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Denesting certain nested radicals of depth two

M. Honsbeek

Abstract

Using elementary methods we derive a simple criterion to decide if a nested
radical of the form //a + /B can be denested. We present two methods to
compute such a denesting.

1 Introduction

As for many subjects in number theory the history of denesting nested radicals leads
us to Srinivasa Ramanujan (1887-1920). One of the questions he sent to the Journal
of the Indian Mathematical Society was Question 525 [7]:

Shew how to find the square roots of surds of the form /A + /B and
hence prove that

() \V5-Vi=1(Va+ V20— ¥25),
(i) \/ V28— V2T = (V98 - V25 - 1).

In one of his notebooks we can find the theorem this question must have been based
upon.

Theorem. If m,n are arbitrary, then

\/m\3/4m —8n+nvidm+n
=3 (\3/(4m+n)2 + ¥/4(m — 2n)(4m + n) — /2(m — 2n)2) .

It is easy to verify that this equation is valid by squaring both sides, but it is harder
to understand why the denesting is of this form. And it is not clear at all, when a
nested radical of the above form can be denested, if the denesting will have to be of
this form

In this paper we will describe how to denest nested radicals of the form

for rational numbers a and 3. We will compare this method to the theorem above
and prove the following theorem that shows the generality of Ramanujan’s formula.



Theorem. Let a, 8 € Q, such that 8/« is not a cube in Q. The nested radical

Va+ /8
can be denested if and only if there exist integers m,n such that

B (4m+n)n®

a  4(m —2n)m3’
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2 Definitions

In this section we will give some definitions concerning the denesting of nested radicals.
As will be clear from the examples in the introduction, nested radicals are expressions
involving root signs. Denesting nested radicals means rewriting these expressions in
such a way that less root signs appear inside each other.

We will follow the definitions of [2], [3], [5], [6] and [10].

Definition 1. A nested radical over a field K is an expression inductively defined by

e For every a € K, ‘a’ is a nested radical over K (where we mean by ‘a’, the
expression representing a).

e Given nested radicals A, B over K also the expressions A+ B, A— B, Ax B
and A/B are nested radicals over K.

e Given a nested radical A over K and a natural number n > 2, the expression
{/A is a nested radical over K too.

Nested radicals are multi valued; one nested radical can represent different values, like
V/4 can have the values 2 and —2. For the denesting of nested radicals these values
are important as we will see in example 4. In this paper we will fix the values for the
expressions according to the following two rules. Given a real number «, the nested
radical /a will represent the unique real root of a. When « is a positive real number
then /o represents the positive square root of «.

Definition 2. Given a nested radical over K we define its nesting depth over K,
depth, inductively as

e if a € K, then depthg(‘a’) =0.

e depthp (A + B) = depthp(A — B) = depthi (A x B) = depthg(A/B) =
max (depth g (A), depth i (B)).



o depth, ({‘/Z ) = 1+ depth . (A).

Note that by depthy (A x B) we mean the depth of the expression A x B itself, not
the depth of some evaluated expression. For example, when we take A = B = /2,
then the expression A x B is v/2v/2 and not 2, therefor its nesting depth is 1.

This allows us to define the denesting of a nested radical.

Definition 3. Let A be a nested radical over K representing the value a. We call B a
denesting of A over K for the value «, if B also is a nested radical over K representing
a and depthg (B) < depthg (A).

Example 4. Let

A:\S/\/5+2—\3/\/5—2.

Fixing the values as agreed upon above, the denesting of A is 1. When we allow all
the possible values, assuming that v/5 in both occurrences represents the same value,
then the minimal polynomials belonging to the values of A are,

r—1, 224+z+1, 2°+2+4, and z*—2° —32% — 4z + 16.

All values in one minimal polynomial have the same denesting, we find the denestings

1, -1+1iy-3 -1+1/-15 and §(3+\/—_3)(\/3—1)+1.

3 Field of denesting

In this section we will determine a field in which a nested radical

\V Va+ /B,

for rationals « and (3, can be denested if a denesting exists at all. To be able to apply
results from Galois theory we will need some roots of unity, but as we will see later,
these won’t appear in the denesting.

Let @, denote the m-th cyclotomic field, so @, = Q((x) for a primitive m-th
root of unity (,,. By Q= we denote the field extension of QQ containing all roots of

unity: Qoo = Q (U{Gn})-

Lemma 5. Let K be a field containing the field Q. Let a,bi,bs,... b € K and
n,my, Ma, ... ,my € N. Suppose that

Vae L:K( /b0, " by, ™ bt),
then there exists an element v € L with

t .
y=T &,
i=1

for integers 0 < I; < m;, such that ¥/a € v- K.



Proof. A basis of the field L is given by the different elements ¢; of the form

for integers 0 < I; < m; for all i € {1,... ,t}. As {/a € L, there are elements a; € K
such that
{L/(_l = Z a;Cj.
J

Because K contains all roots of unity the extension L over K is a Galois extension,
let its Galois group be G. For ¢ € G we then have

o (Va) ZZ%’U(C]')-

That is
(e ¥a =" a;(sjc),
J

for an n-th root of unity {, and roots of unity (, ; for all j.

The elements c¢; are lineairly independent over K and because a;(,; € K for all j
it follows from the equations 3 and 3 that (, = (,; for all j. This holds for every
o € G, hence there can be at most one index j for which a; # 0. Thus {/a € ¢; - K
for some j. O

Proposition 6. Let o, 3 € Q. If the nested radical
Va+ /B

can be denested over Q then there exist ,y,2 € Qxo, m € N and b € Q such that
\ Vo + /6 = va %(w+y\3/ﬁ/a+z\3/(ﬂ/a)2) :
Ja
Proof. Tt is clear that \//a + /3 can be denested over Q if and only if /1 + ¢/3/«a

can be denested over Q. That means if and only if there exists an element B in the
field Q1Y) generated by the set

{a € C | a" € Q for some n € N},

such that B? = 1+ ¢//a. It is easy to verify that QM over Qo is a Galois extension
with a basis of real elements of the form ™/b;, where m; is an integer, m; > 2, and
b; € Q. There is a finite subset of these basis elements such that

Be Q. (\3/5/04) ( "or, ", ™ bt).
Now apply lemma 5 with K = @ (\S/B/—a), n=2anda=1+ \3/%. We conclude

that \/14+ {/B/a=B e Vb Qu (\S/ﬁ/a) for some m € N and some b € Q. O

4



Let us have a closer look at the factor %¥/b in the previous proposition. As we know
that B? € Qoo (?/ﬂ/a) we see that Vb2 € Qoo (?/ﬁ/a). Once again applying
lemma 5, we see that Vb2 € Wﬂ/ak - Qoo for some k € {0,1,2}, and thus /b =
\/fxg/ﬁ/al for some f € @« and some [ € {0,1,2}.

After renaming z,y and z we find the following result.

Corollary 7. Let a,3 € Q*. The nested radical

VVa+ /B
can be denested over Q if and only if there exist k € N, f € Qs and z,y and
2 € V[ Qo such that

VVa+ /B =

Remark: in the corollary we only state that f € QQ, in section 5 we will see that
in fact f € Q.

V2 (o +y /BT + = /BT )

4 Existence

In the previous section we proved that denesting \/ &/« + &8, for rationals « and 3,
is equivalent to finding special elements z, y and z in \/f - Q. In this section we will
determine conditions under which such elements exist. We will use that the quotients
x/z and y/z are elements of ().

Definition 8. Let a, 8 € Q, such that 8/« is not a cube in Q. The polynomial
Fj/q € Q[t] is defined by

Fs/a —tt a4 y8D 4P 2o,
(67 (67

Proposition 9. Let o, € Q*, such that 3/« is not a cube in Q. The nested radical

VVa+ /8

can be denested over Q if and only if the polynomial Fg,, has a root in Qu.

Proof. As we have seen above, for v/ ¢/a + /3 to be denested over Q, there must be
2,Y,2 € VI Qoo, With f € Qoo such that

1+ ¢/BJa= (:lc+y3 ﬂ/a+z\3/(ﬂ/a)2)2.

Note that 1, {/3/a and {/(B/a)? are linearly independent over \/f - Qo as they
are linearly independent over Qo and 1/f is of degree at most two over (. Therefore




coefficients of like powers on both sides must be equal. This leads to the following
equations:

1 = 22+ 2yzﬁ (1)
«
0 = y*+222 (2)
1 = ﬁz2 + 2zy (3)
o

We may assume that z # 0 (since z = 0 implies y = 0 and this gives a contradiction
in (3)). Substitution of

xz 1 /y\?

Z__i(Z) ’
in (1) and (3) yields

y\* By _ 4

(z) +8az_z2’

(4)'=2-3
2z a 2%
The combination of which leads to the quartic equation

(L)' 4 (%) +82 (£) -4l =0

z z al\z 1o
iny/z. O
For \//a + /B to be denestable now is equivalent to the existence of a root of Fj Ja
in Qso.
Proposition 10. If F3/,(t) € Q[t] is irreducible, then it has no root in Q.

Proof. Consider the number field Q(v), where v € Q. satisfies Fjg/o(v) = 0. By
assumption this is a quartic field that is contained in Q.. Hence it is a Galois
extension over Q with an Abelian Galois group, for which the only possibilities are
V4 and Cy.

The discriminant of Fjg/, is

2 2
Q) ()
(67 a

which is not a square in Q and hence the Galois group is not a subgroup of A4, so
that rules out V4. To prove that the Galois group cannot be Cy either, we apply the
following criterion from [8] (see also [4] and [9]):

Theorem 11. Let K be a number field. The polynomial
t* — 4(At*> + 2Bt 4+ C) € K[t]

has Galois group Cy if and only if the roots r1,r2,73 of the associated resolvent poly-
nomial R =3 — 2At? + (A? + C)t — B? satisfy the following properties:



(i) exactly one of the roots is an element of K, say r1 € K

(ii) the root in K is not a square in K;ry ¢ K?

2
(iii) for the other two roots, ry and rs, it holds that 221 ¢ K2

(ro—r
Arors

In our situation the polynomial

Fz(t—1) = #*—6t2 p 1 t—12ﬁ—

ﬁ/a( ) 6 +8<a+> o 3
= t4—4<%t2—2<§+1>t+3é+%>

« «

generates the same field as Fjg/,. Its resolvent polynomial is

2
R:t3—3t2+3<§+1>t—<§+1> .

Let r1,72 and r3 be the roots of R, with r; € Q. Then rrors = (B/a+ 1)2, and
so (ry — r3)%/(4rars) is a square in Q if and only if 7, is a square in Q. Thus by
Theorem 11 the Galois group cannot be Cy either, which proves the proposition. O

Proposition 12. Suppose that Fj,,(t) = G1G2 € Q[t], with G1 and G quadratic
polynomials. Then 3/a = 83 for some § € Q.

Proof. As we have seen above

Fg,(t—1)=t* — 6t p 1 t—12ﬁ— .
ﬁ/a( ) 6 +8<a+> o 3

Suppose there exist ai,az,b1,ba € Q such that Fj/o(t — 1) = G1G2, where G; =
t2 + a;t + b;, for i = 1,2. By equating coefficients this is equivalent to the existence
of ay,as,b1,bs € Q such that

ar +as =0,

b1 + by + ayjas = —6,

a2b1 +a1b2 =8 <§ +1> 5

and

biby = —12é -3.
(8%

Combining the first two of these equations we find that

b1+b2:af—6.



With the first and the third equation this leads to

4
b1 = %a%—3——<§+1>,

aq
4
by = %a%—3+a—l<§+l>.

And with

ay = (2b1+6+a§<g+1>> (2b2+6—a§<g+1>>,
1 1

we find the equation
3 8.\
2 —12t% + 48 <—+1> —64 <—+1>
« Q

which a? should satisfy. When we define a = a? and solve the equation for 8/a + 1,
which is rational, we get

Jé; 48a + /256a%(a — 3) 3axava-—3
a 128 8

So a — 3 must be a square in Q, but then

ﬁ_Ba—Sﬂ:a\/a—B
a 8 '

When a = u?/v? and a — 3 = w? /v? with u,v,w € Q this gives

8 _3u2v—8v3iu2w _ (viw)B

a 8v3 2v

Hence if Fj/, is the product of two polynomials of degree two, then 3/« is the third
power of 6 = (v+w)/2v € Q. O

Corollary 13. Let o, € Q* such that 8/« is not a cube in Q. Then the nested

radical
Ve + /B

can be denested over Q if and only if Fj3/,(t) € Q[t] has a rational root.

If a or B is equal to 0 or B/« is a cube in Q then this nested radical can always
be denested. If B/a = ¢ for some c € Q then




5 Computations

Now we can compute the denesting of \//a + /3 if it exists. By corollary 7 there

are =, y and z such that
V1+Bla = z+y{/Bla+zi/(8/a)
(24293 + {610 )
2 <—% (L2 +£/BJa+ {/(8/a) ) .

Defining s = y/z, the rational root of Fj/,, and using the relations between z, y and
z, we find

Rl C R R (T
= iz@(—%s2+s3ﬂ/a+m>

_ iﬁ (45 Ve 45 /ab + V7). 4)

Theorem 14. Let o, 8 € Q° such that B is not a cube in Q. Then the nested radical

can be denested over Q if and only if there exist elements f,s € Q such that

%Wg:i% (~3s*Va + 50+ /),

where s will be the rational root of Fg;o and f = 3 — s2a.

Example 15. Computing the rational roots of F_,/5 and F_57/23 we now are able
to compute the denestings from the introduction. As

F_y/5(=2) = F_o728(=3) =0
we find that

(—23/%+23/%+2\3/§)
—V/25 + V20 + x‘”/i)

D

I
Wl
/N

and

]. 3 3
R (~L9v28? — 3y=27- 28+ V277

— /08 + Y28+ 1)

[\V)

|
W=
/N



Example 16. The nested radicals we denest do not have to be real. For example,
when we take @ = —27 and 3 = 7 we get

\ —4v2 4+ V7.

For this nested radical, the polynomial

56 28
F_7/27 = t4 +4:t3 _— ?t-f‘ ?,

has rational root —1/2. Substituting this in the denesting (4) gives
1
VA2 VT = b (—l\/B 914 _ 13/ 707 4 \3/49)
VT—16 \ 8 2
= i1 (2VA+ 2014+ VD9
Example 17. Until now, we only denested nested radicals for which both « and g

were integers. Now let « = 2 and 8 = —1/2, then 3/« = —1/4. The rational root of
F_y/4 is —1. This leads to the denesting

V2= Y12 = s (S4VA- V7T Y17,

3

which we simplify to

%—W:%(l+%32—%\‘ﬂ).

6 Comparison to Ramanujan’s denesting

The denesting given by equation (4) seems to have no similarity with Ramanujan’s
denesting, but we will show that they give a denesting for exactly the same class of

nested radicals of the form
\V Va+ /8,

where a, 8 € Q* and 8/« is not a cube in Q.

Theorem 18. Fj/,(t) € Q[t] has a root in Q if and only if there exist integers m,n
such that
B (4m+n)n®

a  4(m —2n)m3’

Proof. Let s be a rational root of Fj/,. Then

s4+433+8£s—4£:0,
(0% (0%
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s0 s%(s +4) = 43/a(—2s + 1). That is:
B s*(s+4)

a  4(1-2s)
Writing s = n/m for integers n, m gives

B (4m+n)n®

a  4(m —2n)m3’

On the other hand, if 8/« can be written in the above form then it is easy to verify
that Fjg/o(n/m) = 0. O

Corollary 19. Let o, 3 € Q*, such that 8/« is not a cube in Q. The nested radical

can be denested over Q if and only if there exist integers m,n such that

B (4m+n)n®

a  4(m —2n)m3’

Now we can use Ramanujan’s denesting
\m/im —2n) + n/Am 4
:i%(\/4m+n )2+ /4(m — 2n)(4m +n) — {/2(m — 2n)? ) (5)
to find a denesting for \/W, as
Ja+ /B = \/ﬁ 1+ {/B/a

n dm +n
= 9 14+ — 3/~
g +m 4(m — 2n)

- va \/m\3/4(m—2n)+n\3/4m+n

mm
Vi

This formula looks pretty awkward, and in the case that both a and 8 are integers
the question arises if we are not able to find integers m, n such that

\/m\/4 (m — 2n) + nv/4m + n.

B=@4m+n)n® and ao=4(m—2n)m?

If this were possible, we could immediately substitute this pair m, n in Ramanujan’s
denesting formula. Unfortunately, this will not always work as the following examples
show.

11



Example 20. Let us try to denest the expression

V5 - V4

When we take o = —4 and 3 = 5, we see that for m = n = 1 we have a = 4(m—2n)m?
and 3 = (4m + n)n®. So

VVE—-Va=-1 (\3/2_—\3/%—\3/5).
However, when we take @ = 5 and 8 = —4, which is a more obvious thing to do, we
will not be able to find integers m,n as described above, although
B (—4+2)23

a  4(—1-4)(-1)3"
This is the case because numerator and denominator at the right hand side are not
relatively prime.

Example 21. Now look at

\/8 — 5V/7.

For this nested radical, for each of the choices @ = £735 and a = £82, we are not
able to find integers m,n such that a = (4m + n)n® and B8 = 4(m — 2n)m?>. For in
both

B _ (16 + 5)53 and B _ (—20 + 8)83

a  4(4—10)43 a  4(=5-16)(=5)3
the numerator and the denominator are not coprime integers.

To determine a denesting, we take a = 8 and 3 = —7- 53, as we have seen

g -7-5° (16 +5)5°

a 8 4(4 —10)43°

Using that the greatest common divisor of the numerator and the denominator is 3,
we see that

V=3 /8- 597 = \J1/1E —10) + 5916+ 5.

And this last expression we can denest with Ramanujan’s formula for m = 4 and
n = 5. So the denesting becomes

\/8—5%:%(—W+2\3/§+2\3/§).

The most difficult steps in the two denesting methods we have seen are computing
the rational root of the polynomial Fj3,, and determining integers m, n such that

B (4m+n)n®

a  4(m —2n)m3’

For computing the integers m,n as meant above we have the following theorem.

12



Theorem 22. Given a, 3 € Q° and coprime integers m,n such that

B (4m+n)n®

a  4(m —2n)m3’

then n3 is a divisor of the the numerator of 43/a and m? is a divisor of the denomi-
nator of 3/a.

Proof. Define d = ged(numerator(3/«), denominator(3/«)). Let p be a prime such
that p | d. If p = 2 then n must be even and then 4 | d and 8 4 d. If p is odd, then
pl4m +n and p | m — 2n, that is p | 9. We conclude that d is a divisor of 36.

Now we can derive that n® is a divisor of the numerator of 43/« because if 3 | n
then 3 { d. Similarly m? is a divisor of the denominator of 3/a because if 2 | m or
3 | m then these primes will not divide d. O

Computing the rational root of Fp/, is equally difficult, as we can see when we look
at prime divisors of the numerator and the denominator of s in the integer equation
that we can derive from Fj/o(s) = 0:

B

st 45 =45 — b
o

8—s.
«

Finally, one could wonder, as Ramanujan’s denesting formula lacks obvious sym-
metry, what happens if the roles of @ and (8 interchange. The answer is that we find
the same simplification, putting p = —n/\/§ and ¢ = mv/2. (This explains why in
example 20 we were not able to find integers m and n such that a = 4(m — 2n)m?
and 3 = (4m + n)n? for the choice o = 5 and 8 = —4.) If we define p and ¢ in this
way, it holds that

a = 4(m—2n)m’ = (dp+q)¢’
B = (4m+n)n’ =4(p—2q)p°

Since
(4m +n)* = (2fq—fp) 2(p — 2¢)

2(m — 2n)> 2(3¢° +4pg + 8p%) = (4p + ¢)?
A(m —2n)(dm +n) = 4(2¢° +Tpg—4p°) = —4(p — 2¢)(4p + q),

we may replace m and n simply by p and ¢ in the right hand side of Ramanujan’s
formula:

VB+ Vo=t (-/Up+a? - A —200p+ ) + 20— 207) .
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