lie group G
acts properly and symplectically on a symplectic manifold (M, w). By an equivari-
ant quantisation of (M,w) we mean that the G-action on M determines a unitary
G-action on the Hilbert space Q(M,w).

Suppose we are given equivariant quantisation maps Q for the symplectic
manifold (M,w) and its, possibly singular, Marsden-Weinstein reduction My =
§71(0)/G. We then say that quantisation commutes with reduction (for 0 € g*) if
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the diagram

(M,w) ——2  ~ (M, w)

0//¢ 0¢

(Mo, wo) 2 . Q(Moy, wo)

commutes, up to unitary isomorphism. The left downward arrow is the (singular)
Marsden-Weinstein reduction of (M,w) at 0. The right downward arrow, which
is the reduction at the quantum side, sends Q(M,w) to its subspace Q(M,w)%
of G-invariant elements. The horizontal arrows are called quantisation maps and
the vertical arrows are called reduction maps. This definition of quantisation-
commutes-with-reduction was introduced in the paper [33] by Guillemin and Stern-
berg. Commutativity of the above diagram for specific symplectic manifolds (M, w)
and Lie groups G is therefore also known as the Guillemin-Sternberg conjecture.

The earliest approaches to the construction of a (quantum) Hilbert space H =
Q(M,w) from a symplectic manifold (M,w) come from geometric quantisation
[59, 84] (see also [92]). Let (M,w) be a symplectic manifold. We call (M,w) pre-
quantisable if there exists a hermitian vector bundle L over M endowed with a
hermitian connection V¥ such that (V)% = 27iw. The pair (L, VL) is called a
pre-quantisation for (M,w). If M is a G-manifold, then L is supposed to be an
equivariant line bundle and V¥ is supposed to be G-equivariant.

If M is a compact Kéhler manifold and L a hermitian holomorphic line bun-
dle such that (VF)? = 2miw, where V¥ denotes the Chern connection, then
the quantisation of M is defined to be the vector space of all holomorphic sec-
tions of L. If a compact Lie group G that acts on M in a strongly Hamilto-
nian fashion also preserves the complex structure J, then Guillemin and Stern-
berg [33] proved that quantisation commutes with reduction in the above sense:
dim(Q(M,w))¢ = dim(Q(Mo,wp))-

Later, geometric quantisation was redefined as the index of a suitable Dirac
operator (see e.g. [83]). More precisely, given a G-equivariant pre-quantisable
compact symplectic manifold (M,w), one picks a G-invariant, compatible, almost
complex structure J on M and uses J to define a spin® Dirac operator on M.
One then considers the index of the generalised Dirac operator D on M obtained
by twisting with a pre-quantum line bundle L (actually, one takes the index of
D,). This index is a formal difference of finite-dimensional G-representations.
A ‘quantisation commutes with reduction’ result for compact actions on compact
manifolds in this setting was proved by Meinrenken in [71] and many others under
the assumption that 0 is a regular value of the momentum map. In [72], the
case where 0 is not a regular value, was studied. If M is Kéhler and L ® K* is
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positive, where K* denotes the anti-canonical line bundle, then both definitions of
quantisation coincide by Kodaira’s vanishing theorem [58].

In more recent work [44] the quantisation-commutes-with-reduction conjecture
has been studied for cocompact Hamiltonian group actions on pre-quantisable
symplectic manifolds. The unreduced symplectic space is no longer assumed to be
compact, so that the index of the Dirac operator is in general not finite. Instead,
one assigns a class in Ky(C*(Q)) to the Dirac operator (where Ko(C*(G)) is the
Ky-group of the group C*-algebra of G) by the so-called assembly map [4, 74],
which extends the definition of the index to the non-compact case. (For compact
groups the ring Ko(C*(G)) may be identified with the representation ring of G
(¢f. [5, Remark 30]).) In [44] it is proved that on this new definition for the
quantisation map, under some additional assumptions, quantisation commutes
with reduction for cocompact actions. These results were further generalised, using
different methods, in [70], where a more general setting of cocompact actions are
studied. Also, the approach of [44] fits nicely into the framework of [64] (see also
[63]), where quantisation commutes with reduction is interpreted as a special case
of the functoriality of a quantisation functor that maps into the category of K K.

More recently, in [68, 76] the quantisation-commutes-with-reduction principle
has been studied for G-actions on arbitrary non-compact manifolds with proper
momentum map. By the properness of the momentum map, the quantisation of
(M,w) can be interpreted as an element of the generalised representation ring of
G. In [45] the ‘quantisation commutes with reduction’ problem is considered for
so-called tame actions, under the assumption that the reduction at the 0-orbit
of g* is compact. Their quantisation maps takes values in K°(C}(G)), the K-
homology group of the reduced group C*-algebra, so that the quantisation map is
again interpreted in a K K-theoretical way.

In Part I we study the quantisation-commutes-with-reduction problem for the
co-adjoint action of a compact, connected Lie groups on its own cotangent bundle.
By the co-adjoint action we mean that G acts on T*G by the inverse pull-back of
the action of G on itself by conjugation. The corresponding momentum map is
not proper and neither is the reduction at 0 compact, so that the just mentioned
methods cannot be applied. In fact, as we shall see, the multiplicity of the trivial
representation in the equivariant quantisation of T*G is infinite. Moreover, as the
co-adjoint action is non-free, the Marsden-Weinstein quotient (at 0 € g) is singular
and is an example of a symplectic stratified space (see Theorem 1.2.6 or [82]). See
[65] for work on the quantisation of singular Marsden-Weinstein quotients.

1.4.2 Dolbeault-Dirac quantisation

In this section we define our notion of Dolbeault-quantisation. Let (M,w) be a
symplectic manifold. Suppose that (M,w) is endowed with a compatible almost
complex structure. The class of such manifolds is the largest for which we can
define Dolbeault-Dirac quantisation.
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Definition 1.4.1. Let (M,w) be a symplectic manifold and let J be a compati-
ble almost-complex structure. The Dolbeault-Dirac operator is defined as the
symmetric first-order differential operator on T3 (M, A(%*)T*M) given by

V2 (7'((0’.) od+ (7% o d)*> ,

where the adjoint is taken with respect to the inner product

(s1,80) = /(81(x)752(x)>57 (51,50 € T (M, AOT*M))
M

where ¢ denotes the Liouville measure on M, and the hermitian structure on
A©O*)T*M is obtained by extending the Riemannian metric to a hermitian form
on Tc M as in Definition 1.3.20. The map 7(%*) denotes the projection A®*(TEM) —
A(O,Q)T*M — A°® (T*(O’l)M).

If L is a hermitian line bundle with hermitian connection V¥, then the twisted
Dolbeault-Dirac operator D" is defined as the symmetric first-order differential
operator on I'®* (M, A% T*M ® L) given by

DL _ \/§ (7_[_(070)<d® 1+ (_1)deg ® VL) + (W(O’.)(d® 1+ (_1)deg ® VL))*) ;

where deg is the map that to each form assigns its degree.

Remark 1.4.2. Note that by Proposition 1.3.6 the Liouville measure is equal
to the Riemannian measure, so that the (twisted) Dolbeault-Dirac operator is
essentially self-adjoint if M is geodesically complete.

If we speak of a Dolbeault-Dirac operator or any other differential operator on
a manifold M, then, unless specified otherwise, their domain is always taken
to be I'°(M, E) where E is the vector bundle on which the differential operator
acts.

We mainly consider Kéahler manifolds. In that case, the Dolbeault-Dirac oper-
ator is simply equal to

V2 (5 + 5*) :
and similarly, the twisted Dolbeault-Dirac operator D is equal to
D=2 (8" + @),
where 8" is the first-order differential operator on A T*M ® L given by

5 (0 ns) = Ba s+ (1)@ (VH)ODs,
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which is precisely the Dolbeault-operator EL of Equation (1.6). The hermitian
connection V¥ determines a holomorphic structure on L by declaring a local sec-
tion s € I'°°(U, L) to be holomorphic if and only if V(®1) s = 0 (see [34, Proposition
6.30]). With respect to this holomorphic structure, the connection V¥ is the Chern
connection. The untwisted or ordinary Dolbeault-Dirac operator is a special case
of a twisted Dolbeault-Dirac operator, where L is the trivial hermitian holomorphic
vector bundle.

The bundle A®*)T*M on M decomposes into an even and an odd part as
AOeven) s N p gy AOodd)x \r - With respect to this decomposition the twisted
Dolbeault-Dirac operator is an odd operator, and hence it is of the form

0 D
(4 %)
DL 0
where D, maps A@cve)T* M to A4 TN Tf M is compact, then Dolbeault-

Dirac quantisation is defined as the index of Ei [71]. On non-compact manifolds

the kernel of ﬁi and D" can fail to be finite-dimensional so that an index can-
not be defined. In this thesis we mainly consider cotangent bundles of compact
connect Lie groups, which are non-compact manifolds. The corresponding twisted
Dolbeault-Dirac operators have infinite-dimensional kernel, so that an index can-
not be defined. In these cases, one needs to work with a different definition of
Dolbeault-Dirac quantisation. For the manifolds M of interest in Part I of this
thesis, which are all Kéhler manifolds, we use the following definition:

Definition 1.4.3. Let L be a hermitian holomorphic line bundle with Chern
connection V¥ such that (V1)? = 2miw, where w denotes the symplectic struc-
ture on M, and let D” be the corresponding twisted Dolbeault-Dirac operator.
Then Dolbeault-Dirac quantisation of the Kahler manifold M is defined as the
Hilbert space

QL (M) :=ker D", (1.10)

where the bar denotes the closure of the operator.
If furthermore, M has a (fixed) spin structure with corresponding Dirac oper-
ator I, then the spin quantisation is defined analogously as the Hilbert space

QL(M) = ker (D).

In all situations of interest, the K&hler manifold is geodesically complete, so
that D is essentially self-adjoint [17]. However, ker(ﬁL) will be an infinite-
dimensional Hilbert space, so that Equation (1.10) does not lead to an interpreta-
tion of quantisation as an index. Also, when we consider a group G of symmetries
acting appropriately on M, so that the quantisations carry natural G-actions,
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then the multiplicities of some of the irreducible representations will have infinite
multiplicity, ruling out an interpretation of ker(ﬁL) as an element of some gener-
alised representation ring of G. In this thesis, the Dolbeault-Dirac quantisation is
therefore considered as a Hilbert space, possibly with a unitary G-action.

We emphasise that Definition 1.4.3 is not supposed to replace the usual def-
inition of Dolbeault-Dirac quantisation in the cases where the latter is defined.
We only use Definition 1.4.3 for the examples in this thesis. For the manifolds
of which we actually compute the Dolbeault-Dirac quantisation, the kernel of D
turns out to be trivial, so that in these cases Definition 1.4.3 is quite close to the
usual definition of Dolbeault-Dirac quantisation. The main difference is then that
we consider the Dolbeault-Dirac quantisation as a G-Hilbert space and not as an
element in some K K-group or generalised representation ring.
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Chapter 2

Quantisation of the
cotangent bundle

The quantisation of cotangent bundles of compact connected Lie groups is in-
teresting from both a physical and mathematical point of view. First of all, in
physics, and more specifically, in lattice gauge theory, the cotangent bundle of
such a Lie group appears as the phase space of a single plaquette, consisting of
four vertices and four bonds [29]. Of course, the quantisation of T*G is expected
to be L?(G), the Hilbert space of square-integrable functions on the configuration
space GG. From a mathematical viewpoint the quantisation of T*G is related to
representation theory.

In this chapter, we endow T*G with a G x G-invariant Kéhler structure and
explicitly construct the equivariant Dolbeault-Dirac and spin quantisations of T*G
(see Definition 1.4.3). We show that for both quantisations the resulting Hilbert
space is G x G-equivariantly isomorphic to L?(G) in some natural way, provided
that the canonical line bundle on T*G is semi-negative.

The quantisation of T*G has also been studied by Hall in [40], and the material
in this chapter is strongly related to his work. The main difference is the definition
of the quantisation: Hall uses a holomorphic polarisation, whereas we use a twisted
Dolbeault-Dirac operator or a spin Dirac operator. If the canonical line bundle on
T*G is semi-negative, then our definition of quantisation coincides with Hall’s.

In the upcoming chapters we prove that quantisation commutes with reduc-
tion for the action of G on T*G that is induced by the action of G on itself by
conjugation. This action is obtained from the G' x G-action on T*G by restricting
the G x G-action to the diagonal of G x G.

In the remainder of Part I the group G is always assumed to be a
compact connected Lie group .

41



42 CHAPTER 2. QUANTISATION OF THE COTANGENT BUNDLE

2.1 Kahler structure on the cotangent bundle of
compact connected Lie groups

The cotangent bundle of T*G has a natural symplectic structure w (¢f. Exam-
ple 1.2.2). In this section we compute the explicit form of w and recall from [39]
how T*G can be endowed with a (natural) Kéhler structure by identifying T*G
with the complexification of G.

Let g € G be given. We write Ly, Ry for the left, respectively, right multipli-
cation of g on G, i.e..

L,:G—G, g—hg, R,:G—G, g— gh.

The map g — L, defines a left-action of G on itself and we also refer to this action
as the left action of G on itself. Similarly, the map g — R, defines a right
action of G on itself, in the sense that Ry, 4, = Ry, Rg,, and once again this right
action is simply referred to as the right action of G on itself. Since left and right
multiplication on G commute, we obtain a left action of G X G on G by

(gth) = Lgle;17 or (ghg?) = (h — glh92_1) (haglaQQ S G)?

By push-forward the actions L and R on G determine a left, respectively, right
action of G on the tangent bundle T'G:

Lg*Xh = Tth(Xh) S Tgh, Rg*X;L = T}LRg(X}L) S Tth, (Xh S T}LG).
Similarly, the actions L and R determine a G x G-action on T*G by pull-back:
LZ—lah = (Tgth—l)*Oéh S TghG, R;ah = (Thg*IRg)*ah S Thg—lG,

where oy, € T;G. These group actions turn 7'G' and TG into G' X G-equivariant
vector bundles. Moreover, by Example 1.2.4 the action of G x G on T*G is
automatically symplectic and strongly Hamiltonian, when the moment map is
defined as in Example 1.2.4.

In order to identify T*G with its complexification G, we first construct a
diffeomorphism T*G — G x g. First, the cotangent bundle T*G is diffeomorphic
to G'x g* via left-translation. More precisely, a covector oy € TG is sent to G x g*
through the map

ag > (g,(TeLy) 0y) € GXT;G =G x g".
Remark 2.1.1. Note that
((TeLg)*ag)(Tng*Xg) =ay(T.Ly o Tngleg) = ay(Xy)

for all oy € TG, X, € T,G. So for each point g € G, the pairing map T,G x
T;G — R corresponds to the pairing g x g* — R if T,G and TG are identified
via left-translation with respectively g and g*.



2.1. THE KAHLER STRUCTURE 43

Choose an Ad G-invariant inner product (-, -)4 on the Lie algebra g. Using this
inner product we can construct a natural linear isomorphism b : g — g* by the
relation

X'(Y) = (X,Y)g,

so that T*G is diffeomorphic to G x g. In what follows we identify T*G with
G X g, as the latter space is much more convenient to work with. We also use
left-trivialisation to identify the tangent spaces of G x g* and G x g with g x g*
and g X g, respectively. The next Lemma describes the canonical symplectic form
on G x g.

Lemma 2.1.2. 1. The symplectic structure on G X g* coming from the pull-
back of the canonical symplectic structure on T*G is equal to

W(g,u)((Xl,fl)v (X2,82)) = &1(X2) — & (X1) — v([ X1, X2)),

where g € G, X12 € g, v,&12 € g*. Furthermore, the fundamental 1-form 0
s equal to

Og.0) (X, €) = v(X),
where g € G, X € g, v,§ € g*.
2. The corresponding symplectic structure on G X g is equal to
wigy) (X1, Z1), (X2, Z2)) = (X2, Z1)g — (X1, Z2)g — (Y, [ X1, Xa])g,  (2.1)

where g € G, Y, X19,Z12 € g. Furthermore, the fundamental 1-form 0 is
equal to

Ogv) (X, Z2) = (¥, X), (2.2)
where g € G, Y, X, Z € g.

Proof. This follows from a straightforward calculation. Details can be found in e.g.
[75] (note that their definition of the canonical symplectic structure on cotangent
bundles differs from ours by a minus sign).

O

Note that Equation (2.1) depends on the inner product on g. This is, of
course, not surprising as the isomorphism g* = g is defined with respect to this
inner product. The choice of (-,-); will not matter, as long as it is chosen to be
Ad G-invariant.

The left and right G-action on G x g are described in the following Lemma,
whose proof we omit.
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Lemma 2.1.3. The left G-action ®* and the right G-action ®F on G x g* are
given by

5 (9.€) = (hg,€), @ 1(9.€) = (gh™" Adj 1 €), (g.he€G.E€g),
respectively. Similarly, the left G- action ®* and the right G-action ®% on G x g
are given by

©(9,Y) = (hg,Y), ®-i(9,Y) = (gh™ ,AdpY), (9,h€GY €g),
respectively.

We now follow [39, 40] and put a Kéhler structure on G x g (and hence on
T*@) by identifying G x g with the complexification of G, and by subsequently
pulling back the complex structure on G to G x g.

Definition 2.1.4. Let G be a compact connected Lie group. A complezification
of G is a connected, complex Lie group satisfying the following properties:

1. The group G contains G as a closed subgroup.

2. The Lie algebra g€ is equal to g + ig.

3. Every homomorphism G — H, where H is a complex group, extends to a
holomorphic homomorphism of G — H.

If G is a compact connected group, then the complexification G€ always exists
and is unique up to isomorphism (see [46, Chapter XVIL5]).

It follows from the first and second condition in Definition 2.1.4 that the Lie
algebra g is equal to g+ig = g x g, where the first component in g x g corresponds
to the Lie algebra of G (as a closed subgroup of G®), and the second corresponds
to ig. Furthermore, multiplication in G is holomorphic. Therefore, under left-
trivialisation of the tangent bundle of GC, the complex structure J ¢ gG’(C —
TgGC, as a map from g€ = g x g to itself, is simply

()
for any g € GC. The map @ : G x g — G€ given by
d:(g,Y) = gexp(iY), (g€ G Y €yg)
is a diffeomorphism (see [37, Proof of Lemma 12]). Since
(5 (g,Y)) = hg exp(iY)
and
B(P71(g,Y)) = gh™texp(iAd,Y) = gh™'Ady, (exp(iY)) = gexp(iY)h ™,

and as multiplication in G is holomorphic, the induced complex structure on G x g
is invariant under the action of G x G on G x g (which is given by ®% x (®F)~1).
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Theorem 2.1.5 (Hall, [39, 40]). The canonical symplectic structure w and the
complez structure J on T*G induced by the diffeomorphism ® : T*G — G€ are
compatible. That is, (T*G,w,J) is a Kdhler manifold.

We refer to this Kéhler structure as the standard Kdhler structure on T*G.
The standard Kéhler structure on T*G is invariant under the action of G X G in
the sense that w, J, and hence also g, are all invariant.

In order to simplify the calculations we work exclusively with G'x g and G€. We
repeatedly switch from G x g to GC, as the complex structure is easy to handle
on G€, whereas G x g allows for more convenient coordinates. To be able to
pass vector fields or forms from one space to the other, we need to compute the
differential of ® : G x g — GC. This computation has been carried out by Hall in
[39]. For completeness we repeat the precise form here.

First, the tangent spaces of G x g are identified with g X g using left-translation
on G, and, similarly, the tangent spaces of G are identified with g€ = g@dig = gxg
using left-translation on G¢. The differential of ® at the point (g,Y) is then
nothing but a linear endomorphism of g x g.

Lemma 2.1.6 (Hall, [39]). The differential T(4yy® of ® at the point (g,Y) is
equal to

cosadyY l—cosadY
= Lad
T(g,y)q) ( —sinadY SIZSYY ) ) (23)

as a real-linear transformation of g X g.

As a first application of this Lemma, let us show that the function (g,Y) + |Y|?
is a Kahler potential for the symplectic form w, that is,

w = —idd|Y .

We base our computation on [40]. Let {e;} be an orthonormal basis of g for
the Ad G-invariant inner product (-,-)4. All forms on G x g are C°°(M)-linear
combinations of the (“horizontal”) left-invariant forms {ay}, where ak(eq) = €}
in g*, and the (“vertical”) forms {dyy}, where (yi)r are the coordinates on g
with respect to the orthonormal basis {ej,...e,} of g. Similarly, we choose left-
invariant 1-forms {7} on G® such that nx(egc) = (ef,0) for all k € {1,...n}.
Note that our definition of J on forms is such that Jn(ege) = (0,ef). We now
compute

Y )? = 7OVqy|? = 2OV (Z 2ykdy}c> .
k=1

So, with respect to the basis {ag,dyx}, d|Y|*> = (0,2Y). We can now apply
Lemma 2.1.6 to transfer this form to G®. To do so, we actually need to apply
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(T(@(z)’.:p(y))q)_l)*? where * denotes transpose. One can check that

sinadY -1 sin adY cosadY —1
1

-1 _ adY adY
(L@@, 2r)®) " = ( adY sinadY cosadY

Since {ej } was chosen to be an orthonormal basis of the Ad-invariant inner product
(-,)q, it follows that (ad Y)* = —ad Y in this basis. So, with respect to the bases
{ag, dy} and {ng, Jn}, we obtain

cosadY sinadY )

*
(T(g,Y)(I)) - < cosad Y —1 sinad Y
adY adY

: -1 sinad Y :
_1y+ _ (sinadY =y~ —sinadY
(T(q)(:r),@(Y))(I) ) = ( adY ) ( 1—caczis$dY cosadY .

Because ad Y acts trivially on Y, the form 9|Y|? on G® is equal to

ANy P ==ob <Z 2yk=]77k> = 7O Z (—tyn (e + iJnk) + iy (e — iJnx))
k=1 k=1

= Gyrm + yeJm) -
=1

Pulling back this form to G x g we obtain

n

Y| = Z (iyrak + yrdyr) ,
k=1

and thus
—idd|Y > = —idd|Y > = d (Z ykak> =df = w.
k=1
Here we have used that
n n
g (Z) = (Y, Z)g =D ykzk = > ypan(Z)
k=1 k=1

for any Z =Y}, zrer in Ty y)(G x g) (see Equation (2.2)).

2.2 (Geodesic completeness

In Section 2.1 we have put a Kahler structure (w, J) on the cotangent bundle T*G
for any compact connected Lie group G. When G is non-abelian, the Riemannian
metric

9(X,Y) =w(JX,Y) (2.4)
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corresponding to this Kéhler structure is in general different from the product
metric on T*G = G x g (¢f. Equations (2.1) and (2.3)). Later on, when we consider
Dirac operators on T*G, we need to know that T*G is geodesically complete so that
the Dirac operators are essentially self-adjoint. Since the metric ¢ on TG is not
the ordinary product metric, it is not clear that (T*G, g) is geodesically complete,
so we prove it here. We do this by showing that (T*G, g) has another property
that, by the Hopf-Rinow theorem, is equivalent to the geodesic completeness of
(T*G, 9).
Let us now recall the Hopf-Rinow Theorem.

Theorem 2.2.1 (Hopf-Rinow Theorem). Let (M, g) be a connected Riemannian
manifold. The following statements are equivalent:

1. (M, g) is geodesically complete.
2. (M,g) is complete as a metric space.
3. The balls B.(p) ={x € M | 6(p,z) <7}, are compact for allp € M, r > 0.
4. There exists a function f € C(M,R) such that the sets
M.={ze M| f(z)<c}, (ceR),
are relatively compact, and ||df||y < C for C > 0.

Proof. The equivalence of the first three statements can be found in [53]. The
equivalence of statements (3) and (4) can be found in [7]. O

In the following Theorem we use the notation introduced below Lemma 2.1.6.

Theorem 2.2.2. Let G be a compact connected Lie group and endow T*G with
the standard Kdhler structure. The Riemannian manifold (T*G, g), where g is the
Riemannian metric defined in Equation (2.4), is geodesically complete.

Proof. By Theorem 2.2.1 is suffices to show that there exists a function f such that
|df|ly < C for some C' > 0 and M. = {(z,Y) € G x g | f(z,Y) < ¢} is relatively
compact for all ¢ € R. Take the function f : (z,Y) = log(1 + |Y|?), where |Y] is
the norm of Y € g with respect to the chosen Ad-invariant inner product on g.
First of all, it is clear that

log(1+|YV]?) <c <= [YP<e®—1,

forall c € R. So, M. isemptyifc < 0and M, = {(z,Y) € Gxg | |[Y|*> <e‘—1} # 0
if ¢ > 0. Hence, M, is relatively compact for all ¢ € R.
We now show that [|df||; < 2. Recall that ||df||2 = g((df)#, (df)#), where

(df)* is the unique vector field that satisfies df (W) = g((df)#, W) for all vector
fields W. Let ag, dyx, mi and Jni be as in the paragraphs below Lemma 2.1.6.
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Using d(¢ o s)(m) = ' (s(m))ds(m) for any s € C°(M,R) and ¢ : R —» R, we
obtain

1 1<
&f = d(og(L+ V") = T ppd + V1) = g D 2undys
k=1

We first calculate Jdf. To this end, note that (1 + |[Y|*)df = Y7_, 2yxdyy cor-
responds (at the point (z,Y) in G x g) to (0,2Y) in the basis {ax,dy*}. The
complex structure J on T(, y)(G x g) is

[0 -1 1y
(Tta,v)®) (1 0 >(T<®<w>,¢><Y))‘I> 0

where * denotes the transpose. Recall that with respect to the basis {, dyk} and
{nk, Jni} we have,

N cosadY sinadY
(T(I,Y)(b) = ( cosadY —1 sinad Y ) )
adY adY

and

: -1 sinad Y :

T sinadY B —sinadY
(T(<I>(x),‘I>(Y))(I) ) - < adY > ( 17;%5;‘,(1)/ cosadY 3
where adY is expressed in the orthonormal basis {ej} of g.

Now, since adY acts trivially on Y,

(Te) ( (1) _01 >(T<I>1)*(0,2Y) = (T®)" ( (1) _01 >(o,2y>
= (T®)*(-2Y,0) = (—2Y,0).

Let us write Z := Z(z,Y) = (Z1(2,Y), Za(2,Y)) =: (Z1, Z2) for a vector field
on G x g. On the one hand, we have

L+ [YP)(Jdf)(Z) = =2(Y, Z1)g. (25)
On the other hand, we have

A+ [Y[))g((Jdf)#, Z) = A+ [YP)w(J (Jdf )#, Z)
= —(1+ |YP)w(df*, Z). (2.6)

Using that (see Equation (2.1))

w(m’,Y)((leXQ)v (Zh ZQ)) = <X2, Zl>£l - <X1, Z2>£l - <Y7 [leZl] >E
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and equating Equations (2.5), (2.6), we obtain
2V, Z1)g = (14 V1) (((dDF Z0)g — ((dDF Z)g — (Y, () E, 21

This equality holds for all Z if and only if (df)#(z,Y) = (0, %) An argu-

ment similar to the one we used to determine Jdf shows that (1+ |Y|?)J(df)* =
(—2Y,0). Hence,

a(df. df) = g(df* . df#) = w(T(df)* . df*) = (L+ V)~ 2((~2Y,0), (0.2)
= (L4 Y)Y <4

So, we have proved that g(df,df) is bounded and M, is relatively compact for
all ¢ € R. By Theorem 2.2.1, the Riemannian manifold (T*G, g) is geodesically
complete.

O

2.3 Kodaira’s vanishing theorem

The main result of this section is to extend Kodaira’s vanishing argument on
compact Kéahler manifolds (see e.g [6]) to non-compact, geodesically complete,
Kahler manifolds. More specifically, we show that if K* ® L is a positive line
bundle over M (c¢f. Definition 2.3.7 below), where K denotes the canonical line
bundle and L denotes a hermitian holomorphic line bundle, then the kernel of the
closure D" of the twisted Dolbeault-Dirac DY operator on M is contained in the
smooth (0, 0)-forms, i.e. the smooth functions.

We say that an unbounded operator T' is positive if it is self-adjoint and
(x,Tx) > 0for all z € Dom T'. For such a positive operator T there exists a unique
(self-adjoint) positive operator T2 such that (7'z)2 = T (see [79, Proposition
5.13]). The following Lemma says that the positivity condition on a self-adjoint
operator needs only be checked on a dense subset of the domain (with respect to
the graph norm). Its proof is standard.

Lemma 2.3.1. Assume that T : H — H is an unbounded operator with dense
domain Dom T such that

(x,Tz) >0, forallxz € DomT. (2.7)
Let T denote its closure. Then
(x,Txz) >0,

for all x € Dom T.
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If T is an essentially self-adjoint operator satisfying Equation (2.7), then T =
T* is positive by Lemma 2.3.1. For this reason, we say that T is essentially
positive if T is essentially self-adjoint and satisfies Equation (2.7). We emphasise
that the term ‘positive operator’ always means a positive, self-adjoint operator.

Proposition 2.3.2. Let S, T be essentially positive operators, both defined on the
same dense domain D C H. Conszder the densely defined operator C := S +T.
Then Dom C C Dom .5'2 N Dom T . Moreover, for all x € Dom C we have

(Cz,7) = (5%2,5

1
2

) + (T2, T2 ). (2.8)

Proof. Assume that (z,)52; is a sequence in D such that z,, — z and Cz,, —
1

z =: Cx in H. We show that (S2x,), is a Cauchy sequence in H. First,
(Cy,y) = (Sy,y) + (Ty,y) = (S?y,5%y) + (T?y, T?y) > (S%y, 57y,

for all y € D. In particular,

Nl
Nl

(S (2n = 2m), S* (20 — Tm))

<A{C(xn — Tm), Tn — Trm)
<||Cxy — Capll||lzn — zmll,
and the right hand side goes to zero as n,m go to infinity, since both (z,), and
1
(Czy,), are Cauchy sequences. In particular, (S°z,), is a Cauchy sequence, and
1 1 1 1

hence z € Dom S? with S22z = lim,, S%x,,. Similarly, € Dom T2.
We already know that Equation (2 8) is Vahd on D. Let x € Dom C be as
1

above. By the previous paragraph SQIn — 52 x and T2z, — Tz. Thus,

(Cz,z) = im(Can, ) = Hm(S? 2, 87 ) + (T2 2, T2 )

1
2

M\»—A

— (S0, 5%0) + (T2, Ta),

which proves that Equation (2.8) holds for all # € Dom C. O

Corollary 2.3.3. Let S,T be essentially positive operators on the same dense
domain D C H. Consider the densely defined operator C' =S +T. Then ker C' C
ker S NkerT.

N
Nl

Proof. If x € ker C, then x € Dom S m T2 by Proposition 2.3.2 and

(Cz,2) = (S*a §%> (T2, T ) = 0.

-

N

1 _ _ . -
Therefore, € ker S* NT? = ker S NkerT as kerT' = ker T? for any self-adjoint
operator T O
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The following Lemma is just a matter of linear algebra. For completeness we
give the proof anyway. Let V be a finite-dimensional inner product space over
K =R, C. A linear operator A on V naturally extends to a derivation A of degree
0 on the tensor algebra T'V by defining it on the simple tensors as

Av; ® - @ o) Zm@ ®Av; ® - ® vy,

Z()zo,

where 1 € T°V = K denotes the identity element of TV.

A self-adjoint operator A : V' — V is called positive-definite if (v, Av) > 0
for all non-zero v € V. This is equivalent to saying that A is a positive, invertible
operator on V.

Lemma 2.3.4. If A is a positive-definite (self-adjoint) linear operator on a finite-
dimensional inner product space (V,(,)) and A is its extension to TV as a deriva-
tion, then ker A = TOV. Moreover, Aisa positive-definite self-adjoint operator
on EBkZlTkV.

Proof. Tt is clear that 79V is contained in the kernel of A. Write v = ©rvg
for an arbitrary element v € TV, where v, € T*V. Now, since A is of degree
0, the element v € T'V is mapped to zero if and only if Avy = 0 for each k €
N. It therefore suffices to show that for each k > 1 the kernel of A as a linear
transformation T*V — T*V is trivial.

Positive-definiteness of A as a self-adjoint linear transformation on V' is equiv-
alent to the property that (v, w) — (v, Aw) defines an inner product on V. Con-
sequently, for 1 <1 < k the sesquilinear (or bilinear form if K = R) form

(v ® -+ @ Vg, w1 ®"'®wk>5€ —
(v, w1) (V=1 wi—1) (v, AW Vi1, Wigr) -+ - (Vg W)
defines an inner product on T*V. Let v = 221:1 v @ QUp, w= gzl wf ®
-®w), be given elements of T*V. Then

m p
<ZU?®...®U?7A wa@...@wf >
a=1 B=1

Ul awl Ul 17wlﬂ 1><Ul 7Awl ><Ula+17wlﬂ+1> T <’U1?aw][j>

I
™=

=1 a,8

k
<v‘f‘®~-~®v}§,wlﬁ®-~-®w£>f:Z@,w)f.

[
Mw

I
o
2
™

I
o
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Since A is also self-adjoint on 75V, the form (-, A(-)) defines an inner product on
T*V for each k > 1 as well. In particular, for each k& > 1: (v,gw > 0 for all
non-zero v € T*V, and hence ker AN T*V = {0}. The Lemma now follows from
the discussion in the first paragraph of the proof. O

Remark 2.3.5. If VW are two finite-dimensional inner product spaces and
A .V — V is a positive-definite linear transformation, then, as in the proof
of Lemma 2.3.4, the form on T*V @ L (k > 1) defined by

(v1 @ w1, vy @ wa) = (v1, Avg) (w1, wa), w1,v9 € TFV, wy,wy € W,

is an inner product on T*®W. So, A®1 is a positive-definite operator on T*V oW
and so ker(A® 1) N (T*V @ W) = {0} for all k > 1.

We now turn to (possibly unbounded) zeroth-order differential operators. The
next proposition shows that any symmetric zeroth-order differential operator is
essentially self-adjoint.

Proposition 2.3.6. Let E — M be a hermitian vector bundle over an arbitrary
oriented Riemannian manifold M. Consider the Hilbert space L*(M, E), where
the measure on M is the Riemannian measure. If R is a smooth vector bundle
homomorphism such that R, € End(E,) is symmetric for each x € M, then R is
essentially self-adjoint on the domain T'°(M, E). The closure R is positive if R,
acts fibrewise by positive operators.

Proof. Since R, is symmetric for each z € M, R is a symmetric zeroth-order
differential operator on I'*®(M, E). We prove that R = R* as an operator on
L?*(M,E).

The domain of R* is equal to

Dom R* = {s € L*(M,E) | Rs € L*(M,E)}, and R*s= Rs,

where R acts on s as a zeroth-order differential operator. Indeed, since R is a
zeroth-order differential operator, the equality

(s, Rt) = /(s(x),R(x)t(x))mda: = /(R(x)s(x),t(x))ajdx,

holds for all s € L?(M, E), t € Dom R. In particular, s € Dom R* if and only if
x> Rys, € L*(M, E) and R*s = Rs.
The domain of R** is defined as

Dom R*™ = {s € L*(M,E)|3C > 0: (s, R*t) < C||t| 1> for all t € Dom R*}.
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If s € Dom R*, then
(s, R*t) = (s, Rty = (Rs,t) < ||Rs||pz||t|| Lz,

for all ¢ € Dom R*. Here, R is again viewed as a zeroth-order differential operator.
Consequently, s € Dom R**, and so R* C R*™ = R. Because R is symmetric,
R C R*, and hence R = R*. In other words, R is essentially self-adjoint.

O

To formulate Kodaira’s vanishing theorem, we need the notion of a positive
line bundle (cf. [6]).

Definition 2.3.7. A hermitian holomorphic line bundle L over M is said to be
(semi-)positive if its curvature R” is of the form

RE = ZRklek A d?l, (2.9)
k.l

where (Ry;), which is always hermitian, is a positive (semi-)definite matrix at
each point. Similarly, a hermitian holomorphic line bundle L over M is said to be
(semi- )negative if L*, which has curvature —R%, is (semi-)positive.

Remark 2.3.8. Note that positive (semi-)definiteness of the matrix (Ry;) at a
point z is equivalent to saying that the sesquilinear form (vq,vs) — Ry (v1,72)
defines a positive (semi-)definite hermitian form on 710 M. Hence, equivalently,
L is a (semi-)positive line bundle if RL(z) defines a positive (semi-)definite hermi-
tian form on ngl’o)M for each point z € M. This condition on RY can be checked
point-wise and moreover, it can be checked with respect to an arbitrary frame of
T8O M. Indeed, let {WP} be another frame for Ty "M and let {7} be the
corresponding frame for T}, ©DAf. The bases {dz* } and {WP} are related through
a complex-linear invertible map A: dz* = > Ap WP, and so dzF = > Ay WP,
By inserting these expressions in Equation (2.9), we obtain

Z RklApkAingp/\WZ Z Akakl(A*)qup/\W

k,l,p,q k,l,p,q
= (ARA"), WP AWT = > " RypyW? AW,
p,q p.q

Thus, Ry is positive (semi-)definite if and only if qu is positive (semi-)definite.
That is, positive (semi-)definiteness can be checked with respect to arbitrary
frames. In particular, Definition 2.3.7 makes sense.

In view of the above Remark we therefore also say that R is (semi-)positive
at z if R*(r) defines a positive (semi-)definite hermitian form on T8, and
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we denote this by RE(z) > 0 (R (x) > 0). If RE(z) is positive (semi-)definite at
each point z, then R” is simply said to be (semi- )positive and this is denoted
by R > 0 (R > 0). Similar definitions are introduced for the (semi-)negative case.

The curvature R is always closed. This is a consequence of the fact that R
if locally of the form

RY =090 = 9(h™'0h) = 80 log h,
where h = h(s, s) and s a local nowhere vanishing section. Now use
490 = (8 + )90 = —0%0+ 9 9 = 0.

Moreover, the 2-form w = %RL is then locally of the form

— i k l
w——%;Rkle ANdz,

with Ry; positive definite. Therefore, if L is positive, then w = %m,RL is a symplec-
tic form and g(-,-) = w(J-,-) is a Riemannian metric. Indeed, by Lemma 1.3.16
the symmetric 2-tensor g is locally of the form

1 k l
g:%;Rkldz v dz,

with (Ry;) positive-definite at each point. Hence g is a complex-linear extension of
a Riemannian metric on TM. Conversely, if w = %RL is a symplectic structure
such that w(J-,-) defines a Riemannian metric, then L is positive. This relates
our definition of a positive definite line bundle, which is taken from [6], to the
definition in [27].

Having explicitly proved the necessary prerequisites, we now state a Kodaira’s
vanishing theorem for geodesically complete Kéhler manifolds. The corresponding
result for the compact case can be found in [6, Proposition 3.72] and [27, Proposi-
tion 6.1]. The theorem is a vanishing theorem because it states that the kernel of

D" contains no forms of non-zero degree. On compact manifolds this is equivalent
to the vanishing of the higher cohomology groups of L (see Remark 2.3.10 below).

Theorem 2.3.9 (Kodaira’s vanishing theorem). Let M be a geodesically complete
Kahler manifold. If K* ® L is a positive line bundle, then

ker D" c (M, L),

—L
where DY denotes the twisted Dolbeault-Dirac operator. Or in other words, ker D
18 concentrated in degree 0.
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Proof. Since D is an elhptic operator on M, the kernel of D" is contained in the
smooth sections of A)T*M ® L (cf. [42, Proposition 10.4.8]). We show that all
the sections in the kernel are necessarily (0,0)-forms. To do so, we first recall the
Bochner-Kodaira formula (see for instance [6, Proposition 3.71]) which says
that on a Kéhler manifold the square of D¥ on I'®*(M, A®*)T*M ® L) is equal to

(DL +Z e(€,)i(Z;) R ®L(Z;, Zy),

where {£,} is any unitary frame of T*(®VM with dual frame {Z;} in TV M.
Denote the second (zeroth—order differential) operator by R. As M is geodesically
complete, the operators A(%*) and (D%)? are essentially self-adjoint on the domain
e (M,A%*)T*M ® L). By Proposition 2.3.6 the operator R is essentially self-
adjoint, too. Since

[0 sar = [(900 VO gar, s e 001 L),

M M

the closure of A(%*) is a positive self-adjoint operator by Lemma 2.3.1.
Note that R acts trivially on L, so that we can simply regard R as a morphism
of the bundle A®*)T*)M . Since K* ® L is positive, the bundle endomorphism

R= Z e(&)i(Z;) RN ®1(Z;, Zy)

acts by invertible, positive complex-linear operators on the fibres of T*(O1 /.
Indeed, with respect to the unitary frame {£,}, the matrix of R on T*(®V M is
precisely R(Z;,Z)) which is positive definite by assumption. If wy,ws are forms
of degree (0, |wi|) and (0, |wz|), respectively, the action of R on wy A ws is

Rl hwn) = DR OHZ, 7 Q@) (i(Z)wn Awn + (~1)lwr Ai(Z; )

_ Z RE™®L (7, 7)) (e(€,)i(Z ) w1 A wa + wi A e(€4)i(Z)ws)

= Rw1 A wa + w1 A Rws.

This means that R acts (fibrewise) as a derivation of degree 0. We can now
apply Lemma 2.3.4: let A be the restriction of R, to V = *(O Y. Then,
with the notation of Lemma 2.3.4, R, is the restriction of A on T(T% T3 1)M) to

A (T, + (O, 1)M) Hence R acts as a positive operator on the fibres of A®(T*(®VM)®L
(¢f. Remark 2.3.5). By Proposition 2.3.6 the operator R is essentially positive.
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The operators (ﬁL)2 and (D%)2 are both self-adjoint extensions of the es-
sentially self-adjoint operator (D%)?2, hence they are equal. Thus, s € ker D" if
and only if s € ker (DE)2. Since both A(*) and R are essentially positive on
(M, A*(T*OV M) ® L), an element s € ker D" C (M, A (T*ODM)® L) is
also in ker R by Corollary 2.3.3,i.e. Rs = 0. As sissmooth, sois Rs. Thus, Rs =0
if and only if R;s(x) = 0 for all x € M. Another application of Lemma 2.3.4
and Remark 2.3.5 shows that s(z) € (A°T*D M @ L), for each z. Consequently,
se™(M,L). O

Remark 2.3.10. On compact manifolds the index of the Dolbeault-Dirac operator
is related to the cohomology of L as follows. First, we note that

ker D" = kerd N ker(gL)*.

Here, we keep writing 5]; for the closure of EL. Consequently, if ﬁﬁ, gi denote
the restrictions of D~ and 8" to L*(M, A*(T*OD M) ® L), then

ker Ei = keréi N ker@f)* = keréﬁ N (imgi_l)J‘
& keréé/imgéfl = keréé/ imééﬁl.
In the final step we have used the fact that on compact manifolds the image of 5,671

is closed. This follows from the fact that EL is elliptic, so that it is a Fredholm

—
operator on compact manifolds. Hence, the kernel of D~ contains no forms of
non-zero degree if and only if the higher cohomology groups of L vanish.

On non-compact manifolds, the (twisted) Dolbeault-operator 5L fails in general
to be Fredholm and the above argument does not apply.

2.4 Quantisation of Lie group cotangent bundles
with semi-negative canonical line bundle

In this section we study both the Dolbeault-Dirac quantisation and the spin quan-
tisation of T*G for the following class of compact connected Lie groups.

Definition 2.4.1. The class Cx consists of all compact connected Lie groups for
which the canonical line bundle on G is semi-negative (cf. Definition 2.3.7).

The following Proposition shows that Cx is not empty. Because the proof is
quite lengthy, we postpone it to Section 2.A.

Proposition 2.4.2. SU(2) € Ck.
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Remark 2.4.3. We do not know how big the class Cx is and we conjecture that
the class Ck is even equal to the class of all compact connected Lie groups.

In this section we prove that, if G € Cg, then the Dolbeault-Dirac and spin
quantisation of T*G are G x G-equivariantly and unitarily isomorphic to L?(G, dg),
where dg denotes the Haar measure on G. The proof consists of two steps. First,
we use Kodaira’s vanishing theorem Theorem 2.3.9 to identify the Dolbeault-Dirac
and the spin quantisation of T*G (G € Ck) with (different) spaces of square-
integrable holomorphic functions. These spaces coincide with the quantisations of
T*G in [40]. However, in loc. cit. these spaces are obtained by different methods:
Hall uses geometric quantisation with a holomorphic polarisation and we use the
kernel of a twisted Dolbeault-Dirac operator. Second, a result from the same paper
[40] and from [37] shows that both of these quantisations of T*G are equivariantly
and unitarily isomorphic with L?(G, dg).

For the moment, let G be an arbitrary compact connected Lie group. Define a
smooth function ¢ : G X g — R by

$g,Y) = 7|V .

Recall that the pre-quantum line bundle L on T*G is the trivial hermitian line
bundle endowed with the connection V¥ = d+4-27if, where # denotes the symplectic
potential. We take the G x G-action on L to be trivial. Since 6 is a G X G-invariant
1-form, the connection V¥ is G' x G-invariant, too.

Proposition 2.4.4. Let a € T®°(T*G,A*(T*“VM) @ L) be a smooth section.
Then 8" a = 0 if and only if d(e®a) = 0, with ¢ as above.
Proof. We show that 9¢ = 27i(7(®1)g). This would imply that

0(e?a) = e? (Ja+ () Aa) = e (5 + 2m'7r(0’1)9> o= e¢5La,

so that 9" o = 0 if and only if d(e®a) = 0.

With respect to the basis {ag, dyi} (see Theorem 2.2.2 or the remarks below
Lemma 2.1.6) the form d¢ is equal to 27my,dy”*, which we simply write as (0, 27Y).
Since adY acts trivially on Y, we compute, in the same way as we did below
Lemma 2.1.6,

0¢ = (0,7Y) + (irY,0) = (inY,nY).

On the other hand, H(g’y)(zh Z2) = <K Z1>g = ZZ:I YkZk,y when Z1 = 2221 Zk€k-
Consequently, 0,y = (Y, 0) in the basis {ay, dy"}. Again, the same argument as
before gives
o 1 , 1 , 1.
70D (B 3) = 1 (By) T (85) = & (¥,0) ~ (0,i¥)) = 5 (¥, ~i¥).

Multiplying by 27 gives 27ir(®©19 = (inY,7Y’), which is equal to 0¢. O
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If the bundle L is endowed with the unique holomorphic structure for which
the section e~ is holomorphic, then V¥ = d+2mif is the unique Chern connection
on L. Since (V)2 = 2miw, the line bundle L is positive.

Since the twisted Dolbeault-Dirac operator D’ is elliptic, the kernel of D" =
(DY)* consists of smooth sections. So, to determine the kernel of (DL)* it is
important to know how (D¥)* acts on smooth sections. The following Lemma
shows that for any symmetric differential operator D, the action of D* on smooth
sections coincides with the action of D as a differential operator.

Lemma 2.4.5. Let D be a symmetric differential operator on a hermitian vec-
tor bundle E over a Riemannian manifold M (with domain T°(M,E)). If s €
' (M, E) N Dom D*, then

D*s = Ds. (2.10)
Proof. Suppose that s € I'™°(M, E)NDom D*. Let t € I'°(M, E) be given and let
1 € C°(M) be such that 0 < ¢ <1 and 1) = 1 in a neighbourhood U of supp ¢.

Then (s, Dt) = (s, Dt), since D is a local operator. The section s is compactly
supported and smooth, so that by symmetry of D

(5. Dt) = (bs, Dt) = (D(ibs), ) = / (D(Ws) (@), 1(x))zdz,

M

where D acts on s as a differential operator. Now, (D(¢s)(x),t(z)), is zero out-
side supp t and the differential operator D commutes with v on the neighbourhood
U, since ) = 1 there. Consequently,

(D(s)(x), t(x))e = (Y(z)Ds(x), t(z))s
for all x € M, and so

(s, Dt) = /(D(¢8)($)7t(x)>zdfﬂ = /(¢($)(D8)(w)»t(w)>xdx = (¢ Ds, t)

M M
= (Ds, t),

where D acts as a differential operator on s. Since this equality holds for all
t € I'°(M, E), this proves Equation (2.10). O

We are now ready to determine the Dolbeault-Dirac quantisation of T*G for
Lie groups G in the class Cx of Definition 2.4.1.

Theorem 2.4.6. Let the canonical line bundle K on T*G be semi-negative. Then
ker D" = HL* (TG, 6_2”|Y‘25),

where the prefix H indicates that only holomorphic square-intengble functions are
considered. Moreover, the G x G-action on HL*(T*G,e~>™YI"¢) is the usual one.
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Proof. If K is semi-negative, then K* is semi-positive. Since the total curvature of
a tensor product of two line bundles is the sum of the curvatures of the individual
line bundles, we see that K*® L is positive. According to Theorem 2.3.9 the kernel

of D" is contained in [ (T*G, L). Since T*G is geodesically complete, we have
D" = (D%)*. Therefore, by Lemma 2.4.5,

ker D" = ker(DY)* = {s € T°(T*G, L) N LA(T*G, L) | D*s = 0}.

Now, D¥s = 0 for a smooth section s of L, if and only if 5Ls = 0, or equivalently,
s is a holomorphic section of L. The holomorphic sections of L are of the form
s = fe~?, with ¢ = 7|Y'|? and f a holomorphic function on 7*G. We then obtain
that

ker D" = fe~? | f holomorphic and /|f\26_2”|Y‘25 < 00

~ HIL*(T*G, 6_2”|Y‘25).

Since e~? is G x G-invariant, the last isomorphism intertwines the G x G-actions
on both spaces. O

We now turn our attention to the spin quantisation of T*G. It is shown in
e.g. [27, Chapter 6] that for a fixed spin structure on any Kahler manifold M, the
spinor bundle S is isomorphic to the bundle A®*(T*(®V M) ® K1, where K1 is the
line bundle of half-forms corresponding to the chosen spin structure. It satisfies
K1 @Ky = K and so R(K,) = $R(K). Moreover, the spin Dirac operator on S
coincides with the twisted Dolbeault-Dirac operator on A*(T*OVM) ® K.

The canonical line bundle on T*G, with G a compact connected Lie ,g,‘1r20up7 is
trivial. Let {8;}_; be a linearly independent system of left-invariant holomorphic
(1,0)-forms on G€. Then B := By A --- A 3, is a left GC-invariant holomorphic
trivialising section of K. The section 3 is also invariant under the right action of
G on GC. To see this, note that

(ThRy)*B(hg) = det(Ad;-1)B(h), (h€G® geq),
where Ad;—l is viewed as a real-linear map g* — g*. The function
G —R*, g det(Ad;-1)

is a group homomorphism. Since G is compact and connected, the image of this
map is a compact and connected subgroup of R*, hence the image is {1}. Con-
sequently, /3 is also invariant under the right action of G on G€. Since 3 is both
left- and right- invariant, it is invariant under the action of G' x G on G®.
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By Lemma 1.3.23 the inner product h(3, 8) satisfies
(=)D (B, B)e = B A B. (2.11)

Since B A B is a left-invariant (n,n)-form on G, the measure h(3, ) is propor-
tional to the Haar measure on GC. By [39, Lemma 5], we obtain

h(B,B) = c*n?, (2.12)

where ¢ > 0 is a constant and 7 : G® — R depends only on Y € g (if G® is
identified with G x g) and is given by the unique Ad G-invariant extension of

o) =TT 2o ey, (2.13)
aERT

where t is some maximal abelian subalgebra of g, and RT a set of positive, real
roots. We renormalise 8 such that ¢ = 1.
Now choose K 1 to be the trivial holomorphic line bundle with trivialising

holomorphic section « that satisfies a? := a ® @ = 8 and with hermitian structure
determined by

h(e,a) = h(B,8)% =,

K . . . . .
so that R 2 = %RK . The group action on K 1 s such that « is G x G-invariant.

Proposition 2.4.7. If the canonical line bundle K on T*G is semi-negative, then

—L
ker ) = HLX(T*G,e 2 pe),

where the prefix H indicates that only holomorphic square-integrable functions are
considered. Moreover, this isomorphism intertwines the pertinent G x G-actions

—L
on ker D and HL*(T*G, 6_2W|Y‘2775)-

Proof. The twisted operator IZL is equal to the twisted Dolbeault-Dirac operator
on A*(T*OD M) ® (Ky ® L) (see e.g [27, 30]). If the canonical line bundle K is
semi-negative, then K*®(K% ®L) is a positive line bundle so that by Theorem 2.3.9

—L
the kernel of I) is contained in I'™°(M, K1 ® L), and as in Theorem 2.4.6 this
kernel is equal to

—L
kerﬁ = HLQ(T*G7 K% ® L) o HLQ(T*G, e—27r|Y|277€)’
where the last isomorphism is given by the map

HIA(T*G, Ky @ L) 5 HLA(T*G e > ye), fem™ o . (2.14)
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This is an isomorphism, because the trivialising section « of K 1 satisfies

h(a,a) = 1.
Because a and e~ ™Y are invariant under G x G, the isomorphism of Equa-
tion (2.14) is G x G-equivariant. O

Remark 2.4.8. The spaces HL(T*G, e~ 2™V ) and HL2(T*G, e~ 21V " ) were
first obtained as quantisations of T*G by Hall (see e.g. [40]) for any compact
connected Lie group G. The first one through geometric quantisation using a
holomorphic polarisation, the second one by adding a half-form correction to this.
For G € Ck, we found these same Hilbert spaces as kernels of Dirac operators.

Because we have found the same Hilbert spaces as in [40], we can now proceed as
in loc. cit. to show that both the Dolbeault-Dirac and the above spin quantisation
of T*G are G x G-equivariantly isomorphic to L?(G,dg), where dg denotes the
Haar measure, in a natural way. On L?(G, dg) we consider the G' x G-action

((h1,h2) - f)(g) = f(hi'gha), g,h1,hs € G, f € L*(G,dg).

Proposition 2.4.9 ([37, Theorem 10] and [40, Theorem 2.6]). Let G be a compact
connected Lie group. There exists a unitary tsomorphism

" : HLA(T*G, e 2"V pe) = L2(G, dg),

intertwining the pertinent G x G-actions.
Similarly, there exists a unitary isomorphism

HLA(T*G, e 2"V Fe) = L2(G, dg),
intertwining the pertinent G x G-action.

Proof. The construction of the isomorphism IT* is made explicit in [40, Theorem
2.6]; IT* is just a constant times the inverse Segal-Bargmann transform for G ([38]).
One can deduce that IT* is G x G-equivariant by its explicit form as given in [40,
Theorem 2.6, Equation (2)].

For the second isomorphism we apply [37, Theorem 10] where unitary iso-
morphisms L?(G, dg) — HL?*(G®,v) are constructed for a specific class of G-bi-
invariant measures v on G€. To verify that this theorem applies to the G x G-
invariant measure v := 6’2’“/'2/"5, we need to check:

1. v is given by a density with respect to the Haar measure dy on G that is
locally bounded away from zero, and
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2. for each irreducible representation 7 of G, analytically continued to G, the
expression

is finite.

By [39, Lemma 5], du = n%¢, so that v = e 2V P = 6_2”|Y|2/n2d,u. The function
e=2mIY® /n2 is a smooth strictly positive function, in particular it is locally bounded
away from zero. Furthermore, since any irreducible representation of G is finite-
dimensional and hence can be assumed to be unitary, we have

/”ﬂ, |2 727r|Y\2€7 / ”ﬂ, |2 —2x|Y|? d dY

Gxg

- / Im(g " )m(e) " |2e 2 P dgdy

= 16| [ Im(e™) e ay.
g

where we used that on G x g the Liouville measure is equal to dgdY, when dg,
the Haar measure on G, and dY, the Lebesgue measure on g, are appropriately
normalised (see [39, Lemma 4]). Writing 7 for the induced representation of the
Lie algebra, we obtain

/Hﬂ'(t)_1||26—2ﬂ‘yl2€ _ |G|/He—iF(Y)”Qe_Qﬂ,‘YleY
GC 4
< |G|/62nf(Y>ue—2w|Y|2dY
< |G|/eC|Y\ef2w|Y\2d}/’

for some constant C' > 0. This last integral is finite, as can be seen by selecting
an orthonormal basis for the inner product on g. Thus, the measure v satisfies the
Conditions (1) and (2), so we can apply [37, Theorem 10]. If we now apply this
with U = 1, then the induced unitary map L2(G,dg) — HL*(T*G, e~ 2V ¢) is

(Cof)(t / f@)o(t)dg, (f € L3(G.dg)).
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Here, the entire function ¢ : G¢ — C is given by

o(t) = 3 TLVE qyrey),

el O—(W)

where the sum is over all irreducible representations of GG, each of which is extended
holomorphically to an irreducible representation of G¢, and where

1

1|12 —27|Y|? )
e L [
GC

o(m) =
From these expressions one can deduce that Cy is a G x G-invariant map.

Combining Theorem 2.4.6 and Propositions 2.4.7 and 2.4.9 we obtain:

Theorem 2.4.10. Let G be a compact connected Lie group and endow T*G with
its standard Kdihler structure. Let (L,V™) be the above pre-quantisation. If the
canonical line bundle K on T*G is semi-negative, then the Dolbeault-Dirac quan-
tisation of T*G is equal to

HLA(T*G, e 2V g,

which is unitarily and G x G-equivariantly isomorphic to L*(G,dg) via the iso-
morphism of Proposition 2.4.9.

Similarly, if the canonical line bundle K on T*G is semi-negative, then the
spin quantisation of T*G is equal to

HL2(T*G76_27F|Y‘2778)7

which is unitarily and G x G-equivariantly isomorphic to L*(G,dg) via the iso-
morphism of Proposition 2.4.9.

2.A  Example: SU(2)

In this chapter we determined the Dolbeault-Dirac and spin quantisation of T*G
for G € Cx. We now show that the statements are not empty, by showing that
SU(2) is an element of Ck.

In general, if s is a nowhere-vanishing local holomorphic section of a hermitian
holomorphic line bundle L with hermitian structure h, then by Proposition 1.3.13,
the curvature of L is equal to

R =00 =0 (h'0h) = 90logh = —0dlog h,
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where 6 denotes the connection (1, 0)-form with respect to the local holomorphic
frame s, and h = h(s, s). The canonical line bundle K on G is trivial, and 8 =
B1 A+ ABp, where {$;} is a linearly independent set of left-invariant holomorphic
(1,0)-forms, is a trivialising holomorphic section. The positive function h(S3, )
is equal to c¢n? by Equation (2.12), where c is a positive constant and where 7 is
defined by Equation (2.13). Consequently (see the paragraph below Remark 2.3.8
for the definition of a semi-negative curvature form), we obtain

G is in Ck if and only if 001ogn is semi-negative on T*G. (2.15)

Real-valued, smooth functions f on a Kihler manifold M for which d9f is
semi-negative are called plurisubharmonic. A function f : M — R is plurisub-
harmonic if and only if on each local holomorphic chart the matrix

. 0
kL 6Zi8§j

is positive semi-definite, as is clear from the local formula

dof ==Y O it paz
621-82]- '
The matrix Af; is known as the complex Hessian of f with respect to the
holomorphic coordinates (z1,. .., zy).

Remark 2.A.1. As for the ordinary (or real Hessian) of a real-valued function f,
the complex Hessian is positive semi-definite at those points where f attains a local
minimum. In fact, the complex Hessian is positive semi-definite if the ordinary
Hessian is. To see this, assume that the ordinary Hessian is positive semi-definite.
Then there exist real n x n-matrices «, 3, v such that

9% 8%¢ *

( u0z;  Dw:0y; ) B ( a vy ) ( a )
9%¢ 9%¢ - * * )
T o7 B B

Jyi 0y,

where «, 8 can be assumed to be symmetric. Expanding the entries of the complex
Hessian into ordinary derivatives, we obtain

L (o 0o\ (P 0
8z,82 Ga:laxj 6yi8yj 8xi8yj 83/161‘] ’

so that

82(725 2 * * 2 . * *
4(aziazj>a +y Y+ BT Hi(ay + B =y — BYY)
= (a =" )(a+iy) + (B+iv)(B —iv"),

which is equivalent to the complex Hessian being positive semi-definite.
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It is a direct consequence of Remark 2.A.1 that 00f is semi-negative at those
points, where f attains a (non-strict) local minimum.

By Equation (2.15) we need to prove the following proposition.

Proposition 2.A.2. The form 00logn is semi-negative on T*SU(2), with n as
given in Equation (2.13).

Remark 2.A.3. There is another way to see that the curvature of the canonical
line bundle on G® is equal to 2001log 7. In general, for any Kéahler manifold M, it
is well known that in holomorphic coordinates the curvature of the canonical line
bundle is given by [3]

R = 00 1log det(gi1), (2.16)

where (gx;) is the matrix determined by

g= ngldzk Vv dz'.
k1

Actually, the holomorphic frame {dz*} of T*(19 M can be replaced by any other
holomorphic frame {W*} when computing R¥ using Equation (2.16). If dz* =
ApiWP for some holomorphic matrix A = (A,x), then

9= ngzdzk vdz = Z(AgA*)qup v,
k,l k,l

Consequently,

00 1og(det(AgA*),,) = 001og | det(A)|? det(g)
= 00log | det(A)|* + 90 log det(gr;)
= 00logdet(gr;) = RY,

where we have used that 99 log |f|?> = 0 for any nowhere-vanishing, local holomor-
phic function f.

Let {W*} be linearly independent left-invariant holomorphic (1,0)-forms on
GC, and write

) —
w = —Zngsz/\W.
k,l
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The Liouville measure is defined as

—nm o an i
( n'> wh= ZQMW]’“ AW
' T\ kil

E (n' Z (—1)Ugla(i1) .- -gng(in)Wl /\W1 A AW /\Wn>
’ oESy

= i"(~1)" D2 et (g) WA AT AW A AW
Recall that n satisfies (¢f. Equations (2.11) and (2.12))
b2 =W A AW AWLA-- AWT,
where b = i"(—1)""=1/2 and ¢ > 0 a constant, so that

1 1 1

det(gr) = in(—1)n(nt1)/2pc2y2 - 2n(—1)n(ntD/2(—1)n(n=1)/22p2 - 2n2’

By Equation (2.16),

_ _ 1 _
R¥ = 90log det(gr) = 001og —— = 200 log 1.
c*n

2.A.1 Proof of Proposition 2.A.2

We now give the proof of Proposition 2.A.2. This is achieved by many explicit
calculations, which are not too difficult to handle in the case when the group G is
equal to SU(2). The proof is quite lengthy and probably much more complicated
than necessary.

Recall that our goal is to show that ddlogn is semi-negative, where n(g,Y) =
n(Y) is the unique Ad G-invariant function on g that is equal to

oY) = H sinh(a(Y))

acRt a(Y)

in some maximal abelian subalgebra t of g, where RT is a set of real, positive
roots.

Suppose, from now on, that G = SU(2). Then there is only one positive root.
Consequently, a(Y) = +¢|Y]| on t for some fixed non-zero constant c¢. However,
since the power series for

~ inh
n:R—=>R, gy 2T

X
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contains only even powers of x, the restriction of 7 to t is equal to

sinh(c|Y'])

nY)= vl (2.17)

where ¢ can be assumed to be positive. Because both 1 and |-| are Ad G-invariant,
Equation (2.17) is valid on all of G x g.

Lemma 2.A.4. When G = SU(2), the function Y — |Y| is plurisubharmonic on
G x g\ (G x {0}).

Remark 2.A.5. Note that | - | is an Ad-invariant norm on g, and hence it is
uniquely determined by its restriction to a maximal torus of g. Since a maximal
torus in g is 1-dimensional, all Ad-invariant norms on g differ only by a positive
constant. We can therefore assume that the norm |- | on Y is induced by the
Ad-invariant inner product

1
1, Ys) = —3 Tr(ad Y7 ad Y3), (2.18)
which is, up to the factor —%, equal to the Killing form on g. The matrices
6712'0 67}02' 6710—1
PTa2\o =i )0 P a2ld o0) Pl oo
form a basis for g. They satisfy the relations

[61,62] = €3, [62,63] = €1, [63761] = €2. (2~19)

The matrix of ad Y with respect to the basis {e1, e2, e3} is therefore given by

0 —ys ¥
Y3 0 -y |,
Y2 0

so that the basis {e1,ea,e3} is orthonormal with respect to the inner product
(2.18).

For the proof of Lemma 2.A.4 we need to know the action of cosad(yier) and
sinad(yie1), (y1 € R) on g. We express these maps as matrices with respect to
the basis {e1, e, e3}. The linear map (ad yye1) is represented by the matrix

0 0 0
ad yier = 0 0 — )
0 Y1 0
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and its square is given by

0 0 0
(adyre))? = 0 —y? 0
0 0 -y
Consequently,
(e (000 2
cos(adyie1) = Z k). 0 0 —un
k=0 ) 0 »n 0
~ 4 [0 0 0\" 10 0
= Z k)] 0 v3 0 =| 0 coshy; 0 , (2.20)
k=0 0 0 w2 0 0 cosh y1
and
0 0 0
sin(fadyier) = 0 0 —sinhy; | . (2.21)
0 sinhy; 0
Also,
. 1 0 0
sin(ad yye;) _| o siohwm 0
ad yiei 0 y01 sinh y;1 '
a8
and
0 0 0
1 —cos(adyier) _ 0 0 1—cosh y;
ad(yie1) 0 _ lzcoshys 18

1

As before, for each i = 1,2,3, X; denotes the left-invariant vector field on
G satisfying X;(eq) = e;, and «; is the left-invariant 1-form on G satisfying
a;(X,;) = 0;; for all j. Then, by the Koszul-formula,

don (X1, X2) = Xi(a1(X2)) — Xo(a1(X1)) — an ([X1, Xz]) = —an ([X1, X2])
= -1 (X3) =0,

and similarly,

dOél(Xl,X;;) = 0, dal(XQ,Xg) = —al([XQ,Xg]) = —Ozl(Xl) = —1.
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Therefore, doy = —as Aag. Because the commutation relations in Equation (2.19)
are cyclic, we conclude that

qu = — Q9 A as, dOzg = —Q3 A\ aq, dOég = —Q A\ Q9.

Finally, under left-trivialisation the tangent spaces of G® can be identified with
the Lie algebra gc = g ® Jg = g x g with its natural complex structure. As the
tangent spaces of G X g can also be identified with g & g under left-trivialisation
of G, the derivative T(,y)® at a point (z,Y) € G x g is a real-linear map from
g x g onto itself. It is given by

l—cosadY
cosady ~ i=Sosadl )

K = .
(9,Y) ( —sinadY Slg;(}i/Y

Denote by 7 the left-invariant 1-forms on G® for which ng(ege) = (ef,0) €
g x g* = TEGCG‘C7 (k=1,2,3). As before, Jni(ege) = (0,ef).

Proof of Lemma 2.A.4. We determine the matrix Fj; 0£58\Y| with respect to the
frame {ny, +iJng} of T*HO M. First of all, we rewrite d9|Y| on G x g\ (G x {0})
as

90|Y| = a(x(10d|Y]) Za <10 ykdyk)

_ 9 2
‘8<2Y|8'Y' )

I = 2 E (O 1) 2
= — Y
1 _
= ~9|Y)? Y|?
— 2 Y 2 Y 2

That is,
4)YP00|Y| = 2[Y|?00|Y |* + 9|Y > A 9|V |2

In other words, since 4|Y|? is positive on G x g\ (G x {0}), the matrix of 99|V is
negative semi-definite at a point if and only if the matrix of 2|Y[200|Y |2 +9|Y|? A
a|Y|? is

Since the function (x,Y) — |Y| and the complex structure J are both G x
G-invariant, so is 4|Y[390|Y|. It therefore suffices to show that 4|V [200|Y| is
negative semi-definite on {e} x t, where t is a maximal torus in g. We choose the
maximal torus t of g to be the span of e;. We finish the proof by showing that
2|Y|200|Y|? + 0|Y |2 A 0]Y|? is negative semi-definite on {e} x (t\ {0}).
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We first determine how 99|Y|? can be expressed with respect to the basis of
1-forms {nx, Jnx}3_, at a point gexp(iyier) in GE. To do so, we will frequently
move between G x g and G€. Recall that the map (T4 exp(iy))(b_l)* is given by
the matrix

adY ( sinad ¥ —sinadY)

ad
. l—cosadY
sinadY — a3y — cosadY

(T(b_l)Tg,Y) = (Tgexp(iY)(I)_l)* =

with respect to the bases {a1,as, as, dyi1, dys, dys} and {n1, n2,ns, Jn1, Jn2, Jns}
(here we have only used that {e1,e2,e3} is an orthonormal basis for the Ad G-
invariant inner product on g). Now,

Y * = d(9Y ) = d(x" O 2yedys).

With respect to the basis {ay, dy*}, the form 2y, dyy, is equal to the vector (0,2Y)
at the point (g,Y). Since adY maps Y to 0, the form d(7(192y,dy,) on G x g is
mapped by (T@‘l)zkg’y) to the form

3 3
1 . .
() = (2 o 50— =)

k=1 k=1

3
= Z d(yr (k. + k)
k=1

on GC. Transferring this last expression back to G x g via (T(g,y)®)*, we obtain

3

3
—1 Zd Yra + 1yrdyg) = —1 Zd YpQlg) Zidyk Nag — Ziykdak.
k=1 k=1 k=1

We now compute the pullback of — Zi:l idyk N g — Z“Z:l iypday, to GC to
a form on GC. Since this cannot be done as easily as the previous times, we now
assume that (¢,Y) = (g,y1e1) with y; # 0. At these points,

sin ad e .
oty - _2dne) iy —sinad(yen)
(gw1e1) ~ gip ad(y1e1) l-cosad(yier) .o ad(y1e1)
ad(y1e1) yier
1 0 0 0 0 0
0 1 0 0 0 Y1
0 0 1 0 —un 0
1— h yq 1 hy,
0 0 gt 0 meey 0
0 _l-coshy 0 0 0 1 coshyy

sinh y1 sinh y1
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where ad y;e; has been expressed as a matrix with respect to the basis {e1, €2, e3}
of g with the help of Equation (2.20), Equation (2.21) and the other equations
below these. So, if Y = y;e1, then

o > M1;

1 — coshyy

Qg > 12 — n3;

sinh 1

1 — coshyy

ag —n3+ Jno;

sinh v
dyy — Jm;

y1 cosh 4y

dyz — —y1n3 + —; M2;
sinh y;
41 cosh 41 7

dys = yinz + —
sinh yq

We can now express 09|Y|? in wedge products of 7;,’s and Jrn;’s. The expression
for dy; A a; becomes

dyl ANap =—n1 A Jn;.

The expression for dys A as is

cosh 1 — cosh
dys N\ ag = <y1773 + UJ?]g) A <772 — ,len3>
sinh y; sinh y;

y1(1 — coshyy)

=12 Az + . n3 A Jns
sinh y;
y1 cosh 41 41 cosh y1 (1 — cosh y;
— M A Jn — .<2 )J772/\J773,
sinh y; sinh” g4

and the one for dys A ag is

cosh 1 — cosh
dys A ag = (yime + Lo g ) A (g + —— P
sinh 11 sinh y1

y1 cosh yy
=y ANy — ————n3A\Jn3
sinh ¥

y1(1 — coshyq)
+ ————mAJ
sinh g, "2 12 sinh? Y1

y1 coshyq (1 — coshyq)

Jna A JIns.
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Finally, the expression for y;da; is

1 — cosh 1 — cosh
yidoy = —yrog Aoz = —; (772 - YL J773> A (773 + L J772>
sinh g1 sinh 11

y1(1 — coshyy)

. n3 A 13
sinh 11

=—yim2 ANz —

y1(1 — coshyq)

- AJn—n (
sinh gy

1 — coshyy

2
- ) Jna A Jns.
sinh y;

Note that yo = y3 = 0 at the point yje;, so that the terms yodas and ysdas are
both zero. Thus, we obtain

3 3
Z dyxNay + Z yrday
k=1 k=1

y1 cosh y
=—m AT+ oy Ans —

. n3 A 13
sinh y;

cosh
— unz ANJdne +yr1dna A Jns
sinh y;
= =g (m+iJn) Al —iJm) + %1 (m2 +iJn2) A (03 — iJn3)

_ &( 1y1 cosh yq

ns +1Jn3) A (n2 — iJne) — (m2 +idn2) A (n2 — iJn2)

2sinh g1
1y1 cosh 1 . .
9sinhy, (ns + iJnz) A (n3 — iJns),

where we have used the identity

2y; coshyq (1 — coshyy) n 1—coshy; >
sinh 11

sinh? 4

(QCosh y1 — 2cosh? y; 4+ 1 + coshy? — 2cosh y1>
= y1

sinh? y;
1= cosh? y B
- sinh? Y1 -
If Wk =n +iJny for k=1,2,3, then
3
DO > = =iy (dyx A g + yrday)
k=1
_ Y wrawrs 7‘%,005}13/1 W2 AW?2 + 7y1,COShy1 W3 AW3
2 sinh ¥ sinh 11

i

(W AT — AT,
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The matrix of 99|Y|? with respect to the frame {W*} | which we denote by
F = (F}y), is therefore equal to

1 1 0 0
y1 cosh y1 .
F=—- sinh y1 Zylh
7 Y1 coshy;
0 w1 sinh y;

Let us turn our attention to 9|Y|? A 9|Y|?. A simple verification shows that

ATV =43 (0 edy®) A (7O Dyuay!)
= 42 ( (1.0) kJnk> A (W(O’”szm)
—4Zykyl[ 5 (O +-2m) = e — i) |

A RO o (Gt i) — o — i) |

= Zykyka AW =2WE AW,
kil

At the point (g,y1e1), the matrix F = (Fj;) of 8|Y|2 A 9|Y|? with respect to the
frame WF is therefore equal to

Y3
F=1 0
0

o o O
o O O

The matrix H = (Hy,) of 2|Y|200|Y|? + 0|Y |2 A 0]Y|? is then equal to
y3 0 0 2

_ R yy 0 0
H(z,yre1)im =2y;Fu+ Fu=—| 0 % i +( 0 0 0
0 -id A oo
0 0 0
— [0 —uhn s
0w -uERe

This matrix is semi-negative if the eigenvalues of the right-corner 2 x 2-submatrix
are nonpositive, or equivalently, if the eigenvalues of the same matrix divided by
y7 are nonpositive. To compute the eigenvalues of the latter matrix, we need to
solve the quadratic equation

2 2

cosh cosh 2 cosh

<A+y1. yl) —yf:A2+2y1. y1>\+(yl' . yl_y%>:0
sinh 4y sinh g, sinh” y;
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for A. The solutions are given by

PR coshy; I \/y% cosh? y; B (y% cosh? 2> _ _yrcoshy;

sinh 4 sinh? v, sinh? v, e sinh y; il
or equivalently,
h
)\ = yl (—C.OS yl :l:l) 5
sinh v,
which is always negative when y; # 0. 0

Remark 2.A.6. 1. Actually, the proof can be shortened a lot after the images
of oy and dy under (®;1)* have been computed. Indeed, it is immediate
from those expressions that the matrix F' is of the form

1 1 0 0
F:—§ 8 A ,

where A is a 2 x 2-matrix. However, since w = i09|Y|?, we already know
that (Fy;) is negative-definite. Consequently, A is a positive-definite matrix.
The matrix (Fy;) was easily calculated, so we obtain that (Hg;) is of the
form

Because A is positive-definite, the eigenvalues of H are nonpositive. Con-
versely, the calculation of (F;) in the proof of Lemma 2.A.4 gives a direct
proof for the fact that T*G, with the above symplectic and complex struc-
ture, is a Kahler manifold.

2. Notice that the complex Hessian for the function (g,Y) — |Y| has zero
determinant at 7*G \ G. This is in agreement with the results in [35].

3. Let
9=">_ guW"VvW!
k.l

denote the Riemannian metric of a Kéhler manifold M with respect to a
local holomorphic frame {W*} of T*(1:0) M. The curvature of the canonical
line bundle is then equal to (see e.g. [3])

RE = 90 log(det gi;).
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Since w = i99|Y |2, it follows from Lemma 1.3.16 that with respect to the
holomorphic frame {n; + iJnx}, we have

o0 0 "
) cos
detgulg.men) =devy | 0 e | M (S0 y)
0 —i y1 cosh y1 sinh Y1
Y1 sinh y;1
_ y?(cosh? y; — sinh? y1) _ Y3 _ 1
23 sinh? y; 2sinh®y;  2%n(yie1)?’

for all (g,y1€e1) € G x g. One can show that, with respect to this frame, the

determinant function (g,Y") — det gxi(g,Y) is G x G-invariant (use that the

determinant of Ad, : gc — gc is equal to 1 for all g € G). Consequently,
1

det gri(g,Y) = T for all points (g,Y) € G x g. So we have explicitly

verified that R¥ = 2001logn.

Lemma 2.A.7. The function logon : R — R, where 1 : R — R is given by
t— %’2“, is conver when ¢ > 0.

Proof. We can assume that ¢ = 1. For any smooth function ¢ : R — R>?, the
function log o¢ is convex if and only if

o) (t) —¢'(t)> >0 for all t € R.
The first and second derivative of 77 are equal to

cosht sinht

(t) = , ') =

t t2

sinht 2cosht n 2sinht
t 12 3

The expression 77(t)7" (t) — 7' (t)? is then equal to

AT — 7 ()2 = sinh® ¢ _ 2coshtsinht N 2sinh? ¢

t2 3 t4
cosh?t 2coshtsinht sinh?t
e T 3 o
sinh?t — cosh®?¢  sinh?¢  sinh?¢ — ¢2
- 2 LTI T

for all t € R\ {0}. Since 7 is smooth, 7(t)7" (t) — 7/ (t)? > 0 for all t € R. Hence
log 77 is convex. O

sinh(c|Y])

Proposition 2.A.8. The function (g,Y) log( v

on T*G \ G, when G = SU(2).

) s plurisubharmonic
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Proof. We know from Lemma 2.A.4 that the function f : (z,Y) — |Y| is plurisub-
harmonic on T*G \ G, i.e. with respect to holomorphic coordinates on T*G \ G:
0% f
82’1'853‘ -

Let us denote the function ¢t — log (““h Ct) by ¢. Then

0? sinhclY|\ — 0? 9 of
g tow (o) = 00 ) = - (s 2L )
af o )
=gt voumz o e

Now the second term determines a positive semi-definite matrix because ¢ > 0 on
Im f = R>% and f is plurisubharmonic on T*G\ G by Lemma 2.A.4. The first term
determines a positive semi-definite matrix, because ¢ is convex by Lemma 2.A.7,
and A = (4;;) = ( g Zf C%J;) is positive semi-definite. Positive semi-definiteness of
A can be deduced by noting that A = vv*, where v is the vector v = (v;) =
(g—i). Thus, Equation (2.22) implies that the matrix (az o=, 1o (Sinc}‘l;lly‘>) is a
sum of two positive semi-definite matrices, and is therefore positive semi-definite.

Equivalently, the function (g,Y) — log (%;Ily‘) is plurisubharmonic on T*G \

G. O

Remark 2.A.9. The above argument is identical to the proof of a more general
result: if M is a complex manifold, f : M — R plurisubharmonic, and ¢ : R — R is
monotonically increasing and convex, then ¢o f is plurisubharmonic as well. Note
that although the function ¢ of Proposition 2.A.8 is not monotonically increasing
on R (it is a non-constant even function), it is monotonically increasing on the
range of f.

We now show that 90 log o is semi-negative at G C T*G, where G C T*G as
its zero section. This will conclude the proof of Proposition 2.A.2, as we have then
shown that 00 logon is semi-negative at every point of T*G.

Lemma 2.A.10. The form 00logon is semi-negative on G C T*G.

Proof. The function 7, and hence log 7, takes it minimum values precisely at those
points of T*G that belong to G. In general, if f is any real function on an open
subset  C C™ and f takes a (not necessarily strict) local minimum at the point
w, then (c.f. Remark 2.A.1)

0% f
> 0.
821‘62]' (w) =0

In particular, 091og on is semi-negative on G C T*G. O
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Alternative proof. Let (x,0) be a point of G C T*G and let (U, z) be a holomorphic
chart around (z,0). Since (62 log") is positive semi-definite on UN(T*G\ G) and

02;0Z;

2
since the cone of positive semi-definite matrices is closed, the matrix (83;%%’7) is
i0Zj

positive semi-definite on all of U.

Remark 2.A.11. We would like to know if the canonical line bundle K on G€ is
semi-negative for any compact connected Lie group G. This would require

a€ERt a€ERt

to be plurisubharmonic. One could be tempted to look at the individual terms
in the sum over the positive roots, and to show that these are plurisubharmonic.
However, the individual terms are not invariant under the Weyl group, and there-
fore they cannot be extended to Ad G-invariant functions on g. In the future I
hope to be able to determine for which groups logn is plurisubharmonic and I
conjecture that this might be true for all compact, connect Lie groups.

Since SU(2) € Ck, we can use Theorem 2.4.10 to describe the Dolbeault-Dirac
and spin quantisation of T*SU(2).

Theorem 2.A.12. The Dolbeault-Dirac quantisation of T*SU(2) with its stan-
dard Kdhler structure is equal to

HLA(T*SU(2),e 2"V o),

which is unitarily and SU(2) x SU(2)-equivariantly isomorphic to L?(SU(2)) via
the isomorphism of Proposition 2.4.9.

Similarly, the spin quantisation of T*SU(2) with its standard Kdhler structure
18 equal to

’HLQ(T*SU(Q), 6_2W‘Y|2’I7€),

which is unitarily and SU(2) x SU(2)-equivariantly isomorphic to L*(SU(2)) via
the isomorphism of Proposition 2.4.9.
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Chapter 3

The cotangent bundle of a
maximal torus

As we will see in Chapter 4 the Marsden-Weinstein quotient of the cotangent bun-
dle T*G of a compact Lie group G is related to the quotient of the cotangent
bundle T*T of a maximal torus T by the action of the Weyl group W(G, T). Be-
cause the action of the Weyl group on T*T is not free, the quotient T*T /W (G, T)
is singular. We define the quantisation of T*T /W (G, T) as the Dolbeault-Dirac
quantisation of the principal stratum and prove that, with that definition, quan-
tisation commutes with reduction.

The proof can be divided into two steps. In the first step (Section 3.2) we
show that the Dolbeault-Dirac quantisation of the principal stratum of T*T is
equal to the Dolbeault-Dirac quantisation of the whole space T*T. The main
idea is that T*T \ (T"T)ppinc is a finite union of closed embedded submanifolds
of codimension > 2 and that essential self-adjointness of the twisted Dolbeault-
Dirac operator is not affected by the removal of these closed submanifolds. This
latter fact follows from a result on Sobolev spaces on R", which we prove in
Section 3.1 (see Theorem 3.1.3). In the second step (Section 3.3) we show that the
quantisation of the singular quotient is isomorphic to the W (G, T)-invariant part
of the quantisation of (T*T)princ.

We conclude this chapter with a discussion in Section 3.4. In particular, we
show that the results of Section 3.2 are valid in many other situations.

3.1 Some Sobolev theorems

In this section we prove some well-known results that are mainly used in Sec-
tion 3.2. Let us fix some notation first. We set D; = —i0; and D = D31 --- Dg»,

79
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where o € Ny, @ = (aq,...,a,) is a multi-index. The length of o is |a| =
ap+ -+ .
By R* % Cc R", (1 < k < n) we always mean the k-codimensional submanifold

{(fl,...,xn)|£Cn_k+1:...:xn:0}.

Let s € R be a real number and let §'(R™) be the space of tempered distribu-
tions on R™. The Sobolev space H*(R") is defined by (see e.g. [32])

H*(R") = {u € S'(R") | (€)*(Fu)(€) € L*(R")},

where F denotes the Fourier transform and (§) = /1 + ||€]|2. The Sobolev space
H*(R") is a Hilbert space under the inner product

(0 = / (Fu)(€)(Fo)(€)(€)> de.

R”

It is well known that the space C°(R"™) is dense in H*(R") for each s € R
([32, Lemma 6.10]). Moreover, for each real number s > % there is a continuous,
surjective map

Y : H*(R") — HS(R"_’“)7 of)(x1, . k) = f(21,.. . Tpn_k,0,...,0),

initially defined on C°(R™) and then extended to all of H*(R™) by continu-
ity (see for instance [88, Theorem 2.9.4, page 223]). The kernel of vy contains
C=(R™\ R"7%), so that C°(R™ \ R"%) is not dense in H*(R") if s > &.

If s < &, the space C°(R™ \ R"*) is dense in H*(R"), as we now show. The
next theorem, which is a combination of [47, Theorem 2.3.4], and [32, Example
6.10], deals with the maximal codimension k = n.

Lemma 3.1.1. The space CZ°(R™\ {0}) is dense in H*(R") if and only if s < 5.

Proof. It remains to show the ‘if’-part. Assume that s < 5. We show that any
continuous anti-linear functional on H*(R™) vanishing on C°(R™ \ {0}), vanishes
on H*(R™). Let u be an anti-linear functional on H*(R™). Then u can be assumed
to be an element of H*(R™), because H *(R™) C D/(R") is the (anti-)dual of
H?(R™) (see [32, Theorem 6.15]). As an anti-linear functional on H*(R"™), u is of
the form

¢ u(d), ¢€SR").

If u vanishes on C°(R™\ {0}), then u is a distribution with support contained in
{0}. Therefore (see [47, Theorem 2.3.4]),

U= Z Ca DY,

o] <k’
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where § denotes the Dirac-distribution, ¢, € C and k' € Ny. By definition,
FHR")) ={v e L}, (R™) | (€)~*v € L*(R™)}. In particular,

loc
ue HP*R") <= Y calf)°¢" € L*(R).
o <k’

This right-hand side holds if and only if ¢, = 0 for each « satisfying 2s —2|a| < n.
Since s < §, ¢, = 0 for all a. Hence, u = 0. O

We now prove a similar result for arbitrary codimension. Let f; € C°(R™),
fo € CX(R™2) and write x = (z1,22) € R™*"2, Then f; ® fo € C°(R™ x R"2)
is defined as

(f1 ® f2)(x) = fi(z1) fa(w2). (3.1)

Define C°(R™) @ C°(R™2) C C°(R™1"2) to be the space spanned by all func-
tions of the form of Equation (3.1). This subspace is dense in C°(R"*"2) with
respect to the usual inductive topology (see [87, Theorem 39.2]).

Lemma 3.1.2. Let s > 0. Then

1f1® fallgs @ni+nay < 1 f1llms ey || foll s (mnz)-
for all fi € CZ(R™), fo € CZ°(R™).
Proof. Let f; € C°(R™), fo € C°(R"2) be given. Write = (z1,x2). Since
L [l = 1 [l |2+ flzal® < (1 [l P)(1 + [|l22]?),

we have ()® < (z1)°(z2)® for any s > 0. Furthermore, F(f1 ® f2) = F1f1iQF2fo =
Fi1 f1Fafa. We now compute that

1f1 @ fall s ey = 1{€)* F (f1r @ f2)llz = |(§)* FrfrFaf2)llLe
< 6 ° Frfr(€) Fafo)llee = [1{61)° Fufill L2 [1(€2) " Fa foll L2
= [lf1llzrs mr) 1 f2ll s (rna) < o0
]
Theorem 3.1.3. The space C°(R™ \ R"™¥) is dense in H*(R™) if and only if
s < & (where, for n =k, R® = {0} C R").

Proof. Again, it remains to prove the “if”-part. First, fix the codimension k and
the number s < £. We show by induction that C2°(R™ \R"~*) is dense in H*(R")
for all n. The case n = k (the maximal codimension) is precisely Lemma 3.1.1.

Let us suppose that the statement is true for n > k and consider the series of
inclusions

C2(R) @ CX(R™ \ R™F) 5 C2(R) @ C°(R™) — C°(R™1) — H*(R™1).
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First, C°(R"*1) is dense in H*(R"*!) in the H*(R"*!)-norm. Next, C°(R) ®
C2°(R™) is dense in C2°(R™*!) with respect to the H*(R™™!)-norm, because it is
dense in C2°(R™*1) with respect to the the inductive topology, which is finer than
the H*(R"*!)-norm topology. By the induction assumption, C°(R" \ R*~¥) is
dense in C°(R™) in the H*(R™)-norm. Consequently, by Lemma 3.1.2, C*(R) ®
C>®(R™ \ R"7*) is dense in C®(R) ® CZ(R") in the H*(R"™!)-norm. Thus,
C(R) ® C*(R™ \ R" %) is a dense subset of H*(R"+1).
The image of C2°(R) ® C°(R™ \ R"~*) is contained in C°(R"*!\ R*H1-F),
so that C°(R"T1\ R"*1%) is dense in H*(R"*!) as well.
0

Remark 3.1.4. Theorem 3.1.3 is probably well known among experts. As I was
not able to find such a result in the literature in this full generality, I included the
proof here for completeness.

I found a result similar to Theorem 3.1.3 in [67]. There, Theorem 3.1.3 is
proved for £ = 1. Compared with Lemma 3.1.1, one could say that that result
deals with the lowest possible non-zero codimension, whereas Lemma 3.1.1 deals
with the highest possible codimension.

There is a direct relation between the Sobolev spaces H™(R"™) and the domains
of elliptic differential operators of order m with constant coefficients. For instance,
in [32, Theorem 6.24] it is proved that on R™ the (minimal(=maximal)) domain of
an elliptic differential operator D of order m with constant coefficients is precisely
equal to H™(R™), with the graph-norm of D equivalent to the Sobolev norm. With
almost exactly the same proof, this result extends to elliptic differential operators
of order m on (necessarily trivial) hermitian vector bundles over M.

Let E — R" be a hermitian vector bundle of rank m. We decompose L*(R", E)
as a direct sum of m-copies of L?(R"™). With respect to this decomposition we
introduce the norm || - ||; on I'*(R™, E), which is defined by

1CFs s FdlE = D il -

Jj=1

Proposition 3.1.5. Let E — R"™ be a hermitian vector bundle of rank m and iden-
tify L*(R™, E) with the direct sum of m copies of L*(R™). Let D =Y, Aj(—i8;)
be a first-order elliptic differential operator on L*(R™)™ with constant coefficients.
Then the graph norm of D on T'°(R™, E) is equivalent to the || - ||1-norm on
L?*(R™, E).

Proof. By assumption the operator D is D = )", A;(—i0;), where the A;’s are con-
stant m X m-matrices. Let us write § for the Fourier transform of s € I'**(R", E).
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By definition, for every s € I'*°(R", E):

IDs]lz2 =11 Aidisllzz < Y | A8l < ijax{||14j\|}||€z§||m
l l l

< mmac{ |45 [H1©3]2 < €Y st o
=1
< sl

for some positive constants C’, C”. Here we have used the Plancherel identity,
the estimates (§) = /14 [[€]|2 > |I€]] > |&|, and the fact that for any norm
| - || on a vector space V the norms (vq,...,0m) = > 1oy o] and (v1, ..., 0m) —
O 12)2 on V™ are equivalent. Altogether, we have showed that there exists
a constant C' > 0 such that ||s||p < C||s|1 for all s € TP (R™, E).

To show that there exists a constant ¢ > 0 such that c||s||y < ||s||p for all
s € I'°(R™, E), we use ellipticity of D. If s € T'°(R™, E), then

1Ds)12 = {An(=idh)s, Au(—idr)s) = Y _(Arid, Ai&ad) = (8, AL Ai&&3),

k,l k,l k,l

where we used the Plancherel identity in the second step. The hermitian matrix
Yo ArAi€k& € End(E) is positive and, by ellipticity of D, it is invertible for
each £ # 0. The function A on S = {¢€ € R | ||¢|| = 1} that sends Dok AR ARG €
End(E¢) to its lowest eigenvalue is a continuous function into the positive real
numbers. Since S is compact, the function A\ attains its positive minimum value
somewhere on S. Hence there exists a positive number ¢’ > 0 such that, for all

£es,

C/ZAZAl&cfl > idg, = [€*idE,
ol

as operators in End(E¢). Because both sides of the inequality are homogeneous of
order 2 in &, the inequality

¢ A A > |I¢]Pid s,

k,l
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holds for all £ € R™. Using this inequality, we now obtain

Islls = l1¢€)sl1Z> = /<§(€),(1 +11€11%)3(€))edé

R’!L
5]z + / (5(6), €]2(6))ede
R’!L
< sl + ¢ / (306, 3 A AR &3(©))ede
B k.l

1
= lsllzz + ¢IDsl7= < Z Il

for some constant ¢ > 0.
Thus, we have obtained constants ¢, C' > 0 such that

cllsllh < llsllo < Clls],
for all s € I'>°(R™, E'), and so both norms are equivalent. O

Endow R2" with its standard Kahler structure. The bundle A(-*)T*R2" is
identified with the direct sum of 2"-copies of L?(R?") by considering the unitary
frame

{Mgfkdz“/\---/\dz"k 1§i1<i2<~-~<ik,0§k§n}.

With respect to this unitary frame the Dolbeault-Dirac operator has constant co-
efficients, and so Proposition 3.1.5 can be applied to this operator. Theorem 3.1.3
now implies the following:

Lemma 3.1.6. Let 2 < k < 2n be a natural number. The subspace
F?o (RZn \ R?ﬂik, A(O,Q)T*R2n)

is dense in T'>°(R?", A(O")T*RQ”) with respect to the graph norm of the Dolbeault-
Dirac operator on R?".

The following Theorem is an immediate consequence of the Lemma.

Theorem 3.1.7. Let 2 < k < 2n be a natural number. The closure of the
Dolbeault-Dirac operator on the domain T'S°(R?™\ Rk AOS)T*R?") s equal to
the closure of the Dolbeault-Dirac operator on the domain T'S°(R?™, A(O*)T*R?"),

Consequently, the Dolbeault-Dirac operator is essentially self-adjoint on the do-
main T (R? \ Rk AO) TR,
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Example 3.1.8. Let A; \ {0} be the open punctured disk of radius 1 in C. Con-
sider the differential operator 8, = 9, — 70y on C. This is a first-order elliptic
differential operator with constant coefficients. Since {0} C C is of codimension
2, C* (A1 \ {0}) is dense in C°(A;) in the 9,-graph norm by Theorem 3.1.3
and Proposition 3.1.5 (see also Lemma 3.2.7 below). Therefore, the adjoint of
(0.,C(A1\ {0})) coincides with the adjoint of (9,,C°(A1)) in L*(Aq \ {0}) =
L?(Ay). Consequently, the kernels of both adjoint operators coincide, which im-
plies that any holomorphic L2-function on A; \ {0} can be extended to a holomor-
phic function on Aj.

This can also be proved by direct means. Let f be a holomorphic function in
L?(Aq\ {0}), and consider its Laurent series

i anz", (a, €C).

n=-—oo

Now change to polar coordinates (z = re’®) to obtain

Z anr™e™ (a, € C).

n=—oo
Using the orthogonality relations from Fourier theory, we obtain

1 27

|f(2)]2dz = | f(re'®) [2dedr = 2 Z 2+ g, [2dr.
Juere=[ ] /

0 0 n=—090

If f is square-integrable on A; \ {0}, then each term in the sum on the right-hand
side is finite. Therefore, a,, = 0 for all n < 0. Hence, f can be extended to a
holomorphic function on Aj.

3.2 Quantisation of 7*T and its principal stratum

Let G be a compact connected Lie group and let T be a maximal torus in G.
Given T C G, we denote the Weyl group by W(G,T). In this section we study
the orbit-type stratification of T x t for the Weyl group action on T x t. We prove
that the Dolbeault-Dirac quantisation of the principal stratum coincides with the
Dolbeault-Dirac quantisation of T x t. In the rest of this chapter the group G is
a compact connected Lie group.

3.2.1 Weyl group action on maximal torus

A subgroup T C G is said to be a torus if it is a connected abelian Lie subgroup
of G. Being a compact connected abelian Lie group, T is necessarily isomorphic
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to T* for some k € N. A torus T is said to be maximal if for any other torus
T’ C G the inclusion T C T’ implies that T = T".

The Weyl group W(G,T) , or simply W when G and T are understood, is
defined to be the group

W(G,T) = Ng(T)/Cs(T),
where
Ng(T)={geG|gTg ' =T}, Cq(T)={gcG|gt=tgforalltecT},

are, respectively, the normaliser and centraliser of T within G. If T is a
maximal torus, then Cg(T) = T, so that in that case W(G,T) = Ng(T)/T
(see e.g. [56, Corollary 4.52]). In the remainder of this chapter T always
denotes a maximal torus of a compact connected Lie group G.

The following statements concerning maximal tori are well known (see for in-
stance [56, IV.5 and Proposition 4.53] or [28]).

Proposition 3.2.1. Let G be a compact connected Lie group.

1. Any two mazimal tori of G are conjugate. (The dimension of a maximal
torus within G is also called the rank of the Lie group.)

2. If T is a mazimal torus, then any element of G is conjugate to an element
i T.

8. Two elements of T are conjugate within G if and only if they are conjugate
through W (G, T). Moreover, if G acts on itself by conjugation, then

G/AdG = T/W(G, T),
including topologies.

4. The Weyl group W (G, T) is finite and acts effectively on T and Ty.y is open
and dense in T.

The group W(G,T) acts on T by homomorphisms. If w = Ady : T — T
(9 € Ng(T)), the corresponding action on the Lie algebra t is

Tow:t—t wX)=Ad, X.

For any Lie group homomorphism ® : H; — H,, the equation ®(exp(X)) =
exp(T.®X) holds for all X € bh;. In particular, the exponential map t — T
intertwines the actions of the Weyl group on t and T.

Let {-,-) be a W(G, T)-invariant inner product on t and suppose that U :=
{X € g||X| < ¢} is an open neighbourhood of 0 € g, with ¢ > 0 such that the
restriction of exp : g — G to U is a diffeomorphism onto an open subset V of
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T. The inverse exp~! : V — U is a coordinate chart for T around the identity e.
The composition exp™! oLg-1: gV — U is a coordinate chart around an arbitrary
point g € T. As T is abelian, (Tx exp)Y = T,Lexp(x)Y. Consequently, the
tangent map of the composition L, o exp is

TX (Lg o exp) = (TeprLg) o TeLexp(X) = TeLg exp(X)- (32)

If the tangent space of each point in T is identified with t through left-translation,
then the tangent map of Ly o exp as a map t — t is just the identity map. Since
wo Ly = Lygw, we obtain (Tyw) o (Te.Lg) = (TeLwg) o (Tew), so that the action
of W(G, T)on T x tis

w(g,Y) = (wg,wY), (weW(G,T),(gY)eTxt), (3.3)

when T'T is identified with T x t through left-translation.

3.2.2 Weyl group action on 7*T

Let us apply the results of Section 2.1 to the compact connected Lie group T
to endow T x t with a Ké&hler structure. The cotangent bundle T*T can be
identified with T x t by first left-trivialising the cotangent bundle and then applying
the isomorphism t = t* induced by the W(G, T)-invariant inner product (-,-).
Note that the restriction of any Ad G-invariant product on g to t is automatically
W (G, T)-invariant. The tangent spaces of T X t are in turn identified with t x ¢,
again by left-trivialising the tangent bundle of T.

The action of W(G, T) on T*T on T x t under these identifications is precisely
Equation (3.3). Furthermore, the canonical symplectic structure on T X t is

wgv) (X1, X2); (Z1, Z2)) = (X2, Z1) — (X1, Z2),

for all (¢,Y) € T x t, X1, X5, 71, Z5 € t. By the invariance of the inner product
(+,-), the symplectic structure w is also W(G, T)-invariant.
The complex structure J on T X t is equal to

Jigv) (X1, X2) = (= X2, X3), (3.4)

which is easily seen to be W (G, T)-invariant, too. From these formulae one sees
immediately that J and w determine a W (G, T)-equivariant Kéhler structure on
T x t.

To carry out the analysis for the Dolbeault-Dirac operator, we construct a finite
atlas for T x t as follows. First of all, by Equation (3.2) and the remarks below that
equation, the tangent map of the diffeomorphism (exp~! oLg-1)xid: gV xt — Uxt
is equal to the identity map t x t — t x t. Next, choose an orthonormal basis {e; }
for the inner product (-,-) on t and use this basis to obtain coordinates for t.
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This yields a chart on T x t with domain gV x t, such that with respect to these
coordinates the symplectic structure on gV x t takes the standard form

" < 0 —I, >
I, O '
Furthermore, the complex structure on gV x t is mapped to the standard one on
U x t. Thus, the charts (exp~*oL,-1) X id, (¢ € G) form an atlas of T X g, such
that each chart identifies the Kéhler structure on T X t with the standard Kéahler
structure on R?”.! Consequently, the Dolbeault-operator on gV x t corresponds
to the ordinary Dolbeault-Dirac operator on U X t, at least as far as forms with

compact support contained in gV x t are concerned. Since T is compact, T X t
can be covered by a finite number of such charts.

3.2.3 The stratification of T*T

We now want to analyse the stratification of T x t. We start by proving a result
for general proper actions of discrete groups on manifolds.

Lemma 3.2.2. If T is a discrete group acting properly on a manifold M, then
M(IF ) = My for each x € M. Consequently, the strata of M are the connected
components of Myg. In particular, if M is symplectic and T acts symplectically,

then all lower-dimensional strata have even codimension > 2.

Proof. Being a connected component of Mr,, My is closed in My, ; since Mr,
is closed in M(r,), the subset M is closed in M(p ), too. In particular, Mf is
closed in M. ). Moreover, My and M2 (r,) are both embedded submanifolds of M
so that M{ is an embedded submanifold of M () By discreteness of the group
I, the dlmenswns of My and M r,) are equal, so ‘that M t, is an open, embedded
bubmamfold of M7 . Thus, M is a non-empty open and closed subset of the
connected set M(r ) ""and therefore Mg =M . O

In general, if a group G acts properly on two manifolds M; and Ms, then the
diagonal action of G on M; x My is also proper. Since g(x1,x2) = (g1, gre) =
(z1,22) if and only if gz; = 21 and gze = x4, the isotropy group of (x1,xz2) is
Gz, N Gy,. Suppose that G is discrete (or abelian) and that the partitions of M;
and M> into connected components of isotropy type manifolds are both finite, i.e.
M, and M, are covered by finitely many submanifolds of the form (Ml):éll,l and

(Mg) respectlvely Now, let Mglﬁg be a stratum of M; x Ms. Then

(Mg < (Ma)g,, © MEHE

IThis also proves that T X t is a Kahler manifold.
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Since

{(Ml):élxl X (M2)22I2 |21 € X1,m0 € Xo}
is already a finite partition of M; x Ms, the partition {Méilf‘ng | z1 € Xq,29 €
Xo} of My x Mo is also finite.

Proposition 3.2.3. The stratification of T X t that is determined by the action
of W(G, T), is finite, i.e. there are only finitely many strata.

Proof. According to Lemma 3.2.2, the strata of T x t are given by the connected
components of the isotropy type manifolds. Both the W (G, T)-action on T and
the W(G, T)-action on t only have finitely many connected components of isotropy
type manifolds, the first because T is compact, the second because W (G, T) acts
linearly on t. By the remarks preceding this proposition, also the stratification of
T X t into connected components of isotropy type manifolds is finite. O

Example 3.2.4. Suppose G = SU(N) with N > 2. A maximal torus T in
SU(N) is given by the subgroup of diagonal matrices in SU(N), i.e. all matrices
of the form diag(e®1, ..., e!*~) such that I e!®* = 1. The corresponding Lie
algebra t consists of all matrices of the form diag(iAy,...,iA\n), (Ax € R) such
that ), Ax = 0. The Weyl group is isomorphic to the permutation group Sy and
it acts on T x t by permuting the elements on the diagonal.

The isotropy subgroup of an element (diag(e®*), diag(\y)) is generated by all
permutations oy, , such that e/®*1 = €%k and Ay, = Ag,. So, if ok, x, is in
some isotropy group Wi # {e} and (¢,Y) € (T X t)w,, then for both g and Y
the (ki, k1)-entry equals the (ko, ko)-entry. Consequently, the codimensions of the
singular strata are at least 2. Note that an element (diag(e’?*),diag(\x)) is in
the principal stratum if and only if Ay, # Ax, when e®*1 = e®*2 (ky # ky). The
principal stratum is therefore bigger than the product of the principal strata on
T and t, which is equal to

{(diag(e'**), diag(i\x)) | €9k £ €2 and A, # i, if ki # ko).
If N =2, then T X tis a cylinder T x R with two singular points (+e, 0).

It follows from Proposition 3.2.1 that the stratum (T x t)(.} is open and dense
in T x t: it is the principal stratum (T X t)ppine of the W(G, T)-action on T X t.
We now show that I'S°((T X t)princ, E) is dense in I'S°(T x t,E) with respect to
the graph norm of the Dolbeault-Dirac operator.

Remark 3.2.5. By Lemma 3.2.2 and Proposition 3.2.3, T x t\ (T X t)ppinc is a
finite union of submanifolds, each of which has codimension > 2. We will apply
Theorem 3.1.7 to show that T°((T X t)prine, AP T*M) is dense in T(T x
t,A(O")T*M) with respect to the graph norm of the Dolbeault-Dirac operator.
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However, in the proofs we need to work with closed submanifolds. Therefore, we
shift our focus to the submanifolds (T x )" (x € T x t, W; ¢ W(G, T)), which
are closed symplectic submanifolds. Lemma 3.2.2 and Proposition 3.2.3 are not
needed in the upcoming analysis. They are only proved here for later reference.

The complement of (T X t)princ is equal to

P= U (T x )",
Wi#{e} subgroup of W(G,T)

where the union is finite because W (G, T) is a finite group. Let Wi € W(G,T)
be a subgroup. The space T is a closed Lie subgroup of T with Lie algebra
equal to tV1. Indeed, it is clear that TV is a closed subgroup. Now, let V C T
and U C t be as in Section 3.2.1 and suppose that ¢ € TV, Because W(G,T)
acts on T by homomorphisms, the open subset gV is Wi-invariant and L;l maps
TViNgV = (gV )" onto VW1 which is diffeomorphic to U C U. Consequently,
T"! is a submanifold of T and so T is a closed Lie subgroup.

Note that, since the action of W (T, Q) is diagonal, (g,Y) € (T x t)""* if and
only if g € T"* and Y € t"1. Therefore, (T x )V* = T" x tV1 is a submanifold
of T x t. If Wy # {e}, the dimension of (T x t)""* is smaller than the dimension
of T x t. Because (T x t)"1 is symplectic for each subgroup Wi, the complement
P of (T X t)princ is a finite union of closed embedded submanifolds, each of which
has codimension > 2.

Remark 3.2.6. To simplify notation in the proofs, unless specified otherwise,
the symbol E is used to denote the bundle A(®*)T*M and the letter D denotes
the Dolbeault-Dirac operator, no matter what the underlying manifold is. Which
manifold is meant, should be clear from the context. For instance, we always
mention the manifold when we consider the space of sections I'?° (M, E). Moreover,
if O C M is an open submanifold, then the notation I'°(O, E) is used to denote
the space of all sections M — E that have their support in O. This does not
contradict the notation of I'°(O, E) being the space of sections O — E, where E
is now considered as a bundle over O, since both spaces can be identified (using
extension by zero). If confusion about the underlying manifold can arise, the
Dolbeault-operator on M is denoted by Dj;. Recall that the domain of Dy, is
always supposed to be I'° (M, E).

The following Lemma will be used in Proposition 3.2.8.

Lemma 3.2.7. Suppose that ($m)m s a sequence in I (M, E) such that s,y — s
in (M, E) with respect to the graph norm of a first-order differential operator
D on a hermitian vector bundle E, and suppose that 1 : M — [0,1] is a compactly
supported smooth function such that v =1 on supp s. Then s, — s with respect
to the graph norm of D.
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Proof. We verify that

Is = smllD = llv(s = sm)lD = 1eo(s — sm)lI” + 1 D(¥(s = sm)*
< ls = smll* + 1D, ¢](s = sm) + ¥ D(s = sm)||?
< lIs = sll® + (1D, ¢llllls = smll + 1D (s = s )7

which goes to zero as m — oo, because [D, ] is a bounded operator and s, — s
with respect to || - || p- O

Denote the dimension of T by n.

Proposition 3.2.8. Let W(G, T) be the action of the Weyl group on T X t and
let Wy # {e} be a subgroup of W(G, T). Denote the Dolbeault-Dirac operator on
TxtbyD. Then TP (T x t\ (T x )"1,E) is dense in T°(T x t,E) with respect
to the graph norm of D.

Proof. Because ™ is compact, one can choose finitely many ¢; € T such that
{g1V xt} covers (T x )V = T xtW1. The set U := {g,V x t}U{T x t\ (T xt)"1}
is a finite open cover of T x t.

Consider the diffeomorphism

)

(qV x "1 = U x (™ (3.5)

obtained by restricting the chart (exp~! OLgl—l) xid : gV x t = U x t for some
fixed [. Set O := U x t. Pick an orthonormal basis for the inner product on t
such that the first n — k (where k > 1) basis vectors span the subspace t"1. Then
the subset (g;V x t)"1 is described by the first n — k ‘space’ coordinates, and the
first n — k ‘momenta’ coordinates under the chart of Equation (3.5). (This also
provides a direct proof of the fact that the strata are symplectic.) After reordering
the coordinates, we obtain a coordinate chart for g,V x t such that (¢, V x t)"1 is
mapped onto {(x1,...%2,) € O | Top_ok41 = -+ = T2, = 0} = OW1.

Let f € (O, E). When O is considered an open subset of R?", f can be ex-
tended (by zero) to a section in I'e°(R?", E). Recall that the chart (exp~!oL,-1) x
id maps the Kahler structure on T X t to the standard Kéhler structure on U x t.
Therefore, the operator D on I'°(O,E) is just the restriction of the ordinary
Dolbeault-Dirac operator D on R?" to O. Note that for compactly supported
sections on O the graph norm with respect to D is the same as the graph norm
with respect to D, as the operator D is local.

By Theorem 3.1.7, a section s € I'°(O,E) can be approximated in the graph
norm of D by a sequence (s, )m € I°(R2"\ R2"2k E). Let ¢ : R2" — [0,1] be a
smooth function with compact support contained in O such that ¢ = 1 on supp s.
By Lemma 3.2.7, ¥s,, — s in the graph norm of D. But

sUpp(1s,,) C supp(e)) Nsupp(s,,) € O N (R?™\ R22F),
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so that s, € T°(0\ O"1,E) and ¢s,, — s in the graph norm of D. We have
now proved that T (g, V x t\ (¢;V x t)V*,E) is dense in ['>°(g;V x t, E) for arbitrary
L.

Suppose now that s € I'°(T x t,E). Let {¢v, }u,eu be a partition of unity
subordinate to the finite cover &. The supports of the iy,’s are not compact,
but the support of each ¢y, s is, as supp(¥y,s) C supp(¥y,) N supp(s) is a closed
subset of the compact set supp(s). Moreover, supp(®y,s) is contained in U;. By
the previous paragraphs, each 9y, s can be approximated in the graph norm of D
by a sequence (8,,.;)m € I'(T x t, E) such that supp(s,,.;) C U; \ (U; N (T x t)"1).

Then ) . Smi — >.;%u,s = s. Since the sum is finite, supp (3°, Sm,i) is
compact and

supp (Zsm,i) C U (U \ (Ui N (T x ")) = (T x ) \ (T x )M

for each m. Thus, T°((T x t) \ (T x t)"1,E) is dense in I'>°(T x t,E). O

The following lemma will be applied to P to prove that T ((T X t)ppine, E) is
dense in I'°(T x t,E) with respect to the graph norm of D.

Lemma 3.2.9. Let M be an oriented Riemannian manifold and let D be a first-
order differential operator on a hermitian vector bundle E over M. Let A; o be two
closed subsets of M such that T (M \ A, E), (i = 1,2), is dense in TS°(M, E)
with respect to the graph norm of D. Then I'(M \ (A1 U As), E) is dense in
' (M, E) in this graph norm as well.

Proof. Tt suffices to show that I'°(M \ (A1 U Az), E) is dense in (M \ Ay, E).
Let s e T®(M \ Ay, E) be given. Since I'°(M \ Az, E) is dense in I'>°(M, E) with
respect to the graph norm of D, there exists a sequence s,, € I'S°(M \ Ag, E) such
that s, — s in this norm. Now, let ¢ : M — [0,1] be a function with compact
support contained in M \ A; and which is equal to 1 on supp s. By Lemma 3.2.7
¥Sm; — s in the graph norm of D. But

supp (¥'sy) C supp ¥ Nsupp sm C (M \ A1) N (M \ A2) = M\ (A1 U As)
for each m. O

Proposition 3.2.10. Let (T X t)princ be the principal stratum of T x t. Then
I (T X ) prine, E) is dense in T'2° (T x t,E) with respect to the graph norm of D.
Moreover, D is essentially self-adjoint on the domain T ((T X t)prine, E)

Proof. The union defining P is finite. Proposition 3.2.8 and Lemma 3.2.9 now
imply that I'°((T x t) \ P,E) = T'®((T X )prine, E) is dense in I'2°(T x t,E) in
the graph norm of D.
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Concerning essential self-adjointness, first note that D is essentially self-adjoint
on I'®(T x t,E) as T x t is geodesically complete and D has finite propaga-
tion speed (see [42, Proposition 10.2.11]). Since I'2°((T X t)princ, E) is dense in
I'°(T x t,E) with respect to the graph norm of D, D is also essentially self-adjoint
on ' ((T X H)prine, E). O

Proposition 3.2.10 deals with the ordinary Dolbeault-Dirac operator on T x t.
However, quantisation is defined in terms of the twisted Dolbeault-Dirac opera-
tor. Recall that for cotangent bundles the twisting line bundle is L is the trivial
hermitian line bundle with hermitian connection V¥ = d+2mi6, where 6 is the fun-
damental 1-form. Therefore, the twisted Dolbeault-Dirac operator differs from the
untwisted one by a zeroth-order differential operator only. The following theorem
is precisely Proposition 3.2.10 for the twisted Dolbeault-Dirac operator D.

Proposition 3.2.11. The domain T'°((T X t)princ, E ® L) is dense in T (T x
t,E® L) in the graph norm of DY, with L and D* as above. In particular,
the twisted Dolbeault-Dirac operator D¥ is essentially self-adjoint on the domain
(T % Yprine, E® L).

Proof. Since L is trivial with the standard hermitian structure, one can identify
E ® L with E as hermitian vector bundles. As differential operators on E the
difference DY — D is of order zero. In particular, D” has the same principal
symbol as D, so that D’ still has finite propagation speed and is therefore still
essentially self-adjoint on I'2°(T x t,E). We show that I'?°((T X t)prine, E) is dense
in (T x t,E) in the graph norm of D¥. For simplicity we denote D* = D + B,
where B is an element of I'°(T x t, End(E)).

Suppose that s € I'(T x t,E). By Proposition 3.2.10 there exists a sequence
($m)m I T2 ((T X t) prine, E) such that s, — s in the graph norm of D. According
to Lemma 3.2.7 one can assume that there exists a compact set K such that
(Umsupp $m,,) Usupp s C K. Consequently,

(D + B)(sm = )| < [|1D(sm — s)|| + [[B(sm — )|
< 1D(sm = o)l + sup {[IB@)]HIsm = sll

which approaches 0 as m goes to infinity. So I'®((T X t)princ, E) is dense in
I'?(T x t,E) in the graph norm of D* = D + B. O

Proposition 3.2.11 implies that the Dolbeault-Dirac quantisation of ("X t)princ
can be naturally identified with the Dolbeault-Dirac quantisation of 7" x t. Let
Df i denote the Dolbeault-Dirac operator on (T X t)prime (on the domain

].—‘CC)O((T X t)pm’ncv E))

Theorem 3.2.12. The Dolbeault-Dirac quantisations of (T X t)princ and T X t
are the same.
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Proof. Consider the embedding
u: (T X Hprine, EQ L) - T(T x t, E® L).

By Proposition 3.2.11, T'°((T X t)prine, E) is dense in I'°(T x t,E) with respect
to the DL-graph norm. Since this graph norm dominates the L2-norm, I'S®((T x
t) princ, E) is dense in L?(T x t,E) and therefore the isometry u extends to a unitary
isomorphism

w: L2((T X )prine, E) = L*(T x t,E).
L

This isomorphism identifies the closures of D, . and D¥ by another application of
Proposition 3.2.11. In particular, the kernels of these closures are isomorphic. O

3.3 The Dolbeault-Dirac operator on the quotient

In the previous section we considered the action of the Weyl group W(G,T) on
the cotangent bundle T*T of a maximal torus T in a compact connected Lie
group G. We have shown that the Dolbeault-Dirac quantisation of (T X t)ppine
is equal to the Dolbeault-Dirac quantisation of T x t. In this section we show
that quantisation commutes with reduction for the Weyl group action on T X t
if the quantisation of the singular quotient (T x t)/W (G, T) is defined as the
Dolbeault-Dirac quantisation of the principal stratum (T Xt),pine/W (G, T). Since
the Dolbeault-Dirac quantisation of (T X t)princ is equal to the Dolbeault-Dirac
quantisation of T x t by Theorem 3.2.12, we can restrict ourselves to the principal
stratum (T X t)princ, on which W(G, T) acts freely, and prove that quantisation
commutes with reduction for any finite group acting symplectically and freely on
a pre-quantisable symplectic manifold that carries a compatible, invariant, almost
complex structure.
The proof of the following Lemma is straightforward.

Lemma 3.3.1. Let D : Dom D — H be a closable operator, and denote the closure
of D by D. Letp € B(H) be a projection such that p(Dom D) C Dom D and pD =
Dp. Then D restricts to a densely defined closable operator Dy, : p(Dom D) — pH
on pH.

Moreover, pD = Dp on H and cl(D,) = D|,3 on pH, where cl denotes ‘clo-
sure’. If D is essentially self-adjoint, then so is D,,.

If a Lie group acts on an oriented Riemannian manifold, we always assume
that the action preserves the metric as well as the orientation.

Proposition 3.3.2. Let I' be a finite group acting on an arbitrary oriented Rie-
mannian manifold M. Suppose that D is a symmetric I'-invariant differential
operator on a I'-equivariant hermitian vector bundle E. Then D|L2(M7E)F =
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cl(D|2(a,gyr).  Moreover, if D is essentially self-adjoint on T°(M, E), then
Dl 12, pyr is essentially self-adjoint on T'2° (M, B,

Proof. The inclusion of L?(M, E)' into L?(M, E) has a left-inverse p, given by

ps(z) = |—11| S gslg~'a)), (x € M),
gel

The map p is easily verified to be a projection onto L?(M, E)'. Since D is
assumed to be I'-invariant, it commutes with the projection p. Furthermore,
p(T (M, E)) = T'>(M, E)'. Now apply Lemma 3.3.1. O

Suppose that T is a finite group acting freely on M and let 7 : M — M/T
be the quotient map. Let E be a I'-equivariant hermitian vector bundle over M.
It can be verified that E/T" — M/T" with projection map [e;] — [z], is again a
hermitian vector bundle with hermitian structure

(leal, le2l)w) = (7 Hea), 7o eal)as  ([ea], [e2] € (B/T)pw),

which is independent of the choice of the representative x of [z], since I preserves
the hermitian structure. Here, we have used that, by freeness of the action of " on
M, the quotient FJ — E/I restricts to an isomorphism 7, := E, — E; for each
z e M.

The bundle F is naturally isomorphic to the pull-back bundle 7*(E/T") through
the isomorphism

E>ew (n(e),le]) € M xpyr E/T =7 (E/T),
with inverse
M xpr BJT 3 (z,[e]) = 7, '[e] € Eq.

This isomorphism of vector bundles is an isomorphism of I'-equivariant vector
bundles if T' acts on 7*(E/T) as g(z,[e]) = (gz,[e]). It is an isomorphism of
equivariant hermitian vector bundles over M if n*(FE/T") is endowed with the
hermitian structure

((z, [ea]), (; [ea])) = ([en], [ea])  ([ea] [ea] € (E/T)1ap)-
The map I'™°(M, E)t' — T>°(M/T, E/T) given by
st =3 3([z]) = [s"(2)], (ze M),

is well defined and defines an isomorphism of C'>°(M)'-modules: the section s' €
(M, E)' is obtained from 3 by the equation

sU(x) = 7, '5([2]), (x € M).
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Under the isomorphism E =2 7*(E/T'), the section s' corresponds to the pull-back
section 7*5. By finiteness of the group I', the correspondence s'' < 3 identifies
' (M, E)' with T°(M/T, E/T).

If F is a vector bundle, then let T*E denote the k-th tensor power of E. Let
ol :T>°(T*(E)) — T>°(T'(E)) be a I'-equivariant map. As the map E, — Ey, is
surjective, one can define

Ol (€1, 6k) = [0 (T3 "E1,..., 75 "En) ] (3.6)

for all €y,...,éx € Ej). This expression is well defined by the G-invariance of o.
Indeed, if one replaces x by gz, then

Olga) (€1, .- ., ) = [O'gw (7'9_161, R Tg_mlék) ] = [UW (grw_lél, e ,gfz_l'ék)]

= [g (Uac (Tglél, . ,T;lék))} = [O’m (Tglél,...,Tglék)] .

Suppose from now on that I' is a finite group acting symplectically and freely on
a symplectic manifold (M, w) that carries a compatible, invariant, almost complex
structure and equivariant pre-quantisation (L, V¥). We apply the above discussion
to the following examples.

Example 3.3.3. Consider the tangent bundle £ = T'M. The differential of the
projection map 7 : M — M/I" induces a natural homomorphism of vector bundles
TM/T — T(M/T) over M/T. Smoothness of this map follows from smoothness
of the differential TM — T(M/T) and from the fact that TM — TM/T is a
surjective submersion. By finiteness of T', the map TM/T" — T(M/T) is also
bijective and it is therefore an isomorphism of vector bundles.

Under this identification of TM /T with T(M/T') we obtain

= (77 "o : Ty (M/T) — T, M
and so
(W*Z))I(Xl,XQ) = &ﬂ(w)(W*Xl,ng) = w(Xl,XQ), (Xl,Xg S TmM),

where w is the symplectic form on M and w is defined by Equation (3.6). Thus, @ is
the usual quotient symplectic form on M/T". Similarly, the Riemannian metric g on
M determines a Riemannian metric g on M/I" and the almost complex structure .J
determines an almost complex structure .J : T(M/T) — T(M/T). One can verify
that §(X,Y) = &(JX,Y) for all X,Y € T(M/T).

As T is discrete, the map 7 : M — M/T is locally invertible. Since 7, ! =
(7 1), it follows from Equation (3.6) that under these local diffeomorphisms the
structures w, J and g are identified with w, J, and g, respectively. In particular,
if J is a complex structure, so is J.
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Example 3.3.4. Another example of interest is the I'-equivariant hermitian line
bundle L — M with T-invariant hermitian connection V satisfying (V£)? = 27iw.
There exists a unique connection V on L/T" such that

Vs =Vxrst, 5eT>(M/T,L/T),X € °(M/T,T(M/T)).
Indeed, by equivariance of V%:

9(Virs') = Vgxr(gs') = Virs',

—_~—

so that V)L(FSF is a I-invariant section and Vxrs! is well defined. Note that
7V = VL when L is identified with 7*(L/T'). We also write VZ/T for V.

Because m : M — M/T is a local diffeomorphism and 7*(L/T) = L as T-
equivariant hermitian vector bundles, as well as 7*(VX/T) = VL it follows that
VE/T is hermitian and satisfies (VE/T)? = 2mi@.

We now show that the bijective map
I (M,E® L)' - T°(M/T,Epyr ® L)T), s" 5

intertwines the twisted Dolbeault-Dirac operators in question. Here we have iden-
tified (E ® L)/T" with E/T' ® L/T" = Epyr ® L/T" in the natural way. As the
Dolbeault-Dirac operator is a local operator, it is sufficient to show this locally.
We therefore cover M/T" by open subsets U such that 771 (U) is a disjoint union of
IT'| open subsets U;, each of which is mapped diffeomorphically onto U under the
projection map 7. Let U C M /T be an open subset with this property. On the one
hand, we identify each I'S°(U;, E® L) with I'° (7~} (U),E® L)" by I'-invariant ex-
tension. This identification intertwines the action of the twisted Dolbeault-Dirac
operators on I'**(U;,E ® L) and I'®(7~}(U),E ® L)'. On the other hand, the
diffeomorphism 7|y, : U; — U provides an identification of I'?°(U;, E ® L) with
I'e(U,Eyyr ® L/T). As 7|y, maps (g,J,w) to (g, j,fu) and identifies (L, V%)
with (L/T, VE/T), the twisted Dolbeault-Dirac operators on T'°(U;, E ® L) and
L' (U,Epyr ® L/T) are intertwined by this identification.
Combining these two identifications we find that the map

(Y (U),E® L) > TX(U,Eyyr ® L/T), s =75
satisfies
DLT — DE/T, (3.7)
for all s'' € T°(7~*(U),E® L).

One shows that Equation (3.7) holds for arbitrary 5 € T'2°(M/I', Epyr ® L/T)
by covering supp § with a finite number of open subsets V; such that 7=*(V;) =
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Vi x T for each I. Then take the open cover {V;} U{M \ supp s} of M and let
{1 }U{¥ar\supp 5} be a partition of unity subordinate to this cover. The argument
of the previous paragraph now applies to each vy, s, whereas 1 yp\supp 35 = 0.

Remark 3.3.5. Equation (3.7) can also be found in [43, Chapter 10] for, not
necessarily finite, discrete I' .

Let £ and € be the Liouville measures on M and M/T, respectively. Since
m: M — M/T is a |I'|-fold covering map and 7*& = w, we find that

/ whe=tl [

M/T

for all f € C°°(M /T). Therefore, for any I'-equivariant hermitian vector bundle
FE — M, the map

w:st — 0|75, s eI®(M,E)"

is a unitary map I'*°(M, E)V' — I'*(M/T, E/T). Taking E = E® L and using
Proposition 3.3.2 and Equation (3.7), we obtain the following result.

Theorem 3.3.6. Let I' be a finite group acting symplectically and freely on a
symplectic manifold (M,w) that carries a compatible, invariant, almost complex
structure and equivariant pre-quantisation (L,V*). The map

w: I(M,E® L)' — L*(M/T,Epyyr @ L)T),  s"— T35

is a unitary isomorphism that intertwines the Dolbeault-Dirac operators D¥ and
DL/T . Moreover,

(ker D")' = ker((D")|3r) = ker cl((DX)|3r) = ker D"

(ker D) = ker((D")|pyr) = ker cl((DE)|5r) & ker DT
where we have written H = L*(M,E® L).

We now return to the action of W(G, T) on T xt. Let L be the trivial hermitian
line bundle over T x t with hermitian connection V¥ = d + 27, where 6 is the
fundamental 1-form. Suppose that W (G, T) acts on L by sending ((¢,Y),\) € L =
(T x t) x C to ((wg,wY),\). Then (L, VL) is a W(G, T)-equivariant pre-quantum
line bundle.

Proposition 3.3.7. Let G be a compact connected Lie group and let T be a maxi-
mal torus. Consider the action of the Weyl group W (G, T) on the Kdhler manifold
T x t. Then the Dolbeault-Dirac quantisation of T x t is W (G, T)-equivariantly
and unitarily isomorphic to L*>(T) via the isomorphism of Proposition 2.4.9.
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Proof. Because the Kahler structure on T xt is locally equal to the Kéhler structure
of C", the curvature of the canonical line bundle is zero; in particular, its curvature
is semi-negative. From the proof of Theorem 2.4.6 we then know that

ker D~ = fefﬂle f holomorphic, /|f‘2€72ﬂ'|y‘2€ < 00

-~ HLQ(T*T, e—ZTr‘leg).

Since (g,Y) — e~V is invariant under the Weyl group, the above isomorphism
is equivariant for the Weyl group actions.

It remains to check that the isomorphism HL?(T*T, e=2mIY I g) = L*(T) of
Proposition 2.4.9 or [37, Theorem 10] is W(G, T)-equivariant. The explicit form
of the inverse Cy of this isomorphism, as presented in [37, Theorem 10] (¢f. Propo-
sition 2.4.9) with U =1, is

(Cof)(g / f@)p(a " g)de, (f € L2(T)).

Here. the entire function ¢ : TC 5 Cis given by

=

reT

(m(g™),

F

where the sum is over all the irreducible representations of T, each of which is
extended holomorphically to an irreducible representation of TC, and

- / (g™ Pe 2 e,
TC

Let w € W(G, T) be given. We show that Cy(f o w) = (Cyf) o w. Using the fact
that w € W(G, T) acts on TC by homomorphisms, we obtain

(Cof)(wg) = / F(@)d(a " wg)dz = / F@)d(w(w (z1)g))dz.

We claim that ¢(wh) = ¢(h) for allw € W (G, T) and h € TC. From the invariance
of =271V’ under W(G, T) we see that

o o w) / (- g2 e = / In(g™) 2" e = o(m),
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so that
1
wh) = Tr(w m(wh™
¢(wh) XE; o XE; Tow M)
- ;(W) Te(r(h™) = o(h),
7r€’i‘

where in the the second-last step we have used the fact that m — 7 o w maps T
bijectively onto itself. Consequently,

(Cabwg) = [ @)oo g)da,
T

The Haar measure on G is invariant under W (G, T), because W (G, T) acts by
automorphisms. Therefore,

(Cof)(wg) = / F@)o(w (@Y )g)de = / f(w- 2)p(ag)de,
T T

or in other words Cy(f o w) = (Cyf) o w. Thus, Cy is a W(G, T)-equivariant
isomorphism, so that its inverse establishes an equivariant isomorphism

Opp(T x t) = HLA(T*T,e 2"V Fe) 5 12(T).
O

Theorem 3.3.8. Let G be a compact connected Lie group and let T be a mazximal
torus. Consider the action of the Weyl group W (G, T) on the Kdihler manifold
T x t. Define the Dolbeault-Dirac quantisation of the singular quotient to be the
Dolbeault-Dirac quantisation of its principal stratum. Then the Dolbeault-Dirac
quantisation of (T x t)/W (G, T) is naturally isomorphic to L*>(T)V (&) wia the
isomorphisms of Theorem 8.3.6 and Proposition 8.3.7. In particular, quantisation
commutes with reduction.

Proof. Combining Theorems 3.2.12 and 3.3.6 and Proposition 3.3.7, we obtain the
following unitary isomorphisms

QDD((T X t)/W(Gv T)) = ker menc - (ker menc) w(@.T)

= (ker D")W(ET) = Qpy (T x )V (ED
o LQ(T)W(G,T)7

LT . . .
where D7 denotes the twisted Dolbeault-Dirac operator on the principal stra-

tum of (T x t)/W (G, T) and DL . denotes the twisted Dolbeault-Dirac operator

princ

1 (T X t)princ- O
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We have proved that quantisation commutes with reduction if the singular
quotient of T*T /W (G, T) is quantised by taking the Dolbeault-Dirac quantisation
of its principal stratum. The main point is not that quantisation after reduction
and reduction after quantisation yield isomorphic Hilbert spaces - because any two
infinite-dimensional separable Hilbert spaces are isomorphic - but the way this
isomorphism is constructed. The crucial step was Proposition 3.2.11 which shows
that the closure of the Dolbeault-Dirac operator, and hence the Dolbeault-Dirac
quantisation, is not affected by the omission of the singular strata on T x t. In
Chapter 4 we will apply similar ideas to the singular quotient 7*G// Ad G, where
the group action is not discrete. There, we will also relate the symplectic stratified
structure of T*T /W (G, T) to the symplectic stratified structure of 7*G// Ad G.

Remark 3.3.9. Let us make a few comments about the spin quantisation, too.
The curvature of the canonical line bundle on T*T is 0, since the Kéahler struc-
ture on T*T is locally isomorphic to the Kahler structure on C™. Therefore, the
Dolbeault-Dirac quantisation is isomorphic to the spin quantisation for T*T.

When we also consider the W(G, T)-action on the canonical bundle, then the
left-invariant holomorphic (n, 0)-form 5 A- - -A S, where each §y is a left-invariant
(1,0)-form on T, is not W (G, T)-invariant. Indeed, an element w € W(G,T)
sends B1 A« -+ A By to det(w)B1 A« - A By, where det¢(w) = dety. (w) is the determi-
nant of the action of w as a real-linear map on t, or equivalently, the determinant
of its complex linear extension to tc, considered as a complex-linear map. This
determinant is +1 depending on whether w is a rotation or a reflection of t. Now
the question is if there exists an equivariant half-form bundle whose square is the
equivariant canonical line bundle, and if T*T pyin./W (G, T) is a spin manifold or
not.

3.4 Principal strata on compact manifolds

In Section 3.2 we showed that the Dolbeault-Dirac quantisation of (T X t)ppine
is equal to the Dolbeault-Dirac quantisation of T x t. In this section, we prove
that this result also holds for arbitrary abelian or discrete groups and compact
manifold M.

So, let (M,w) be a compact, symplectic manifold and let G be a finite group
or a compact abelian Lie group acting symplectically on M such that M/G is
connected. Suppose that M carries a G-invariant, compatible, almost complex
structure and suppose that L is an equivariant hermitian line bundle with an
equivariant hermitian connection V% satisfying V2 = 2miw. Write DY for the
corresponding twisted Dolbeault-Dirac operator. Compactness of M ensures that
there are only finitely many strata. Moreover, for both abelian and discrete groups
the strata of M are given by the connected components of the isotropy type sub-
manifolds, i.e. the strata are of the form Mg = M(‘”GI)7 where x € M. For abelian
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Lie groups this is clear, for discrete groups this was proved in Lemma 3.2.2.

The following lemma shows that M \ My.in. is also a finite (but not neces-
sarily disjoint) union of connected components of fixed point type manifolds with
codimension > 2.

Lemma 3.4.1. Let (Hp) be the unique conjugacy class of subgroups such that
Myrine = M(n,) is open and dense in M. Define the finite set

S={M¢, | (Gy) # (Ho),xz € M}.
Then

p= ) M/
M§eS

is the complement of Mpyine in M.

Proof. We show that

U Mmp= | Mf

Mg es Mg es

Since M% C M, the left-hand side is clearly contained in the right-hand side.
Conversely, if y € M for some isotropy group H for which (H) # (Hp), then
H C GY, so that (Gy) # (Hp). Hence, ng € S and so y is contained in the left-
hand side. The left-hand side is, almost by definition, equal to the complement of
Mprinc'

O

According to Lemma 3.4.1 the complement of the principal stratum in M is a
finite union of closed embedded submanifolds, each of even codimension > 2. If
re(M\ MH E® L) is dense in I'S°(M,E ® L) with respect to the graph norm
of D for each M occurring in the union of P, then, as in Proposition 3.2.10,
Lemma 3.2.9 implies that T'2°(Mppine, E® L) is dense in I'°(M,E ® L). By The-
orem 3.2.12 the Dolbeault-Dirac quantisations of M., and M are equal. Note
that by compactness of M, the operators Dﬁnnc and DT are always essentially
self-adjoint.

Remark 3.4.2. By Proposition 3.2.3 the action of W(G, T) on T x t, where G
is any compact connected Lie group and T a maximal torus in G, has finitely
many strata. In particular, the proof of Lemma 3.4.1 applies to that situation,
too. However, in Section 3.2 we could prove directly that the set

{(T x )5 | z € M, H isotropy group}

is already finite.
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It remains to show that I'°(M \ M E ® L) is dense in I'*®(M,E @ L) with
respect to the graph norm of D¥. The following proposition proves this for sym-
plectic actions of compact Lie groups on compact manifolds.

Proposition 3.4.3. Let G be an arbitrary compact Lie group and let M be given
with H an isotropy group such that (H) # (Hy). Then T*(M \ M E® L) is
dense in T°°(M,E ® L) with respect to the graph norm of D*.

Proof. Let {(U;,k;)}¥_, be a finite atlas of M onto R™, where each chart either
has empty intersection with M, or maps M onto R"~* C R™. Let {;}¥_; be
a partition of unity subordinate to {U;}. On I'*°*(M,E ® L) one defines the norm
-1l as

k

IsllF = (i) © killd o pory;

i=1

let H'(M,E ® L) be the completion of I'™°(M,E ® L) with respect to this norm.
The norm || - ||; depends on the choice of the charts and on the choice of partition
of unity, but different choices lead to equivalent norms, so that H*(M,E ® L) is
well defined. It is well known that the inclusion H'(M,E® L) — L?>(M,E® L) is
compact, and that I'™°(M,E ® L) extends to a continuous map H'(M,E® L) —
L*(M,E® L). In particular, there exists a constant C' > 0 such that

IDEs|| < Cllslls.

On the other hand, by the Garding inequality for elliptic first-order differential
operators on compact manifolds, there exists ¢ > 0 such that

Isll + D" s]| > clls]lx

for all s € H'(M,E ® L). Consequently, the DZ-graph norm is equivalent to the
norm || - |-

So it suffices to show that I'S°(M \ MY E ® L) is dense in I'*°(M,E ® L)
in the || - |;-norm. Let s € T>°(M,E ® L) be given. Now, if s € T°(M,E ®
L), then, by Theorem 3.1.3, ¥;s can be approximated by a sequence (fim)m In
e (U; \ M2 E® L) (recall that M is of codimension at least 2). The sequence
(Zle fim)m lies in T (M \ MH E ® L) and approximates Zle ;8 = s in the
norm || - ||1. O

Remark 3.4.4. Proposition 3.4.3 also holds when M is replaced by any closed
submanifold N of codimension > 2 and D by any other first-order elliptic differ-
ential operator. In particular, if M is a Kahler manifold and s is a section of the
holomorphic line bundle L such that s is holomorphic on M \ N, then s can be
extended (uniquely) to a holomorphic section of L on M .
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Thus, we have proved the following analogue of Theorem 3.2.12.

Theorem 3.4.5. Let G be a finite group or a compact, abelian Lie group and sup-
pose that G acts symplectically on a compact symplectic manifold (M,w) such that
M/G is connected. If J is a G-invariant, compatible, almost complex structure
and if (L, V) is an equivariant pre-quantisation line bundle, then the subspace
I (Mprine, E® L) is dense in I°(M,E ® L) in the graph norm of D¥. Conse-
quently, the Dolbeault-Dirac quantisations of M and of Mprine coincide.

If G is an arbitrary compact group acting symplectically on a compact, sym-
plectic manifold M, then the partition MY is no longer locally finite, let alone
finite. The same applies to the associated cover of Lemma 3.4.1 by connected
components of fixed point type submanifolds. Therefore, the arguments of Sec-
tion 3.4 cannot be applied to general symplectic actions by compact Lie groups.

If the group G is now discrete or abelian, but M non-compact, there are com-
plications of another nature. In Proposition 3.4.3 we could cover T x t by a finite
subset of open neighbourhoods such that each neighbourhood was locally diffeo-
morphic (as a Kihler manifold) to CIV. On arbitrary non-compact manifolds the
Kihler structure can be much wilder and D¥ might have non-constant coefficients
on charts, so that it is hard to say how ‘sensitive’ D* is to the removal of an
embedded submanifold of codimension > 2.



Chapter 4

Quantisation commutes with
reduction

Let G be a compact connected Lie group and consider the action of G on T*G
induced by the action of G on itself by conjugation. Due to the non-freeness of
the action of G on T* G, the Marsden-Weinstein quotient is in general not a man-
ifold, but merely a symplectic stratified space. By Theorem 1.2.6 the symplectic
stratified quotient always has a dense and open stratum, the so-called principal
stratum.

In Section 4.1, we consider quantisation after reduction. We first explicitly
determine the stratified structure of the Marsden-Weinstein quotient and we show
how it is related to the stratified structure on T X t that is obtained from the
W (G, T)-action (see Chapter 3). Here, T denotes a maximal torus in G and
t denotes its Lie algebra. As in Chapter 3, we define the quantisation of the
Marsden-Weinstein quotient to be the Dolbeault-Dirac quantisation of its principal
stratum. We prove that quantisation after reduction yields the Hilbert space
L*(T)W(GT) | without any requirement on the Lie group G except that it be
compact and connected.

In Section 4.2, we consider the reduction after quantisation procedure for T*G
when G € Ck. This procedure also yields the Hilbert space LQ(T)W(G’T), so that
quantisation commutes with reduction if G € Ck.

We mention that the quantisation of the Marsden-Weinstein quotient 7*G//G
is also analysed in [48, 49]. Here the aim of the authors is to construct a costrat-
ification on the quantum Hilbert space that resembles the stratified structure on
the classical side.

105
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4.1 Quantisation after reduction

Let G be a compact connected Lie group. As in Section 2.1, we choose an Ad G-
invariant inner product on g and use this inner product and left-trivialisation to
identify T*G with G x g. Calculations similar to those in [1, Section 4.4] lead to
the following result.

Lemma 4.1.1. The moment map j : G X g — g*, considered as a map to g, is
equal to

Jj(g,Y)=Ad, Y - Y e g,
where g € G, Y € g.

Having computed an explicit formula for the moment map, we now determine
the strata of the Marsden-Weinstein quotient j71(0)/G. We show that it is suf-
ficient to know how these strata partition T x t, where T is a maximal torus in
G and t its Lie algebra. Let us fix a maximal torus T of G once and for all. The
isotropy group of an element g € G under the action of G on itself by conjugation
is simply the centraliser Z¢(g). Similarly, we denote Z¢(Y") for the isotropy group
of Y € g under the adjoint action of G on g, and we also refer to Z5(Y) as the
centraliser of Y.

Lemma 4.1.2. Let (g,Y) € j~%0) C G x g be arbitrary. The orbit of (g,Y)
(under the action of G) contains an element of T x t. Moreover, j~1(0)/G is
homeomorphic to (T x t)/W (G, T).

Proof. Let (g9,Y) € j~1(0) be arbitrary. Consider the one-dimensional Lie sub-
algebra hy C g generated by Y. The Lie group exp(hy) is a torus in g. Since
(9,Y) € 71(0), we obtain

gexp(tY)g~! = exp(Ad, tY) = exp(tY), (t€R),

so that g centralises the torus exp(hy). Consequently, there is a maximal torus
in G that contains both exp(hy) and g (see [56, Theorem 4.50]). Since any two
maximal tori are conjugate in G, there exists an h € G such that T contains both
hgh~! and exp(Ady by ). In particular, the path t +— exp(t Ad, Y) lies in T, so
that Ad, Y € t. Thus, (hgh™',Ad, Y) lies in T x t.

Clearly, T x t C 71(0) and this inclusion induces a continuous map

L (T x t)/W(G,T) = j1(0)/G.

By the previous paragraph ¢ is surjective. To show that it is injective, we proceed
in the same way as in [56, Proposition 4.53], where it is shown that G/ Ad G =
T/W (G, T). Suppose that (¢,Y),(¢’,Y’) € T X t are in the same G-orbit. That
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is, there exists h € G such that (¢',Y’) = (hgh™',Ad,, Y). Consider the closed Lie
subgroup Z¢(g,Y) = Z¢(9) N Z¢(Y), i.e. the closed Lie subgroup of G consisting
of all elements that centralise both g and Y. Its Lie algebra is equal to

Z4(9,Y) ={X €g| Ady X = Xand [X,Y] = 0},
and Z4(g,Y’) contains t. It also contains Ad;1 t: pick X € ¢, then
AdgAdy-1 X = Adj,-1 Adjgp— X = Adj-1 X,
where we used the fact that hg~'h € T. Similarly,
[Adj,-1 X,Y] = Adj,—1[X,AdpY] = 0.

Both t and Adj-:t are maximal abelian subalgebras in Z4(g,Y’). Hence, there
exists an element k in the identity component of Z5(g,Y) such that Ad(kh 1)t = t.
Consequently, kh=! € Ng(T), and

kh™' - (hgh " AdpY) =k - (9,Y) = (9,Y),

so that (¢,Y) and (¢’,Y”) are in the same W (G, T) orbit. Thus, ¢ is a continuous
bijection.

To prove that ¢ is a homeomorphism we show that it is closed. For ¢ to be
closed it is sufficient that the map (T x t) — j71(0)/G is closed. Since T x t
is a closed subset of j71(0), it is in turn sufficient to show that the projection
7710) — j71(0)/G is closed, which is what we do now. By compactness of G, the
map

®:Gx;jH0)—=5710), (g,z) gz

is proper. Every proper map into a locally compact Hausdorff space is closed, and
so in particular ® is a closed map. Therefore, if C is a closed set of 571(0), then
GC = &(G x C) is closed. Thus, the quotient map j71(0) — j71(0)/G is a closed
map. Consequently, the continuous bijection ¢ : (T x t)/W (G, T) — 571(0)/G is
a closed map, hence a homeomorphism. O

Remark 4.1.3. The observation that (G x g)// Ad G is homeomorphic to (T x
t)/W (G, T) is not new (see for instance [48]).

Recall from Theorem 1.2.6 that for a strongly Hamiltonian, proper group action
on a symplectic manifold M, the reduced space j~1(0)/G is stratified by the strata

Mg = (571(0) N GM}y)/G,
where H C G is an isotropy group for the G-action on M and x € My. Define

No(H)* ={g9€G|g- Mg = Mp}.
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Then
M) = (571(0) N M} /(Ne(H)* /H). (4.1)

We now use Equation (4.1) to determine the strata of 571(0)/G in the case of
the G-action on T*G. By Lemma 4.1.2 it is sufficient to consider only those

submanifolds (G x g)%y) that have non-empty intersection with T x t. But if

(9, V) e (T xt)N(G x g)gg’y), then necessarily H D T. Conversely, if H D T,
then (G x g)g C (T x t), because (G x g)T = T x t. This latter fact can be seen
as follows: if (9,Y) € (G x g)T, then T centralises both g and Y. In particular,
there exists a maximal torus containing both g and T. Then g € T, because T is
already a maximal torus. Similarly, Y € t. Thus, we have proved:

Proposition 4.1.4. 1. If H O T, then
70N (G x @)Y = (G x ) c Txt.
2. Each stratum of j=1(0)/G is of the form
(G x )™/ (Na(H)) /H)

with H O T.

Proposition 4.1.4 basically says that the symplectic stratification is obtained
by partitioning T X t into the connected components of (G x g)g for H D T. We
now further analyse this partition of T X t.

Consider the action of G on itself by conjugation and let T be a maximal torus.
The principal stratum of G is equal to

Gprine = Gery = {9 € G | Z5(g) is a maximal torus }.
Similarly, the principal stratum of the adjoint action of G on g is equal to
Oprine = 1) = {X € g| Z25(X) is a maximal torus }.

Proofs of these facts may be found in [28, Theorem 3.7.1 and Corollary 3.3.2].
In particular, Gprine and gprine are open and dense in G and g, respectively.
Since G/AdG = T/W and the projection G — G/AdG is open, the subset
Gprine N'T = G is open and dense in T. Similarly, gt is open and dense in t.
The principal stratum of G’ x g is (G' X g) ¢}, but this stratum does not intersect
77 1(0), because each element in j~1(0) is at least fixed by some maximal torus of
G. Instead, there is the following candidate for the principal stratum on T X t.

Proposition 4.1.5. The space (Gxg)r C Txt is an open and dense submanifold
of T x t.
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Proof. The submanifold (G x g)r is non-empty, since both Gt and gr are non-
empty. Let (9,Y) € (G x g)T be given. By Proposition 1.1.10, the dimension
of (G x g)s_[‘?’y) is equal to the dimension of (G x g)ay) = T x t. In particular,
(G x g)T is an open submanifold of T X t.

To see that (G x g)T is dense in T X t, note that G X gr is contained in
(G x g)r and that Gt X gr is dense in T x t by the observations preceding this
proposition. O

The quotient (G x g)r/W(G,T) is the principal stratum of j=1(0)/G. We
show how the Kahler structure and pre-quantisation on G x g induce a Kahler
structure and pre-quantisation on this principal stratum, respectively.

Proposition 4.1.6. Provided that the inner product on t is taken to be the re-
striction of the Ad G-invariant inner product on g, the restriction of the Kdhler
structure and the pre-quantisation on G x g to T X t coincide with the W (G, T)-
invariant Kdhler structure and the W (G, T)-equivariant pre-quantisation on T X t
of Section 3.2.2, respectively.

Proof. One can see that the complex structures coincide by considering the explicit
formula for the differential of ® : G x g — G© (see Equation (2.3)) which is used
to transfer the complex structure on G® to G x g. The matrix (T(yy)®P)|x¢ is
just the identity matrix if (¢,Y) € T x t. The formula for the induced complex
structure on T X t then coincides with Equation (3.4).

Comparison of the expression for w on G X g in Section 2.1 with the formula
for the symplectic structure on T x t in Section 3.2.2 shows that the pull-back of
the symplectic structure on G x g produces the correct symplectic structure on
T x t, provided that the inner product on t is the restriction of the Ad G-invariant
inner product on g.

If t : Txt— G x g denotes the inclusion, then the induced line bundle
t*L — T x t is isomorphic to the bundle (T x t) x C with trivial hermitian
structure on the fibres and the obvious W(G, T)-action. Moreover, the connection
VE = d+ 27 on L — G x g pulls back to the W (G, T)-invariant connection
VY = d+2mif on * L — T x t, where § now denotes the fundamental 1-form on
T x t. This can be seen by recalling that 6(g,Y)(Z1, Z2) = (Y, Z1) on both T x t
and G X g. O

Because the induced Kéhler structure and pre-quantisation on (G x g)T are
W (G, T)-invariant and W(G, T)-equivariant, respectively, they descend to a
Kéhler structure and pre-quantisation on (G x g)t/W(G,T) as in Section 3.3.
We are now in a position to state the following definition.

Definition 4.1.7. The Dolbeault-Dirac quantisation of T*G// Ad G is defined
to be the Dolbeault-Dirac quantisation of the principal stratum (G x g)t/W (G, T)
(with Kéhler structure and pre-quantisation as above).
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We prove that I'?°((G x g)1,E® L) is dense in I'°(T x t,E® L) in the graph
norm of D¥. We proceed in a similar way as in Section 3.2, where we proved that
(T X ) feryo.my}: E® L) is dense in I'°(T x t, E® L) in the graph norm of DL,
where (T X t){cy, .} I8 the open and dense submanifold of T X t consisting of
all points that have trivial isotropy group with respect to the action of W(G,T)
(¢f. Proposition 3.2.11).

Remark 4.1.8. Note that we have constructed two possibly different partitions
on T x t. On the one hand, we have the partition of T x t into the connected
components of all (G x g)y with H C G containing T. On the other hand, we
have the partition of T X t into the connected components of the isotropy type
manifolds of the W (G, T)-action that we considered in Section 3.2.2. It is still an
open question if both partitions coincide for any compact connected Lie group. In
Remark 4.1.13 below we show that both partitions do coincide at least when G is
simply connected.

Neither do we know if (G x g) and (T X t)ey, ; 5, coincide for general compact
connected Lie groups. However, the inclusion (G x g)t C (T x t) always
holds.

EW (G, T)

If (G x g)7 is a proper subset of (T X t)¢,, . ., then we cannot simply apply
Proposition 3.2.11 to conclude that I'®° ((Gx g)1, E®L) is dense in I'° (T x t, EQ L)
in the graph norm of D*. Therefore, we provide a different proof for this fact,
which goes through for any compact connected Lie group G. The line of reasoning
is the same as in Section 3.2.

We start by determining the complement of (G x g)T in T X t.

Lemma 4.1.9. There are only finitely many isotropy groups for the G-action on
G x g that contain T.

Proof. If H is the isotropy subgroup of (¢,Y), then H = Z¢(g9) N Z¢(Y). If H
contains T, then clearly both Z5(g) and Z45(Y) contain T as well. It therefore
suffices to show that both the action of G on itself by conjugation and the adjoint
action of G on g only have finitely many different isotropy subgroups containing
T.

Since G is a compact connected group there are only finitely many conjugacy
classes of isotropy subgroups. Let S = {(H;)} be this finite set. Without loss
of generality we can assume that T N Gy, is non-empty for each H;, so that
H; O T and Gy, C T for each H;. Pick an element (H;) € S and suppose that
g € TNGy,). Since g € G(g,) there exist g; € Gu; C T and h € G such
that hg;h~' = g. Since both g; and ¢ are in the maximal torus T, there exists
n € Ng(T) such that ng;n~! = g. Consequently, Z5(g) = nH;n™!. So, for each
x € T, the isotropy group Zg(z) is of the form nH;n~! for some H; and some
n € Ng(T). Because the Weyl group is finite of order ||, the number of different
subgroups that occur as an isotropy group of an element in T is at most #5S5 - |[W]|.
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A similar argument shows that the adjoint action of G on g only has finitely
many isotropy groups containing T. O

Remark 4.1.10. In [12, Corollary 1, pp. 316] one can find a proof for the stronger
assertion that the number of closed subgroups of G containing a given maximal
torus T C G, is finite.

We now consider the complement of (G x g)r in T x t. This complement is

given by the union

P = UHQT,isotropy group(G X E)H

By Lemma 4.1.9 this union is finite. The connected components of (G x g)f are
closed submanifolds of T x t. If one of these connected components were open as
well, then it would be a non-empty, closed and open subset of the connected space
T x t and therefore it must be equal to T x t. This is impossible if H 2 T, because
(G x g) is non-empty. Consequently, the connected components of (G x g) are
of lower dimension than (G x g)T if H 2 T. Since these connected components
are symplectic manifolds, their codimensions as submanifolds of the symplectic
manifold T x t are at least 2.

We now proceed as in Section 3.2.3. Choose £ > 0 such that the exponential
map exp : g — G is a diffeomorphism from the open G-invariant neighbourhood
U={Y €g| Y] < e} onto an open neighbourhood V.C G of eq. Let H D T
be an isotropy group for the action of G on G x g. For each (¢g,Y) € (G x g) =
GH x gH | we consider the chart

(exp_1 oLgl) xid: gV xg—=U x g.

Because ¢ is fixed under H, this diffeomorphism intertwines the H-action. Con-
sequently, exp ! OL;1 maps (gV x g) N (G x g)* onto

UH x gl ctxtcgxag.

Choose an orthonormal basis {e;}!_; of t such that {e1,...,e;—;} spans g? C t,
where [ > 1. By reordering the coordinates induced by the orthonormal basis
{e1,...,e:}, the subset (G x g) is mapped onto

{(a:l,...,xgt) S (Uﬂt) X t | Tot—9l41 = -+ - Tt = 0} Ctxt
under the coordinate chart
(exp~! oL;l) xid: (gVNT)xt—=(UNt) xt

for T x t. Under this chart the Kahler structure on T x t corresponds to the
standard Kihler structure on (U Nt) x t C R*. One can now proceed as in
Section 3.2.3 from Proposition 3.2.8 onward, to obtain the following analogue of
Proposition 3.2.11 and Theorem 3.2.12.
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Proposition 4.1.11. The domainT'2°((Gxg) 1, EQL) is dense in T (T'xt, EQL)
in the graph norm of D*. In particular, the twisted Dolbeault-Dirac operator D* is
essentially self-adjoint on the domain T'S°((G x g) 7, E® L) and the Dolbeault-Dirac
quantisation of (G X g)r is equal to the Dolbeault-Dirac quantisation of T X t.

As a consequence we obtain the following Theorem.

Theorem 4.1.12. If the Dolbeault-Dirac quantisation of j=1(0)/G is defined to be
the Dolbeault-Dirac quantisation of the principal stratum, then the isomorphisms
of Theorem 3.3.6 and Proposition 3.53.7 determine an isomorphism

Qpp(j~H0)/G) = L2(T)V(&D),

Proof. The projection of the connected submanifold (G x g)r is open, dense and
connected in j71(0)/G, so it is the principal stratum of j71(0)/G. By definition,
it is

(G x g)r/(Na(T)/T) = (G x g)v/W (G, T).

The Theorem is now a consequence of Proposition 4.1.11, of Theorem 3.3.6 and of
the fact that the Dolbeault-Dirac quantisation of T x t is W (G, T)-equivariantly
isomorphic to L?(T) by Proposition 3.3.7. O

Remark 4.1.13. 1. If the partition of T x t into the connected components of
(G % g)g’y) with H D T coincides with the stratification of T x g into con-
nected components of isotropy type manifolds with respect to the W (G, T)-
action on T X t, then the first part of Theorem 4.1.12 follows immediately
from Section 3.2. In fact, it is already sufficient that the principal strata
coincide.

2. It remains an open question if both partitions always coincide. If we partition
by isotropy type manifolds, rather than by their connected components, the
partitions are not always equal. For instance, if G = SO(3), then there exist
two different elements in a maximal torus T = U(1) of SO(3) that are fixed
under the Weyl-group but have different isotropy group for the action of
SO(3) on itself by conjugation. This phenomenon persists if one considers
the SO(3)-action on SO(3) x so(3). However, both partitions do agree up
to connected components.

If G is simply connected, the situation is much better. In that case, the parti-
tions into isotropy type submanifolds do coincide, so that the above phenomenon
in the example of SO(3) can only occur for non-simply connected Lie groups.

Proposition 4.1.14. If G is a simply connected group, then the isotropy type
stratifications of T*G//G and (T x t)/W (G, T) coincide.!

1T am grateful to Reyer Sjamaar for explaining me a possible proof.
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Proof. Before we prove the claim that the partitions into isotropy type submani-
folds do coincide when G is simply connected, we first recall some facts for general
compact connected Lie groups. If H C G is a closed, connected Lie subgroup
containing T, then T is also a maximal torus in the compact connected Lie group
H. Therefore, there is a corresponding root system R(H,T) which is contained
in R(G,T). The map H — R(H,T) is a bijection between closed, connected Lie
subgroups of G containing T and the closed symmetric subsets of R(G,T) (see
[12, Proposition 12, pp. 316]). Here, P C R(G,T) is called symmetric if —P = P
and closed if (P + P) N R(G, T) C P. The corresponding group N(H)/H is the
Weyl group W(H,T) and it is a subgroup of W (G, T). The Weyl group W (H, T)
is generated by the reflections r,, « € R(H,T). In fact, all reflections in W (H, T)
are of this form (see [50, Proposition 1.14]). Consequently, the map H — W (H,T)
is an injective map into the set of subgroups of W(G, T).

Now, if G is simply connected, the crucial property is that Z¢(g) is connected
for every g € G ([12, Theorem 1 or Corollary 1, pp. 329]). Proposition 14 on
pp. 317 loc. cit. then shows that the isotropy group W, C W(G,T) is equal to
the group Nz (4)(T)/T, where T is regarded as a maximal torus in the compact
connected group Zg(g). By the previous paragraph any two connected, closed
subgroups Hy, Hs containing T are equal if and only if Ny, (T)/T = Ng,(T)/T
and so W, = Wy if and only if Z¢(g) = Z¢(g¢’). Similarly, for any compact, not
necessarily simply connected, connected Lie group G the centraliser Z5(Y") is con-
nected and we have Wy = Nz, (y)(T)/T and Wy = Wy~ if and only if Z5(Y) =
Z¢(Y’). This proves that the natural isomorphism G/ AdG — T/W (G, T) iden-
tifies the stratifications if G is simply connected, whereas the natural isomorphism
g/ AdG — t/W(G,T) always identifies the stratifications, i.e. even if G is not
simply connected.

Now consider G x g for simply-connected G and suppose that (¢,Y) € T x t.
We show that G, y) = Za(g) N Z¢(Y) is connected. Note that

Z2a(g)NZ2a(Y)={h € 2a(9) | AdpY =Y} = 2z, (Y),

where we consider Y as an element in the Lie algebra of Z(g). By simply-
connectedness of G, the group Z¢(g) is connected. Therefore, Z5(g) is a compact
connected Lie group and so Zz, 4 (Y) is connected. Thus, G(yy) = Za(g) N
Z5(Y) is connected.

On the one hand the isotropy group of (g,Y") for the W (G, T)-action is

Nzg()(T)/TN Nggv)(T)/T = (Nzg(4)(T) N Nz vy (T))/T
= Nz(g)nze()(T)/T,

and on the other hand the isotropy group for the G-action is Z5(g) N Z¢(Y).
Because for each (g,Y) € T x t the subgroup Z¢(g) N Z¢(Y) is closed, connected,
and contains T, we have

Nzg(gnze)(T) = Nz(gynzwn(T) <= Z(g)NZ(Y) = Z(¢)n Z2(Y').
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Or in other words, the isotropy groups W, y) and W, y) are equal if and only
if the isotropy groups G4 y) and G y+) are equal. This proves that the isotropy
type stratifications of T*G//G and (T x t)/W (G, T) coincide when G is simply
connected. O

4.2 Reduction after quantisation

Let G be an element of Cx and consider T*G with the action of G on T*G induced
by the action of G on itself by conjugation. We showed in Theorem 2.4.10 that
the Dolbeault-Dirac quantisation of T*G is equivariantly isomorphic to L?(G, dg),
where dg denotes the Haar measure on G. In the previous section we determined
the reduced space j~1(0)/G and its quantisation, the so-called quantisation af-
ter reduction. To show that quantisation commutes with reduction, we need to
perform reduction after quantisation and show that the resulting Hilbert space is
unitarily isomorphic to the quantisation of j~1(0)/G, which is L?(T)W(&T) by
Theorem 4.1.12. As we saw in Section 1.4.1, the reduction procedure (at value 0
of the moment map) at the classical side corresponds to taking the G-invariant
part of the quantum Hilbert space at the quantum side.

The following Lemma is the Weyl integration formula. This formula immedi-
ately implies that reduction after quantisation yields L?(T)V () if G € C.

Lemma 4.2.1. Let G be a compact connected Lie group and T a mazximal torus.
Write § : T — C for the Weyl-denominator function. Then there exists ¢ > 0 such
that

frcdl- flr
defines a unitary isomorphism from L*(G,dg)*4% onto L*(T)V (G 1),
Proof. See e.g. [28, Corollary 3.14.2]. O

Proposition 4.2.2. If G € Cg, reduction after quantisation yields the Hilbert
space L*(T)W(GD),

We are now ready to summarise the chapters in this part of the thesis into the
following theorem.

Theorem 4.2.3. Let G be a compact connected Lie group. Consider the action of
G on T*G induced by the action of G on itself by conjugation. Endow T*G with
its standard Kdhler structure. Let (L,VT) be the equivariant pre-quantisation
given by the trivial hermitian line bundle L = T*G x C with equivariant hermi-
tian connection V¥ = d + 2mif. Then there is an induced Kdihler structure and
pre-quantisation line bundle on the principal stratum of j71(0)/G. Define the
quantisation of T*G to be the Dolbeault-Dirac quantisation and define the quanti-
sation of 571(0)/G to be the Dolbeault-Dirac quantisation of its principal stratum.
Fiz a maximal torus T of G. Then:
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1. the reduced space j71(0)/G is homeomorphic to (T x t)/W (G, T);

2. the quantisation of 7~(0)/G is unitarily isomorphic to L*(T)W(&T),

Moreover, if G € Cg, i.e. the canonical line bundle on T*G is semi-negative,
then:

3. the Dolbeault-Dirac quantisation of T*G is G-equivariantly, unitarily iso-
morphic to L*(G,dg), where G acts on L*(G,dg) as (g, f) — Ad;-1 f =
foAdg.

4. reduction after quantisation is unitarily isomorphic to LQ(T)W(G*T).
Here, all isomorphisms arise in a natural way.

Consequently, Dolbeault-Dirac quantisation commutes with reduction if G €
Cx. In particular, Dolbeault-Dirac quantisation commutes with reduction if G =

SU(2).

Proof. The first and second statement are precisely the statements of Lemma 4.1.2
and Theorem 4.1.12, respectively. The third and fourth statement are contained
in Theorem 2.4.10 and Proposition 4.2.2 and in Section 2.A it was proved that
SU(2) € Ck. O

4.3 Outlook

For cotangent bundles of compact connected Lie groups, we could not define
Dolbeault-Dirac quantisation as an element of some KK-group or generalised rep-
resentation ring. However, if G € Ck, Definition 1.4.3, which is then quite close to
the original definition of Dolbeault-Dirac quantisation because ker DX = 0, yields
the G x G-equivariant Hilbert space L2(G,dg). One of the next steps is to look
for a general framework, like KK-theory or some generalised representation ring,
where this Dolbeault-Dirac quantisation can be interpreted, even in the case when
we restrict the G x G-action to the diagonal A(G x G).

The quantisation of the singular Marsden-Weinstein quotient 7*G// Ad G was
defined to be the Dolbeault-Dirac quantisation of its principal stratum. We have
seen that this definition leads to a quantisation-commutes-with-reduction result if
G € Ck. This raises the question if quantisation always commutes with reduction
if one defines in this way the Dolbeault-Dirac quantisation of the singular Marsden-
Weinstein quotient for any proper, strongly Hamiltonian G-action on a, let’s say
compact or, more generally, geodesically complete, connected Kéhler manifold.

The quantisation of singular quotients using Dolbeault-Dirac operators was also
studied in [72], in the case of a compact group acting in a strongly Hamiltonian
fashion on a compact symplectic orbifold. There, the singular quotient is quantised
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by first constructing a desingularisation of the singular quotient and subsequently
taking the index of a Dolbeault-Dirac operator on this desingularised space.

If the singular quotient could be quantised by taking the Dolbeault-Dirac quan-
tisation of its principal stratum, then the corresponding twisted Dolbeault-Dirac
operator on the, possibly non-compact, principal stratum should probably be self-
adjoint and have well-defined index. Moreover, its index should then agree with
the index of the Dolbeault-Dirac operator on the desingularised space in loc. cit.
It is part of future research to find an answer to these questions.

There are also other open questions concerning the case T*G. We list of some
of them here.

1. Does the stratification of the Marsden-Weinstein quotient j=1(0)/G always
coincide with the stratified structure of T x t/W (G, T) (where the latter is
stratified by the projections of the connected components of the orbit type
submanifolds)? If not, what about the principal strata?

2. Is any compact connected Lie group an element of Cx 7 If not, which compact
connected Lie groups are?

3. How does the Dolbeault-Dirac quantisation of (7*G, w) depend on the chosen
complex structure? Or, is the canonical line bundle semi-negative for all
complex structures compatible with the symplectic structure w?



Partll

Globally non-trivial gauge theories
as almost-commutative manifolds

Within the framework of Connes’ noncommutative geometry, we de-
fine and study globally non-trivial (sometimes also called topologically
non-trivial) almost-commutative manifolds. In particular, we focus
on those almost-commutative manifolds that lead to a description of
a (classical) gauge theory on the underlying base manifold. Such an
almost-commutative manifold is described in terms of a ‘principal mod-
ule’, which we build from a principal fibre bundle and a finite spectral
triple. We also define the purely algebraic notion of ‘gauge modules’,
and show that this yields a proper subclass of the principal modules.
We describe how a principal module leads to the description of a gauge
theory, and we provide two basic yet illustrative examples.

The following work is based on a pre-print [10] written by the author
and Koen van den Dungen (Australian National University and Uni-
versity of Wollongong).
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Chapter 5

Preliminaries

5.1 Introduction

The framework of Connes’ noncommutative geometry [19] provides a generalisation
of ordinary Riemannian manifolds to noncommutative manifolds. Within this
framework, the special case of a (globally trivial) almost-commutative manifold
has been shown to describe a (classical) gauge theory over a Riemannian spin
manifold, which ultimately led to a description of the full Standard Model of high
energy physics, including the Higgs mechanism and neutrino mixing [15].

The gauge theories mentioned above are, by construction, topologically trivial
(in the sense that the corresponding principal bundles are globally trivial bundles).
The aim is to adapt the framework in order to allow for globally non-trivial gauge
theories as well. Such a generalisation has previously been obtained for the special
case of Yang-Mills theory [11].

Let us briefly recall how a description of a gauge theory is obtained from
an almost-commutative manifold in the globally trivial case (for a more detailed
introduction we refer to e.g. [89]). We start with a smooth compact 4-dimensional
Riemannian spin manifold M, which can be described in terms of a (real, even)
spectral triple (C>(M), L?(S), D, vs, Jar), where ID is the Dirac operator on the
spinor bundle S — M, 5 is the grading operator and Jjs is charge conjugation
[21]. If we take a real even finite spectral triple (Ap, Hp, Dp,vF, Jr), one can
consider the product triple

M x F = (C®(M,Ap), L*(8) @ Hp, P @1+ 75 @ Dp,v5 @ vp, Ju @ Jp).
(5.1)

Write U(A) for the group of unitary elements of a x-algebra A. For a real spectral
triple T'= (A, H, D, J), we define its gauge group as

G(T) == {uJuJ* |u e U(A)} 2U(A)U(A,), (5.2)

119



120 CHAPTER 5. PRELIMINARIES

where A is the central subalgebra of A consisting of all elements a € A for
which aJ = Ja*. Now suppose we have a real even finite spectral triple F' =
(Ap,Hp,Dp,vr, Jrp) with gauge group Gg = G(F). Then the product triple
M x F defined above has gauge group G(M x F') =2 C>*°(M,Gr) (at least when
M is simply connected!), which coincides with the ‘classical’ notion of the gauge
group of the (globally trivial) principal Gp-bundle P = M x Gp. One can show
that the inner fluctuations of the operator ) ® I + 5 ® D yield gauge fields (i.e.
connection forms on the principal bundle P) as well as scalar fields (interpreted
as Higgs fields in the Standard Model). Finally, the spectral action principle [14]
yields a (gauge-invariant) Lagrangian from the data of the triple M x F.

This part of the thesis is organised as follows. We start in this chapter by
gathering some preliminary material that will be useful later on. In Chapter 6
we then describe the generalisation of the product triples M x F to (in general
globally non-trivial) almost-commutative manifolds. We show that these almost-
commutative manifolds are naturally given by the internal Kasparov product of
an internal space I (replacing the finite spectral triple F) with the underlying
manifold M.

While every globally trivial almost-commutative manifold describes a gauge
theory, this no longer holds for arbitrary globally non-trivial almost-commutative
manifolds. In Chapter 7 we therefore focus our attention on those internal spaces
that will allow us to obtain a gauge theory. After briefly recalling the classification
of finite spectral triples, we define the notion of a principal module, which is an
internal space built from a finite spectral triple F' and a principal fibre bundle P
over M. We show that the algebraic definition of the gauge group of a principal
module (defined similarly to (5.2)) coincides precisely with the usual definition
of the gauge group of P (i.e. the vertical automorphisms of P), provided that the
underlying manifold M is simply connected.

One of the main ideas in the development of noncommutative geometry has
been the translation of geometric data into (operator-)algebraic data. Whereas
principal modules are constructed from geometric objects (namely principal fibre
bundles), we devote Section 7.3 to the purely algebraic notion of what we call a
gauge module. We prove that these gauge modules form a proper subclass of the
principal modules, which are characterised by a lift of P to a principal U(Ap)-
bundle (where Ap is the algebra of the finite spectral triple F').

By equipping a principal module with a connection and a ‘mass matrix’, we
construct the corresponding principal almost-commutative manifold in Chapter 8.
The remainder of this chapter is used to establish the main goal of this part of
the thesis; namely, we describe in detail how this principal almost-commutative
manifold describes a gauge theory on M.

IThe isomorphism G(M x F) = C*° (M, GF), stated in [11, Proposition 4.3] and [89, §2.4.3], is
only valid under some additional conditions, and simply-connectedness of M is always sufficient.
We shall prove this in general for the globally non-trivial case in Theorem 7.2.7.
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In Section 8.5 we provide two basic but illustrative examples of such gauge
theories, namely Yang-Mills theory and electrodynamics. The Yang-Mills example
in particular shows that not every principal module is a gauge module. However,
we also show that the Yang-Mills example is a gauge module when the underlying
manifold is simply-connected and 4-dimensional. Hence on such manifolds we have
no example of a principal module which is not a gauge module.

We finish with an outlook on possible future work.

Notation

All C*-algebras and Hilbert modules will be denoted with capital letters (e.g.
A,B,E...), their smooth sub-algebras or pre-C*-algebras (i.e. densely defined
x-sub-algebras that are closed under the holomorphic functional calculus) and
Hilbert pre-modules will be denoted with curly letters (e.g. A, B, &, ...). The main
exception to these conventions is the notation 4, which always denotes a complex
Hilbert space. By M we denote a smooth connected compact Riemannian spin
manifold. From now on, bundles over M are denoted with ‘typewriter font’, where
we use B for algebra bundles, E for vector bundles, P for principal fibre bundles,
G for group bundles, and S for the spinor bundle. Continuous (resp. smooth)
sections of a bundle E — M are denoted by I'(E) (resp. I'*°(E)). In this part we
omit the underlying manifold in the notation for the space of sections, because the
underlying manifold will always be M. Also, in this part, unbounded operators
are always assumed to be closed.

5.2 Preliminaries

5.2.1 Fibre bundles

Different kinds of fibre bundles occur frequently in gauge theories. The definitions
concerning fibre bundles may differ from the definitions in some other literature,
including [11], so that we find it necessary to include a list of the definitions we
use. All manifolds are assumed to be smooth and all maps between them are also
assumed to be smooth.

A fibre bundle (cf. [57]) with fibre I over a smooth manifold M, is a smooth
manifold E together with a surjective smooth map 7 : E — M, such that 7—1(z) is
diffeomorphic to F for each x € M, and such that for each z € M there exist an
open neighbourhood U of  and a diffeomorphism hy : 771 (U) — U x F such that
7 = proj, o hy on 7 Y(U). The pair (U, hyy) is called a local trivialisation for
E. For two local trivialisations (U, hy) and (V, hy) for which U NV # ), we define
the transition function g, := h,oh;! € C>®(UNV,Diff(F)), that is, for each
z € UNV we have a diffeomorphism gy, (z): F' — F which depends smoothly
on x. We denote a fibre bundle by 7 : E = M or by 7 : E — M if we want to
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distinguish the projection map of E from projections maps of other bundles.

In many cases the fibres of the bundle E will be assumed to have additional
structure, compatible with the local triviality. The following definition captures
all relevant possibilities in an abstract manner.

Definition 5.2.1. Let C be some category with objects Obe and morphisms
Mor¢ (A, B) for all objects A,B € Obe. Let M be a smooth manifold. A fi-
bre bundle 7: E — M with fibre F' is called a C-bundle if F' € Ob¢ and if on each
local trivialisation (U, hy) the map hy|r-1(4): 7 (@) = @ x F is an isomorphism
in More (7~ 1(z), F).

If C is the category of finite-dimensional vector spaces, finite-dimensional
(*-)algebras, or Lie groups, then C-bundles are referred to as vector bundles,
(x-)algebra bundles, or group bundles? (respectively).

Remark 5.2.2. Note that according to Definition 5.2.1 a (x-)algebra bundle is
always locally trivial, in contrast with the definition of (x-)algebra bundle in [11].
The weaker notion given in [11] will here be referred to as algebra fibration, and
is defined as follows.

Definition 5.2.3 (see also [11, Definition 3.1] for more details). An algebra
fibration B over M is a vector bundle B over M together with a smooth vector
bundle morphism p: B&B — B that satisfies u(by @ u(ba ®b3)) = p(p(br @ be) @ bs)
for all by,bs, b3 that are in the same fibre. Thus, the map (b1,b2) — (b1 ® bo),
(b1, by € B,) induces an associative product on the fibres.

The algebra fibration B is called a *-algebra fibration if in addition there is
a smooth anti-linear fibre bundle morphism =: B — B such that *, turns B, into a
x-algebra.

The space of sections, I'*°(B), of a (x-)algebra fibration B forms a (*-)algebra
with fibre-wise addition, multiplication and involution. The fibration B is called
unital if its algebra of sections I'*°(B) is unital.

Note that C>°(M) C I'*°(B) if and only if B is unital.

Example 5.2.4. An algebra fibration is not necessarily locally trivial as an algebra
bundle. An example is given by the following non-unital algebra fibration. Choose
M = (—1,1) and consider the trivial vector bundle B := M x C — M, where
on each fibre C; (¢t € (—1,1)) the product is given by (a,b:): = tasb;. This is a
non-unital algebra fibration (in the sense of Definition 5.2.3), but not an algebra

bundle (in the sense of Definition 5.2.1). For each s,t # 0 the fibres are isomorphic
by the isomorphism ¢ ; sending C; > a — $a (since ¢ ¢(a-sb) = ¢s ¢(sab) = szt“b
and ¢ 4(a) -t dse(b) = 2 -4 % = t‘i?b = SQtab). However, the product in Cy is the
trivial zero product. Hence the fibres are not all isomorphic as algebras.

2Note that group bundles are not the same as principal fibre bundles, which we will define in
Definition 5.2.13.
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Definition 5.2.5. Let m1: E; — M and mo: E; — M be fibre bundles. A bundle
morphism ¢: E; — Es is a smooth map such that m o ¢ = 7. If E; and Es are
C-bundles, then ¢ is called a C-bundle morphism if ¢|7r;1(£) s ) = my Hw)

is an element of More (m; * (z), 75 *(2)) for each x € M.

The space of smooth sections of a vector bundle E is denoted by I'>°(E). This
is a finitely generated projective C*° (M )-module, where the functions in C*°(M)
act on I'°(E) by fibrewise addition and scalar multiplication, i.e. (s + t)(x) =
s(z) + t(x), (fs)(x) = f(z)s(z) for all f € C®(M), s,t € I°(E), v € M. If
¢ : E; — Ey is a vector bundle morphism, then

G 1 T(E1) = TF(E),  (u8)(2) = ¢(s())

is a C°°(M)-module morphism. In fact, the assignment E — I"*°(E) on objects and
the assignment s — ¢, s on morphisms determines an equivalence of the categories
of vector bundles over M and the category of finitely generated projective modules
over C*°(M). This is the Serre-Swan theorem [86].

Note that, similarly to the case of vector bundles, the set of sections I'*°(G),
where G is a group bundle, forms a group with fibre-wise multiplication and inverse.

Example 5.2.6 (Unitary group bundle). If B is a unital %-algebra bundle (i.e. if
I'*°(B) is unital), we can define the unitary group bundle of B as

UB):={beB|bb* =bb=1}.

Then U(B) is a fibre subbundle of B, which forms a group bundle with group
multiplication of U(B); = U(B,) inherited from the algebra multiplication of B,
and group inverse given by the involution x. We also find that the sections of the
unitary group bundle are equal to the unitary sections of the algebra bundle:

I(U(B)) = UT>(B)).

Remark 5.2.7. Using a partition of unity argument one can show that for each
point e € E,, there exists a section s € I'*°(E) such that s(x) = e. The same is true
for U(B), for B a *-algebra bundle with the fibre isomorphic to a finite-dimensional
C*-algebra, as the following argument shows. Let u € U(B), be given. Then u
can be written as u = exp(ia) for some hermitian element a € B,. Take a section
s = s* € I'™°(B) such that a = s(x). Then § = exp(is(z)) is a smooth section of
U(B) such that 5(z) = u.

Definition 5.2.8. Let 7: E — M be a C-bundle with fibre F'. A fibre subbundle
7w’ E' — M with fibre F' is a C-subbundle if I’ € Obe and there exist local
trivialisations {(U, h,,)} for E such that hy (E'|,) = U x«(F"), where ¢ is an injective
morphism in Mor¢(F', F).
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Example 5.2.9 (Endomorphism bundle). Let 7g: E — M be a (hermitian) vector
bundle with fibre V and local trivialisations (U, h%). Then the bundle of endomor-
phisms End(E) is a unital (x-)algebra bundle over M with fibre End(V') and local
trivialisations (U, hE“d(E)) induced from (U, hE). Every (x-)algebra subbundle of
End(E) is also a (x-)algebra bundle over M.

We conclude this subsection by recalling a Serre-Swan-like result for (x-)algebra
fibrations. We first need a definition.

Definition 5.2.10. Let R be a commutative (involutive) ring. An R-module
algebra is an R-module A with an associative multiplication Ax A — A: (a,b) —
ab which is R-bilinear:

r(ab) = (ra)b = a(rb), Ya,be A,r € R.

An R-module algebra is called involutive if there exists a map *: A — A such
that

(ab)* =b"a"; (a+Db)"=a"+0b"; (ra)*=r*a"; (r,s€R, a,beA).

An R-module algebra homomorphism is an R-linear map that preserves mul-
tiplication.

If B is a (x-)algebra fibration, then the finitely generated projective module
I'*°(B) has a natural multiplication and #-structure defined by the fibrewise oper-
ations, e.g. if s,t € I'*°(B) are sections, then the product section st is defined by
st(z) = s(z)t(x) for all x € M. This turns I'*°(B) into an (involutive) C'*°(M)-
module algebra that is finitely generated projective as a C°°(M )-module.

Theorem 5.2.11 ([11, Theorem 3.8]). Let M be a compact manifold. There is an
equivalence between the category of (unital) (x-)algebra fibrations over M and the
category of (unital) (involutive) C>° (M )-module algebras that are finitely generated
projective as C*°(M)-modules.

Remark 5.2.12. We again emphasise the difference between algebra bundles
and algebra fibrations as mentioned in Remark 5.2.2. It would be interesting to
generalise the above theorem to algebra bundles. However, it is unclear what
algebraic conditions one needs to impose on a C° (M )-module algebra B = I"*°(B)
to ensure that the algebra fibration B is in fact an algebra bundle.

5.2.2 Principal fibre bundles and (classical) gauge theories

In this subsection, we briefly recall the definition of a principal fibre bundle, and
some basic results. We refer to [57, Chapter I] and [9] for more details.
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Definition 5.2.13. A principal fibre bundle P over M with structure group
G (or a principal G-bundle for short) consists of a fibre bundle P Iy M equipped
with a smooth right action of G that acts freely and transitively on the fibres, such
that for a local trivialisation (U, ki) of P, the map h,, intertwines the right action
of G on P|y with the natural right action of G on U x G.

If (U;, h;) and (Uj, h;) are two local trivialisations for the principal fibre bundle
P, then, for fixed z € U;NUj, there is an element g, € G such that the composition
h; o h]._1 maps (z, h) to (z, gzh) for all h € G. The function g;; :  — g, is known
as the transition function between the local trivialisations (U;, h;) and (Uj, h;j).
If (Us, hi), (Uj, hj), (Ug, h) are local trivialisations, then

9ij(@)gjk(x)gri(z) =id € G (5.3)

on U;NU;NUy. Equation (5.3) is also known as the cocycle condition. If {(U;, h;)}
is a set of local trivialisations such that UU; = M, then we say that P has transition
functions {g;;}. One can construct the bundle P as soon as one knows its (G-
valued) transition functions for some set of local trivialisations {(U;,h;)} such
that U1U1 = M:

Theorem 5.2.14 (Reconstruction theorem [57, Chapter I, Proposition 5.2.]). Let
M be a compact manifold, G a Lie-group, and {U;};c;r an open covering of M.
Suppose that for each i, j € I with U;NU; # 0, there is a smooth map g;;: U;NU; —
G such that g;;(x)gjk(x)gri(x) = e for all x € U; NU; NUy. Then there exists a
unique principal G-bundle P over M with the {U;} as trivialising neighbourhoods
and the {g;;} as transition functions.

Principal bundles can be endowed with connections.

Definition 5.2.15. Let {(U;, h;)} be a set of local trivialisations of P such that
U;U; = M. A connection w on P is a set of local g-valued 1-forms w; € Q' (U;, g)
such that

wj = gi; dgij + 9;; wigij (5.4)
for ¢, j such that U; N U; # 0.

Connections always exist (see e.g. [57]). Equation (5.4) is also known as the
transformation rule for gauge potentials in physics. We are now ready to define
what we mean by a classical gauge theory over a manifold.

Definition 5.2.16. Let M be a manifold and G a Lie group. A classical G-
gauge theory over M is a principal fibre bundle P with structure group G. Con-
nections w on P are also called gauge potentials.
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More precisely, the bundle P forms the setting for a classical gauge theory.
The particle fields can be added by introducing associated bundles of P. Also,
associated to a gauge theory is a gauge group. This gauge group should be seen as
a group of symmetries of the physical system, in the sense that the corresponding
dynamics, given by an action principle, is invariant under this gauge group (the
presence of these symmetries is what makes the theory a gauge theory). We
now recall the precise definition of an associated bundle and of the gauge group
associated to the principal bundle P. The discussion regarding the action principle
is postponed until Section 8.3.

Definition 5.2.17. Suppose we are given an action of G on a smooth manifold
F (e.g. a vector space or a Lie group), that is, we have a group homomorphism
p: G — Aut(F). Consider the product manifold Px F' with the equivalence relation
given by (pg, f) ~ (p,p(g9)f). We then define the associated bundle P x, F' as
the quotient of P x F with respect to this equivalence relation, and we write [p, g]
for the image of (p,g) under this quotient. The projection map P x, F' — M is
defined as [p, f] — 7 (p).

By properness and freeness of the action of G on P, the action of G on the
manifold P X F' is free and proper as well, which implies that the quotient P x, F’
is naturally a manifold, and that the projection map P x, F' — M is smooth.
In general, if the manifold F' has some more structure and the action p of G on
F preserves this structure, this structure can be carried over to the fibres of the
associated bundle P x, F'. For instance, if F' is a (finite-dimensional) vector space
and G acts by linear transformations, then P x, F' is a vector bundle (e.g. fibre-
wise vector addition in (P x, F'), is given by [p,v1] + [p, v2] := [p,v1 + va], which
is independent of the choice of p € P,)). If F' in addition carries an inner product
and G acts by unitary transformations, then this induces a hermitian structure on
P x, F' (as defined in Section 5.2.3 below).

Example 5.2.18. Consider the case where F' = G, and the action p : G — Aut(G)
is given by the adjoint action Ad(g)f := gfg~!. The corresponding associated
bundle P xpq G is called the adjoint bundle AdP. Since AdG C Aut(G), the
bundle AdP is a group bundle with fibres isomorphic to the group G. The sections

I'*°(AdP) then form a group with fibre-wise multiplication.
We now state the definition of the gauge group.

Definition 5.2.19. A gauge transformation of a principal G-bundle P is a
principal bundle automorphism of P over id : M — M, that is, a smooth invertible
map ¢: P — P such that w(¢(p)) = 7(p) and ¢(pg) = é(p)g for all p € P and
g € G. The set of all such ¢ is called the gauge group G(P) of P, where the group
multiplication is given by composition.
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Remark 5.2.20. To avoid confusion let us make the following remark on our
terminology. If P is a principal G-bundle the term gauge group refers to G(P). The
group G will be referred to as the structure group of P.

The following result is well known (see for instance [9]).
Theorem 5.2.21. The gauge group G(P) is isomorphic to the group I'*°(AdP).

Definition 5.2.19 is the usual definition for a gauge group. However, for our
purposes it is easier to work with the group I'**(AdP).

Structure group

Let E be a vector bundle with fibre V. A set of local trivialisations {(U;, h;)}
satisfying U;U; = M, and with transition functions g;; = h; o h]-_1 e C*(U; N
Uj, Aut(V)) for U; N U; # 0 is called an atlas on E, and is often simply denoted
as {(U;,9:5)}. An atlas {(U;, gi;)} is called a G-atlas if the transition functions
{gi;} in fact take values in a subgroup G C Aut(V). If E admits a G-atlas,
then we say that E has structure group G. Given two G-atlases {(U;, g;;)} and
{(Ui, gi;)} (where, after taking a common refinement, we may assume (without
loss of generality) that both atlases are given on the same open covering by U;),
we say that they are equivalent if their union is a G-atlas, that is, if there are
functions g; € C*°(U;, G) such that

gij(x) = gi(z) " gij(z)g;(z), for all z € U; NU;.

Given a G-atlas {(U;, gi;)} on E, Theorem 5.2.14 constructs a unique principal
G-bundle P. In fact, P only depends (up to isomorphism) on the equivalence class
of the G-atlas. Hence any (equivalence class of a) G-atlas on E uniquely defines a
principal G-bundle P. Conversely, given a principal G-bundle P, we can construct
the associated vector bundle P x& V. A given set of transition functions of P
induces a G-atlas on P x¢ V, and any other set of transition functions of P would
give an equivalent G-atlas. In this way, P uniquely determines the equivalence
class of G-atlases on P xg V.

In some cases, the equivalence class of G-atlases on E is determined by some
additional structure on the vector bundle E. Of particular interest to us is:

Example 5.2.22. Let E be a complex vector bundle of rank NV, with a given
hermitian structure. Then the equivalence class of U(N)-atlases is uniquely de-
termined by the isometry class of the given hermitian structure, and vice versa.
(This can be proved similarly to the case of O(V)-atlases on tangent bundles, for
which we refer to e.g. [57, Ch. 1, §5]. See also [85, Part I, 12.13].)

Definition 5.2.23 (Lifting of structure group). Let 7 : H — G be a surjective
group homomorphism. A principal G-bundle P is said to lift to a principal H-
bundle Q along 7 if there is a bundle morphism 7: Q — P (over M) such that
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7(gh) = 7(¢)w(h) for all ¢ € Q, h € H. Equivalently, Q is a lift of P if
Qxp G=P

as principal G-bundles. If 7 : Q — P is such a lift and p : G — GL(V) is a
finite-dimensional representation, then

Q Xvaoﬂ-V =P XG,pV

We stress that a lift need not always exist, and if it exists, it need not be unique.

5.2.3 Conjugate modules and vector bundles

In the construction of gauge modules in Section 7.3 we will make explicit use
of the notion of a conjugate module. For completeness, we recall the definition
of conjugate modules and vector bundles here. Since most of the modules are
endowed with a hermitian structure, we recall the definition of a hermitian module
first (see e.g. [62]).

If A is a *-algebra and a € A, then we write a > 0 if a = b*b for some b € A.

Definition 5.2.24. Let A be a x-algebra and let £ be a right A-module. A
hermitian structure (-,-)4: € x € — A on £ is a sesquilinear map (anti-linear
in the first variable) satisfying

€1, 62)

e1,e2);

(e1,e0a0) 4 =
(2, €1)a =
(e,e)a = 0;

(e,e)a =0 < e=0,

/\/\

for all a € A, e1,e9,e € £. We also write (-, -) instead of (-, -) 4 when no confusion
can arise. A module endowed with a hermitian structure is also called a hermitian
module.

A hermitian structure is called non-degenerate if the map

E — & :=Homy(&, A), eo — (e — (ep,€))
is an anti-linear isomorphism.

Note that the assumption that the hermitian structure is positive-definite im-
plies that the map & — £* is injective. Non-degeneracy implies surjectivity of this
map.

A finitely generated projective right A-module £ is of the form pA", for some
N € N and some projection p € My (.A). The restriction of the standard hermitian
structure on A" then gives a non-degenerate hermitian structure on £. If A =
C>(M) (so that &€ = I'*°(E) for some vector bundle E — M by the Serre-Swan
theorem [86]), then the hermitian structure is non-degenerate if and only if the
corresponding sesquilinear forms on the fibres of E are all inner products.
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Definition 5.2.25. Let £ be an A-B-bimodule. Its conjugate module £ is equal
to & itself as an additive group. It can naturally be endowed with a B-A-bimodule
structure by setting

be = eb*, ea = a*e,

for all a € A, b € B, e € £. Moreover, if £ carries a (right) B-valued hermitian
structure (-,-)g, then £ carries a (left) B-valued hermitian structure g(-,-) given
by

B(€1,€2) := (e1,e2)B, e€1,e2 €E,

and similarly € carries a (right) A-valued hermitian structure if £ carries a (left)
A-valued hermitian structure.

If & = I'*°(E) is the C°°(M)-module of sections of some (hermitian) vector
bundle E, then the conjugate module £ is equal to the C*°(M)-module of sections
of the conjugate vector bundle E which is defined as:

Definition 5.2.26. Let E — M be a complex vector bundle. Take E to be equal
to E as fibre bundles over M, and write € for the element in E that corresponds to
e € E under this identification. The bundle E is turned into a vector bundle over
M by defining the vector space structure in E, by

(€1,e3) — €1 F €2, A-E= e,

for all A € C, e,e1,e9 € E;. The vector bundle E — M is called the conjugate
vector bundle of E.

Note that the identification E 5 e + € € E in the above definition is an anti-
linear isomorphism of vector bundles.

Let (U, h) be a local trivialisation of the bundle E, that is, there exists a finite-
dimensional complex vector space V and a fibre-preserving map h : 7y 'L Uxv
that is linear on the fibres over U. Such a local trivialisation of E induces a local
trivialisation of the conjugate vector bundle E given by the map

E:ng(U) Se—hecUxV,
where (z,v) is defined to be (z,7). If {(Us, hs)} is a complete set of local trivialisa-
tions for the bundle E, then {(U;, h;)} is a complete set of local trivialisations for
the bundle E. If g;; is a transition function between two local trivialisations (U;, h;)
and (Uj, h;) of E, then the transition function g;; between the corresponding local
trivialisations (U;, h;) and (Uj, h;) is equal to

hiO}Tj

C(2,0) = hy (h;l(axv)) = hihjfl(gc,v) = (z,9i5(x)v) = (2,7 - gsj(x)").
(5.5)
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The sections of £ = I'°(E) are related to I'*°(E) through an anti-linear C*°(M)-
module isomorphism. Under this identification an element s : z — s(z) corre-
sponds to the element 5 : 2 — s(x). Since £ is the space of sections of a vector
bundle, it has a natural C°°(M)-module structure. This module structure is re-

lated to the module structure on £ by the relation fs = ﬁ Hence & is conjugate
to £.

From here on, we consider A := C°°(M). Suppose that £ is a hermitian right
A-module with hermitian structure (-,-) 4. Let V be a hermitian connection on &,
that is, a map V: & — £ ®4 Q' (M) satisfying the rule

(Ver,e2)arary + (€1, Vea)or () = d(er, e2)a, e1,e2 €€,
where the map (+,")ar(ar): € X (€ @4 QH(M)) — Q' (M) is defined as
(e1,e2 ® )1 (ary = (e1,€2) a0

We then define (-, )1 (ar): (€ @4 QHM)) x € — Q1 (M) as (e1 ® a,e2)0r(m) =

((e2,61 ® a)ﬂl(M))*- o B
The conjugate connection V:E& — QY(M)®4 € is given by

Ve =Ve, (e€f),

where e@w = w*®@e for all e® w € €@ QY(M). Here * : QY(M) — QY (M)
is defined as (fdg)* = f*(dg*). It then follows that V is also hermitian for
the map g1 (ar)(+,-): QU M) @4 E x € = QY (M) defined as g1 (a (o @ €1, e3) =
(81 ® a*, 62)91(M) = 04(61, €2)A.

For a commutative algebra A the notion of left and right modules are equiva-
lent. If £ is a left A-module with A-valued inner product 4(-,-), then

(e1,€2)4 = alea,e1)

defines a A-valued inner product when £ is considered as as right A-module. If
A = C>(M), we will always consider £ as a right .A-module. One can verify that
V is a hermitian connection for 4(-,-) if and only if V is a hermitian connection

for (-7 ')A-

5.2.4 Covering maps

We observe that, for a surjective group bundle morphism ¢: H — G, the induced
map ¢, : I'*°(H) — I'°°(G) need not always be surjective, as the following example
shows.

Example 5.2.27. Take M = SO(3) and consider the globally trivial group bun-
dlesH = M xU(2) and G = M x PSU(2), with the obvious group bundle morphism
¢: H— G given by the quotient 7: U(2) — PSU(2).
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Since the bundles H and G are globally trivial, we can make the identifications
I'*°(H) = C*(S0(3),U(2)) and I'*°(G) = C*(SO(3), PSU(2)). Consider the map
f:S0(3) — PSU(2) given by the identification of PSU(2) with SO(3), i.e. f = id
on SO(3). We will show that there is no lift f: SO(3) — U(2) such that f = 7o f.

To see that such a map does not exist, note that a map g: SO(3) — U(2)
such that f = 7 o ¢ is nothing but a global section of the U(1)-principal bundle
m:U(2) = SO(3). However, as this bundle is not globally trivial, such a section
does not exist.> Hence the map f, seen as a section in I'™°(G), is not contained in
the image of ¢,.

In this subsection we aim to find sufficient conditions for the surjectivity of
¢«. In other words, we would like to have sufficient conditions to ensure that for
any section s: M — G there exists a lift §: M — H such that ¢.(8) = s. Though
the existence of lifts for covering maps has been well-studied, we will typically be
dealing with more general fibrations ¢: H — G, for which the problem of existence
of lifts is more complicated. We avoid this problem by reducing it to the case of
covering maps, as follows.

Lemma 5.2.28. Let p: E — B be a fibration, and consider some map f: M — B.
Suppose there exists a submanifold C C E such that p|c: C — B is a covering
space, satisfying f.(m1 (M, m)) C p«(71(C,c)), where m € M and c € C are such
that f(m) = p(c). Then there exists a lift f: M — E satisfying p o f=7f and

Fm) =c.
Proof. Consider the diagram

-

C
7
plc
f B——

M ——s

=

-
3

Sy

The assumption f.(m1(M,m)) C p.«(m1(C,c)) implies (see e.g. [41, Proposition
1.33]) that there exists a lift f': M — C satlsfylng f'(m) = ¢, and then we can

simply define f M — FE as the composition M —) C — E. O

We now translate the above lemma into the setting of group bundles, where
we will need it later.

Corollary 5.2.29. Let M be a simply connected manifold, and let G,H be group
bundles over M. If G is covered by a subbundle U of H via a group bundle morphism
¢ :H— G, then the map ¢, : T°°(H) — I'>°(G), given by s — ¢ o s, is surjective.

3The fundamental group of U(2) is Z, whereas the fundamental group of SO(3) x U(1) is
ZQ X 7.
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Proof. By assumption, ¢ly: U — G is a covering space. Since 1 (M, m) is trivial (by
definition of simply-connectedness) it follows from Lemma 5.2.28 that each section
s: M — G can be lifted to a section §: M — U C H such that ¢.(3) = s. O

5.2.5 Spectral triples and Kasparov modules

Spectral triples were introduced in [19] as a noncommutative analogue of a spin
manifold.

Definition 5.2.30. A spectral triple (A, H, D) is given by an involutive unital
algebra A represented as bounded operators on a Hilbert space H and a self-
adjoint (generally unbounded) operator D with compact resolvent (or equivalently,
(1 + D?)7%/2 is a compact operator) such that a - Dom D C Dom D and the
commutator [D, a] is bounded for each a € A.

A spectral triple is called even if there exists a Zs-grading v on H that com-
mutes with any a € A and anti-commutes with D.

A spectral triple is called real if there exists an anti-unitary isomorphism
J: H — H satisfying

J?=¢, JD =¢'DJ, Jy = e"yJ (if v exists),
[a, JbJ*] =0, [[D,a], JbJ*] =0, Va,b € A.

The signs ¢, ¢’ and €” determine the KO-dimension n modulo 8 of the real spectral
triple, according to the following table:

n |0 1 2 3 4 5 6 7
el 1. -1 -1 -1 -1 1 1
g1 -1 1 1 1 -1 1 1
e’ 1 -1 1 -1

We will also refer to the conditions [a, JbJ*] = 0 and [[D,al, JbJ*] as the
zeroth- and first-order conditions, respectively.

Given an algebra A, we define the opposite algebra as the vector space AP :=
{a°? | a € A} with the opposite product a°?b°? = (ba)°P. For a real spectral
triple, we therefore have a linear representation of A°? on H given by a°? — Ja*J*.

The notion of spectral triple can be seen as an unbounded version of a Fredholm
module. The generalisation of Fredholm modules from Hilbert spaces to Hilbert
modules was performed by Kasparov in [55], where for any two C*-algebras A
and B the set KK (A, B) was defined as the set of equivalence classes of certain
Kasparov A-B-modules. In addition, there exists a Kasparov product K K (A, B) X
KK(B,C) — KK(A,C). More details can be found in e.g. [8]. These Kasparov
module were subsequently generalised to the unbounded picture by Baaj and Julg
[2]. We will only focus on the unbounded picture, which we briefly recall below.
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Definition 5.2.31 ([2]). Given Zj-graded C*-algebras A and B, an unbounded
Kasparov A-B-module (44)Ep, D) is given by

e a Zy-graded, countably generated, right Hilbert B-module Ep;
e a Zs-graded *-homomorphism ¢: A — Endg(E);

e a self-adjoint, regular, odd operator D: Dom D C E — F such that, for all
a in a dense sub-algebra A of A, ¢(a) - Dom D C Dom D and [D, ¢(a)]+ is
(or extends to) a bounded endomorphism, and ¢(a)(14 D?)~2 is a compact
endomorphism (i.e. it lies in End% (E)).

The set of all unbounded Kasparov A-B-modules is denoted by (A, B).

A right Hilbert C-module is just a Hilbert space. A spectral triple (A, H, D)
may then be seen as an unbounded Kasparov A-C-module (4Hc, D), where the
C*-closure A of A is trivially graded.

There is a natural map from the unbounded picture to the bounded one. This
map is defined by replacing the operator D in (4(4)Ep, D) by b(D) = D(14+D?)" 2,
where b: R — R denotes the function b(z) = (1 4 22)"z.

Theorem 5.2.32 ([8], Theorems 17.10.7 and 17.11.4). If (4a)EB, D) € V(A, B),
then (44 EB,b(D)) € KK (A, B). Moreover, if A is separable and B is o-unital,
then this map V(A, B) - KK (A, B) is surjective.

The Kasparov product also has an unbounded analogue. To be precise, we say
that a unbounded Kasparov A-C-module (4(4)Ec, D) represents the Kasparov
product of two unbounded Kasparov modules (¢, (4)E1 5, D1) and (4,()E2c, D2)
if [(E,b(D))] € KK(A,C) is the Kasparov product of [(E1,b(D;))] € KK(A, B)
and [(E2,b(D9))] € KK(B,C).

We will show in Chapter 6 that the construction of an almost-commutative
manifold as the product of an internal space I with the underlying manifold M
corresponds to an unbounded Kasparov product on the level of K K-classes. Al-
though this follows from the (more general) framework of Mesland [73], we will
prove it directly using the following result.

Theorem 5.2.33 (Kucerovsky [61]). Let (4,(a)Ep, D1) and (y,5)Eg, D2) be un-
bounded Kasparov modules. Write E := E'®pE?. Suppose that (¢ 1) Ec, D) is
an unbounded Kasparov module such that:

i) for all ey in a dense subspace of ¢1(A)E", the commutators

(5 5.) (@)

are bounded on Dom(D & Dy) C E @& E?;
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i) Dom(D) C Dom(D;®1);

iii) (D1®1)e, De) + (De, (D1®1)e) > K(e,e) for some K € R, for all e €
Dom(D).

Then (E, D) represents the Kasparov product. Here @ denotes the graded tensor
product and for ey € Ey the operator T, : E2 — E is given by Te, (e2) = €1 ® ea.



Chapter 6

Almost-commutative
manifolds as a KK-product

Almost-commutative manifolds M x F of the form (5.1) were first studied in [22]
and [23, 24, 25, 26]. They were later used in [18, 15] to geometrically describe
Yang-Mills theories and the Standard Model of elementary particles. The name
almost-commutative manifolds was coined in [52], their classification starting in
[60].

Let M be a smooth compact even-dimensional Riemannian spin manifold. We
assume (throughout this chapter) that M has dimension 4. The manifold M can
be completely characterised [21] by the real even spectral triple

(COO(M)aLz(S)vwv’YEU JM)7

which is often referred to as the canonical spectral triple for M. Here S is a spinor
bundle over M, I = —icoV* is the corresponding Dirac operator (where V5 is the
lift of the Levi-Civita connection on M, and ¢ denotes Clifford multiplication®),
~s5 is the grading of the spinor bundle, and Jj is the charge conjugation operator.
Given a real even finite spectral triple (Ap, Hp, Dr,vF, Jr) (for which dim Hp <
00), we can construct the product triple

M x F = (C®(M,Ar),L*(8) @ Hp, D @1+ 75 ® Dp,v5 @ vp, Ju @ Jr) .

Defining the (globally trivial) algebra bundle B = M x Ar and the (globally trivial)
vector bundle E = M xH ., we can rewrite C*° (M, Ap) 2 '°(B) and L?(S)@H r =
L?(S®E). The purpose of this chapter is to generalise the construction of M x F to
globally non-trivial bundles over M. At the same time, we will put this generalised

1We use the conventions c(v)c(w) + c(w)e(v) = 2g(v,w) and c(v)* = c(v) for any v,w €
0o (TM).

135
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construction in the context of the Kasparov product between unbounded Kasparov
modules. The globally non-trivial case was first considered in [11] for the case of
algebra bundles with fibre My (C), and has also been studied more generally in
[13].

6.1 The internal space

Definition 6.1.1. A (smooth) internal space I*° over a compact manifold M
is given by the data

I = (FOO(B)v FOO(E)v Dl)a

where E is a hermitian vector bundle over M, B is a unital x-algebra subbundle of
End(E), and Dy is a hermitian element of I'*°(End(E)) = Endcee (a)(I'*°(E)).

An internal space is called even if there is a grading 77, i.e. an endomorphism
~vr € I'*°(End(E)) such that

Yi=v1, =1,  ~yDr=-Dry, ya=ay Ya€T>(B).

An even internal space is called real if there is a real structure Jj, i.e. an anti-
unitary endomorphism J; on E such that

Ji=e¢, JiD; =¢€'DyJy, Jrvr ="y 1,
[a, Jb*J*] =0, [[Dy,al], Jb*J*] =0, Va,b € T*°(B),

where the signs determine the K O-dimension of the internal space according to
the same table as in Definition 5.2.30.

We shall write A = C*®(M), B = I'*°(B), and £ = I'*°(E). Their respective
C*-closures are denoted by A = C(M), B=T(B), and E =T'(E).

Proposition 6.1.2. An even internal space I = (I'*°(B),I'*°(E), Dy) yields an
unbounded Kasparov B-A-module I = (43)I'(E)a, Dr).

Proof. The algebras A and B are trivially graded C*-algebras, and E =T'(E) is a
Zo-graded, finitely generated, right Hilbert A-module, with a left action of B that
commutes with the (right) action of A. The properties of 7; guarantee that all
conditions with respect to the grading are satisfied. For instance, the condition
(E(m), E(")) C AmH1) where m,n € Zo, is satisfied, since the condition Vi =1
implies that (s,t) = 0 as soon as one of the arguments is odd and the other is
even. The operator Dy is a bounded, self-adjoint, odd operator by definition (and
hence it is automatically regular). The boundedness of D; implies that [Dy,b] is
also bounded for all b € B.

For a compact manifold M the compact endomorphisms of the Hilbert-C'(M)-
module T'(E) are exactly the sections of the endomorphism bundle End(E), i.e.
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End%(M)(I‘(E)) = I'(End(E)).2 Thus, ¢(b)(1 + D?)~2 is compact for all b € B,
because both (1+ D2)~2 and ¢(b) are compact.

Hence (4(5)I'(E)a, Dr) has all the properties mentioned in Definition 5.2.31.
]

6.2 The product space

Definition 6.2.1. Let I := (I'*°(B),I'*°(E), Dy, 71, Jr) be a real even internal
space over M, with M a compact 4-dimensional manifold. Let V! be a hermitian
connection on E. We define a real even almost-commutative manifold to be

I® xg M := (T*°(B), L*(E®S), Dg+ Dr ®75,71 @75, J1 ® Jur)

where L*(E ® S) = I'(E) ®c(ay L*(8) are the L?-sections of the twisted spinor
bundle E® S, and IJ; is the twisted Dirac operator

Dyg=leoyD:=1D—ilac) o (V aI).

Note that by definition the underlying manifold of an almost-commutative mani-
fold is always assumed to be of dimension 4.

We note that our definition of almost-commutative manifolds fits within the
slightly more general definition of almost-commutative spectral triples given in
[13, Definition 2.3].

The order of I°° and M in the notation I°° xy M is reversed in comparison
with the order of F and M in M x F. The reason is that the order I*° xy M
is more natural from a K K-theoretical viewpoint, whereas the notation M x F
for the globally trivial case is quite standard in the literature. Below we show in
detail that an almost-commutative manifold I*° xv M determines an unbounded
Kasparov B-C-module (i.e. a spectral triple over B) whose K K-class represents
the Kasparov product between the K K-classes of the internal space I°° and the
canonical spectral triple for M.

Proposition 6.2.2. Let [ = (I'*°(B),I"*°(E), Dy, 1, J1) be a real even internal
space over M of even KO-dimension k. Let V! be a hermitian connection on
E that commutes with the grading vy and the real structure Jy in the sense that
VﬁJI = JIV{H such that the induced connection [V,-] on EndE restricts to a
connection on B. Then the real even almost-commutative manifold I°° Xy M is a
real even spectral triple of KO-dimension 4 + k (mod 8).

2Since T'(End(E)) is already unital, the compact endomorphisms of T'(E) are actually all the
bounded endomorphisms [31, Proposition 3.9].
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Proof. Let us write D := Dy + D7 ® v5. We need to show that [D,a] is bounded
for all @ € T°°(B). Since Dj is bounded itself, we need only check this for the
twisted Dirac operator g, and we find3

[P, a] = —ic([V',a]),

which for smooth a indeed acts as a bounded operator on L?(E® S). Furthermore
we need to show that D has compact resolvent, and (as M is compact) for this
it is sufficient to show that D? is elliptic. The Lichnerowicz-Weitzenbdck formula
shows that the square of the twisted Dirac operator IJg is a generalised Laplacian,
and hence is elliptic. The bounded (zeroth-order) perturbation g — g+ D;®7s
does not affect this ellipticity. Hence I°° xy M is indeed a spectral triple.

Given the grading operators ; and 7s, it is straightforward to check that
D(v; ®75) = — (71 ® v5) D, provided that [V, ~7] = 0.

Given the real structures J; and Jy,, the operator J; ® Jj; is anti-unitary and
satisfies

(J1 ® Ju)? = —,
D(J] X JM) = (J[ X JM)D,

(Jr @ Im)(vr @5) = " (v @ v5)(Jr @ Jur), (6.1)
where the signs e,¢” are determined by the KO-dimension k of J;. The first
equality in Equation (6.1) is immediate from J3; = —1 and J? = e. Using the
relations

Jul) = DI, YIm = —JIu", Ysdm = Jnmys,
and
JiD; = Dy, ViJr=JiV,,

the second equality in Equation (6.1) is checked by a local calculation (writing
I®c)o(VIl) =V, @v"):
D(Jr @ Jur)(s @ ¢) = (Jrs) @ (PInp) — i(V},Jrs) @ (v Tare))
+ (D1J1s) ® (v Jmvp)
= (J18) ® (Ju DY) +i(J1Vy8) @ (Jauy" )
+ (J1D1s) @ (Jpys)
= (J1s) ® (Jardp) — (J1V},8) @ (Jarintep)
+ (J1D1s) @ (Jmys)
= (J1® Ju)D(s @ ¢).

3With some abuse of notation, we write ¢(T ® o) = T ® c¢(a) for T € I'*°(EndE) and
a € QY (M).
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The third equality in Equation (6.1) immediately follows from [Jas,v5] = 0 and
Jiyr = €’vrJ;. From the values of —e and &” it is immediate that the KO-
dimension of I x M should be 4 + k (mod 8) (see the table in Definition 5.2.30).

The zeroth-order condition on I°° xy M is immediate from the zeroth-order
condition on I°°. Moreover,

[[Pg, a), JbJ*| = —i[c([V!, a]), JbJ*] = —ic([[V!, a], JbJ*]) = 0,

because, by assumption, [V!,a] € '™ (B) ®cee(ary QH(M), which commutes with
JbJ*. Together with the first-order condition on Dy, this implies that D satisfies
the first-order condition. O

For a real spectral triple T = (A, H, D, J), the gauge group is defined as [89,
Definition 2.5]

G(T) = {uJuJ* |u e U(A)} 2UA)U(A,), (6.2)

where the central subalgebra A is defined as Aj := {a € A | aJ = Ja*}. For the
above almost-commutative manifold, we thus obtain the gauge group

G(I* xv M) =U(B)/U(B,),

for the real structure J = J; ® Jy;. However, since By = By,, we find that the
gauge group of the almost-commutative manifold is completely determined by the
internal space, and we write

GI* xy M) =2 G(I®) = {uJruJ] |ueU(B)}. (6.3)

6.3 The Kasparov product

We now show that the product I*° xy M represents the unbounded Kasparov
product of the K K-classes of I°° and the canonical spectral triple for M. We first
prove this for the cases where D; = 0, and then show that the presence of Dy is
irrelevant at the level of K K-classes.

Let I°° be an internal space over M, where D; = 0, and consider the un-
bounded Kasparov module I := (pFE4,0), where E = I'(E). We know from Propo-
sition 6.2.2 that I xy M = (B,L?(E® S), D) is a spectral triple, which thus
yields an unbounded Kasparov module I xy M = (pL?*(E ® S)¢, D) € ¥(B,C)
(Definition 5.2.31).

Proposition 6.3.1. The unbounded Kasparov module I X< M represents the Kas-
parov product of (the classes of) I € W(B, A) and (4L?(S)c, D) € ¥(A,C).
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Proof. 1t suffices to check the conditions of Theorem 5.2.33. Since D; = 0, condi-
tions ii) and iii) are trivial, and we only need to check Condition i). For all e in a
dense subspace of BE = E, we need to check boundedness of

DT, —T.Ip on Dom(Ip) C L*(8),
DT — T D on Dom(D) C E®4 L*(S) 2 L*(E® ),

where D = Py = —i(I®c) o (I® VS + VI ®1). For ¢ € Dom () we obtain
(DT, —T.P)p = —i(I@c)o 1@V + VI @) e® — e® Pih = —ic(Vie) @1,

which is indeed bounded for all e in the dense subspace £. Next, for f @ ¥ €
Dom(D) we obtain

(PT; —=T:D)(f @) = Dle, v — (e, YDy +i(e.c(V! ) = —ic(V'e, f),

where we have used the compatibility of the connection V! with the hermitian
form (-|-).4, and this is again bounded for smooth e. O

To prove a similar result for the case where D; # 0, we use the following two
lemmas.

Lemma 6.3.2. If 4y E4 is finitely generated projective as a right A-module, then
for any self-adjoint, odd endomorphism F € Enda(F), the unbounded Kasparov
B-A-modules (yyEa, F') and (4(3)Ea,0) represent the same class in KK (B, A).

Proof. Since F is a finitely generated projective A-module, all bounded endomor-
phisms are in fact compact, i.e. Ends(E) = End%(E). The equivalence of the
compact operators 0 and b(F) = F(1 + F2)~z is then simply obtained via the
operator homotopy t +— tb(F), for t € [0,1]. Hence the modules (4pyEa,b(F))
and (4(p)F4,0) are equivalent bounded Kasparov B-A-modules. O

Lemma 6.3.3 (see also [61, Corollary 17]). Let (4pyEa, D) € ¥(B,A) and let
T € End4(E) be self-adjoint and odd. Then

1. (p(yEa, D+ T) is also an unbounded Kasparov module in ¥(B, A), and;
2. (p(ByEa, D+T) and (ypyEa, D) represent the same class in KK (B, A).

Proof. 1. Since T is bounded and self-adjoint, it follows from the Kato-Rellich
theorem for Hilbert modules (see [54, Theorem 4.5]) that the sum D + T
remains self-adjoint and regular. The only non-trivial thing to prove is that
D + T has compact resolvent, i.e. ¢(b)(1 + (D + T)?)~/? € End%(E) for
all b € B C B. This is equivalent to showing that ¢(b)(di + D + 1)1 is
compact. The operator (£i+ D+7)~! maps E into Dom(D+T) = Dom D,
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so that (&4 + D)(£i + D + T)~! is a well-defined bounded operator on E.
From
¢(b)(£i+ D +T) ' = ¢(b)(£i+ D) (£i+D)(£i+D+T)*
we then see that ¢(b)(£i+ D +T)~! is compact.
2. The idea is to prove that (4z)FEa, D +1T) € V(B, A) represents the Kas-

parov product [(¢ByEa, D)]®a [(4A4,0)]. It is enough to show that all the
conditions in Theorem 5.2.33 are satisfied. First of all,

Asa— (D+T)T(a) = ((D+T)e)a,
and
(f@a) »T}(D+T)(f ®a)=((D+T)e, f)aa,

are both clearly bounded for all e € Dom(D+T) = Dom D. As (4(5)Ea, D+
T') is an unbounded Kasparov module, there exists a dense subalgebra B such
that ¢(B) Dom D C Dom D. Consequently, ¢(8) Dom D is a dense subset of
¢(B)E. This proves that Condition (i) in Theorem 5.2.33 is satisfied.

Since Dom D = Dom(D + T'), Condition (ii) is also satisfied. For the final
condition, a small calculation shows that

((D+T)e,De)+ (De,(D+T)e) =((D+T)e,(D+T)e) — (D +T)e,Te)
+ (De, (D +T)e)
=({(D+T)e,(D+T)e)— (Te,Te)
+ (De, De)
> —||T|*(e,e),
for all e € Dom D, since ((D+T)e, (D+T)e) and (De, De) are positive. [

Corollary 6.3.4. The unbounded Kasparov module IxyM = (E®4L?(S)c,[®v
D+ D;®7s) represents the Kasparov product of I = (gEa, Dy) with (aL*(S)c, D).

Proof. By Lemma 6.3.2 we know that (gFE 4, Dr) and (gE4, 0) represent the same
Kasparov class. From Proposition 6.3.1 it then follows that the cycle (gE ®4
L?(8)c, IDg) also represents the Kasparov product of (g E 4, Dy) with (4L2(S)c, D).
According to Lemma 6.3.3 the cycle (gE ®4 L%(S)c, IDg + D; ® v5) represents the
same Kasparov class as (pF ®4 L%(S)c, D), so it also represents this Kasparov
product. O

Remark 6.3.5. 1. The construction of I xv M via Kasparov products fits nat-
urally in the framework of Mesland’s category of spectral triples [73], where
the internal space I*° with the connection V can be seen as (a representative
of) a morphism from the canonical triple for M to the almost-commutative
manifold 1°° x¢ M.
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2. As is clear from the above discussion, the presence of the operator D; (or
D; ® v5) is completely irrelevant on the level of K K-classes. In this sense
the K K-equivalence is too strong for our purposes, because in the models
under consideration the presence of the operator D; certainly does matter.
We will describe in Chapter 8 how this operator plays the role of a ‘mass
matrix’ for the elementary fermions of the gauge theory, and gives rise to
the Higgs field (see also Section 8.5.2 for a concrete example of Dy as a mass
matrix).



Chapter 7

Principal and gauge modules

We would like to describe a classical gauge theory on a manifold M by considering
an almost-commutative manifold 7°° xv M. For this purpose we will now restrict
our attention to a special case of internal spaces.

In Section 7.1 we first recall (part of) the classification of finite-dimensional
real spectral triples that has been done by Krajewski ([60]). In Section 7.2 we then
define the notion of principal modules, and we show that, when the base manifold
is simply connected, the gauge group of a principal module (as defined for internal
spaces in Equation (6.3)) is isomorphic to the classical notion of the gauge group
of a principal fibre bundle (as defined in Definition 5.2.19). Principle modules are
of an entirely geometric nature.

In Section 7.3 we introduce so-called gauge modules, which are of a purely
algebraic nature. We show that each gauge module is in fact also a principal
module, but unfortunately not all principal modules can be obtained from gauge
modules.

7.1 Real finite spectral triples

Finite-dimensional real spectral triples have been classified by Krajewski [60] for
the case of KO-dimension 0. With similar arguments, this can be generalised to
arbitrary K O-dimension (c¢f. for instance [91]). In the following theorem we give
the result for complex algebras, while also setting the matrix Dy = 0. Below c.c.
denotes complex conjugation of the coefficients with respect to the standard basis
of C™is,

Proposition 7.1.1. Let F := (Ap,Hp,0,JF) be a real finite spectral triple over

143
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a complex x-algebra Ar. Up to unitary equivalence, this triple is of the form
l l l
AF:®MN,i((C)7 HF: @sz, Hij = @MN“NJ.((C)(@(CmU’
i=1

i,5=1 i,j=1

such that m;; = my;, and the inner product on each copy of Mn, n,(C) is given
by (t1,t2) = Tr(tita). If J3 =€, then Jp acts on Hi; & Hji, (i < j), as

0 e()*
< () 0 > ® (Idy,,; oc.c.).
The real structure Jp acts on Hy; =2 My, (C) @ C™i as
()* Y (Idmn OC'C')7

miq

if J& = 1. If J& = —1, then m;; is even and Jr acts on (M, (C)® My, (C))®C ™2

< (.0)* _g)* >®(Idm§“oc.c.).

The different copies of My, n,(C) (with respect to the above decomposition) in H;

are denoted by 7—[%, where 1 < a < my;.

Remark 7.1.2. Write V; = C":, endowed with the standard inner product. Con-
sider the linear isomorphism

L:V@W = Hom(W,V), v@ww (W viw,w)), veV, ww W,

where V, W are finite-dimensional complex vector spaces, and W denotes the
conjugate vector space. Then the finite-dimensional Hilbert space H;; can also be
put in the form

Hp = @ V;®V;,
(i,j)eK

endowed with its standard inner product. Here K is a multiset consisting of
pairs in I x I such that the multiplicity of (i,j) is equal to (j,7) and such that
the projection K — I on either of the factors is surjective (this last condition is
equivalent to the faithfulness of the action of Ar on Hp). The algebra Ap @ A%
acts on a summand V; ® V; as

(a,bP)(v@W) = a;v ® b;fiw,
and the corresponding real structure on V; ® vj - V;® V; is simply given by
Jr(v@W) = tw 7,

where the signs are determined by the K O-dimension of F. We will use this form
of the real finite spectral triple in Section 7.3.
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From now on we assume that every real finite spectral triple (with Dp = 0) is
of the form as mentioned in Proposition 7.1.1. Later on, the algebra (Ar) . will
also be of interest, so we conclude this section by determining its precise form.

Recall that, in general, for any real spectral triple (A, H, D, J), the complex
central subalgebra A is defined as Ay ={a € A | Ja = a*J}.

Proposition 7.1.3. With notation as above (and with \; € C for each i), we have

(Ap)se = {a =@ Niidy, € Ap | A = N, if Hiy # {0},

icl

Proof. We can assume that J is in standard form. Write Ap = @@, My, (C) and
consider an element a = P,c;a; € Ap. If t € H; (1 < a < myj), then

i€l
a(Jpt) = £a;t* and Jp(a™t) = £t*a;.
Choose t* = ey, where 1 <k < Nj and 1 <1 < N;. Then

(ajer)ys = (aj)yk0p1, and  (exiai)yp = Oy (ai)ip-

Therefore, aJrp = Jpa™* if and only if

(aj)vk0p1 = (ai)130~k,

forall 1 <k,v < Njand1<1U[,3<N; It follows that a;, a; are diagonal and
(aj)ke = (a;)y for all 1 <k < N;j and 1 <1 < N;. Hence, a € (Ap) s, if and only
if each a; = )\iidNi and )\z = )\j if /Hij 7é {0} O

The following definition is inspired by the proof of Proposition 7.1.3.

Definition 7.1.4. Let Ar = @,.; Mn,(C) act on Hp = P, j; Hij as above.
We define an equivalence relation on I as follows. For ¢ # j € I we set i ~ j if
there exists a sequence i = iy, ..., = j such that H;, ;_ , # {0} forall 0 <1 < k.
If ¢ ~ j we say that i is connected to j.

Proposition 7.1.3 in particular shows that C C (Ar)s. C Z(AFR).

Corollary 7.1.5. We have the isomorphism (Ar).s. = @;er/~ C. In particular,
the two extreme cases are:

o (Ap)y. = Z(Ap) if and only if H;; =0 for all i # j (that is, I/~ =1I).

o (Ar)j, = C if and only if i is connected to j for all i,j € I (that is,

I/~ 22 {0}).
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7.2 Principal modules

We now want to find spectral triples for gauge theories that are globally non-
trivial. Recall from Definition 5.2.16 that a general gauge theory with structure
group G on a manifold M is given by a principal Gp-bundle P over M (along
with a prescribed action functional or Lagrangian).

If (Ap,HF,Dp, Jr) is a finite-dimensional real spectral triple, then the corre-
sponding gauge group G is given by (see also Equation (6.2))

Gr = {uJpuJp | u € U(AR)} 2 U(AR)/U((AF) 1, ).

Such finite spectral triples can be used to describe globally trivial gauge theories
over M (see the Introduction). Any finite spectral triple F' automatically yields
an internal space

I = (T%(M x Ap),T>(M x H), Dp, Jp),

where now Dp and Jp are seen as constant bundle endomorphisms acting on
the fibre Hr. We now want to generalise this construction in order to describe
globally non-trivial gauge theories. Of course, fibrewise we want to obtain the
finite-dimensional situation that has been obtained by Krajewski in [60], and has
been explained in Section 7.1.

The most straightforward way to obtain (examples of) globally non-trivial
gauge theories over M would then be as follows (see also [13, Lemma 2.5] and
[11]). Take any real finite spectral triple F := (Ap, Hp, DF, Jr) with gauge group
Gr, and let M be a smooth compact 4-dimensional Riemannian spin manifold.
Take any principal G p-bundle P — M. We construct the globally non-trivial triple
of the form

Pxgp F = (FOO(P XGp AF),FOO(P XGp HF)vDP71 X JF)

Here Dy could be 1 x Dp, but we also allow for more general endomorphisms acting
on the vector bundle P X, Hp satisfying certain compatibility requirements (see
Definition 8.1.1).

Remark 7.2.1. Note that (in contrast to [13]) we do not require Dp to be of the
form 1 x Dp, where Dy is a Gp-invariant operator on H g, as such an assumption
is too strong for our purposes. In particular, in specific examples (such as the
noncommutative Standard Model) that requirement would prevent the appearance
of a scalar (Higgs-like) field through inner fluctuations.

For the remainder of this section we ignore the endomorphism Dp, since it is
not relevant for the definition of the gauge group. Since P X, F' is constructed
from a principal bundle we introduce the following terminology.
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Definition 7.2.2. Let F':= (Ap,HF,0,Jr) be a real finite spectral triple of the
same form as in Proposition 7.1.1. Write G for the corresponding gauge group.
Let M be a smooth compact Riemannian spin manifold and let P — M be any
principal Gg-bundle. A triplet of the form

P xg, F = (TP x¢g, Ap), (P x¢, Hr),1 X Jp),

is called a principal Gp-module over M (or C*°(M)) with fibre F'. For brevity,
we introduce the notation B := Px g, A, E :=Pxqg,.Hp, B:=T%(B), £ :=T'*(E),
and J :=1x Jp.

Remark 7.2.3. The principal fibre bundle P is an explicit ingredient in the def-
inition of a principal module. From P we construct the associated vector bundle
E =P X¢g, Hr, and (as discussed in Section 5.2.2) P equips E with a unique equiv-
alence class of Gg-atlases. Whenever we consider transition functions of E, we
therefore assume that they form a Gr-atlas in the equivalence class obtained from
P. Given a Gp-atlas, the vector bundle E inherits a hermitian structure from the
inner product on Hp, which is well-defined because the action of Gp on Hp is
unitary. For two equivalent G p-atlases, the corresponding hermitian structures
are isometric (see Example 5.2.22).

We stress that, given only the vector bundle E (with structure group G), we
cannot reconstruct the principal Gg-bundle P. In order to reconstruct P, we also
need to know the corresponding equivalence class of G p-atlases.

Proposition 7.2.4. A principal module P X, F' is a real internal space
(T°(P xgp Ap), I'°(P xg, Hr),0,1 x Jp) over M.

Proof. The action of G on Ap is given by conjugation when Ap is considered as
a x-subalgebra of End(# ). Consequently, the fibre-wise action of the x-algebra
bundle B = P xg, Ar on E is well defined, and hence B is a unital x-algebra
subbundle of End(E). The operator D; = 0 is trivially a hermitian endomorphism.
Since the operator Jr commutes with G, it induces a real structure J, on each
fibre of E. The operator J = 1 x Jpr denotes the anti-linear operator on E that is
induced by these real structures J, on the fibres. O

Remark 7.2.5. Because (uJpuJi)a(Jpu*Jiu*) = uau* for all a € Ap, u €
U(AF), we see that the given action of an element uJpuJy € Gp on Ap coincides
with the usual conjugation of the element v € U(Ap). Since (Ar) . C Z(AF), the
map 7 : Gp 3 uJpuJj — Ad(uJpuJy) = Adu € Inn(Ap) does not depend on
the choice of u. Thus, the surjective map 7: Gp — U(Ar)/U(Z(AF)) = Inn(Ap)
is induced by the usual map U(Ar) — Inn(Ap) (recall that Gr is the quotient
U(AR) JU((AF) 5,)).
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7.2.1 The gauge group

Consider a principal module P xg, F = (B, g, J ) over M. Using the classification
of Ar and Hr, as given in Section 7.1, we can decompose the bundles B = Px g, Ap
and E =P xg, HF in a similar way:

B:@BZ‘, Bi:PXGF MN7((C),
el

E= @Eij, Eij:PXGF ,Hlj
i€l

Each vector bundle E;; carries the obvious action by B ® B°?. Note, however,
that even though H;; = CVi ® CNi @ C™ii, E;; is not necessarily of the form
E; ® E; ® C™4 for some vector bundles E; and F; (see also Section 8.5.1).

Note that, for the case i = j, the bundle E;; is necessarily isomorphic to (a
number of copies of) B;. Indeed, the Gp-valued transition functions act on the
fibres of E;;, which are isomorphic to (copies of) My, (C), by conjugation with an
element u € U(N;), and are therefore inner automorphisms of the algebra My, (C).
By Remark 7.2.5 these transition functions are equal to those for the x-algebra
bundle B;.

Denote by [i] the equivalence class of all j € I that are connected to i (see
Definition 7.1.4). Write

B = @ Bs,
s€li]

and write by;) for the projection of an element b onto By;j. As (Bf;))s = C*°(M) we
get (see also Corollary 7.1.5)

By= P c=(M).
el /~
The gauge group of the principal module P X, F = (B,&,J) is defined as
(see Equation (6.3))
G(P xg, F) = {uJuJ" |ueU(B)} 2UB)/UB,).

At the same time, a principal Gp-bundle P — M is equipped with the gauge
group G(P) = T'°(AdP) (see Section 5.2.2). We now aim at showing that for
a principal module P x¢, F, the gauge groups G(P X¢g, F) and G(P) coincide,
provided that M is simply connected.

Consider the group bundle map

qf):U(B)gPXGF Z/{(AF)—>P><GF U(HF), uIHuIJZumJ;,
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where U(H ) denotes the group of unitary operators on Hp. The image ¢(U(B))
is a group subbundle of P X¢, U(HF), with fibres isomorphic to Gp. In fact,
this subbundle is isomorphic to the group bundle AdP. The induced map ¢,
on the sections U(B) = U(T'*°(B)) — U(T"*°(End(E))) is precisely the map u
uJuJ*, u € U(B). Thus, ¢, maps U(B) into I'*°(AdP). However, as discussed in
Section 5.2.4, this map ¢, does not always map onto I'*°(AdP). We will proceed
by showing that in our case, under the assumption that M is simply connected,
¢« does map U(B) onto I'*°(AdP).

Proposition 7.2.6. Let P xg, F be a principal module over M. There exists a
Lie group subbundle U C U(B) such that the restriction ¢ : U — AdP is a covering
map.

Proof. Consider the subbundle Ef; := By; - E (i.e. the subbundle on which By;; acts
non-trivially). Define the group subbundle

U := {u € U(B) | detjup) = 1 for all [i]},

where det[; denotes the determinant taken on the fibre of the subbundle Em.l
Denote the rank of Ej; by Npj. Since any element u € U(B) can be written as

u = vw, where v € U and w € U(By) (just take wy;) = (det[i] u[i])w idy,,, and
v =wuw™1), the image ¢(U) is equal to the image ¢(U(B)) = AdP.

Let us calculate the kernel ¢, : U, — (AdP),. Choose u € U, N ker ¢,.
Since u € ker ¢, each uy; is diagonal. Because det;uj;; = 1, we obtain that
up) = Ajidng,, where Ajy) is an Njj-th root of unity. Since there are only finitely
many equivalence classes [i], the group U, N ker ¢, is finite.

The condition for a map to be a covering map is of a local nature, so we can
assume that all bundles are globally trivial. In that case, it follow from the fact
that U, Nker ¢, is finite, that U — AdP is a covering map. O

Combining Proposition 7.2.6 with Corollary 5.2.29 and Theorem 5.2.21 imme-
diately yields the desired result:

Theorem 7.2.7. Let P xg, F be a principal module over M. If M is simply
connected, then
G(P xgp F)=T>°(AdP) 2 G(P).

Remark 7.2.8. We emphasise that the isomorphism G(PX ¢, F) 2 T'*°(Ad P) need
not hold if M is not simply connected (cf. Section 5.2.4). In general, G(P X¢g,. F)
is identified with a subgroup of I'*°(AdP). If G(P x¢, F) is a proper subgroup
of I'*°(AdP), then it fails to be the full gauge group of P that was defined in
Definition 5.2.19. We do not yet know how to interpret G(P X, F') in that case.

IThis definition makes sense, because all transition functions of B take values in the group of
inner automorphisms of Ag.
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Remark 7.2.9. It follows from the above that for each element g of the gauge
group G(Px g, F), there exists a unitary section u € B with (fibrewise) determinant
equal to 1, such that g = uJuJ*. In this sense, the gauge group is unimodular by
default. This only holds for complex algebras B. For real algebras (including the
one describing the noncommutative Standard Model [18, 15]) one needs to impose
unimodularity by hand (see also [66] and references therein).

7.3 Gauge modules

In Section 7.2 we introduced the notion of principal modules, which have an en-
tirely geometric nature: because we were unable to find an algebraic characteri-
sation for principal modules, a principal bundle P still appears in the definition of
a principal module. In this section we introduce gauge modules, which are in fact
special instances of principal modules (Proposition 7.3.2 below), but they are of a
purely algebraic nature in the sense that their definition can be formulated entirely
in algebraic terms. Unfortunately not all principal modules can be obtained from
gauge modules (cf. Section 8.5.1). As we will show below, in the case of gauge
modules one can (re)construct the corresponding principal bundle.

Inspired by the standard form of finite spectral triples as obtained in Proposi-
tion 7.1.1 and Remark 7.1.2, we introduce the following definition. The idea is to
globalise Krajewski diagrams [60].

Definition 7.3.1. Let A := C*°(M). Suppose we are given a finite set of non-
degenerate hermitian finitely generated projective A-modules &; (for ¢ € I =
{1,...,1}), and define the module algebras B; := End4(&;). Take a multiset K
consisting of pairs in I x I such that the multiplicity of (i,7) is equal to the
multiplicity of (j,7), and such that the projection K — I on either of the factors
is surjective. Denote the multiplicity of the pair (¢,j) by m;; and write (i, ja)
(1 < a < myj) to distinguish the pairs in K that occur more than once (see also
Proposition 7.1.1 for this notation).
A gauge module (B,E,J) is of the form

B:=@Bi, &= (D &0 T E0uE EOAE,
el (1,j)EK

where J is of the same standard form as the finite operator Jr in Proposition 7.1.1
(and which depends on the value of J? =e=+1, eg Jij(e;, ®€.) =ece;, @€,
fore;, ®e;, €&, ®E;, if j <i).

The assumption that the projection K — I is surjective ensures that the action
of B on & is faithful. From the Serre-Swan theorem we know that each module &;
is given by the smooth sections of a vector bundle E; — M. Because the hermitian
structure on &; is non-degenerate, this yields a hermitian structure on E;. By



7.3. GAUGE MODULES 151

Theorem 5.2.11 the module algebra B; is given by the smooth sections of a unital
x-algebra fibration B; — M. Since B; = End 4(&;) we obtain B; = End(E;). The
local triviality of B; then follows from the local triviality of E;, which means that
B; is in fact a unital x-algebra bundle.

As mentioned in Remark 7.2.3, given a principal module P X, F = (B,&,J)
(but not P itself), it is not possible to reconstruct P, unless we are given the
equivalence class of G-atlases on the vector bundle E = P xg, Hr. However,
we will show below that for gauge modules it is possible to uniquely reconstruct
the corresponding principal Gp-bundle. The main distinctive feature of gauge
modules is that the vector bundle E decomposes as a direct sum of tensor products
of hermitian vector bundles E;. For each E;, the hermitian structure allows us to
uniquely construct a corresponding principal U(NV;)-bundle. From these principal
U(N;)-bundles we can subsequently construct the corresponding principal Gg-
bundle P.

Proposition 7.3.2. Let (B,&,J) be a gauge module. Then:
1. There exist a real finite spectral triple F = (Ap,Hp,0,Jr) and a principal

U(AFp)-bundle Q such that B = Q Xya,) Ar, E = Q Xya,) Hr, and J =
1 x JF

2. There exists a principal G p-bundle P such that (B,€,J) =P xg, F.

Proof. 1. The gauge module (B, €&, J) is constructed from a given set of hermi-
tian vector bundles E; of rank N; and the index (multi)sets I and K. By
assumption B; = End(E;), and so B; has the fibre My, (C). We define

Ap == D My, (C), Hrp:= @ CVoCN.
i€l (i,5)eK
For each E;, (the isometry class of) the given hermitian structure uniquely
determines an equivalence class of U(N;)-atlases on E (see Example 5.2.22),
from which we construct a principal U(V;)-bundle Q; (which is unique up
to isomorphism) such that E; = Q; xy(n,) CVi. Let (U, k%) be local triv-
ialisations of E; corresponding to local trivialisations of Q;, and write the
corresponding U (N;)-valued transition functions as u!,,. Denoting the in-
duced local trivialisations on E; as (U, hf,), we obtain local trivialisations of

E of the form R
ho = @B hiy@hl.
(i.4)EK
The transition functions u{}v of E; are given by the right action of (ufjv)*

on CVi (see Equation (5.5)), which is implemented as (v; ® ;) (uhy)* =
Jui;y J*(v; @ w;). Hence we obtain transition functions for E of the form

Juv = @ u?}v®(u{1v)*op = @ ufjv‘]u@v‘]*'
(i.)eK (i.7)eK
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Writing uyy = @, ub, € C°(UNV,U(AF)), we see that
Juv = UpyvJuyy J* € C(UNV,GF).

Since the u!,, are transition functions of 7;: Q; — M, we see that the u

are the transition functions of the principal U(Ar)-bundle

Q=Q xXpm - X Q={(q1,...,q) €U x---xQ |m(q1) = =m(a)}

Since the action of u; on Hp is given by gy = Uy Jugy J*, we see that E =2
Q Xy (ar) HF as hermitian vector bundles. As conjugation by uy, coincides
with conjugation by g, on the algebra Ap, we also have B = Q Xy/(a,) AF-
It is straightforward to check that J is invariant under conjugation by a
transition function g;, and hence it is simply of the form J = 1 x Jp,
where Jr is a real structure on Hp.

Given the principal U(Ar)-bundle Q from the first part of this lemma, we
simply construct a principal G p-bundle as

P:=Q Xy(ay) GF,
where v € U(AFr) acts on G as left multiplication by the element uJpuJ}.
The transition functions of P are given by gyv = uyyJuyyJ* € C*(U N
V,GF). Tt then straightforwardly follows that

Pxg, Hr = (Q Xyap) GF) Xar Hr = Q Xya,) HF 2E,

and similarly we obtain P x4, Ap = B. O

The above proposition shows that each gauge module is in fact a principal

module P X, F (where we can uniquely reconstruct F' and P). Furthermore, it
shows not only that P allows for a lifting of the structure group from G to U(AF),
but also that we have a preferred lift Q (corresponding to the hermitian structures
of the bundles E;). We will now show the converse, namely that a principal module
P X, F with a preferred lift 7: Q — P uniquely corresponds to a gauge module.

Proposition 7.3.3. Let P xg. F = (B,£,J) be a principal module, and suppose
we have a principal U(Ar)-bundle Q that lifts P. Then Q naturally induces a gauge
module structure on (B,&,J).

Proof. As we have seen in Section 7.1, the (massless) real finite spectral triple
F = (Ap,Hr,0,Jr) has a decomposition of the form

Ap = @ My, (C), Hr= P C¥aCh.

i€l (i,j)eK
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Thus we have U(Ar) = X;e;U(N;), and the principal U (Ap)-bundle Q then de-
composes as Q; Xz -+ X Q;, where each Q; is a principal U(N;)-bundle given by
Q; := Q X¢i(a,) U(Ng). We then construct

B; := Q Xy(ap) Mn,(C) = Q; xy(n,) Mn,(C),
and
E; i=Q Xy(ap) CV 2 Q; xp(n;) CV,

where U(Ar) = x;c1U(N;) acts on Ci as left multiplication by the factor U (N;),
and on My, (C) as conjugation by U(N;). The bundle E; naturally inherits a
hermitian structure from the standard inner product on CY:. Because Q lifts P,
the bundles B and E corresponding to the principal module P X, F' are in fact of
the form

B:=Q Xu(ar) Ar = EPBi, E:=Qxyun Hr= @ E®E,
el (i,j)eK

Furthermore, as the transition functions of B; are given by conjugation by the
transition functions of E;, and as its fibre equals My, (C) = End(C"?), it follows
that B; = End(E;) and B; acts as such on E. Hence we have shown that the principal
module P x ¢, F is equal to the gauge module given by the modules &; := I'*°(E;)
and the real structure J =1 x Jp. O

The previous two propositions then lead us to the main result of this section:

Theorem 7.3.4. A gauge module is characterised uniquely (up to isomorphism)
by a principal module P X . F with a given principal U(Ar)-bundle Q that lifts P.

Proof. Given a gauge module, we have shown in Proposition 7.3.2 that we can
uniquely construct a (massless) real finite spectral triple F' = (Ap, Hr,0,Jr), a
principal Gp-bundle P, and a principal U(Ag)-bundle Q that lifts P. Conversely,
given such F, P, and Q, Proposition 7.3.3 shows that P X, F is in fact given
by a gauge module. It remains to show that these two constructions are inverse
to each other. This follows because the bundles E; constructed in the proof of
Proposition 7.3.3 inherit a hermitian structure from their fibre CVi, and these
hermitian structures suffice to reconstruct this same bundle Q as in the proof of
Proposition 7.3.2. O

Remark 7.3.5. 1. Every globally trivial principal module, constructed from a
finite spectral triple F' and the principal bundle P = M x Gp, is in fact a
gauge module, characterised by the lift Q = M x U(AFr).

2. An example of a principal module that is (in general) not a gauge module
(except when for instance the underlying manifold is simply connected and
4-dimensional) is described in Section 8.5.1.
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Chapter 8

Gauge theory

In this chapter we show how principal modules describe gauge theories on 4-
dimensional compact spin manifolds. First we will introduce a ‘mass matrix’.
Viewing the (now massive) principal module as an internal space and endow-
ing it with a (suitable) connection, we can then use it to construct an almost-
commutative manifold. Subsequently, we determine the inner fluctuations and
provide an explicit formula for the spectral action of this almost-commutative
manifold. This eventually leads to the main result of Part II of this thesis, namely
that such an almost-commutative manifold indeed describes a gauge theory in the
sense of Definition 5.2.16. We end this chapter by giving some examples.

8.1 Principal almost-commutative manifolds

Definition 8.1.1. Consider a principal module P xg, F = (B,&,Jr).! In order
to be able to describe massive gauge theories, we now introduce a ‘mass matriz’

D; € T°°(End(E)) = End4(€),
satisfying
Dy = Dy, D;J; =¢€'J;Dy, [[Dr,a], JbJ*] =0 Va,be B,

where the sign &’ (along with the signs ¢,e” obtained through the finite spectral
triple F) is determined by the KO-dimension according to the same table as
in Definition 5.2.30. We then call Ig° := (B,&, Dy, J;) a massive principal
module over M. If there is a grading operator vy on £, we require in addition
that D[’}/[ = _'YIDI~

LFrom here on we include a subscript I in order to differentiate between the different operators
occurring.

155
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It is an immediate consequence of the definition that a massive principal module
over M is a real internal space over M. If (B,&, Jr) is in fact a gauge module, we
shall call (B,&, Dy, J;) a massive gauge module.

Let P X, F be a principal module. Denote by gr the Lie algebra of the
structure group Gr. Take a connection on P, i.e. for each local trivialisation
(U, h;) of P we have a (local) gp-valued 1-form w; € QY (U;, gr) such that

wj = gi}ldgij + gglwigij
for all ¢, j such that U; N U; # 0 (see Definition 5.2.15). These connection one-
forms yield a connection V: & — £ ®4 Q(M) by defining locally, that is, on local
trivialisations (U;, h;) of E that are induced by those of P, the expression

Vi, ==

i

hito(d+w;)ohy,

where d is the exterior derivative acting on the components of the local trivialisa-
tion. The transformation property of w; ensures that V is globally well-defined.
Connections on & of this form are also referred to as Gr-compatible connec-
tions, or simply Gp-connections.

Consider the associated vector bundle adP := P X .4 gr, where gg is the Lie
algebra of Gr and ad is the adjoint action of G on gp. Since g is (isomorphic
to) the image of u(Ap) in u(Hp) under the map t — t + JptJ}, the bundle ad P
is (isomorphic to) the image of u(B) in u(E) under the map 7: ¢t — t + JrtJ;.
The kernel of this map is equal to the set of all elements ¢t € u(B) satisfying
t = —JitJ; = Jrt*J7, or equivalently,

ker 7 = {t € u(B) | tJ; = Jit*} = u(By).

Hence, we see that adP is isomorphic to u(B)/u(B;). In particular, we see that
gr = uw(Ap)/u((Ar)Jp)-

Lemma 8.1.2. The induced map 7: uw(B) — I'*°(ad P) is surjective, and
' (adP) = u(B)/u(By).
Moreover, ad P is isomorphic to the subbundle
u={t € u(B) | Trp t = 0 for all [i]}

of w(B), where Tr;) denotes the trace taken on the fibre of the subbundle E), and
u(B) = ker 7 @ u, with ker 7 = u(By).

Proof. Though the first two statements follow immediately from the exactness of
the Serre-Swan equivalence functor I'*°, we prove them directly by showing that
ad P is isomorphic to the subbundle u (compare also Proposition 7.2.6). Indeed,
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every t € u(B) can be written as s + ¢, where s € u and ¢ € u(By) (just take
q@ = ﬁ Trp (tg) - idp;) and s =t — q). Hence 7|, is surjective.

Suppose now that t € ker7|,. Because t € ker 7, we obtain ty = )\[i]idN[i],
where Aj;; € iR (see Proposition 7.1.3). Since ¢t € u, each of the lp;) is traceless.
Hence each of the \p;) is zero, and consequently, the kernel of 7|, is trivial. O

Lemma 8.1.3. LetPxg,.F = (B,E, Jr,v1) be an even principal module. Any G p-
compatible connection on & commutes with the real structure J; and the grading

V-

Proof. 1t is sufficient to show that Jrp and yp commute with elements in gg.
Any element in gp is of the form ¢t + JptJ5, with ¢t € u(Ap). In particular, Jp
commutes with these elements. Since «p commutes with elements in Ap, and
(anti-)commutes with Jg, the grading v commutes with elements in gg, too. O

If the principal module is obtained from a gauge module (B,&,Jr), we can
construct such a connection explicitly as follows. Consider the decomposition
£ = @(i i & ®a &, and choose a hermitian connection V* on each &;. We define

v:=E (V@HH{@W) ,
(4.3)

where the conjugate connection V7 is defined in Section 5.2.3. In order to see that
V corresponds to a connection on the principal bundle P, we need to check that its
local connection one-forms take values in the Lie algebra gp. If (U, hi) are local
trivialisations of &;, we can write V| = (hfj)_1 o (d + w!) o h?, for some local
connection one-forms w?, € QY (U,u(N;)). The connection V then locally has the
connection 1-form

wy =D (wf] RI+1® (wg*)op) € QY (U, Ap ® AD).
(4,9)

This ensures that [V, ] yields a connection on B® B°P, which preserves B and B°P.
Writing t, = @,¢; w},, we can write wy = t, + JptyJj € QY (U, gp). To verify
that w, defines a connection on the principal G g-bundle P we need to show that
wy transforms correctly under the G g-valued transition functions.

So, consider two neighbourhoods U and V such that U NV # , and let
u = xu; € C®({UNV,U(AF)) be a transition function for the principal U(AF)-
bundle Q. The corresponding transition function for the principal Gp-bundle P is
g := uJpuJj. Since the w!, are connection forms on E;, ¢, transforms as

ty = E wy, = g (ufwhu; + ufdu;) = utyu + u*du.
iel iel
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We then see that
wy =ty + Jpty Jp = u*tyu + v'du + Jp(u*tyu + v du)Jg
=" Jpu* JitpuJpudp + Jp(u* Jpu* Jptyudpud) J 5
+u* Jpu* Jp(du) Jpudp + ur Jpu Jpudp(du) J7

=g " (tv + JrtuJp)g+ 9 'dg = g 'wug + g~ dg.

Thus, U — wy indeed defines a G p-connection.

Proposition 8.1.4. Let (B,£,J) be a gauge module. A connection on E is of
the form @(ij) (Vi ®]I—|—]I®ﬁ) if and only if it induces a connection on the
principal U(Ar)-bundle Q from Proposition 7.3.2.

Proof. Consider a local trivialisation (U, hy) of P, and let w,, € Q' (U, u(Ar)) be a
local connection form on Q, yielding a connection V on E = Q Xy(a,) Hr. Since
the decomposition u(Ar) = @, ; u(V;) is preserved by the action of U(AF), we
can write wy, = @D, ; wi, where each w; € Q! (U, u(NN;)) yields a connection V* on
E;. For z € U, the connection form w,, acts on (E; ® E;)|, = CNi @ CNs as

*

w(v; @ wy) = wiv; ® Wj + v; @ Wjw;,

from which it follows that V =, ;) (Vi RI+I® ﬁ)
For the converse, consider a connection on E of the form

v=@P (V”@HH@W).
(4,5)
On a local trivialisation (U, hy); of E;, each connection V¢ yields a local connection
form w; € Q' (U, u(N;)). Then wy := @, wi € QY (U, u(Ap)) is a connection form
on Q that induces V. O

Definition 8.1.5. Let Ig° = (B, &, Dy, J;) be a massive principal module of KO-
dimension k over M, where M now has dimension 4. Let V be a Gp-compatible
connection on £ . We construct the almost-commutative manifold Ip° xv M as
in Definition 6.2.1. Since Ig° is now a massive principal module (instead of a
more general internal space), we will refer to IS° xv M as a principal almost-
commutative manifold.

If I$° has a grading 7, we obtain an even almost-commutative manifold I§° x v
M. Since the connection V is Gp-compatible, it automatically commutes with J;
and 7; (see Lemma 8.1.3). Moreover, the same condition implies that the induced
connection [V,:] on EndE restricts to B. It then follows from Proposition 6.2.2
that I$° xy M is a real even spectral triple of KO-dimension 4 + k (mod 8).

As in the usual approach for globally trivial almost-commutative manifolds (see
[18, 15] or the review [89]), we continue by generating the gauge fields and scalar
fields via inner fluctuations, and subsequently calculating the spectral action.
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8.2 Inner fluctuations

Let (B,H, D) be a spectral triple. Consider the generalised one-forms given
by

OL(B) := {Zaj[p,bj} | ajb; € B}

For the canonical triple (A, L%(S), I?) of a spin manifold M, the generalised one-
forms Q}D (A) are simply given by the Clifford multiplication ¢ of the usual one-

forms Q!(M). To be precise, for smooth functions fi, fo € A, we obtain f1[, f2] =
—ifie(dfs).
Definition 8.2.1. Let (B,H, D, J) be a real spectral triple. An inner fluctua-

tion of the operator D is a self-adjoint element A = A* € QL (B). Such an inner
fluctuation yields the fluctuated operator

Dy:=D+ A+ JAT",

where the sign ¢’ = +1 is determined by the K O-dimension of the spectral triple
(see Definition 5.2.30).

In what follows we assume that the dimension of M is equal to 4. We would like
to show that, for a principal almost-commutative manifold, these inner fluctuations
yield gauge fields and Higgs fields. The inner fluctuations of the twisted Dirac
operator Iy := [ @y I) are (finite sums of) elements of the form

a[Pg,b] = —i(I@c) o (a[V,b] ® ),

for a,b € B, where ¢ denotes Clifford multiplication. The fact that V is a Gp-
compatible connection ensures that a[V,b] € B® 4 Q1 (M) = QY (M, B). Requiring
that a[lDg,b] is self-adjoint then implies that a[V,b] € Q' (M, u(B)), where u(B)
contains the anti-hermitian elements of B. An arbitrary inner fluctuation of g is
therefore given by
a=Y_a;[V,b;] € Q' (M, u(B)).
J
The inner fluctuations of the operator D; ® ~5 are of the form ¢ ® 5, where

¢=¢" = Zaj [Dy,b;] € T (End(E)).

We also see that
Ja|DPg, b]J* = —i(I®c) o (Jrad; @1)
and consequently,

a[Pg, b] + Ja[Pg, b]J* = —i(I® c) o ((a + Jra ;) @ ).



160 CHAPTER 8. GAUGE THEORY

Proposition 8.2.2. The fluctuated Dirac operator Dy := D + A+ JAJ* for an
even almost-commutative manifold is of the form

DA:1®V/1D+(I)®’Y5,

where V' :=V + 3 for some 8 € Q'(M,adP), and ® = &* := D; + ¢ + Ji¢J; €
['°°(End(E)) for some ¢ = ¢* := 3, a;[Dy, byl.

Proof. As o + JyaJ; vanishes identically if o € QY (M, u(By)), we find that 3 =
a+ JraJy is in fact uniquely determined by an element o € Q!'(M,u) (here u is
defined in the proof of Lemma 8.1.2, and « <> § via the isomorphism I'*°(u) &
I'**(ad P) constructed there). Noting that ¢ = 1 by assumption, the statement
follows straightforwardly. O

The construction of Ig° xv M explicitly uses the choice of a connection V.
However, we will now show that this choice is irrelevant once we take the inner
fluctuations into account. We will need the following lemma.

Lemma 8.2.3. Let B — M be a unital x-algebra bundle, and let V be a connection
on B = T'*°(B) such that V(1) = 0, where 1 denotes the identity section. Write
A=C>®(M). Then

{Zaﬁ(bj) | aj,b; eB} — BoaQ'(M)=Q'(M,B). (8.1)

Consequently, QL (M, u(B)) is given by the subspace of anti-hermitian elements in

{X;a;V(b) | aj,b; € B

Proof. Since V(b) € B @4 Q(M), the left hand side of Equation (8.1) is clearly
contained in the right hand side of Equation (8.1). For the converse inclusion, first
suppose that both a; and b; are in A C Z(B). In that case,

{ X 5iV9148) | 195 € Ap = {3 fidg; | £.9: € A} = Q).
J J

It follows from this that

{Zaﬁ(gﬂ) | a; € B,g; € A} =B o QY(M).
j

Of course, the left-hand side of the previous equation is contained in { 3 i ajﬁ(bj) |
aj,bj € B}, which proves the other inclusion. O

Proposition 8.2.4. Let P xg, F = (B,&, Jr) be a principal module over M (for
simplicity we consider here the massless case Dr = 0) with two (Gp-compatible)
connections V and V'. Then 1@y 1P is obtained as an inner fluctuation of IQv ID.
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Proof. The difference between the two connections 8 := V' — V is an element in
QY (M,adP). By Lemma 8.1.2 there exists a (unique) element a € QY(M,u) C
Q!(M,u(B)) such that 8 = o + JyaJ;. The connection V = [V,-] on End(€)
restricts to a connection on B, and satisfies %(1) = 0. Lemma 8.2.3 now implies
that 8 is obtained as an inner fluctuation. O

Remark 8.2.5. We have seen that considering inner fluctuations of the Dirac
operator essentially replaces the connection V (chosen in the construction of the
almost-commutative manifold Ig° xv M) by a different (arbitrary) connection V’.
Therefore, after taking into account the inner fluctuations, our construction of
principal almost-commutative manifolds is essentially independent of the initial
choice of the connection V.

We also note that the endomorphisms ® obtained through inner fluctuations
in general remain dependent on the initial choice of Dj.

8.3 The spectral action

As mentioned immediately below Definition 5.2.16, the dynamics of a gauge theory
can be obtained from a gauge-invariant action functional. In the case of almost-
commutative manifolds, such an action functional can be formulated in terms of
the spectral triple.

Let us first recall the definitions of the bosonic and fermionic action functionals
for an arbitrary spectral triple T = (A, H, D). The bosonic part of the action
functional is given by the spectral action [14], defined as.

o (1(%)

Here Tr denotes the operator trace on B(#H), D4 is the fluctuated Dirac operator,
f : R — R is some positive even function, and A € R is a (large) cut-off parameter.
The function f is assumed to decay sufficiently rapidly at infinity so that the trace
of f(Da/A) exists. In particular, f could be considered as a smooth approximation
to a cut-off function (and as such it counts the number of eigenvalues of D 4 smaller
than A), but this viewpoint is not necessary for the following.

If the spectral triple is even (with grading «) and has a real structure J of
K O-dimension 2, the fermionic action [20] is defined as

S(T) = (TG, DaE).

where { is the Grassmann variable corresponding to a vector £ € HT (i.e. v&€ = £).
We quote the following well-known result:
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Proposition 8.3.1 (see e.g. [89, §2.6.1]). For a real even spectral triple T =
(A, M, D, J,v) of KO-dimension 2, the action functionals Sy(T) and S¢(T) are
invariant under the action of the gauge group G(T).

We will now provide explicit formulas for the spectral action of principal almost-
commutative manifolds (formulas for the fermionic action will only be given for the
example of electrodynamics in Section 8.5.2). The spectral action was calculated
in [15, 20] for the product triple M x F', where F' was chosen in order to describe
the full Standard Model of elementary particle physics. In what follows we will
largely follow the notation of [89], where also detailed derivations of the formulas
provided here can be found.

For the canonical triple (C>° (M), L%(S), IP) of a smooth compact 4-dimensional
Riemannian spin manifold M, the spectral action yields the asymptotic formula

Sp(M) ~r e / Car(g)V/1gld e + O(AY),
M

where ¢ is the Riemannian metric on M. The Lagrangian Ly, is given by

faA* foA? f(0)
Eulgw) =5 5 = 5p=st+ {50

1 1 11
A = e G O 4 SRR (82
(30 ST g e 360 ®.2)
Here s denotes the scalar curvature of M, A is the scalar Laplacian, C' is the Weyl
curvature, and R*R* is a topological term, which integrates to (a multiple of) the
Euler class. The coefficients fj, (for £ > 0) are the moments of f, defined as

fe:= [ f)t*1at.
/

We will now provide the spectral action for a principal almost-commutative
manifold. As all calculations are local, the result is exactly the same as for the
spectral action of a product triple M x F, and we refer to [89] for the detailed
calculations.

In Proposition 8.2.2 we saw that the fluctuated Dirac operator is determined
by a connection V' = V + 8 and an endomorphism ® on E. From here on we shall
work on a local trivialisation (U, k), where we can write V| = hy;*o(d+wy)ohy,
and define the local gp-valued 1-form B := w, + hy o 8|y o hyt € QY(U, gr) (for
ease of notation we do not make the dependence of B on the local chart U explicit).
Thus B is the local connection form for V’. Using a local coordinate basis d,,, we
define B,, := B(9,,) € C*>°(U, gr). We will omit the local trivialisation h, from our
notation, so we write e.g. V;L = 0, + B,,. Furthermore, we introduce the notation

D,® = [V, 8| =8, +[B,. 9,  Fu:=08.B, —,B,+[B,, B,
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Proposition 8.3.2. The spectral action for a principal almost-commutative
manifold I xv M is asymptotically given by the local formula

(I 3w M) ~assoe / L(gp B ®)/Igld'z + O(AY),
M

for
E(gyu, By, D) := NEM(Q;W) +Lp (guw Bu) + EH(gmu By, ).

Here Lar(gu) is given in (8.2), and N is the rank of E. Lp gives the kinetic term
of the gauge field and equals

0
Lp (gHVv Bu) = éféfwl

Tr (F,,F*),

where Tr denotes the fibrewise trace for endomorphisms on the bundle EQ S. Ly
gives the scalar Lagrangian given by

L (gu, By, ®) == ,22:2\2 Tr (®2) + %Tr (@) + ﬁg)QA(Tr (2?))
+ i}%s Tr (®?) + % Tr ((D,®)(D"®)),

where the first two terms form the scalar potential, the third is a boundary term,
the fourth couples the scalar field to the scalar curvature, and finally we have the
kinetic term including interactions with the gauge field.

8.4 Gauge theory

The results can be summarised as follows, leading to the following main result:

Theorem 8.4.1. Let M be a smooth compact 4-dimensional Riemannian spin
manifold. Consider a massive even principal module Is° = (B,E, Dyr,v1,Jr) of
KO-dimension k over M. Let V be a Gg-compatible connection on . If M is
simply connected, then the principal almost-commutative manifold Ig° xv M of
KO-dimension 4+k (mod 8) describes a classical gauge theory over M with gauge
group G(I5* v M).

Proof. The principal module Ig° is constructed from a principal G z-bundle P over
M, such that B and £ are given by smooth sections of bundles associated to P.
By assumption M is simply connected, so it follows from Theorem 7.2.7 that we
have the isomorphism G(I$° xy M) = G(P). We have seen in Section 8.2 that
the inner fluctuations transform a G p-compatible connection on £ to another G g-
compatible connection, which hence corresponds to a connection on P (and by
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Proposition 8.2.4 any connection on P can be obtained in this way). Finally, the
spectral action and the fermionic action provide a gauge-invariant action functional
(see Proposition 8.3.1). O

8.5 Examples

In this section we adapt two simple examples of (globally trivial) gauge theories
from the context of noncommutative geometry to the globally non-trivial case. In
each example, we assume (as before) that the underlying manifold M is a smooth
compact 4-dimensional Riemannian spin manifold.

In Section 8.5.1 we describe the Yang-Mills case that was studied in [11], and
provided the motivation for this work. In particular, we show that the Yang-Mills
case provides examples of principal modules that cannot be described by gauge
modules. In Section 8.5.2 we discuss the abelian gauge theory of electrodynamics,
based on the (globally trivial) description in [90]. We will describe the resulting
(globally non-trivial) gauge theory, and provide explicit formulas for both the
spectral action and the fermionic action.

8.5.1 Yang-Mills

Globally trivial Yang-Mills theory was already studied in the setting of spectral
triples by Chamseddine and Connes in [14]. It is described by the (real, even)
finite spectral triple

FYM = (MN(C)7MN((C)aDF = OyJF = ()*77F = ld)a

where the algebra My (C) acts on the Hilbert space My (C) by left-multiplication.
The K O-dimension of this spectral triple is 0 and the structure group G is equal
to PSU(N).

This has been generalised to the globally non-trivial case in [11]. Let B — M
be an arbitrary x-algebra bundle with fibre My (C), and let B = T'*°(B) be its
unital, involutive C'*°(M)-module algebra of sections. We consider the real even
internal space

Ii’)i/l = (B, B, D] = O7 JI = (.)*7'}/1 = 1d)
For a general principal module P X, F' we do not know how to reconstruct

the principal bundle P from the module. However, in the Yang-Mills case we do.

Lemma 8.5.1. There exists a principal PSU(N)-bundle P — M (unique up to
isomorphism) such that 135, = P X psy(ny Fyu-

Proof. The transition functions of the x-algebra bundle B take values in the group
Aut(My(C)) = PSU(N) (where PSU(N) acts on My (C) by conjugation). Hence
by Theorem 5.2.14 we can reconstruct a principal PSU(N)-bundle P such that
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B = P X pgy(n) Mn(C). Since PSU(N) is the full automorphism group of the
fibre, this reconstruction does not depend on the choice of transition functions,
and hence P is uniquely defined. As the action of PSU(N) on My (C) commutes
with the real structure Jp = (-)*, it follows that I35, = P X psy(n) Fyu- O

Remark 8.5.2. Note that IX, will in general not be a gauge module. If this were
the case, the structure group PSU(N) of B could be lifted to U(N) by Propo-
sition 7.3.2. This is only possible if the Dixmier-Douady class §(B) € H3(M,Z)
is identically zero (see e.g. [78, Ch.5] or [80] for more details on Dixmier-Douady
classes), which is equivalent to saying that B is an endomorphism bundle (note
that this is consistent with the condition B; = End(E;) in Definition 7.3.1). Since
not every *-algebra bundle with fibre My (C) has zero Dixmier-Douady class (see
e.g. [80]), this example shows that there exist principal modules that are not gauge
modules. However, in our description of gauge theories in Chapter 8 we have re-
stricted our attention to simply connected, 4-dimensional manifolds, and it turns
out that in this case the Dixmier-Douady class always vanishes (as we will prove
below). It is unclear if there exist other examples of principal modules that are
not gauge modules.

Proposition 8.5.3. Let B be an algebra bundle with fibre My (C) over a sim-
ply connected, 4-dimensional, oriented, compact manifold M. Then the Dixmier-
Douady class of B is identically zero.

Proof. Since M is simply connected, its fundamental group is trivial, and hence
(see e.g. [41, Theorem 2.A.1]) the first singular homology group Hy (M, Z) is trivial.
By Poincaré duality (see e.g. [41, Proposition 3.25 & Theorem 3.30]) it then follows
that the third cohomology group H3(M,Z) is also trivial. The Dixmier-Douady
class by definition takes values in the third Cech cohomology group H?3(M,Z).
Since for compact manifolds these cohomology groups are equal, it follows that
H3(M, Z) is trivial and hence that the Dixmier-Douady class of B must vanish. [

A connection V: B — B® 4 Q(M) is PSU(N)-compatible (cf. Section 8.1) if
and only if it satisfies the algebraic identities [11, §3.2]

V(ab) = V(a)b+ aV(b), (Va)* =V(a"), Ya,b € B.

Such a connection thus corresponds to a connection form w on P. If we pick
any such connection, we can then consider the (principal) almost-commutative
manifold

Ify xv M := (I°(B),L*(B®S), Dy, Jr @ Jar, 71 ®7s).

If M is simply connected, the group G(IX, xv M) is isomorphic to G(P), and
IFy Xv M describes a PSU(N) gauge theory (P,w) over M. We denote the local
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connection form of V by B, and its curvature tensor by Fj,,. From Proposi-
tion 8.3.2 we find that the spectral action yields the Lagrangian

£(9;wa Bu) = NQﬁM(guV) + »CYM(Q;W, BM))

where the Yang-Mills Lagrangian is given (up to a normalisation constant) by the
usual expression:

J(0 v
Lyvi (9w Bu) = 24(7; Tr(F,, F").

8.5.2 Electrodynamics

The example of (globally trivial) Electrodynamics in the context of noncommuta-
tive geometry appeared in [90]. Here we describe its generalisation to the globally
non-trivial case. The finite spectral triple for electrodynamics is given in [90] by

FED = ((C27(C4aDFarYF7JF)~

We shall generalise this finite triple to a massive even gauge module IS over M.
First, we set the algebra B to be of the form

Bi=A®A=C®(M)®C®(M).

Let L be a complex line bundle over M, with a given hermitian structure, so
that its structure group is U(1). We shall take two identical copies of this line
bundle, which we denote by E;, and Eg, with smooth sections £, = I'*°(Er) and
Er =T°°(Eg). Then the Hilbert B-A-bimodule £ is defined as

E:=(EL®ER) ® (EL @ ER),

where the first component of B acts on £, & £g, and the second component acts
on its conjugate. On this decomposition, the grading is defined as vy := 1®(—1)®
(—1) @ 1. The real structure J; is the anti-linear map £, g + € g and &L g —
Er.r of KO-dimension 6 (see Definition 5.2.30). We then have the subalgebra
By =2 A C B, where the injection is given by a — a @ a. Imposing all conditions
in Definition 8.1.1, the ‘mass matrix’ Dy is restricted to be of the form

0d00
d000
000d |’
00d0

D[ =

where d € C*°(M) (see [90, §4.1.1]).
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Remark 8.5.4. In order to interpret d as a mass parameter, it would have to be
given by a single real-valued parameter. For this reason we restrict ourselves to
the case d = —im (see [90, Remark 4.4]). We stress here that in general the mass
m is not a single parameter, but a function on M (although it can be chosen to
be constant). In other words, the mass of a particle is allowed to vary from point
to point in M, so essentially the Yukawa mass parameter is replaced by a Yukawa
field. This could of course have significant physical implications, which we intend
to study in future work.

The module I = (B, &, Dy, ~r, Jr) defined in this way is in fact a massive even
gauge module. To be precise, if we write & :=I'*°(L) = &, = g and & := A,
then we have By = End 4(&;) =T'*°(L®L*) = A and also By = A. Furthermore,
the module £ can be written as

£= P &g, K :=1{(1,2),(1,2),(2,1),(2,1)}.

(1,7)eEK

The hermitian structure on L determines a class of transition functions of L
taking values in U(1), so using Theorem 5.2.14 we can uniquely reconstruct a
principal U(1)-bundle P, and we have IS = P Xy;(1) Fip as massless modules (i.e.
ignoring the mass matrices Dp and Dy). Assuming that M is simply connected,
it follows (see Theorem 7.2.7) that the gauge group is given by

GUXR)2XUB)/U(By) 2T°(AdP) 2 C*(M,U(1)),

where the group bundle AdP = M x U(1) is globally trivial, because the structure
group U(1) is abelian. An element A € G(I32) acts on &, @ Er as multiplication
by A, and acts on £, @ Eg as multiplication by .

Pick a connection V' on L, and let the connection V on & be given by

V=VFoWVe Vg VL.

On a local trivialisation (say on a neighbourhood U), the connection V* is deter-
mined by a local connection form wt € Q' (U, iR), where iR is the Lie algebra of
U(1). For the connection V on & this yields the connection form

wy =wy Gwp BWE OwE =wy (1918 (-1) @ (-1)),

where the last equality follows because the action of @ is given by (right) multi-
plication with wh™ = —wk.

Now consider the almost-commutative manifold I3 xv M of KO-dimension
2, which (by Theorem 8.4.1) describes a U(1)-gauge theory over M. Taking inner
fluctuations simply amounts to choosing a different connection V* (see Propo-
sition 8.2.4), while there will be no Higgs field (because Dy commutes with B).

Hence we will ignore these inner fluctuations, and simply consider the local gauge
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field A, = wf(d,), on some coordinate basis 9,. Its curvature is defined as
Fuv = 0uAy, — 0,A,. From Proposition 8.3.2 (see also [90, Proposition 4.2]) we
find that the spectral action for Ig}, xv M is asymptotically given by the local
formula

(I3 xv M) ~asac / £ Ay )/ Jgld e + O(AY),
M

for

L(Gpv, Apsm) == AL (G) + La(Gpws Ap) + L (gpw, m).

Here Lr(gu) is the Lagrangian (8.2), and Lp (g, m) yields additional terms
depending on the mass m and the scalar curvature s:

_2]”2A2m2 n fO)m*  f(0)m?s

Lo (Gu,m) = === 2 1272

The Lagrangian for the gauge field is given by
f(0)

‘CA(g,ll,l/ﬂ A/L) = W

FuusFH.

The interaction of the U(1) gauge field with the fermions is described by the
fermionic action, and is given by [90, Proposition 4.3 and Theorem 4.5]

SIS xv M) = / L5 (gpws A )/ Tgld,
M

for the Lagrangian
‘Cf(gpwa Aua m, %7 1’;) =i <JM5</7 (,-Y#(vi - A,U«) - m)J) )

where y and v are two Dirac spinors in L%(S) and where §~ is the Grassmann
variable corresponding to a vector £ € HT (i.e. v = £). We summarise this as
follows:

Proposition 8.5.5. The total Lagrangian for Igy, xv M is given by a gravitational
part

»Cgrav(guuv m) =4Lym (guu) + Ly (g;wv m)a
and a part for electrodynamics

e o 0 ,
‘CED(g/LV7A/L7m7X7w) =1 (JMX7 (’Y#(VE - A/L) - m)¢) + %Elﬂfﬂ .
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8.6 Outlook

One of the main ideas in the development of noncommutative geometry has been
the translation of geometric data into (operator-)algebraic data. In this light, it
is somewhat unsatisfactory that our definition of principal modules relies entirely
on the geometric notion of a principal bundle. Our discussion of gauge modules is
an attempt to provide a purely algebraic approach, but as we have shown, these
gauge modules only yield a proper subclass of principal modules. It is still an open
question how arbitrary principal modules should be described algebraically, that
is, what algebraic structure on a triplet (B, £, J) would completely characterise the
properties of a principal module. The decompositions £ = ®; jer&;; and B = &B;
(as described in Section 7.2.1) are not yet enough to ensure that (B,&,J) is a
principal module. On the other hand, the condition that &; = & ®4 &; (modulo
multiplicities) along with B; = End(£;), as for gauge modules, is in fact too strong.

As mentioned in Remark 7.2.3, the principal bundle P can only be reconstructed
from the associated vector bundle E = P x ¢, Hr if we also know the corresponding
equivalence class of Gp-atlases. It is not clear if there exists a geometric structure
on E, for which this equivalence class corresponds precisely to those transition
functions that preserve the geometric structure (just like the equivalence class
of unitary transition functions on a complex vector bundle corresponds to (the
isometry class of) a hermitian structure, see Example 5.2.22). If one has such a
geometric structure on E, this might provide the possibility of finding an algebraic
equivalent structure on the module £.

Furthermore, we also need conditions on a (unital) involutive finitely generated
projective C*°(M)-module algebra to ensure that the corresponding (unital) -
algebra fibration is actually a (unital) *-algebra bundle. This is automatically the
case for gauge modules, since in that case the x-algebra bundle B decomposes into
x-algebra subbundles B; that are isomorphic to End E; (which is always locally
trivial). We intend to return to these questions in the future.

In Section 8.5 we described two basic examples, namely Yang-Mills theory
and electrodynamics. It would of course be more interesting to also put the de-
scription of the noncommutative Standard Model [15] into our globally non-trivial
framework. This should certainly be possible, though it would require some small
modifications to accommodate real algebras (as we have always assumed that our
algebras are complex). In particular, for real algebras the resulting gauge group
would not automatically be unimodular (see also Remark 7.2.9), and one would
have to impose unimodularity by hand (as in [15, §2.5]). More importantly, as
we have also mentioned in Remark 8.5.4, the mass parameters (i.e. the Yukawa
couplings and the Majorana terms) of the theory are not restricted to be constant,
but they are allowed to vary on spacetime. Such variation of the Majorana mass
then naturally leads to a new scalar field o, which was used in [16] to restore the
consistency of the noncommutative Standard Model with the experimental value
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of the Higgs mass. In addition however, the variation of the Yukawa couplings will
also have its effect on the physical theory. We hope to provide a more detailed
study of these physical implications in a future work.
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Samenvatting

Het wetenschappelijke deel van dit proefschrift vindt u op de voorgaande pagina’s.
In deze samenvatting zou ik graag op een wat luchtigere manier de inhoud van dit
proefschrift uit de doeken doen in de hoop alle lezers aan te spreken.! Daarnaast
zou ik deze samenvatting ook graag gebruiken om uit te leggen wat ik zo bijzon-
der vind aan de toepassing van de wiskunde in de natuurkunde. Want hoewel
mijn methoden wiskundig van aard zijn, zit er altijd een natuurkundige motivatie
achter.?

Mathematische fysica

De mathematische fysica is een gebied binnen de wiskunde dat zich bezighoudt
met wiskundige vraagstukken die een belangrijke rol spelen in de natuurkunde.
Dit heeft door de eecuwen heen geleid tot een nauwe interactie tussen natuur- en
wiskunde. In de geschiedenis is het al vaak voorgekomen dat hele wiskundige
vakgebieden zijn ontstaan vanuit de natuurkunde. Deze wiskunde is op zichzelf
staand doorgaans ook erg interessant en wordt dan ook door wiskundigen vanuit
een puur wiskundig perspectief benaderd. Een voorbeeld hiervan is de bewegings-
vergelijking van Newton:

F =md, (kracht)= (massa) x (versnelling). (A)
Deze vergelijking wordt door natuurkundigen gebruikt om te berekenen welk pad

een object zal volgen onder invloed van een kracht. Met pad bedoelen we overigens
niet alleen de ‘route’ die het object aflegt. We bedoelen er ook mee dat we op elk

IMocht u de rest van dit proefschrift abstracte onzin vinden en denken dat het papier waarop
het gedrukt is, beter gebruikt kan worden om u in de winter warm te houden door het te verbran-
den in de open haard (wiskundigen worden hopelijk al warm van de inhoud zodat verbranding
niet nodig en zelfs onverstandig is), leest u dan eerst deze samenvatting of scheur deze pagina’s
eruit alvorens de chemische reactie tot stand te brengen die dit werk omzet in as. Velen van u
kunnen de inhoud overigens als droge kost ervaren, waardoor het risico op roetvorming in uw
schoorsteen hopelijk wel tot een minimum beperkt blijft.

2Wiskundigen zijn het liefst volledig. Deze samenvatting is daardoor wat aan de lange kant.

)
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tijdstip weten waar op de route het object zich bevindt. Dit pad hangt natuurlijk
wel af van de beginsnelheid en beginpositie van het object. Hoe het object zich
vervolgens voortbeweegt, hangt verder alleen af van de kracht die op het object
werkt. Preciezer, deze kracht Fis weergegeven aan de linkerkant van vergelijking
(A) en het feit dat de linkerkant gelijkgesteld wordt aan de rechterkant, betekent
dat de versnelling van het object alleen wordt bepaald door de kracht.> En wan-
neer we de beginsnelheid en beginpositie van het object weten, is het genoeg op elk
volgend moment de versnelling te weten om het pad te bepalen voor latere tijd-
stippen. Denk hierbij aan een auto die op een bepaald tijdstip met een bepaalde
snelheid op een autosnelweg rijdt. U kunt zich hopelijk misschien wel voorstellen
dat we precies weten waar de auto is, wanneer we weten hoeveel de auto harder
of langzamer is gaan rijden.

De kracht in vergelijking (A) zou bijvoorbeeld de zwaartekracht kunnen zijn,
een aandrijvende kracht, veerkracht, maar ook een elektrische of magnetische
kracht. Met vergelijking (A) kunnen we bijvoorbeeld de beweging van een val-
lend object afleiden door voor de kracht F in vergelijking (A) de zwaartekracht
te noteren. Wanneer een natuurkundige een natuurkundig proces bestudeert (dat
valt binnen het kader waarin vergelijking (A) van toepassing is), dan schrijft hij
voor dat proces op wat Fis. Vervolgens wil hij het pad vinden dat door het object
afgelegd wordt. Dit pad wordt gevonden als het pad dat vergelijking (A) oplost.

Vergelijking (A) heet in de wiskunde een differentiaalvergelijking. De oplossing
van differentiaalvergelijkingen is een wiskundig probleem en dit is een voorbeeld
waar wiskunde een rol speelt in de natuurkunde. Het is namelijk zo dat voor elke
natuurkundige situatie de formule voor F anders is. Dit betekent dat voor elke
nieuwe situatie vergelijking (A) weer anders is en opnieuw opgelost moet worden.
Het is niet erg efficiént om voor elke nieuwe situatie opnieuw te gaan bepalen of er
een oplossing is (er hoeft er namelijk niet per se een te bestaan en zeker niet voor elk
tijdstip) en wat Vervolgenb die oplossing is. Een Wlbkundlge probeert daarom voor
zo algemeen mogelijke F dus de precieze vorm van F' is niet geven, te laten zien
dat er een oplossing bestaat, hoe deze oplossing gevonden kan worden en wat voor
eigenschappen deze oplossing heeft. Dit doen ze door differentiaalvergelijkingen
van een zo algemeen mogelijke vorm te bestuderen. Die differentiaalvergelijkingen
hoeven hierbij zelfs niet van de vorm (A) te zijn. De studie van differentiaalverge-
lijkingen is een erg interessant gebied in de wiskunde, waarvan de antwoorden ook
nog eens de natuurkundigen helpen. Kort gezegd, wiskundigen bekijken dus niet
specifieke systemen uit de natuurkunde, maar proberen de vraagstukken in een zo
algemeen mogelijk kader te bestuderen.*

Ik heb met bovenstaand voorbeeld uit de klassieke of Newtoniaanse mechanica

3En massa natuurlijk, maar die beschouwen we als constant en vergeten we daarom voor het
gemak even. Wat betreft de massa zegt de formule niets anders dan dat je bij zwaardere objecten
meer kracht moet uitoefenen om ze dezelfde versnelling te geven.

4Wiskundigen letten als het ware meer op de abstracte structuur van het probleem. Vaak
geven deze structuren veel inzicht.
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proberen duidelijk te maken waar wiskunde een rol speelt in de natuurkunde en
hoe de vragen die een wiskundige stelt in zo’n situatie verschillen van die van een
natuurkundige. Vergelijking (A) staat overigens bekend als de tweede wet van
Newton, vernoemd naar de Engelse natuur- en wiskundige Isaac Newton (1642-
1727), en is al meer dan drie eeuwen oud. Sindsdien hebben de natuurkunde en
wiskunde reusachtige ontwikkeling ondergaan waardoor de huidige vraagstukken
binnen de natuurkunde veel ingewikkelder zijn dan het voorbeeld dat ik hierboven
heb geschetst. Mijns inziens is hierbij een goed wiskundig begrip van deze pro-
blemen van essentieel belang om de volgende stap te zetten. Het gaat hier niet
alleen om het oplossen van bewegingsvergelijkingen maar ook om het creéren van
een raamwerk waarbinnen deze natuurkunde beschouwd kan worden, de wiskun-
dige structuur van het probleem. Helaas wijkt door de toegenomen complexiteit
de wiskundige formulering vaak zo veel af van de natuurkundige dat het voor een
rasnatuurkundige lastig is de natuurkunde in deze wiskunde te herkennen. Dat is
in dit proefschrift niet anders en dit spijt me dan ook enorm voor mijn natuur-
kundevrienden.

Dit proefschrift

Na dit uitstapje over de mathematische fysica zal ik wat meer vertellen over de
inhoud van dit proefschrift en ik zal dit doen aan de hand van de titel van dit
proefschrift: ‘Dirac operators, gauge systems and quantisation’. Hierbij zal ik ook
meer uitleg geven over de puzzelsstukjes die op de voorkant van dit proefschrift
staan afgebeeld. In feite zijn de drie begrippen in de titel - in het Nederlands Dirac-
operatoren, ijksystemen en kwantisatie geheten - ontstaan in de natuurkunde. Tk
zal kort proberen uit te leggen wat de natuurkundige betekenis is van deze begrip-
pen en vertellen hoe de wiskunde met ze aan de haal gegaan is. Hierbij komt ook
naar voren hoe de natuurkunde en de wiskunde elkaar beinvloed hebben.

Dirac-operatoren

De klassieke mechanica waarover ik hierboven schreef, geeft een goede beschrijving
voor de natuurkunde in het alledaagse leven. Echter, op erg kleine schaal, denk
daarbij aan schalen die kleiner zijn dan een miljardste meter, gelden er totaal an-
dere wetten. Daar gelden namelijk de wetten van de kwantummechanica, die zijn
opmars in de natuurkunde begon in de jaren 20 van de vorige eeuw.’® Twintig jaar
eerder had Albert Einstein zijn speciale relativiteitstheorie opgeschreven, een uit-
breiding van de klassieke mechanica naar situaties waarin snelheden erg hoog zijn.
Bij de beschrijving van erg kleine deeltjes die ook erg snel voortbewegen, hebben

50m er achter te komen op welke schalen de kwantummechanica van toepassing is pakt u een
strookje papier dat ongeveer de lengte heeft van de lange zijde van een A4’tje. Als u dit strookje
nu 28 keer dubbel vouwt, komt u op de lengteschalen van de kwantummechanica. Probeert u dit
maar eens!
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we daarom te maken met zowel de kwantummechanica als de speciale relativi-
teitstheorie. Het was Paul Dirac die op zoek was naar een geschikte (eerste-orde)
kwantummechanische vergelijking die ook voldeed aan de wetten van de speciale
relativiteitstheorie. Zijn antwoord was de Dirac-vergelijking met als belangrijkste
object daarin de Dirac-operator.® De Dirac-vergelijking geeft de voortbeweging
van (een veld van) deeltjes, net zoals de wet van Newton (A) dat doet voor ob-
jecten in de klassieke mechanica. Deze Dirac-operator was geformuleerd voor een
vier-dimensionale wereld (drie ruimterichtingen en een tijdrichting), maar kan ook
geformuleerd worden voor ruimtes van willekeurige dimensie en vorm. Met deze
laatste generalisatie zijn we weer in de wiskunde beland. We bekijken nu immers
niet uitsluitend Dirac-operatoren op ruimtes die natuurkundig van belang zijn.
Wiskundig gezien heeft de Dirac-operator veel bijzondere eigenschappen. Eén er-
van is dat het kwadraat van de Dirac-operator een Laplaciaan is. Laplacianen
spelen een belangrijke rol binnen de meetkunde, waarmee de Dirac-operator dus
een meetkundige status heeft.

De Laplaciaan is een bijzonder meetkundig object en het belang ervan voor ons
verhaal valt misschien het beste uit te leggen aan de hand van een gitaarsnaar.
Wanneer een gitaarsnaar trilt, dan kunnen we deze trilling opgebouwd zien uit
(oneindig veel) “eenvoudigere” trillingen waarvan ik er vier geschetst heb in de
figuur hieronder.
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Deze trillingen worden ook wel eigentrillingen genoemd. Het bijzondere of
“eenvoudigere” aan deze trillingen is dat, op de mate van uitwijking na, de vorm
niet verandert bij het trillen. Dit is anders bij trillingen van een andere vorm. Elk
van deze eigentrillingen beweegt met een vaste snelheid op en neer (dat wil zeggen,
er is alleen beweging in de verticale richting), maar niet elk van de eigentrillingen
trilt even snel. Deze snelheid wordt ook wel frequentie genoemd en er geldt hoe
meer “toppen” (buiken genoemd) de golf heeft, hoe sneller deze golf trilt in de tijd.
De frequentie bepaalt de toonhoogte die we horen, wanneer het geproduceerde
gitaargeluid opgevangen wordt door onze oren.”

6In de kwantummechanica noteren natuurkundigen operatoren door boven het symbool ~ toe
te voegen. Op de omslag ziet u een foto van Paul Dirac met dit symbool boven zijn hoofd.

TWanneer een gitaarsnaar trilt, hoor je dus niet één maar vele toonhoogtes, namelijk de
toonhoogtes behorende bij elk van de voorkomende eigentrillingen. Deze tonen verschillen echter
altijd een veelvoud van een octaaf van elkaar. Overigens is de trilling met een enkele buik
meestal het duidelijkst aanwezig (tenzij men flageoletten speelt) en dit is de daadwerkelijke noot
die je speelt. De overige eigentrillingen, waarvan we de frequenties ook wel boventonen noemen,
bepalen de klankkleur.



SAMENVATTING 187

De eigentrillingen worden zo genoemd omdat ze de eigenfuncties van de Lap-
laciaan zijn. Wat dit allemaal betekent, is niet zo van belang. Voor deze samen-
vatting is het voldoende om te weten dat er een manier is om met de Laplaciaan
deze eigentrillingen inclusief de bijbehorende frequentie te bepalen.

We zouden de snaar ook kunnen zien als een meetkundige vorm of object,
in feite is de snaar niets anders dan een eindig lijnstuk. Voor andere vormen,
zoals driehoeken, cirkelschijven of tetraéders, kunnen we ook met behulp van de
Laplaciaan bepalen welke eigentrillingen er voor kunnen komen (waarbij we altijd
aannemen dat de rand niet trilt, net zoals bij de gitaarsnaar of bij een trommel).
Wat we vervolgens doen is een lijst maken van de eigenfrequenties. Voor de snaar
vinden we dan ongeveer de volgende grafiek:

Eerste 30 eigenfrequenties
gesorteerd op grootte

Eigenfrequentie

Doen we hetzelfde voor een cirkelschijf (pannenkoek) dan vinden we iets van
de vorm:

Eerste 30 eigenfrequenties
gesorteerd op grootte

Eigenfrequenties

We zien nu een duidelijk verschil in de vorm van de grafiek en dit heef te maken
met het verschil in dimensie. Zo is een lijnstuk een-dimensionaal en een cirkelschijf
twee-dimensionaal. Het is precies dit verschil in dimensie dat ervoor zorgt dat de
vorm van de grafiek anders is. Met andere woorden, als ik een wiskundige alleen
een lijst geef van alle eigenfrequenties van de eigentrillingen op het object, dan
kan deze zien wat de dimensie is van het object. En zo zijn er nog veel meer
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eigenschappen die men uit de lijst van eigenfrequenties kan afleiden (maar niet in
alle gevallen genoeg om twee willekeurige vormen te kunnen onderscheiden!).

Kortgezegd kunnen we stellen dat de lijst van eigenfrequenties van de Lapla-
ciaan informatie geeft over de eigenschappen van het meetkundige object. Een
wiskundige kan zich nu de vraag stellen of we de eigenschappen van het object ook
zouden kunnen afleiden door alleen te kijken naar de (oneindige) lijst van eigen-
frequenties. Als we ons beperken tot twee-dimensionale vormen, dan is deze vraag
ook wel bekend als ‘kun je horen wat de vorm van een trommel is?’. Hierbij zien
we het twee-dimensionale object als een trommel. Net zoals bij de snaar wordt
de klank van de trommel bepaald door de eigenfrequenties die je hoort wanneer
je op de trommel slaat. Als de eigenfrequenties de vorm van de trommel zouden
bepalen, dan zouden we dus in feite de vorm van de trommel kunnen afleiden uit
het geluid dat deze produceert.®

Het idee om naar de eigenfrequenties te kijken, is ook het leidende idee binnen
de niet-commutatieve meetkunde, behalve dat er daar niet gekeken wordt naar
de eigenfrequenties van de Laplaciaan, maar naar die van de Dirac-operator.”
Hiermee zijn we weer terug bij de Dirac-operator, die dus voor het eerst in de
natuurkunde onstond, maar nu ook binnen de meetkunde een belangrijke rol speelt.
Een cruciaal resultaat uit de niet-commutatieve meetkunde is dat men door het
optellen van de eigenfrequenties van de Dirac-operator een formule vindt die de
zwaartekracht beschrijft! Echter, in de natuurkunde interageren deeltjes niet alleen
met elkaar door zwaartekracht. Er spelen ook nog andere krachten een rol, zoals
de zwakke en sterke kernkracht en de elektromagnetische kracht. Het zijn deze
drie krachten die worden beschreven door ijktheorieén.'® Door het optellen van de
eigenfrequenties van de Dirac-operator vonden we eerder alleen de zwaartekracht,
niet de andere krachten. Dit kan opgelost worden, zonder bovenstaand principe
van het optellen van eigenfrequenties van de Dirac-operator los te laten, door
Dirac-operatoren te bekijken op niet-commutatieve ruimten. Hiermee zijn we in
de niet-commutatieve meetkunde beland.

Niet-commutatieve meetkunde en deel 2 van dit proefschrift

Waar bij meetkunde nog gesproken kan worden over meetkundige objecten zoals
bollen, cirkels of tetraéders, is de niet-commutatieve meetkunde abstracter van
aard. Van bollen, cirkels of tetraéders kunt u zich een voorstelling maken. Al deze
objecten bestaan uit punten (zeg maar, een punt is een plek op het object). Niet-

8Het antwoord op de vraag of je ‘kunt horen wat de vorm van de trommel is’ is in het algemeen
‘nee’. Maar het is opmerkelijk hoeveel eigenschappen we uit de lijst van eigenfrequenties kunnen
halen.

9Dit staat niet los van hetzelfde probleem met de Laplaciaan aangezien het de Laplaciaan het
kwadraat van de Dirac-operator is.

10Qver ijktheorieén vertel ik later meer. Zwaartekracht zoals beschreven door de algemene re-

lativiteitstheorie is geen ijktheorie. Er zit dus een fundamenteel verschil tussen de zwaartekracht
en de overige krachten.
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commutatieve ruimten hoeven niet uit punten te bestaan, wat een voorstelling van
deze ruimten onmogelijk maakt. Ik zal niet uitleggen wat niet-commutatieve meet-
kunde precies is, maar ik zal uitleggen wat we met niet-commutativiteit bedoelen.
Dit begrip is later in deze samenvatting ook nog van belang.

Het zal jullie niet verbazen dat

3x4=4x3.

Met andere woorden, we kunnen 3 met 4 vermenigvuldigen of 4 met 3, maar de
volgorde doet er niet toe. In beide gevallen is het antwoord 12. Dit geldt natuurlijk
niet alleen voor de getallen 3 en 4. We kunnen 3 en 4 door twee willekeurig andere
getallen vervangen en dan geldt nog steeds dat de volgorde niet uitmaakt. In
formuletaal zeggen we dat

nxm=mxn, voor alle getallen m,n.

Deze eigenschap van getallen wordt commutativiteit genoemd. In gewoon Neder-
lands: de volgorde doet er niet toe. Nu is het zo dat dit niet voor alle wiskundige
operaties geldt. Binnen de natuur- en wiskunde geldt het volgende standaardvoor-
beeld dat ik, ondanks het hoge clichégehalte, toch wil noemen: stel dat m betekent
dat je in bad stapt en n dat je je kleren aan doet, en laten we zeggen dat m X n
betekent dat we eerst m uitvoeren en dan n. Met deze afspraken zien we dat

mXn#nxm,

want in het laatste geval heb je natte kleren.!!

Maar hoe heeft niet-commutativiteit nu met meetkunde te maken? Deze vraag
zal ik nu helaas niet beantwoorden. Het enige wat ik er hier over wil zeggen is dat
we bij een meetkundig object altijd een zogenoemde algebra kunnen construeren
die altijd commutatief is. Een niet-commutatieve ruimte ontstaat wanneer we met
een niet-commutatieve algebra werken. In het niet-commutatieve geval hebben we
dan alleen een algebra en niet een bijbehorend meetkundig object. Immers, voor
een meetkundig object is de algebra altijd commutatief. Deze generalisatie van
meetkunde naar niet-commutatieve meetkunde is dus erg abstract, en u vraagt
zich zeker af of dit ons wat oplevert. En dat doet het zeker!

De Dirac-operator is namelijk ook te generaliseren naar niet-commutatieve
ruimten en nu ontstaat de magie.!? Misschien herinnert u zich nog dat we door
het tellen van de eigenfrequenties van de Dirac-operator op een meetkundig object
de zwaartekrachtstheorie kunnen verkrijgen, maar dat de overige krachten niet

110p de achterkant van dit proefschrift en op de legger zie je Pythagoras, een wiskundige uit
de Griekse oudheid, met z’n kleren aan in bad stappen.

2Een niet-commutatieve ruimte bestaat dus in het algemeen uit (1.) een niet-commutatieve
algebra, (2.) Dirac operator en (3.) (combinaties van) eigentrillingen. Gezamenlijk noemen we
dit een spectraal tripel en dit vormt de kern van de niet-commutatieve meetkunde.
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hiermee verkregen worden. We combineren nu dit meetkundige object met een
(goed gekozen) niet-commutatief deel. Door het tellen van eigenfrequenties van
de Dirac-operator op deze gecombineerde ruimte krijgt men een formule die niet
alleen de zwaartekracht beschrijft op het meetkundig object maar ook de ijktheo-
rieén. Het opmerkelijke is dat de ijktheorieén hierbij uit het niet-commutatieve deel
volgen! In deze zin correspondeert de zwaartekracht met de commutatieve compo-
nent van de niet-commutatieve ruimte en de ijktheorie met de niet-commutatieve
component.

Dit is een van de belangrijkste toepassingen van de niet-commutatieve meet-
kunde in de natuurkunde. Het bijzondere is dat de zwaartekracht en de ijktheo-
rieén worden verkregen uit hetzelfde formalisme, namelijk het tellen van eigenfre-
quenties van de Dirac-operator. Dit is opmerkelijk omdat, zoals ik eerder vermeld
had, zwaartekracht en ijktheorieén vanuit natuurkundig opzicht fundamenteel an-
ders zijn. In het tweede deel van dit proefschrift heb ik, in samenwerking met
Koen van den Dungen van de Australian National University en de University of
Wollongong, deze beschrijving uitgebreid naar wat men noemt globaal niet-triviale
yjktheorieén.

Het kan natuurlijk zijn dat bovenstaande u toch wat deed duizelen. Er kwa-
men waarschijnlijk nogal een hoop voor u onbekende termen voor. De boodschap
die ik u wil geven laat zich als volgt samenvatten en hopelijk valt u ook op hoe
de natuur- en wiskunde elkaar beinvloed hebben. De Dirac-operator is ontstaan
in de natuurkunde als bewegingsvergelijking voor erg kleine deeltjes die ontzet-
tend hard voortbewegen, soms wel met een snelheid die de lichtsnelheid nadert.
De Dirac-operator bleek ook belangrijk te zijn in de wiskunde, en vooral in de
meetkunde, mede doordat zijn kwadraat een Laplaciaan is. In de wiskunde kon
men veel informatie uit meetkundige objecten halen door te kijken naar de lijst
van eigenfrequenties van de Laplaciaan. Door nu de Laplaciaan door de Dirac-
operator te vervangen, kan men door het optellen van de eigenfrequenties van
de Dirac-operator, een wiskundige operatie, de zwaartekrachtstheorie uit de na-
tuurkunde verkrijgen. Echter, om door het optellen van eigenfrequenties van een
Dirac-operator de overige drie fundamentele krachten te verkrijgen, die door ijkthe-
orieén beschreven worden, dient men een Dirac-operator op een niet-commutatieve
ruimte te gebruiken!

Maar wat zijn ijktheorieén nu eigenlijk en wat bedoelen we met kwantisatie,
de andere twee begrippen in de titel?

Kwantisatie

Hierboven heb ik al gesproken over klassieke mechanica en kwantummechanica.
Daarbij heb ik opgemerkt dat de wetten van de kwantummechanica gelden voor
erg kleine objecten en dat de wetten van de klassieke mechanica gelden voor onze
alledaagse waarnemingen. Voor dit verschil is een theoretische verklaring nodig.
Om geen tegenstrijdige theorieén te hebben, moet er bovendien een geleidelijke
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overgang zijn van de wetten van de kwantummechanica naar de wetten van de
klassieke mechanica als de we lengteschalen opschroeven. Een belangrijke vraag
die natuur- en wiskundigen zich stellen is hoe, gegeven een klassieke theorie, de
bijbehorende kwantummechanische theorie er uit ziet. Het construeren van een
kwantummechanische theorie bij een klassieke theorie wordt ook wel kwantisatie
genoemd. Voor veel natuurkundige systemen is deze stap uit te voeren en de
natuurkunde is op dit gebied erg succesvol gebleken. Echter, een vast recept voor
het construeren van een kwantisatie ontbreekt nog. Vooral de kwantisatie van
ijksystemen is wiskundig gezien verre van begrepen.!?

IJktheorie en ijksystemen

IJktheorieén komen veelvuldig voor in de natuurkunde, met name in de theore-
tische hoge-energiefysica. Voor het Standaard Model van de elementaire deeltjes,
dat de interacties tussen de tot nu toe bekende kleinste deeltjes beschrijft, vor-
men ze zelfs de belangrijkste onderdelen. Ik zal proberen een idee te geven van
het principe van een ijktheorie aan de hand van een simpel voorbeeld dat gerela-
teerd is aan een ijktheorie bekend onder de naam kwantumchromodynamica. Dit
voorbeeld lijkt misschien wat kinderachtig maar het is (in een wat ingewikkeldere
vorm) zeker relevant voor de natuurkunde.

Stelt u zich een kinderfeestje voor waar twaalf kinderen ingedeeld worden in
vier groepjes van drie op de volgende manier. Ieder kind krijgt een petje op zijn
hoofd. Het petje is rood, groen of blauw gekleurd en van elke kleur zijn er vier
petjes. De opdracht voor de kinderen is dat ze nu vier groepjes mogen vormen
van drie personen, maar dat in elk groepje elk kind een ander kleur petje moet
dragen. Na verloop van tijd, de duur hangt af van de mate van medewerking
van de kinderen, zullen er waarschijnlijk vier groepjes ontstaan elk bestaande uit
drie kinderen waarbij elk kind in zo’n groepje een ander kleur hoofddeksel heeft.
Wie er bij wie in het groepje komt, hebben de kinderen nu niet helemaal voor het
uitkiezen. Immers, als jij en jouw beste vriendje een hoofddeksel dragen met de
kleur rood, dan hebben jullie beide vette pech, want jullie zullen in verschillende
groepjes komen. Nu zouden we er natuurlijk voor kunnen kiezen om iedereen
met een rood petje zijn petje te laten wisselen met iemand met een blauw petje.
Weliswaar is de situatie op het oog nu anders, maar deze verandering beinvloedt de
uitkomst niet. Welke groepjes gevormd kunnen worden, is in beide situaties gelijk.
Als nu de natuurwet zou zijn dat elk kind in een groepje een ander kleur petje
moet hebben, dan hangt dit alleen af van het feit hoeveel verschillende kleuren er

13De kwantisatie hangt af van een parameter i (je zou voor h kunnen denken aan de grootte
van de lengteschalen, al is dit niet juist). Het plaatje met de verschillende groottes van h op de
voorkant, representeert de kwantisatieprocedure.
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zijn, maar de kleuren zelf zijn irrelevant.'4

Het feit dat we de rode en blauwe petjes kunnen verwisselen (of de rode en
groene, of de groene en blauwe) zonder dat de structuur van de situatie wordt
aangepast, noemen we ook wel een symmetrie of een symmetrietransformatie. Deze
symmetrietransformaties komen in de kwantumchromodynamica!® ook voor en
het zijn deze symmetrieén die we ijksymmetrieén noemen. Voor de bijbehorende
theorie wordt daarom de term ijktheorie gebruikt. Belangrijk bij de kwantisatie
van dit soort theorieén is dat deze symmetrieén overgevoerd worden. Dus als de
klassieke theorie deze symmetrie heeft, dan moet ook de bijbehorende kwantisatie
deze symmetrie hebben. Het zijn juist deze symmetrieén die de kwantisatie van
ijktheorieén lastig maken.

We spreken van een symmetrie in de natuurkunde wanneer de natuurkunde niet
verandert onder zo’n symmetrietransformatie. Met andere woorden, we kunnen
twee systemen die in de theorie verbonden zijn door een symmetrietransformatie in
de praktijk niet onderscheiden. We zouden dus ook in de theorie al die verschillende
toestanden die dezelfde natuurkundige situatie geven, als dezelfde toestand willen
zien. Daarmee reduceren we als het ware het totaal aantal toestanden. Deze
procedure staat ook wel bekend als reductie. Wanneer we ook kwantisatie in
het verhaal betrekken, rijst natuurlijk de volgende vraag: moeten we voor of né
kwantisatie reduceren? Het antwoord is dat een wiskundige vindt dat een goede

14Dit voorbeeld heeft als doel om aan te geven dat de situatie symmetrisch is onder verwis-
seling van kleuren, maar de ‘natuurwet’ die ik noemde geeft daadwerkelijk het idee weer achter
een interessant kwantummechanisch verschijnsel, namelijk het Pauli-uitsluitingsprincipe. Het
Pauli-uitsluitingsprincipe stelt dat twee (fermionische) ononderscheidbare!® deeltjes niet alle ei-
genschappen gelijk hebben. Laten we voor het gemak daarom aannemen dat ons kinderfeestje
bestaat uit een twaalfling of, beter nog, twaalf identieke klonen in identieke kleren (behalve dan
de kleur van het petje).'® Dan zijn we alleen in staat de kinderen te onderscheiden op basis van
hun petje. Kinderen met dezelfde kleur pet hebben nu volledig gelijke eigenschappen en zouden
volgens het Pauli-uitslutingsprincipe niet naast elkaar mogen staan. Er kunnen daardoor alleen
groepjes van drie gevormd worden wanneer elk kind in het groepje een ander kleur petje draagt.

Men zou overigens kunnen aanvoeren dat we ook groepjes van twee kunnen maken, maar
volgens een ander principe in kwantumchromodynamica komen alleen groepjes voor die kleurloos
zijn (rood+groen-blauw wordt gezien als wit).!” De naam kleur wordt overigens echt gebruikt
als eigenschap voor een quark, een van de elementaire deeltjes in het Standaard Model. Kleur
als eigenschap voor quarks werd geintroduceerd toen er deeltjes gevonden werden die opgebouwd
waren uit drie quarks die alle precies dezelfde eigenschappen hadden. Op grond van het Pauli-
uitsluitingsprincipe zou dit echter niet mogen. Met de introductie van kleurlading werd dit
probleem opgelost door elk van deze drie quarks een andere kleur toe te kennen, precies zoals we
hierboven op het kinderfeestje gedaan hebben.

15yverwarrend woord

16Dit is wat we in de fysica noemen een gedachte-experiment. Gelukkig is het meestal vol-
doende om het in dit soort voorbeelden bij gedachte-experimenten te laten zodat problemen met
kinderbeschermingen, gebrek aan technische mogelijkheden of ethische commissies doorgaans
voorkomen kunnen worden.

17Dit zou een verklaring kunnen zijn waarom Kwik, Kwek en Kwak onafscheidelijk zijn. Dit
overigens geheel terzijde.

18het Griekse woord voor kleur is ‘xplpua’.
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definitie van kwantisatie (en reductie) zo moet zijn dat de volgorde van kwantiseren
en reduceren niet uit maakt. Wanneer dit zo is, dan zeggen we dat kwantisatie
commuteert met reductie.’® Wanneer kwantisatie commuteert met reductie, dan
maakt het in het volgende diagram

kwantisatie

klassiek systeem + symmetrieén kwantumsysteem + symmetrieén

reductie reductie

kwantisatie
gereduceerd kwantumsysteem

gereduceerd klassiek systeem
niet uit of we linksom of rechtsom van linksboven naar rechtsonder gaan. Zo’n
diagram als hierboven heet in de wiskunde ook wel een commutatief diagram.

IJktheorieén laten zich lastig kwantiseren en wiskundigen weten nog niet hoe
dit in het algemeen moet. De situaties in de natuurkunde zijn wiskundig erg las-
tig. Daarom bekijken we eerst eenvoudigere situaties, zoals ijktheorieén op een
ruimte die slechts uit (eindig veel) losse punten bestaat. Dit is ook wat we in dit
proefschrift doen. In het eerste deel van dit proefschrift geven we een kwantisatie
voor een speciale klasse van wiskundige ruimten, welke in de natuurkunde over-
eenkomen met ijktheorieén op een ruimte die bestaat uit vier losse punten. Ook
laten we zien dat in deze voorbeelden kwantisatie commuteert met reductie. Voor
de wiskundigen onder de lezers: we bekijken de Hilbertruimte-kwantisatie van co-
raaksbundels van compacte, samenhangende Lie-groepen met daarop de actie die
geinduceerd wordt door de actie van de Lie-groep op zichzelf door conjugatie.

19Het woord ‘commuteren’ is verwant aan het woord ‘commutativiteit’. Hier spreken we van
commutativiteit omdat de volgorde van kwantiseren en reduceren er niet toe doet.
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